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Abstract

In this work, we are concerned with the regularity theory of strongly degenerate Kolmogorov equa-
tions and we also study a relativistic generalization of such equations. The Kolmogorov equation
was first introduced by Kolmogorov in 1934 to study the time evolution of the density of a Brownian
test particle in the phase space. It is a linear strongly degenerate second order PDE whose diffusion
part is governed by the Laplace operator in a subset of the variables (velocity variables) coupled with
a transport term that contains the directions of missing ellipticity (position variables). Such a drift
term makes the equation non-symmetric, but at the same time it is responsible for the hypoelliptic
properties of the operator.

The first part of this thesis is devoted to the investigation of Kolmogorov-type operators with
regular coefficients. In Chapter 1, we revise some results on the classical regularity theory for
Kolmogorov operators with constant or continuous coefficients, with a particular emphasis on their
connection to Hormander’s theory of hypoellipticity. In Chapters 2 and 3, the regularity theory
introduced in Chapter 1 is developed in two unexplored directions. On one hand, in Chapter 2 we
extend a fundamental result of the classical regularity theory, namely Schauder estimates. More
precisely, we prove that, if the operator satisfies Hormander’s hypoellipticity condition, and the
right-hand side and the diffusion coefficients are Dini continuous, then the second order derivatives
of the solution are Dini continuous as well. Additionally, we establish a new Taylor formula for
classical solutions under minimal regularity assumptions. On the other hand, Chapter 3 is devoted
to the proof of new pointwise regularity results for solutions to degenerate second order partial
differential equations with constant coefficients.

The second part of this dissertation focuses on the weak regularity theory of degenerate Kol-
mogorov equations with discontinuous coefficients, which is nowadays the main focus of the research
community. As the most recent developments in this framework have been established in the par-
ticular case of the kinetic Kolmogorov-Fokker-Planck equation, the aim of Chapter 4 is to extend
some of these results to the ultraparabolic setting. More precisely, in Chapter 4 we prove a Harnack
inequality and the Holder continuity for weak solutions to the Kolmogorov equation with measurable
coefficients, integrable lower order terms and nonzero source term. We then introduce a functional
space, suitable for the study of weak solutions to Kolmogorov-type equations, that allows us to prove
a new (weak) Poincaré inequality. The Harnack inequality contained in Chapter 4 is also crucial in
Chapter 5, where we prove the existence of a fundamental solution I' associated to the Kolmogorov
operator, together with Gaussian upper and lower bounds for T'.

Finally, in the last part of this work, we address a possible generalization of the kinetic Kolmogorov-
Fokker-Planck equation, which is in accordance with the theory of special relativity. In particular,
we explain why the operator proposed is the suitable relativistic generalization of the Fokker-Planck
operator and we describe it as a Hormander operator which is invariant with respect to Lorentz
transformations. We subsequently start its systematic study in its appropriate framework of PDE
and Hérmander’s theory. The main results of this part are a Lorentz-invariant Harnack-type inequal-
ity and accurate asymptotic lower bounds for positive solutions to the equation. As a consequence,
we finally obtain a lower bound for the density of the stochastic process associated to the relativistic

operator.






Riassunto

In questa tesi ci concentriamo sulla teoria della regolarita di equazioni di Kolmogorov degeneri e
studiamo una possibile generalizzazione relativistica di tali equazioni. L’equazione di Kolmogorov
¢ stata introdotta da Kolmogorov nel 1934 per studiare 1’evoluzione temporale della densita di una
particella Browniana nello spazio delle fasi. Si tratta di una equazione differenziale alle derivate
parziali lineare e fortemente degenere la cui diffusione & governata dal Laplaciano in un insieme
di variabili (le cosiddette wvariabili velocita) accoppiato con un termine di trasporto che contiene
le direzioni non ipoellittiche (le cosiddette wvariabili posizione). Tale termine di trasporto rende
I’equazione non simmetrica ma ¢ allo stesso tempo responsabile dell’ipoellitticita dell’operatore.

La prima parte di questo elaborato si concentra sullo studio di equazioni di tipo Kolmogorov con
coefficienti regolari. Nel Capitolo 1, richiamiamo alcuni risultati riguardanti la teoria della regolarita
classica di equazioni di Kolmogorov con coefficienti costanti o continui, con particolare enfasi sulla
loro connessione alla teoria dell’ipoellitticita di Hérmander. In questa tesi, sviluppiamo tale teoria
della regolarita in due direzioni inesplorate. Nel Capitolo 2, estendiamo un risultato fondamentale
della teoria della regolarita classica, ossia le stime di Schauder. Piu precisamente, dimostriamo
che, se 'operatore verifica la condizione di ipoellitticita di Hormander, e il membro di destra e i
coefficienti di diffusione sono Dini continui, allora le derivate seconde della soluzione sono anch’esse
Dini continue. Stabiliamo inoltre una nuova formula di Taylor per soluzioni classiche nelle ipotesi
di regolarita minime. Il Capitolo 3 ¢ invece dedicato alla dimostrazione di nuove stime di regolarita
puntuale per soluzioni di equazioni di Kolmogorov con coefficienti di diffusione costanti.

La seconda parte di questa tesi si concentra sulla teoria della regolarita debole per equazioni di
Kolmogorov con coefficienti discontinui, teoria che e al centro della ricerca attuale. Poiché i principali
sviluppi in questo ambito riguardano il caso particolare dell’equazione di Fokker-Planck, 1’obiettivo
del Capitolo 4 e estendere tali risultati al caso dell’equazioni ultraparaboliche. In particolare, nel
quarto capitolo, dimostriamo una disuguaglianza di Harnack e I’'Holderianita delle soluzioni deboli
dell’equazione di Kolmgorov con coefficienti misurabili, termini del primo ordine integrabili e mem-
bro di destra non nullo. Successivamente, introduciamo uno spazio funzionale, appropriato per lo
studio di soluzioni deboli di equazioni di tipo Kolmogorov, che ci permette di dimostrare una nuova
disuguaglianza di Poincare debole. La disuguaglianza di Harnack dimostrata nel Capitolo 4 si rivela
cruciale anche nel capitolo successivo, dove dimostriamo l’esistenza di una soluzione fondamentale
I" associata all’operatore di Kolmogorov, insieme a stime gaussiane dal basso e dall’alto per I'.

Nell’ultima parte di questo elaborato, studiamo infine una possibile generalizzazione dell’equazione
di Fokker-Planck, che € in accordo con la teoria della relativita speciale. In particolare, speghi-
amo perché I'operatore proposto rappresenta l'appropriata controparte relativistica dell’operatore
di Fokker-Planck e lo descriviamo come un operatore di Hormander che risulta essere invariante
rispetto alle trasformazioni di Lorentz. Successivamente cominciamo lo studio sistematico di tale
operatore nel contesto appropriato della teoria delle equazioni differenziali alle derivate parziali. I
risultati principali di questa ultima parte sono una disuguaglianza di Harnack e un’accurata stima
dal basso per soluzioni positive dell’equazione. Come conseguenza, otteniamo una stima dal basso

per la densita del processo stocastico associato all’operatore relativistico.
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Introduction

In this thesis, we study a class of degenerate Partial Differential Equations of Kolmogorov-
type employing new techniques. The simplest class of equations we are interested in was

introduced by Kolmogorov [67] in the following form

’%/u(pvyut) = ApU(p,y,t) - <p7 DyU,(p,y,t» - 8tu(p, y7t) = 07 (1)

to describe the density u of particles having position y € R™ and momentum p € R™ at
time ¢. Equation (1) is usually referred to as kinetic Kolmogorov equation or frictionless
Fokker-Planck equation in the kinetic literature. It is derived from Langevin dynamics, as it
is the partial differential equation satisfied by the transition density of the stochastic process
solving

dP, = 2dW;,

dY, = P, dt,

(2)

where (W}),~, denotes an m—dimensional Wiener process.

The kinetic Kolmogorov equation (1) is a linear strongly degenerate second order PDE
whose diffusion part is governed by the Laplace operator in some set of variables (the velocity
variables) coupled with a transport term that contains the directions of missing ellipticity
(the position variables). Such a drift term makes the equation non-symmetric, but at the
same time it is responsible for the hypoelliptic properties of the operator.

In this thesis, we consider several generalizations of the operator in (1), which have
applications in research areas as diverse as kinetic theory, probability theory and finance
(see [16,58,97]).

In addition, the study of the above mentioned Kolmogorov-type operators is also very
interesting from a mathematical point of view because of their connection to Hormander
theory, which establishes a link between the regularity of the operator and the Lie Group
structure that leaves the operator invariant. Indeed, the prototype operator (1) lies in the
class of Hérmander operators [54], which have been widely studied in the literature since the
'60s. More precisely, the operators considered by Hormander in his seminal work [54] are of
the kind

L= X{+Y, (3)
k=1
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where m is a natural integer and X}, are smooth vector fields of the form

N+1 N+1
Xp=Y bin(2)0, V= bima(2)0,, k=1,...,m, (4)
j=1 j=1

with b, € C®(Q) forevery j=1,...,. N+ 1, k=1,...,m+1 and Q is any open subset of
RN+

The main result of [54] is a sufficient condition for the hypoellipticity of (3), which has
a quite intuitive geometric interpretation and can be understood as follows: If the missing
directions in operator .Z can be recovered by the commutators of the generators X; and Y,
then, if the right-hand side of Zu = f is smooth, the generators ensure that the solution u is
also smooth in every direction. As the regularity properties of Hérmander’s operators (3) are
related to a Lie algebra, it became clear that the natural framework for the regularity theory of
such operators is the non-Euclidean setting of Lie groups. After the work of Kolmogorov [67]
where (1) was introduced, and Hormander’s celebrated article [54] on the hypoellipticity of
second order degenerate linear operators, the regularity theory for operators that are invariant
with respect to a Lie group structure has been widely developed by many authors. We
quote here the seminal works by Folland [45], Folland and Stein [46], Rotschild and Stein
[107], Nagel, Stein and Wainger [90]. We refer to the more recent monograph by Bonfiglioli,
Lanconelli and Uguzzoni [20] for a comprehensive treatment of the recent achievements of the
theory.

Another property that is essential for the study of the operator 2 in (1) is the invariance

with respect to the non-commutative translation

(pa Y, t) © (pOa Yo, tO) = (pO +p7 Yo + ) + tpo’to + t)v (pv Y, t)a (p07 Yo, tO) € R2m+1‘ (5)

Indeed, if w(p,y,t) = u(po+p, yo+y+tpo, to+t) and g(p,y,t) = f(po+p,yo+y+tpo,to+t,),
then
Hu=f <= Hw=g forevery (po,yo,to) € R*™L (6)

In several applications, where the couple (p,y) denotes the momentum and the position of a
particle, the above operation is also known as Galilean change of variable.
Another remarkable property of operator £ is its dilation invariance. More precisely, the

operator .Z is invariant with respect to the following family of dilations

5 (p,y,t) == (rp, 3y, 7“215), r>0, (7)

in the following sense: if we define w(p,y,t) = u(rp, r3y,r?t) and g(p,y,t) = f(rp,r3y, r’t)
we have that
Hu=f <= Hw=r?g forevery r>0.

We remark that the dilatation in (7) has also a quite natural physical interpretation. Indeed,
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as in classical mechanics the velocity is proportional to the momentum, the term 2 in front
of y is due to the fact that the velocity v is the derivative of the position y with respect to
time .

As we will see in the sequel, this underlying invariance property plays a fundamental role
in the study of operator ", even though it does not hold true for every Kolmogorov operator
(see Chapter 1), in contrast to what happens in the family of uniformly parabolic operators.

For a more exhaustive description of the mathematical properties of Kolmogorov opera-
tors, and of their applications, we refer to the survey article [8] by Anceschi and Polidoro and
to its bibliography. Summarizing the above, the study of Kolmogorov-type operators is not
only worthwhile because of their important applications but it is also highly interesting from

a mathematical point of view, as discussed in Chapter 1.

In the first part of this thesis, which is constituted by Chapters 1-3, we mainly focus on

the following class of Hormander’s operator

m
Lu = Z aﬂﬁx 2 U Z bjrr0z,u(z, t) — Opu(z, 1), (8)
jk=1 k=1
where z = (2,t) = (1,...,2n,t) E RVNFTL A = (k) jpet, . a0d B = (bjk); .y y are real

valued matrices with constant coefficients, with A symmetric and strictly positive. In this
thesis, we are mainly interested in the genuinely degenerate setting, i.e. in the case where
m < N. Moreover, throughout this work, we will always assume that Hormander’s condition
is satisfied. As we will see in Chapter 1, this boils down to assuming that the matrix B takes
a suitable block form. Some other known results about Kolmogorov operators of the form (8)
and their underlying Lie Group structure are presented in Chapter 1.

Constant-coefficients Kolmogorov operators like the one in (8) are naturally associated to
linear stochastic differential equations. Specifically, let ¢ be a N X m constant matrix, B as
in (8), and let (W});>0 be as above a m-dimensional Wiener process. Then, if we denote by
(X¢)t>0 the solution to the following N-dimensional Stochastic Differential Equation (SDE in
short)

dXt = —BXt dt + O'th

Xto = Xy,
the backward Kolmogorov operator ICp of (X;)i>0 acts on sufficiently regular functions u as
follows
Kyu(y, s) = dsuly, s) + Z a;;05., 1 Z bijyiOy; u(y, s)-
7.] 1 ,j 1
where
A= %UO’T.
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Moreover, the forward Kolmogorov operator ICy of (X¢)i>0 is the adjoint ICj of Iy, that is

N N
Krv(z,t) = —0w(z,t) + Z aijé?izjv(:p,t) + Z bijxi0y;v(x,t) 4 tr(B)v(z, 1),

3,j=1 1,j=1

for sufficiently regular functions v. Note that Ky operator agrees with .Z in (8) up to a
multiplication of the solution by exp(ttr(B)).

The regularity theory for classical solutions to Kolmogorov equations with regular coeffi-
cients like the one in (8) had been widely developed during the years, starting from the work
by Lanconelli and Polidoro in [73]. In this thesis, we develop such a regularity theory in two
unexplored directions.

On one hand, in Chapter 2, we deal for the first time with Dini continuous diffusion
coefficients and Dini continuous right-hand side. In this setting, we derive Schauder estimates
that extend the classical ones, where intrinsic Holder continuous functions are considered.
Moreover, we establish an instrinsic Taylor formula for solutions to Zu = f, which, besides
being a key step in proving our Schauder estimates, is of independent interest, since it is
derived under minimal regularity assumptions on w. In particular, we show that, in order to
be approximated by its intrinsic Taylor polynomial of degree 2, u needs to satisfy the following

requirements.

SPACE C%(Q). Let Q be an open subset of RNTL. We say that a function u belongs to
C%(Q) if u, its derivatives Op,u, Opo,u (1,5 =1,...,m) and the Lie derivative Yu defined in
(1.1.5) are continuous functions in Q2. We also require, fori=1,...,m, that

8miu(exp(sB)x,t — S) — 8ZZ’LL<£C, t)

o |s[1/2 =9 ©)

uniformly for every (x,t) € K, where K is a compact set K C €.

We remark that (9) can be interpreted as a condition on the second order mixed deriva-
tive of the form Y/ 20,.u, since, mirroring the uniformly parabolic case, we regard the time
derivative, here generalized by the Lie derivative Y, as a second order operator. It is clear
that, if the derivative Y 0,,u exists, then the fractional derivative Y&%«i/ 20 is equal to 0.

Besides their intrinsic interest, the regularity estimates presented in Chapter 2 will also
play a crucial role in proving the existence of a weak fundamental solution in the second part
of this work. Finally, we remark that the results contained in Chapter 2 were presented for
the first time by the author, Stroffolini and Polidoro in the paper [105].

On the other hand, in Chapter 3 we establish new pointwise regularity results for solu-
tions to equation (8) in the case where the diffusion term is simply the Laplacian in veloc-
ity, following the recent paper [62] by the author and Ipocoana. In particular, for the first
time in the ultraparabolic literature, we introduce a pointwise modulus of mean oscillation
and we show that if the modulus of LP-mean oscillation of Zu at a point z € RV is

Dini, then z is a Lebesgue point of continuity in LP average for the second order derivatives

4
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8§ixju, 1,7 = 1,...,m, and the Lie derivative Yu. The method we follow in Chapter 3 has
the advantage of being quite flexible, as shown in [77,86], where it was applied to study new
regularity results for obtacle problem for the Laplace equation and the heat equation. The
obstacle problem associated to (8) is not only fascinating for theoretical purposes but also
for multiple applications. For example, this comes as an interest in mathematical finance to
determine the arbitrage free price of options of American-type (see [96]). In recent years,
many attempts have been made to study the existence and regularity of solutions to the ob-
stacle problem in the framework of PDE (see [92] and the references therein). However, in
the promising aforementioned results, they could only deal with classical solutions and con-
tinuous obstacles. For this reason, the results established in Chapter 3 aim at constituting a
first step towards developing the weak regularity theory for solutions to the obstacle problem

associated to Kolmogorov-type equations.

Besides its interesting mathematical structure and its connection to Hormander’s theory,
operator (1) is also important as it serves as a prototype for a family of evolution equations

arising in the kinetic theory of gases which take the following general form
> 0y u(p.y.t) + dpulp, y,t) = Yu(p,y,t) = J (u). (10)
j=1

In this case, Yu is the so called total derivative with respect to time in the phase space and
J (u) is the collision operator, which can be either linear or non-linear. For instance, in the

usual Fokker-Planck equation (cf. [37]) we have a linear collision operator of the form

j(u) = Z al](p7y7t) aﬁuPJUJ(pvyat) + sz(p7y7t) apzu<p7y7t) + C(pay7t>u<p7y7t> (11>
1,5=1 i=1

In the second part of my thesis, which consists of Chapters 4-5, we focus on more general
Kolmogorov operators which also include the usual Fokker-Planck equation, i.e. the collision

operator (11). Specifically, we study Kolmogorov equations of the form

m N
Lu(x,t): = Z O, (aij(x, )0y, u(z, 1)) + Z bijxjOpu(x, t) — Owu(z,t)

ij=1 ij=1 (12)
+ ) bi(w, )0z u(w, t) + clx, u(z, t) = f(x,1),
i=1
where z = (2,t) = (z1,...,2n,t) € RY "1 and 1 < m < N. We remark that we recover the

Fokker-Planck equation from (12) by choosing N = 2m and

B = o @.
-IL, O
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Another step, with which we further generalize the setting of the first part of this dissertation,

is that we consider weak solutions to equation (12) in the sense of the following definition.

WEAK SOLUTION. We denote by (% the hypoelliptic variables and we let Q = €, x
ON_me1 C RN where Q,, is a bounded Lipschitz domain of R™ and Qn_pi1 is a bounded
Lipschitz domain of RN~ We define H;(m as the Sobolev space of functions u € L*(Qy,)
with distribution gradient Dpyu lying in (L*(Q,))™, i.e.

Hlo = {u € L*(Qn) : Dpu € (L*(Qm))™},
and we let W denote the closure of C*(Q) in the norm

2 2 2
— Y . 1

[ullyy = HUHLQ(QNWOH;H;(O)) +1 UHH(QNWOH;H;(E)) (13)

A function u € W is a weak solution to (12) with source term f € L*(Q) if for every non-

negative test function ¢ € C°(Q2), we have

/ —(ADu, D) — uY ¢ + (b, Du)p + cup = / fo,
Q Q

where the operator £ is written in its compact form, given that

e the matriz A(x,t) = (aij(2,1)),<; j<n has real measurable entries, where a;j, for every
i,j =1,...,m, are the coefficients appearing in (12), while a;; = 0 whenever i > m or

J>m;

e the vector b(x,t) := (by(z,t),...,bym(x,1),0,...,0) contains the coefficients appearing in
front of one of the lower order terms and the drift is defined as above, namely ¥ =
Zgj:l bijacj&ri - 0t.

The analysis of the regularity theory of degenerate Kolmogorov equations in divergence
form with discontinuous coefficients has been an open problem for decades and is nowadays the
main focus of the research community. The most recent developments in this framework have
been established in the particular case of the kinetic Kolmogorov-Fokker-Planck equation.
The aim of Chapter 4 is to extend some of these results to the ultraparabolic setting. In
particular, following the results presented by the author and Anceschi in [11], we prove a
Harnack inequality and the Holder continuity for weak solutions to the Kolmogorov equation
(12) with measurable coefficients, integrable lower order terms and nonzero source term. To
the best of our knowledge, the Harnack inequality contained in Chapter 4 is the first result of
this kind available for weak solutions to (12). We then introduce a suitable functional space WW
(see (13)), which mirrors the classical H! space for uniformly elliptic equations and therefore
seems to be the most natural framework for studying the weak regularity theory for operator
Z. In particular, we extend the functional setting first formally proposed by Armstrong

and Mourrat in [3] for the study of the kinetic Kolmogorov-Fokker-Planck equation. To be
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more precise, we show that it is sufficient to require that the drift term Yu belongs to the
space L;tH;((l)) to derive a new (weak) Poincaré inequality. Here 2(© denotes, as above, the
hypoelliptic variables, while y describes the directions of missing hypoellipticity. In this sense,
we extend the classical ultraparabolic literature, where the drift Yu was always assumed to
be in L2.

Another motivation behind our studies is the need to determine which are the lowest
possible integrability assumptions for ¢,b and f that allow us to prove L? — L™ estimates
and a Harnack inequality for weak solutions. Indeed, it is still an open problem in the
ultraparabolic literature whether the optimal regularity for ¢,b and f is the hypoelliptic
counterpart of the parabolic homogeneous dimension %7 namely % where () is defined in
(1.1.17). In particular, our attention is focused on the behavior of the term b, which plays an
important role in some applications, such as the Mean Field Games theory. Indeed, a Harnack
inequality for weak solutions is the fundamental ingredient in the analysis of the maximal LP
regularity and well-posedness theory for Mean Field systems with degenerate diffusion, which
were studied in the parabolic setting [34] and only very recently there has been a first attempt
to consider the ultraparabolic setting [44].

Harnack inequalities are also important due to their connection to Gaussian lower bounds
for the fundamental solution. Indeed, since the work of Moser [87], it became clear that the
proof of the lower bound relies on the repeated application of the Harnack inequality. In
Chapter 5, we therefore take advantage of the Harnack inequality established in Chapter 4
to prove Gaussian lower bounds for a fundamental solution I' associated to operator .Z. Fol-
lowing then Aronson’s method [14], we establish the corresponding Gaussian upper bound.
Finally, we conclude Chapter 5 by proving the existence of a weak fundamental solution rel-
evant to operator (12). Our approach is based on a limiting procedure whose convergence is
ensured by the Schauder types estimates obtained in Chapter 2. The results are obtained by

the author in collaboration with Anceschi and are contained in the recent paper [12].

Finally, in the last part of this work, namely Chapter 6, we address a possible relativistic

generalization of equation (1), namely

u(p,y,t) = /|p|* + 1divy, (D Dpu) — (p, Dyu) — /|p|*> + 1 0w = 0, (14)
where (p,y,t) € R?™*1 and D is the relativistic diffusion matriz given by

1
———(Imn+p®p).
VIpP+17"
Here and in the following, I,,, denotes the m x m identity matrix and p® p = (pipj)i,jzl,...,m
Indeed, a questionable feature of (1) is that its diffusion term Apu operates with infinite
velocity, as in classical mechanics the velocity is proportional to the momentum. In this case, if

the initial distribution u(p, y, 0) is compactly supported in y, there would be instantaneously a
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non-zero probability to find particles everywhere in space. This feature is clearly incompatible
with the law that prevents particles from moving faster than light.

We believe that the operator introduced in (14) is the suitable generalization of (1) in view
of its invariance properties. Indeed, mirroring the invariance of the non-relativistic operator
with respect to Galilean transformations (5), operator .Z in (14) is invariant with respect to
the equivalent relativistic transformations, namely the Lorentz transformations.

As a complete mathematical characterization of the operator in (14) is not yet available,
Chapter 6 is dedicated to its systematic study in the appropriate framework of PDE theory.
In particular, we place for the first time operator (14) in Hérmander’s theory and construct
its invariance group. Relying on classical results for operator (1), we are then able to de-
rive asymptotic bounds for the fundamental solution associated to (14). Those results are

presented by the author, Anceschi and Polidoro in the recent preprint [10].




Part 1

Regular coefficients



The first part of this thesis addresses the study of Kolmogorov operators of the form

m N
Lu = Z aij(x,t)agmju(x,t) + Z bijxjOp,u(x, t) — Opu(z,t), (L.1)
i,j=1 B,j=1

where 2z = (z,t) = (z1,...,7n,t) € R and 1 < m < N, B := (b;)ij=1..n has real
constant entries and the coefficients a;;’s are regular, meaning that they are at least Dini
continuous. Moreover, we always assume that B takes a suitable block form (see equation
(1.1.2)) that ensures that the first order part of . induces a strong regularizing property,
namely that .Z is hypoelliptic.

When the right-hand side of (I.1) is continuous, the solutions to Zu = f are called clas-
sical because their degree of regularity corresponds to the one imposed by the equation. The
study of the classical regularity theory of the class of operators (I.1) was investigated in depth
over the years. In Chapter 1, we revise some known results about operators of the form (I.1)
that will be useful in the forthcoming chapters. In particular, we explain how to write the
operators in (I.1) with constant coefficients as Hormander’s operators (3) and we construct
their invariance group. Finally, Section 1.2 of Chapter 1 collects some classical results about
Kolmogorov-type operators in the more general case where the coefficients a;;(x,t) are as-
sumed to be Holder continuous. As in the parabolic setting, the classical regularity theory

was developed for coefficients belonging to suitable Holder spaces (see Definition 1.2.1 below).

In Chapter 2, we relax the regularity assumptions on the second order coefficients, by
introducing a new definition of Dini continuity naturally associated to the Lie Group struc-
ture that leaves operator (I.1) invariant. Under these assumptions, we extend a fundamental
result of the classical regularity theory, namely Schauder estimates. To be more precise, we
prove that, if operator . satisfies Hormander’s hypoellipticity condition, and f and a;;’s are
Dini continuous functions, then the second order derivatives of the solution u to the equa-
tion Zu = f are Dini continuous functions as well. Additionally, we establish a new Taylor
formula for classical solutions to -Zu = f under minimal regularity assumptions on u. These
results are the outcome of a scientific collaboration that started in 2020 between the author,
Polidoro and Stroffolini and are published in [105].

In Chapter 3, we present some regularity results obtained in collaboration with Ipocoana.
In contrast to Chapter 2, we assume the coefficients to be constant but we relax the regularity
of the right-hand side, allowing it to be in LP. More precisely, we establish new pointwise
regularity results for solutions to degenerate second order partial differential equations of the
form (I.1), when A is the identity matrix. In particular, we show that if the modulus of LP-
mean oscillation of Zu at the origin is Dini, then the origin is a Lebesgue point of continuity
in LP average for the second order derivatives 8§i$ju, 1,7 = 1,...,m, and the Lie derivative

(Zf.vj:l bijx;0y, — 8t> u. Moreover, we provide a Taylor-type expansion up to second order

10



with an estimate of the rest in LP norm. We observe that, although we consider the regularity
problem for weak solutions to Kolmogorov operators in the framework of the Sobolev spaces,
our procedure is basically pointwise and our approach follows the lines of regularity theory
for classical solutions rather than the ones for weak solutions. We finally remark that the

results of Chapter 3 are presented in the paper [62].
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Chapter 1

Kolmogorov-type operators: an overview and

some classical results

This introductory chapter collects some known results about degenerate Kolmogorov-type
equations and provides an insight into their applications. Moreover, we explain the impor-
tance of Kolmogorov-type operators in connection to Hormander’s theory of hypoellipticity.
Throughout this chapter, we mainly focus on Kolmogorov operators with constant diffusion
coefficients. Indeed, such operators, together with their invariant Lie group structure, are
the starting point to study operators with variables coefficients, which will be the content
of the forthcoming chapters. Finally, we recall some known results about Kolmogorov-type

operators with Holder continuous coefficients.

The simplest Kolmogorov equation was introduced by Kolmogorov [67] in 1934 as follows

2
S ) =P )+ F 0. puDeR, (10)
and it is strongly degenerate as the second order derivative is only taken with respect to the
momentum variable. In the Introduction of this work, we have already introduced equation
(1.0.1) for ¢ = /2 and discussed its link to kinetic theory of gases. We here explain in more
detail its physical meaning and its connection to Langevin processes. From the physical point
of view, Fokker-Planck equations like the one in (1.0.1) provide a continuous description of the
dynamics of the distribution of Brownian test particles immersed in a fluid in thermodynami-
cal equilibrium. More precisely, the distribution function u of a test particle evolves according
to the linear Fokker-Planck equation defined in (1.0.1), provided that the test particle is much
heavier than the molecules of the fluid and that there is no friction. In particular, equation

(1.0.1) is the backward Kolmogorov equation of the Langevin process, i.e. the particle whose

12
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location in the phase space is (P, Y;) evolves as

Pt:p0+UWt7

! (1.0.2)
Yi=yo+ fP(s)ds,
0

where (W}),~, denotes a 1—dimensional Wiener process. We recall that (1.0.2) is usually
referred to as time-integrated Brownian motion.

In his seminal paper [67], Kolmogorov provided us with the explicit expression of the
density II = I1(¢, p, y, po, yo) of (1.0.1)

H(t,p,y,po, yO) _ 2\7{t§2 exp (_ (P—fo)2 _ B(P—Po)(fyt;yo—tpo) o 3(y—y(gtyo)2> t>0, (1.0_3)
and pointed out that it is a smooth function despite the strong degeneracy of equation (1.0.1).
As suggested by the smoothness of the density II, operator £ associated to equation (1.0.1)

£ =152, — v0y — O, (1.0.4)

2

is hypoelliptic, in the sense of the following definition, that we state for a general second order

differential operator . acting on an open subset 2 of RY.

Definition 1.0.1 (Hypoellipticity). An operator .Z is hypoelliptic if, for every distributional
solution u € L () to equation Zu = f, we have that

loc

FeC®Q) = uel™(Q). (1.0.5)

Hormander considered the operator £ defined in (1.0.4) as a prototype for the family of
hypoelliptic operators studied in his seminal work [54]. Specifically, the operators considered
by Hormander are the ones that can be written in form (3), i.e. as a sum of squares of
smooth vector fields plus a drift term. As already mentioned in the Introduction of this
work, in [54] Héormander studied a sufficient condition for the hypoellipticity of .Z. We here
recall its precise statement, which requires some notation. Given two vector fields Z;, Z, the

commutator of Z; and Z5 is the vector field:
(21, 2o) = 71 Zy — Z Zy.

Moreover, we recall that Lie(X7y, ..., X;,,Y) is the Lie algebra generated by the vector fields

X1,...,Xm, Y and their commutators.

HORMANDER’S RANK CONDITION. Suppose that

rank Lie(X1,..., X, Y)(2) = N +1 for every z € Q. (1.0.6)

13
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Then the operator £ defined in (3) is hypoelliptic in €,

Let us consider again the operator .% defined in (1.0.4) with o = /2 to simplify the

notation. . can be written in the form (3) if we choose
XzapN (07170)T7 Y:_pay_at’\' (_170ap)T7
and the Hérmander’s rank condition is satisfied, as

[X,Y]=XY -YX =9, ~(0,0,1)".

1.1 Kolmogorov-type operators with constant coefficients

In the first part of this thesis, we consider Kolmogorov-type operators with constant coeffi-
cients of the form
m N
L= a;07, + Y bijxi0s, — O, (1.1.1)
ij=1 ij=1
where (z,t) € RM*1 and 1 <m < N. The matrices A := (a;;)i j=1...m and B := (bi;)i j=1...N
have real constant entries.
As in the simplest case (1.0.1), operator . can be strongly degenerate, meaning m < N.
The hypoellipticity of the more general operator . in (1.1.1) can be stated in terms of
suitable structural conditions on the matrices A and B. Indeed, by [73, Propositions 2.1 and

2.2], Hérmander’s rank condition (1.0.6) is equivalent to the following assumption.

[H.1] The matrix A is symmetric and strictly positive, up to a change of basis the matrix B

has the form

BO,O B071 Ce B07H—1 BO,H * * e * *
Bl Bl,l RN Bl,nfl BLH B1 * e * *
B = O By ... B27n—1 B27,.€ = O By ... * % (112)
(©) O ... B, B 0O O B, =
where every block Bj; is an m; X m;_; matrix of rank m; with j = 1,2,..., k. Moreover, the

mjs are positive integers such that

mo>my > ...>me>1, and mg+mi+...+m.=N.

We agree to let mg := m to have a consistent notation, moreover O denotes a block matrix

Wy ”

whose entries are zeros, whereas the coefficients of the blocks “x” are arbitrary.

We remark that, if . is uniformly parabolic (i.e. m = N and B = Q), then assumption
[H.1] is clearly satisfied. Indeed, in this case operator .% is simply the heat operator, which is

14
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known to be hypoelliptic. However, in this thesis, we are mainly interested in the case where

m < N and B is non-trivial.

Under assumption [H.1], operator . in (1.1.1) can be written in the form (3). Indeed, if
the constant matrix A is symmetric and positive, then there exists a symmetric and positive
matrix A2 = (@ij); j—1...m Such that A = A2 AY2 . As a consequence, we can write .2 in
terms of vector fields as follows .

L= X}+Y, (1.1.3)
i=1

where

m N
Xi = Zaij&cj, 1= 1, o.My Y = Z bij.%'jaxi - Gt = <BZ’, D> - 8t. (114)
j=1

i,7=1

Here and in the sequel, Yu will be understood as the Lie derivative

Yu(z, 1) = lim u(exp(sB)z,t —s) — u(a:,t)-

lim - (1.1.5)

We observe that Yu is the derivative of u along the characteristic trajectory of Y, if we
identify the directional derivative Y with the vector valued function Y (x,t) = (Bz,—1). In
the sequel, Y will also be regarded as drift term.

1.1.1 Lie Group Invariance

In this subsection, we focus on the non-Euclidean structure associated to hypoelliptic Kol-
mogorov operators of the form (1.1.1). Indeed, it is known that the natural geometry when
studying operator £ is determined by a suitable homogeneous Lie group structure on RV*1,
More precisely, as first observed by Lanconelli and Polidoro in [73], operator .# is invariant
with respect to left translation in the group K = (R¥*! o), where the group law is defined
by

(z,t) 0 (&,7) = (E+ E(T)a,t +7), (x,1),(€,7) € RN, (1.1.6)

and
E(s) = exp(—sB), s €R. (1.1.7)

Then K is a non-commutative group with zero element (0,0) and inverse
(z,6)"F = (—E(~t)z, —t). (1.1.8)
For a given ¢ € RVT! we denote by /¢ the left traslation on K = (RV*! o) defined as follows

bo :RNTL RN 4i(2) = o2 (1.1.9)
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Then the vector fields Xi,...,X,, and Y are left-invariant, with respect to the group law
(1.1.6), in the sense that

Xj(u(Co )= (Xu)(Co-), j=1,....m,  Y(u(Co-))=(Yu)(Co-), (1.1.10)
for every ¢ € R¥*! and every u sufficiently smooth. Hence, in particular,

Lo be=1Leo Z  or, equivalently, Z (u(Co -))=(Lu)(Co -).

Among the class of Kolmogorov operators satisfying assumption [H.1], a central role is
played by the ones which are additionally invariant with respect to a certain family of dilations
(07)r>0. We say that an operator . satisfying assumption [H.1] is invariant with respect to
(0r)r>o if

ZL(uod,)=1r%,(Lu), forevery r >0, (1.1.11)

for every function u sufficiently smooth. As with the hypoellipticity, this invariance property
can also be read in the expression of the matrix in B in (1.1.2). More precisely, in [73,
Proposition 2.2], it is proved that operator .Z is invariant with respect to (9, )¢ if, and only
if, the matrix B in (1.1.2) agrees with By defined as:

0O 0O .. 0O
B O ... 0 O

Bo=|0 B, ... 0O O (1.1.12)
O O .. B, O

In other words, every block denoted by # in (1.1.2) has zero entries. In this case, the dilation

is defined for every positive r as
6, = diag(rLy, I, ..., r* L, r?), (1.1.13)

where I, k € N, is the k-dimensional unit matrix. It is also useful to denote by (69)r>0 the

family of spatial dilations defined as
6 = diag(rlLy,, %L, , ..., r** 'L, ) forevery r > 0. (1.1.14)

In the sequel, we also work with operators which are invariant with respect to (1.1.13), namely

with operators that satisfy the following assumption.

[H.2] % is hypoelliptic and J,-homogeneous of degree two with respect to the family of
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dilations (0,),~o defined in (1.1.13).

Owing to (1.1.13), we now recall the definition of Homogeneous Lie group.

Definition 1.1.1 (Homogeneous Lie group.). If the matriz B has the form (1.1.12), we say
that the following structure
Ko = (R¥,0,(6,),-0) (1.1.15)

18 a homogeneous Lie group. In this case, the following distributive property holds

5-(Coz) = (6,(0)) o (6:(2)), 6-(27 ) = (6,(2))" 1 (1.1.16)

Remark 1.1.2. The presence of the exponents 1,3, ...,2x + 1,2 in the matrix ¢, in (1.1.13)
can be understood as follows. The dilation is clearly uniformly parabolic in the first m
coordinates of RV and in time, as .Z is non-degenerate with respect to z1,...,%,. The
exponents relevant to the other coordinates can be explained while checking Hérmander’s

condition. For instance, let us consider the Kolmogorov operator
& = aim + l’lam + IL’Q&E3 — 0y = X12 +Y.

Hormander condition is satisfied if we have x = 2 commutators 0., = [X1,Y] = X3V - Y X,
and 0p, = [[X1,Y],Y]. Because Y needs to be considered as a second order derivative, we
have that 0., and 0., are derivatives of order 3 and 5, respectively. On the other hand, the

matrices A, B and §° associated to this operator are

100 000 r 0 0
A=1(0 0 o], B=110 0}, =10 0
000 010 0 0 r°

The same argument can be applied to operators that need xk > 2 steps to satisfy Hérmander’s

rank condition.

Example 1.1.3. A very simple example of a Kolmogorov operator which is not dilation
invariant is given by the Ornstein-Uhlenbeck operator . = A — (z, D) — 0;. In this case, we

usually take advantage of the parabolic dilations §,.(z,t) = (rz,rt).

The integer numbers
Q:=mo+3mi+...+ 2+ 1)my, and Q+2 (1.1.17)

will be named spatial homogeneous dimension of R with respect to (69),>0, and homogeneous

dimension of RN*1 with respect to (6,),>0, because we have that

det 60 =79 and det , = r@*2 for every r > 0.
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We remark that the homogeneous dimension @ in (1.1.17) is the hypoelliptic counterpart of

the space dimension N usually considered in the parabolic setting, see for instance [91].

We conclude this subsection introducing a semi-norm associated to the family of dilations
(0r)r>0 in (1.1.13) and a quasi-distance which is invariant with respect to the group operation

in (1.1.6). We first rewrite the matrix J, with the equivalent notation
Sy = diag(r®, ..., r* r?), (1.1.18)
where aq, ..., 0mg = 1, Qungt1s - -+ s Qmgtmy = 3, AN—mps - - - AN = 2K + 1.
Definition 1.1.4. For every (x,t) € RV*! we set
1 L1
I 0) e = max {Jan [ .. o[ 7 113} (1.1.19)

We observe that the semi-norm is homogeneous of degree 1 with respect to the family
of dilations (6,),>0, namely ||6,(z,t)||lx = r||(z,t)|x for every r > 0 and (z,t) € RN¥*L
Moreover, the following pseudo-triangular inequality holds: for every bounded set H ¢ RV *!

there exists a positive constant cy such that

Iz, )Mk < erll(@, )k, I(z8) o (€ 7)llx < calll(z,t)lx + (€, 7)),  (1.1.20)

for every (z,t),(¢,7) € H. Starting from the homogeneous norm in (1.1.19), we now want to
define a quasi-distance dg which is invariant with respect to the left translation (1.1.9). To

this end, we set

dig((2,1), (&, 7)) = I, ) o (@, 0)lx,  (2,0),(&,7) €eRVFL (1.1.21)

It is clear that, by definition, the distance in (1.1.21) satisfies

dK(<$’t)’ (5a7)> = dK((?J? 5) © (l‘,t), (yv S) © (677))7 (yv S), (:E,t), (577_) € RN—H,

i.e. it is left invariant with respect to translations on the group K. In addition, we remark
that, from (1.1.20), it directly follows

dx((2,1), (€, 7)) < cu(dx((2,1), (y,5)) + dx((y, s), (§, 7)),

for every (z,t), (&, 7), (y,s) € RV+L

Remark 1.1.5. Since every norm is equivalent to any other in R¥*!, other definitions have
been used in the literature. For instance, in [82], the following one is chosen. For every

z = (r1,...,2x,t) € R¥+*1\ {0} the norm of z is the unique positive solution 7 to the
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following equation

ot xg? A
r2oa 2oz +oF r2an +,r_4 = ]'7 (1122)

where the numbers «; were defined in (1.1.18).

Another equivalent definition is the following: for every z = (x,t) € RN¥*! we set

N
1 1
Izl = 2 + lole,  Jole =) lagl ™. (1.1.23)
j=1
In the sequel, we make use of these equivalent definitions of semi-norm || - ||, choosing the

one which is more suitable to the context.

Remark 1.1.6. An important property linking the two structures (translations and dilations)
is the following (see [73, Remark 2.1])

Eo(r’t) = 6, Eo(t) 67),, Vr>0,t €R,
where Ey(s) = exp(—sBy) with By defined in (1.1.12). The previous equality implies that
det Eo(r?t) = det Eo(t), Vr >0,t € R,
and, for r — 0, we have
1 =det Ey(0) = det Ey(t), VteR.
Then it is straightforward to see that, for a fixed {, the mappings

z+z0(
z+—(oz

2 27t

have Jacobian determinant equal to 1 and therefore preserve the Lebesgue measure.

Example 1.1.7. We show how the kinetic Kolmogorov operator (1) presented in the Intro-
duction of this work belongs to the class of operators (1.1.1). Indeed, we can write operator

(1) as follows

A= Zai - Z%’axmﬂ- — 0 =A0p = (p. Dy) — 0, (1.1.24)
; P

Jj=1

for (z,t) = (p,y,t) € R™ x R™ x R. It is then clear that operator # can be written in the

form (1.1.1) with K = 1,m; = m, and

A= (Hm @>, B = ( o0 @> (1.1.25)
0O O -1, O
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In this setting, the Lie group introduced in (1.1.6) has a quite natural intepretation, as the
composition law (1.1.6) agrees with the Galilean change of variables (5).

Moreover, the matrix B in (1.1.25) is in the form (1.1.12) and therefore %" is invariant
with respect to the dilation §,(v,y,t) := (rp,r3y,r*t) in (7). We remark that the dilation

acts as the usual parabolic scaling with respect to the variable p and t.

1.1.2 Principal part operator

In this subsection, we show that dilation-invariant operators are the blow-up limit of operators
satisfying assumption [H.1]. This technique will be fundamental in the forthcoming Chapter
2, where we consider a general operator . satisfying [H.1].

Here and in the sequel, we denote by % the principal part operator of £, obtained from
Z by replacing its matrix B with By in (1.1.12). As stated in Subsection 1.1.1 above, %
satisfies (1.1.11).

As in the proof of the main result of Chapter 2 we rely on a blow-up argument, we will
also apply dilation (1.1.13) to the general operator £ satisfying [H.1]. Specifically, we define

%, as the scaled operator of £ in terms of (9, ),~¢ as follows
% =10, 0L 061), (1.1.26)

and we write its explicit expression in terms of the matrix B and (,) as

m
L= a;0r, +Y., reE(01] (1.1.27)
ij—1
where
Y, := (B,z, D) — 9, (1.1.28)
and B, := 1%6,Bd1, i.e.,
7’23070 7”430’1 Ce T2HBO7H,1 TQ'H_QBO’H
B 7“23171 o 7‘2“723175_1 7’2'V”B1,,{
B, = (@) By R 7”25_4.82,,{,1 TQH_ZBZH . (1129)
O (@) R B, TQB.%,/@

Clearly, %, = £ for every r > 0 if and only if B = By, and the principal part operator %
is obtained as the limit of (1.1.26) as r — 0.
Setting E,.(t) = exp(—tB,), we define the translation group related to .%, as

(z,t) 0p (6,7) = (E+ Ep(T)a,t +7), (2,1),(€,7) € RVTL (1.1.30)
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Remark 1.1.8. As it will be useful in the blow-up limit procedure in Chapter 2, we point out
that the composition law defined in (1.1.30) depends continuously on r € (0,1]. Moreover,
taking r = 0 in (1.1.29) we find the matrix By and “ o; in (1.1.30) simply becomes the

composition law related to the dilation-invariant operator .%,. Thus, “ o, is a continuous

function on the compact set [0, 1].

1.1.3 Fundamental Solution

In this subsection, we collect some known results concerning the fundamental solution I' of .Z.
First, we recall that, under the hypothesis of hypoellipticity, Hormander in [54] constructed

the fundamental solution of .Z as
[(2,¢)=T("020), Vz,(eR* z+#£¢,

where

LY, x) —ttr(B)), ift >0,
I ((x,1),(0,0)) = { V30w OO = () (1.131)
0, ift <0,

and

O(t):/o E(s) (é g) E"(s)ds. (1.1.32)

We recall that assumption [H.1] implies that C(t) is strictly positive for every t > 0 (see [73,
Proposition A.1]) and therefore I" in (1.1.31) is well-defined.

As a fundamental solution to .Z, the following representation formula holds true: for every
u € C°(RNHL) we have

u(z) = - / MG 2@]Od (1.1.33)

In order to state another crucial property of the fundamental solution, we recall the following

definition.

Definition 1.1.9 (Homogeneous function). We say that a function u defined on RM*! is

homogeneous of degree a € R if
u(or(2)) = ru(z) for every z € RNVFL,

A differential operator X will be called homogeneous of degree 5 € R with respect to (J;),>0
if
Xu(6,(2)) =% (Xu) (0,(z))  for every z € RV,

and for every sufficiently smooth function u. Note that, if u is homogeneous of degree o and
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X is homogeneous of degree (3, then Xwu is homogeneous of degree o — f3.

As far as we are concerned with the vector fields of the Kolmogorov operator %, under
the invariance assumption (1.1.11), we have that Xi,..., X, are homogeneous of degree 1
and Y is homogeneous of degree 2 with respect to (6,),>0. In particular, % = Zgnzl X 32 +Y
is homogeneous of degree 2, and its fundamental solution I'y is a homogeneous function of
degree —(), that is

To(6,(2)) = 7 9To(2), for every z € RYT1\ {0}, » > 0. (1.1.34)
As a direct consequence, the estimate I'g(z,() < W holds for every z,( € RN+,
oz K

with z # (. Analogous bounds hold for the first order and second order derivatives of 'y, as

they are homogeneous of degree —(Q) — 1 and —() — 2, respectively.

Concerning the fundamental solution I' of the non-dilation-invariant operator .Z, we recall
the following estimates (see [41, Proposition 2.7]). We assume that all the eigenvalues of the
matrix A belong to some interval [\, A] C RT. Then for every T > 0, there exists a positive
constant ¢, only depending on T, A\, A and on the matrix B, such that the following bounds
hold

&
P20 < ———0 (1.1.35)
1€ o 2|
00,0z 01 € oo 0T(=:0)| € g
1< o 2l ¢t o 2)|¢
¢ C
02,2, (2, Q)] < 06,6, T(2,¢)] < (1.1.36)

_ 27 _ 27
¢t o 2| 92T 1¢—1 o 2|2
C

YI(2,Q)| £ ——573;
O e

YI(2,0)] € ———5m>
HR N T

for every 4,5 = 1,...,m, 2, € RY x [T, T] with z # (. Here Y* denotes the transposed

operator of Y, defined as follows

/ o(x, )Y (x,t) dedt = U(z, t)Yo(x,t) dedt,
RN+1 RN+1
for every ¥, p € C°(RN+1).

A similar result holds for the derivatives 0,,I'(z,¢) and 0, I'(z,() for j = m+1,..., N.
These functions need to be considered as derivatives of order o, where the integer a; has
been introduced in (1.1.18). We have

IGIJF(z,CH S ’ |8§kr(27C)

C C
_— | S - -
¢ 0 2| g I¢-1 o 2@ Fer

|aﬂ?ja§kr(zv C)| <

. (1.1.37)
RISEE A
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for every j,k=1,...,N, 2,{ € RN x [-T,T] with z # (. Note that, as a; = - -+ = a, = 1,
the bounds in the first line of (1.1.37) agree with the first line of (1.1.36). The proof of
(1.1.37) directly follows from the bound (2.59) and (2.60) in [41].

1.2 Kolmogorov operators with Holder continuous co-
efficients
In this section, we show how to take advantage of the Lie Group structure introduced in

Subsection 1.1.1 to study more general Kolmogorov-type operators. In particular, we consider

Kolmogorov operators in trace form in RV*!

L= ay(x, )02, + > bj(x, )0, + (Bx,D)— 0,  for(x,t) e RN (1.2.1)
i,5=1 j=1

with variable coefficients a;;’s and b;’s. As in the parabolic case, the classical theory for
degenerate Kolmogorov operators is developed for spaces of Holder continuous functions.
As we rely on the non-Euclidean structure defined in Subsection 1.1.1, we need to consider
functions which are Holder continuous with respect to the quasi-distance in (1.1.21), i.e.
functions which are Holder continuous intrinsically. More precisely, here and in the sequel we

rely on the following definition.

Definition 1.2.1 (Intrinsic Hélder continuous functions). Let « be a positive constant, a < 1,
and let Q be an open subset of RV*!. We say that a function f : Q — R is Hélder continuous
with exponent o in Q with respect to the group K = (RV*1 o), defined in (1.1.6), (in short:

Holder continuous with exponent «) if there exists a positive constant M > 0 such that
‘f(Z) - f(C)’ < M dK(Z, C)a foreveryz,{ € Qv (122)

where dg is the distance defined in (1.1.21). If a function f satisfies (1.2.2) we write f €
C?(€2), where the subscript L refers to the fact that we deal with functions which are Hélder
continuous with respect to the group law that leaves operator £ invariant.

To every bounded function f € C¢(£2) we associate the semi-norm

£ (z) = F(O)]
a(Q) = SUp ——————.
[flea() s S poar
g
Moreover, we say a function f is locally Holder continuous, and we write f € C‘L"JOC(Q), if
f e C¢(8Y) for every compact subset 2 of €.

We remark that Definition 1.2.1 relies on the Lie group K in (1.1.6), that is an invariant
structure for the constant-coefficients operators. Even though the non-constant-coefficients

operator in (1.2.1) is not invariant with respect to K, we rely on the Lie group invariance of
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the model operator

m

Ap+Y => 0 + (Bz,D)— o, (1.2.3)

j=1
associated to .Z. Indeed, this is a standard procedure in the study of uniformly parabolic
operators. We observe that, in the uniformly parabolic setting, the model operator (1.2.3) is
replaced by the heat operator and we have that di (€, 7), (z,t)) = | —z|+ |7 —t|*/2, so that
we are considering the parabolic modulus of continuity.

In this section, we always rely on the following assumption.

(C) We always assume that hypothesis [H.1] holds. In addition, we assume that the

matrix A satisfies the following uniform ellipticity condition: there exist two positive constants

A and A such that . . .
)\Z &I* < Z a;j(2)&i&; < AZ &I
i=1 i=1

ij=1
for every (&1,...,&m) € R™ and z € RV*L, Finally, we require that the coefficients a;;’s and
b;’s belong to the space Cf introduced in Definition 1.2.1, for every 4,7 = 1,...,m.

We now introduce the definition of classical solutions to equation Zu = 0.

Definition 1.2.2. A function u is a classical solution to equation Zu = 0 in a domain €2
of RN¥*1 under assumption (C) if the derivatives d,,u, 8§i$ju, fori,j =1,...,m, and the Lie
derivative Yu exist as continuous functions in €2, and the equation Zu(x,t) = 0 is satisfied
at any point (z,t) € Q. Finally, we say that u is a classical super-solution to Lu = 0 if

ZLu < 0. We say that u is a classical sub-solution if —u is a classical supersolution.

The natural functional setting to study classical solutions to equation Zu = 0, with .&

as in (1.2.1), is the space

R o84 1

> (Q) = {u € CQ) | Opu, 02, w,Yue CF(Q), fori,j=1,... m} (1.2.4)

where C¢(€) is given in Definition 1.2.1. Moreover, if u € C3*(Q), we define the norm

m m
uhtas = ltlag + 3 Ontlen + 102, tag + Wuloo  (125)
i=1 ij=1

Clearly, the definition of Ci‘f;c(Q) follows straightforwardly from the definition of C7 ) ().
A definition of the space C’E’O‘(Q) for every positive integer k is given and discussed in the
work [93] by Pagliarani, Pascucci and Pignotti, where a proof of the Taylor expansion for
C’f’a(Q) functions is given. It is worth noting that the authors of [93] require weaker regular-
ity assumptions for the definition of the space C’i’a than the ones considered here in (1.2.4).

Finally, we recall that a complete characterization of the intrinsic Holder spaces is provided
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by Pagliarani, Pascucci and Pignotti in [93].

As in the uniformly elliptic and parabolic case, Schauder estimates constitute a funda-
mental result in the classical regularity theory. As Schauder-type estimates will be one of the
main results of Chapter 2, we here revise the current literature on this subject. In partic-
ular, we recall that Schauder estimates for the dilation-invariant Kolmogorov operator (i.e.
where the matrix B = By) with Holder continuous coefficients were proved by Manfredini
n [82, Theorem 1.4]. Manfredini’s result was then extended by Di Francesco and Polidoro

in [41, Theorem 1.3] to the non-dilation invariant case as follows.

Theorem 1.2.3. Let us consider an operator £ of the type (1.2.1) satisfying assumption
(C) with a < 1. Let Q be an open subset of RN*!, f e O (Q) and let u be a classical
solution to Lu = f in Q. Then for every Q CC Q' CC Q there exists a positive constant
C, depending only on the constants \, A, on the Holder-norm of the coefficients of £ and on
the diameter of 2, such that

[0l gy < C(supge ful + [flagr ).

A more precise estimate taking into account the distance between the point and the
boundary of the set 2 can be found in [82, Theorem 1.4] for the dilation invariant case. We
omit here this statement because it requires the introduction of further notation.

We also recall that Schauder estimates in the framework of semigroup theory have been
proved by Lunardi [81], Lorenzi [79], Priola [106]. We also quote analogous results obtained
in the framework of stochastic theory (see Menozzi [84] and its bibliography). Schauder
estimates for linear kinetic Fokker—Planck equations were obtained by Imbert and Mouhot
in [56] and by Henderson and Snelson in [53], while the Boltzmann fractional framework was
recently studied by Imbert and Silvestre in [60]. For a comparison between the different types

of Holder spaces considered in literature we refer the reader to [60,93].

We now present some known results concerning the fundamental solution of operator ¢

in (1.2.1) with the additional term ¢, namely

m

= Z (x,t 82 ij(x,t)amj + ¢(x,t) + (Bx,D) — 0}, for (x,t) € RN*L.

(3 ]:1
(1.2.6)

These results will be useful in Chapter 5, when dealing with the weak fundamental solution
associated to operators of the form (1.2.6) with measurable coefficients.

We recall that, in some particular cases, variable-coefficients Kolmogorov operators were
first studied by Weber [120], I'In [55] and Sonin [111], who used the parametrix method to
construct a fundamental solution. However, the authors of the aforementioned papers worked

under unnecessary restrictive conditions, i.e. they required an Euclidean regularity on the
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coefficients a;;’s, b;’s and c. Later on, Polidoro applied in [102] the Levi parametrix method
for the dilation-invariant operator £ (i.e. under the additional assumption that B has the
form (1.1.12)), then Di Francesco and Pascucci and Di Francesco and Polidoro removed this
last assumption in [40,41].

The Levi’s parametrix method is a constructive argument to prove existence and bounds
for the fundamental solution (see [75]). For every ¢ € RV*! the parametrix Z(-,() is the

fundamental solution, with pole at (, of the following operator

m

L= a5(Q) 3, + (Bx,D) — 0.

1,j=1

The method is based on the following property: if the coefficients a;;’s are continuous and
the coefficiens b;’s are bounded, then Z is a good approximation of the fundamental solution

of £ at least as z is close to the pole (, since

m

:Z aij(2) — ai;(0)) 02, Z(2.0) + > bj(2) 0a, Z(2,C).

j=1

We look for the fundamental solution I' as a solution of the following Volterra equation

T(a,t,6,7) = Z(x,1,6,7) // (2,9, 8)G(y, 5, £, 7)dy s,
RN

where the unknown function G is obtained by a fixed point argument. It turns out that

400

G(2,0) = > (LZ)(2,0),

k=1

where (£ 7Z)1(z,() = £Z(z,() and, for every k € N,

t
2ntoter) = [ [ 2260092 20l 5.6 Ty s

We conclude this section stating the existence result for a classical fundamental solution
for an operator .Z of the form (1.2.6) proved in [40, Theorem 1.4-1.5]. The upcoming Theorem
also provides us with an equivalent result for the fundamental solution I'* associated to the
adjoint operator of (1.2.6). To this end, we recall that the formal adjoint of operator . in
(1.2.6) is defined as

L Z B¢, (i;(€,7)0¢,v(E, ) Za& 7)) (1.2.7)

3,j=1

+ (c—Te(B))v(&, 1)+ Yv(E, T)
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where

N
Y*U(& T) = Z bijgja&'v(‘ga 7_) + 871)(5, T)'

'ijzl

We are now in a position to recall the following fundamental result.

Theorem 1.2.4. Let us consider an operator £ of the form (1.2.6) under assumption (C).
Then there exists a fundamental solution T' : RNT1 x RN*L s R for £ with the following

properties:

1.

2.

6.

7.

D(-£,7) € L ®Y*) N CRN N\ {(E,7)) for every (6,7) € RN+

loc

D(-, &, 7) is a classical solution of Lu =0 in RNTL\ {(&,7)} for every (€,7) € RVHL
in the sense of Definition 1.2.2;

let p € C(RY) such that for some positive constant ¢y we have

o(x)] < coeoll” for every © € RY, (1.2.8)

then there exists

i [T E DO = o) for every an € RY,
z,t)—(zqg,T

t>1 RN

let o € C(RN) satisfying (1.2.8). Then, for every positive 0 < Ty < Ty, there exists
T € (Ty, T1] such that the function

u(z,t) = /]RN [(x,t;€,To) (&) dE dr (1.2.9)

15 a classical solution to the Cauchy problem

Lu=0 m STO,T)

(1.2.10)
u(-,To) = in RY;

the reproduction property holds. Indeed, for every z,& € RN andt,7 € R witht < s < t:

D(e, 6, 7) = / D(x. i 8) Dy, 5:€.7) dy;

RN
for every (z,t), (€,7) € RN*Y with t < 7 we have that T'(x,t,£,7) = 0;

if ¢(x,t) = c is constant, then

/F(z,t;{,T) d¢ = e~et=7), Ve e RN, 7 < t;

]RN
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8. for every Xt > X and for every positive 0 < Ty < Ty, there exists a constant CT | only
dependent on X\, B and T such that

D(x,t;6,7) < CTTH (2, t;€,7) (1.2.11)
+
102, D (. t:€,7)] < \/t__TFﬂx,t;&,r)
Cct
92, Do 6.7 < O T 6
Cct
VI 67 < ST g

for any i,j = 1,...,m and (x,t),(&,7) € RY x (Ty,T1), and where Tt denotes the
fundamental solution of .,?’\+, defined as follows

)\+ mo N
AT - 2 o —
LY u(x,t) = o Zzl O, u(z,t) + ijzl bijx 0, u(x, t) — Opu(z,t).

Owing to (1.1.31), it is clear that the explicit expression of Tt is given by
I*((2,1); (€, 7)) =TH((&, 7)™ o (2,1);0,0),

for every (z,t), (€, 7) € RNTY with (z,t) # (£,7) and

(27r>\+)7% ex 1 -1 )
el exp (=55 (C7 (), z) — ttr(B)),  ift >0,
0, ift <0.

Moreover, there exists a fundamental solution T'* to £* (1.2.7) satisfying the dual proper-
ties of this statement and such that T*(z,t;&,7) = T(&, 73 2,t) for every (x,t), (€,7) € RN+

(z,1) # (£, 7).

1.3 Applications of Kolmogorov equations

We conclude this chapter discussing some applications of Kolmogorov-type equations. First
of all, as mentioned in the Introduction, the process (1.0.2) is the solution to the Langevin
equation

dVy = dW,

dYy = Vi dt,

and therefore Kolmogorov equations are connected to every stochastic process satisfying
Langevin equation. In particular, several mathematical models involving linear and non
linear Kolmogorov-type equations have also appeared in finance [5], [15] and [38]. Indeed,

equations of the form (1.0.1) appear in various models for pricing of path-dependent financial

28



CHAPTER 1. KOLMOGOROV-TYPE OPERATORS: AN OVERVIEW AND SOME CLASSICAL RESULTS

instruments (cf., for instance, [16]). For example the equation
hP + 20°S?05P + (log S)9aP +1r(S0sP — P) =0,  S§>0,AteR (1.3.1)
arises in the Black and Scholes option pricing problem

dSt = [LStdt + O'Stth
dAt - St dt,

where ¢ is the volatility of the stock price S, r is the interest rate of a riskless bond and
P = P(S,A,t) is the price of the Asian option depending on the price of the stock S, the
geometric average A of the past price and the time to maturity ¢. For the applications of op-
erators in the form .Z to finance and to the stochastic theory we refer to the monograph [97]

by Pascucci.

Moreover, as already mentioned in the introduction of this work, the Kolmogorov equation
is the prototype for a family of evolution equations arising in kinetic theory of gases of the

form

Owu + (p, Dyu) = J(u). (1.3.2)

Beside the collision operator (11) already considered in the introduction, J(u) can also occur

in divergence form

u) = Z Op, (aij Op,u + biu) + Z a;O0p,u + au.

i,j=1 i=1

In particular, we mention the following nonlinear kinetic Fokker-Planck equation
oy + (p, Dyu) = pluldivy, (Dpu + pu), (1.3.3)

with periodic condition with respect to the space variable and where p[u me u(p,y,t)
We refer the reader to [49,56] for a recent treatment of the nonlinear operator in (1.3.3),
particular in connection to the linear Fokker-Planck operator.

Equation (1.3.3) plays an important role in kinetic theory as it shares some similarities
with the equation introduced by Landau [74] in 1936 to describe plasmas made up of ions
and electrons which interact by Coulombian forces. In the case of the Landau equation, the

collision operator J(u) in (1.3.2) takes the following form

J (u) = divy(Alu]Dpu + Blu|u),
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where

A0 =y [ (T = 20 ) ol Puto = wh

Bl(w) = s [ ol"wuto = widw, € [-1m,0] and g > 0,

m

(1.3.4)

as described in the article [49]. The collision operator in (1.3.3) clearly corresponds the case
where the coefficients in (1.3.4) take the simpler form Afu] = plu]l,, and Blu] = p[u]p. In
particular, the integral quantities involving the solution appearing in (1.3.4) are replaced by
their averages in the nonlinear model (1.3.3). It is worth mentioning that, even if it has a
simpler structure, the nonlinear model in (1.3.3) shares the same Gaussian steady state as the
Landau collision operator. For further applications of kinetic theory to the Landau equation,
we also refer the reader to [28], [89] and [110].

Finally, for the description of wide classes of stochastic processes and kinetic models
leading to equations of the previous type, we refer to the classical monographies [29], [30]

and [36] and to the recent survey article [58] by Imbert and Silvestre, and to its bibliography.
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Chapter 2

Schauder-type estimates for degenerate
Kolmogorov equations with Dini continuous

coeflicients

2.1 Statement of the problem

In this chapter, we study the local regularity of solutions to the second order linear differential

equation
m N
Lu = Z aij(:zr,t)ﬁixju + Z bijj0z,u — Opu = f, (2.1.1)
i,j=1 6,j=1

where (2,t) € RV and 1 < m < N and f is Dini continuous. Our final aim is to
extend a fundamental result of the classical regularity theory, namely Schauder estimates. In
particular, we prove that, if operator .Z satisfies Hormander’s hypoellipticity condition, and
f and a;;’s are Dini continuous functions, then the second order derivatives of the solution u
to the equation Zu = f are Dini continuous functions as well. A key step in our proof is a
Taylor formula for classical solutions to .Zu = f that we establish under minimal regularity
assumptions on u. We finally remark that the results presented in this chapter are published

in [105] and are obtained in collaboration with Polidoro and Stroffolini.

2.1.1 Assumptions

Throughout this chapter, we require that the matrices A and B satisfy the structural assump-
tion [H.1] in (1.1.2), which implies that operator .Z is hypoelliptic, as discussed in Chapter 1.
We point out that we do not need the more restrictive assumption [H.2] to derive our main
theorems, i.e. all the results presented in this chapter hold true for non-dilation-invariant
Kolmogorov operators.

As the problem we address here is the regularity of solutions to (2.1.1), we require as few
conditions as possible for the definition of Zu. In particular, in this chapter, we rely on the

following definition of classical solutions to equation (2.1.1).
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Definition 2.1.1. Let Q be an open subset of RY*!1. We say that a function v belongs to

C%(Q) if u, its derivatives Oy, u, Op,p,u (4,5 = 1,...,m) and the Lie derivative Yu defined in

(1.1.5) are continuous functions in 2. We also require, for i = 1,...,m, that
aziu(exp(sB)x,t — 5) — Bmzu(x, t)

lim 7 — 0, (2.1.2)

uniformly for every (z,t) € K, where K is a compact set K C €.

Let f be a continuous function defined in €2. We say that a function w is a classical solution
to Lu = f in Q if u belongs to Cfg(Q), and the equation Zu = f is satisfied at every point
of €.

As it is customary in the heat operator framework, we regard the time derivative, here
generalized by the Lie derivative Y (see (1.1.5)), as a second order operator (we refer to
Definition 1.1.9 for a formal justification of this fact). As a consequence, (2.1.2) can be
interpreted as a condition on the second order mixed derivative of the form Y'/29,,u. Indeed,
if the derivative Y 0,,u exists, then the fractional derivative Y@ii/ 2y is equal to 0. Thus,
condition (2.1.2) is not demanding and it is the weakest assumption we need in order to
prove that u is approximated by its intrinsic Taylor polynomial of degree 2 (see Theorem
2.1.2 below). Indeed, in order to carry out the proof of Theorem 2.1.2, the regularity of
the derivatives 0z, u, Oy,0;u, for 4,5 = 1,...,m, and of the Lie derivative Yu is not enough.
Additionally, we need to require that the first order derivatives 0 ,u, 7,5 = 1,...,m, are
continuous along the integral curve of the drift Y. Without this additional requirement, it
is not possible to carry out the proof of Theorem 2.1.2 (see in particular equation (2.3.14)
below). On the other hand, condition (2.1.2) seems natural as it mirrors the one found in [93],
where the authors additionally require that the first order derivatives 0,,u, 7,7 = 1,...,m,
are Holder continuous functions with respect to Y to ensure the existence of the second order

polynomial of w.

2.1.2 Main results

Our first main result, and a key step in proving the Schauder estimates presented in Theorem
2.1.4, concerns the intrinsic second order Taylor polynomial. We recall that the nth-order
intrinsic Taylor polynomial of a function u (differentiable up to order n) around the point z

is defined as the unique polynomial function P]'u of order n such that

u(C) — Plu(C) = o(dk (¢, 2)") as ¢ — 2

where dg denotes the quasi-distance defined in (1.1.21).

We are now in a position to state the following result.

Theorem 2.1.2. Let £ be an operator of the form (2.1.1) satisfying hypothesis [H.1]. Let
Q be an open subset of RN and let u be a function in C%(SY). For every z := (x,t) € Q we
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define the second order Taylor polynomial of u around z as

T2u(C) == u(2) + > Onu(2)(& — )
i=1

Lo (2.1.3)
t3 N 0 u(2)(& — xi) (& — 1) = Yu(z)(r — 1),
ij=1
for any ¢ = (&, 7) € Q. Indeed, we have
u(Q) = T2u(C) = o(dx (¢, 2)?) as ¢ — 2. (2.1.4)

In order to expose our next results, we first need to introduce some preliminary notation.
As a first step, we introduce the sets where our local results hold true. To this end, we take
advantage of the invariant structure of the principal part operator % in the study of the
regularity of .Z. This fact is quite natural as % is the blow-up limit of £, as explained in
Subsection 1.1.2. In particular, owing to the quasi-distance introduced in (1.1.21), we define

the bozes
Q, (w0, to) := {(x,t) € RN | dg((, 1), (w0, t0)) < 7} (2.1.5)

We now a provide a definition of modulus of continuity and Dini continuity which are
suitable for operator .. More precisely, we define the modulus of continuity of a function f
defined on any set H C RN as follows

wy(r) .= sup |f(z,1) = f(§, 7). (2.1.6)
(z.0).(€.1)EH
di((@.0),(¢7)<r

Definition 2.1.3. A function f is said to be Dini-continuous in H if

/1 wf—(r)dr < 4o00.
0

r
We are now in position to state our main result.

Theorem 2.1.4. Let £ be an operator of the form (2.1.1) satisfying hypothesis [H.1]. Let
u € C%(0941(0,0)) be a classical solution to Lu = f. Suppose that f is Dini continuous and
the coefficients a;; are constant. Then there exists a positive constant c, only depending on
the operator £, such that:

i
1
0%u(0,0)| < ¢ ( sup [ul +17(0,0) + [ “f—”d> ;

Q1(0,0)
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i) for any points (x,t) and ({,7) € Q%(0,0) we have

d 1
|0%u(x, t) — O*u(E, )| SC(d sup |u|+d sup \f|+/ wa(T)dr—kd/ wfgr)dr>.
0 d

91(0,0) Q1(0,0) r

where d = dx((x,t),(§,7)) and 0? stands either for 02
Y.

i with i,7 = 1,...,m, or for

We emphasize that Theorem 2.1.4 fails even in the simplest Euclidean setting if we do not

assume any regularity condition on the function f. Consider for instance the function
u(z,y) = zy(log(z® + y*))%, with 0 <a <1,
A direct computation shows that

Au(z,y) = 8« gf (log(x? + y*))* ' + 4a(a — 1)x236—+yy2(10g(x2 +y?))*

so that f(z,y) := Au(z,y) extends to a continuous function on R?, which is not Dini contin-
uous at the point (0,0). On the other hand, the derivative 0,0,u(z, y) is unbounded near the
origin. We also point out that, when o = 1, the function u is a counterexample for the L*>°

bounds of the second order derivatives of weak solutions to Au = f. !

We finally consider the non-constant coefficients operator Z defined as follows

m N
= Z (2,0)05,4, + Y bija;Ou, — O (2.1.7)

We assume that the coefficients a;; are Dini continuous functions and, in order to simplify

the notation, we write

we(r) == max sup laij(z,t) — a; (&, 7). (2.1.8)
bJ=be (g 1) (¢,r)EH
dK((xvt)7(£vT))<T

We assume that the following condition on the matrix A(x,t) := (ai;(x,t))i j=1,...m is satisfied.

[H.2] For every (z,t) € RVT! the matrix A(z,t) is symmetric and satisfies
MNEP < (A, 1)€,6) < AEP,  forevery € €R™, (2.1.9)

for some positive constants A, A.

'We acknowledge that this counterexample was pointed out to one of the authors by Andreas Minne during
the Workshop “New trends in PDEs”, held in Catania on 29-30 May 2018.
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Theorem 2.1.5. Let £ be an operator in the form (2.1.7) satisfying hypotheses [H.1] and
[H.2]. Let u € C%(Q1(0,0)) be a classical solution to Lu = f. Suppose that f and the
coefficients a;;, 1,5 = 1,...,m, are Dini continuous. Then for any points (z,t) and (§,7) €

Q%(0,0) the following holds:

d 1
0%ulz,t) — 6*u(€, 7)| <c(d sup [ul +d sup |f|+/ —wf(r)errd/ —“fg”dr)
91(0,0) 01(0,0) 0 r d r

S I wa(r) twa(r)
+c sup aixu) / dr—i—d/ dr).
(”231 iy D! ( 0o 7 a 1 )

where d = dg((x,t), (§,7)) and 8? stands either for 02

i,7=1,...,m, or forY.

iZj’

2.1.3 Comparison with existing results
Taylor polynomial

We compare Theorem 2.1.2 with the existing literature. We specifically refer to the results
proved by Pagliarani, Pascucci and Pignotti in [93,94, 101]. The authors of the above men-
tioned papers considered a suitable functional space C'3(§2), with n nonnegative integer and
a € (0,1], and prove that

u(C) — Tru(¢) = O(dg (¢, 2)"™) as ( — 2. (2.1.10)

In order to compare this assertion with (2.1.4), we need to consider the case where n+a = 2.
We point out that the above articles do not cover the case n = 2 and a = 0, while they cover

n =1 and a = 1. Thus, their main results apply to the space C’}B’l(Q) of functions u that have

Lipschitz continuous first order derivatives 0, u, ..., 0., u along the directions 1, ..., z,, and
satisfy

Opu(exp(sB)z, t — s) — Oy u(z, t) = O(|s|V/?), as s— 0, (2.1.11)
for every (z,t) € Q and i = 1,...,m. Moreover, the functions u € C5'(€) are required to

Lipschitz continuous along the direction of the vector field Y. In this setting, (2.1.10) reads

as follows

u(Q) = THu(¢) = O(dk(¢,2)*) as (= z.

We emphasize that, since the assumption u € C’EI(Q) does not imply the existence of the
second order derivatives of u, C'g'(Q) differs substiantially from our space C%(£2). For this
reason, the proof of Theorem 2.1.2 requires slightly different arguments and the additional
condition (2.1.2), which is slightly stronger than (2.1.11).
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Schauder estimates

As we rely on less regular coefficients, we now compare our regularity results with the current
literature on this subject, which was revised in Chapter 1, Section 1.2. In particular, as a

direct consequence of Theorem 2.1.5 we have the following corollary.

Corollary 2.1.6. Let u € C%,(Q1(0,0)) be a classical solution to Pu = f. Suppose that f
and the coefficients a;j, 1,5 = 1,...,m, belong to C’%a(Ql(O, 0)). Then for any points (z,t)
and (§,7) € Q%(O, 0) the following holds:

10%u(z,t) — O%u(€, 7)| Scdo‘( sup |u| + HJCHCV%(M

01(0,0) a(l —a)
= lallce (o, 0,0)
+ sup | 82i u|L—), if a<l,
Z'J'Zzl Ql(ovo) o a(l o CIC)

0%u(x,t) — O*u(€, )| §cd< sup ful + [|.fllco1 (g, 0,0y 108 d|

91(0,0)

+ ( > sup)| 0§ixju‘>HaHCQJ(Ql(O’O))Hog d\), if a=1.

7;7.7‘:1 Ql 070

We observe that, for a < 1, Corollary 2.1.6 recovers the Schauder estimates contained
in Theorem 1.2.3. Note that, in this case, an interpolation inequality allows us to state a
bound for the C¢ norm of the derivatives 9%u in terms of lallce(i(0.0)) I1fllcz(i(0,0)), and
SUpPg, (0,0) |u| only.

Theorems 2.1.4 and 2.1.5 improve Theorem 1.2.3 and the results presented in Section 1.2 in
two directions. First of all, we weaken the regularity assumption on f and on the coefficients
a;;’s. Second, we are able to establish Schauder estimates for a = 1, extending the results of
the aforementioned articles, where a < 1.

Moreover, in the case of one commutator and Holder continuous coefficients and right-
hand side, Imbert and Mouhot prove in [56] Schauder estimates for linear kinetic Fokker—
Planck equations, as well as well for a toy nonlinear kinetic model. Schauder estimates for
kinetic equations (and in particular for linear kinetic Fokker-Planck equations in trace-form)
are also obtained by Henderson and Snelson in [53], where they are crucial in proving that

weak solutions of the inhomogeneous Landau equation immediately become smooth.

Finally, we recall the following results. Wei, Jiang, and Wu adapt in [121] the method
introduced by Wang [119] and prove Schauder estimates for hypoelliptic degenerate operators
on the Heisenberg group. The Taylor formula used in [121] is proved by Arena, Caruso
and Causa in [13]. In a different framework, Wang’s method has been used by Bucur and

Karakhanyan [26] in the study of fractional operators.
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2.1.4 1Idea of the proof

The proof of our main results is based on the method introduced by Safonov in [108] for the
parabolic case, explained in Krylov’s book [69]. The core idea of Safonov’s argument was
adopted by Wang [119] for the study of the Poisson equation with Dini continuous right-hand
side and by Imbert and Mouhot for the study of kinetic Fokker—Planck equations with Hoder
continuous coefficients. As we also work under the assumption of Dini continuity, we briefly
sketch the proof contained in [119].

Spefically, Wang considers in [119] a solution u to the equation Au = f in some open set 2.
Without loss of generality, he assumes that the unit ball B;(0) is contained in €2 and considers
a sequence of Dirichlet problems as follows. Let B,, (0) be the Euclidean ball centered at the

origin and of radius r; = 2%, and let u be the solution to the Dirichlet problem

Au, = f(0), in B, (0), up=u in 0B, (0).

Quantitative information on the derivatives of every solution wy is obtained by using only
the elementary properties of the Laplace equation, namely the weak maximum principle, and
the standard a priori estimates of the derivatives, that are obtained in [119] via mean value
formulas. The bounds for the derivatives of u are obtained as the limit of the analogous
bounds for ug. The Taylor expansion in this step is fundamental to conclude the proof.
More precisely, following Safonov’s argument, it is crucial to show that the oscillation of the
remainder of the second-order Taylor polynomial of the solution decays at rate r7 in a ball of
radius ry.

In this chapter, we apply the method described above to degenerate Kolmogorov opera-
tors ., by adapting Wang’s approach to the non-Euclidean structure defined in (1.1.6). In
particular, the ball B,, (0) is replaced by the box 9, (0,0) defined through the dilation d,,
introduced in (1.1.13). Concerning the Taylor expansion, we recall the results due to Bon-
figlioli [18] and the ones proved by Pagliarani, Pascucci and Pignotti [93]. We emphasize that
the authors of the above articles assume that the second order derivatives of the function u
are Holder continuous, while we only require that u belongs to the space C%(2) introduced
in Definition 2.1.1. As the regularity of the second order derivatives of u is the very subject
of this chapter, we do not assume extra conditions on them and we prove in Theorem 2.1.2

the Taylor approximation under the minimal requirement that u € C% ().

2.1.5 Outline of the chapter

This chapter is structured as follows. In Section 2.2 we prove some preliminary results. In
particular, we obtain some a priori estimates of the derivatives of the solutions u to Zu =0
in terms of the L® norm of u. We subsequently prove a mean-value formula for u. In Section
2.3 we prove our main result on the Taylor approximation of any function u € C’iﬂ(Q) Section
2.4 contains the proof of Theorem 2.1.4, while Section 2.5 contains the proof of Theorem 2.1.5.
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2.2 Preliminary results

In this section we list some preliminary facts, which are useful in proving our main results.
As a first step, we prove a corollary of estimates (1.1.35), (1.1.36) and (1.1.37), which will be
useful in the sequel. Secondly, we prove a priori estimates for the derivatives of u solution
to the Kolmogorov equation with right-hand side equal to 0. To this end, we represent
solutions to Zu = 0 as convolutions with the fundamental solution I' of . and its derivatives
Op, I, ..., Oz I'. We then prove a mean-value formula for u, which is based on the Euclidean

mean-value theorem and on the homogeneity of the fundamental solution.

As the estimates in (1.1.35), (1.1.36) and (1.1.37) play a crucial role in the proof of the
forthcoming Lemma 2.2.2, we briefly explain how to obtain them and we refer the reader
to [41, Proposition 2.7] and [40, Theorems 1.4-1.5] for further details. We firstly observe that
the estimate in (1.1.35) holds true in virtue of the homogeneity of the fundamental solution
[y, see (1.1.34). Indeed, as already explained in Subsection 1.1.2, homogeneous operators
provide a good approximation of the non-homogeneous ones. In particular, the following

result holds true.

Theorem 2.2.1. Let £ be an operator of the form (1.1.1) and let £ be its principal part
(see Subsection 1.1.2). As above, we denote by I' (resp. I'y) the fundamental solution with
pole at the origin of £ (resp. £y). Then for every b > 0, there exists a positive constant a
such that

2r0<z) < T(2) < aly(2) (2.2.1)

for every z € RNTY such that To(z) > b. Moreover, a = a(b) — 1 as b — +o0.

Proof. Let C(t) and Cy(t) be the matrix defined in (1.1.32) corresponding to .Z and %,
respectively. Then, by [73, Equation (3.14)], we have

det C(t) = det Co(t)(1 +tO(1)), ast— 0T, (2.2.2)

where O(1) denotes a bounded function on RY x (0, 1]. On the other hand, (see [73, Lemma
3.3]), there holds

exp (—i(Cl(t)x,@) = exp (—i(Co_l(t)x,x)) exp (H{C' (t)z, 2)O(1)) . (2.2.3)
Thus, if T'g(2) > b, we get
t

(A (62, 2) < 2Qlog ((%N)”Q 1) , (2.2.4)

where cy = (47)~V/?(det C(1))~/2. The thesis follows at once from (1.1.31), (2.2.2), (2.2.3)
and (2.2.4). O
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We now focus on the first estimate in (1.1.36) that involves the first derivatives of I'. The

other estimates in (1.1.36) can be obtained in a similar way and the detailed computations
can be found in [41, Proposition 2.7]

I(z,w)=T

. As a first step, we set ( = (£, 7) -1

= w~ " oz so that
(&, 7) and we compute

9o, T(7) = —% (C (1)) (2.2.5)

We now claim that

‘(0—1(7 ‘ < 7%/2 ‘51/7 ‘ j=1,...N, (2.2.6)

where the numbers «; were defined in (1.1.18) and the constant ¢ only depends on 7" and on
the matrix B. Indeed, we have

(' me),| < (€ =it mne),| + |(ca'me),
= (s €0 - % (R00))
o | (R G0 3 (00 )
< s [0 (€700 = G5 ) 0% |00 + i |t )|
(2.2.7)

Moreover, we recall that, by [73, Remark 2.1], for any given 7" > 0, there exists a positive
constant ¢y such that

8 (€)= G ) | < erlcal

Hence, combining (2.2.7) and (2.2.8), we infer

(2.2.8)

(e8| = = llee

7-ozj/2

)

8 ()

which yields (2.2.6). On the other hand, in virue of the homogeneity of the norm || - ||, we
have

Pl = VI (6, Dl <cf(|5 0 el |K+1)

where ¢ is a constant that only depends on B. Combining the previous inequality with (2.2.6)
we obtain

1€, )1l

(0—1@5)].‘ <c <|53/1/—T(€)|K + 1) o : (2.2.9)

39



CHAPTER 2. SCHAUDER-TYPE ESTIMATES

where ¢ is a constant that only depends on B. Then, taking advantage of (1.2.11), we get
& DI 05,0 7] < IF(ET), j=1,...,N,

where I't was defined in (1.2.12). In particular, for j = 1,...,m, we can rewrite the previous

estimate as follows
1€, Tl |05, T 7)] < cLF (& 7), j=1,...,m.
The desired estimate in (1.1.36) finally follows from (1.1.35).

We are now in a position to state and prove the following result.

Lemma 2.2.2. Assume that all the eigenvalues of the matriz A belong to some interval
[\, A] C RT. Then there exist two positive constants C, only depending on A, A and on the
matriz B, such that the following holds true. For every R € (0,1] we have that

sup {P(2,0) = € Q5(0), ¢ € Q(0) | Quu(0)} < = (2.2.10)
Moreover
sup {10.,06,7(2, )] = € Qu(0), € € Qul0)\ Qe (0)} <z (2.2.11)
and
C
sup{|Y8§kF(z,C)| 12 € Qr(0),¢ € Qr(0) \ Qa (0 )} T (2.2.12)

for every j,k=1,..., N.

Proof. We want to apply (1.1.35), (1.1.36) for two points z,{ € Qg,(0), where Ry > 0 is a
constant such that [|(7! o z||g < Ry whenever z € Q%(O), and ¢ € Q1(0). The existence of
such a positive number Ry follows from the pseudo-triangular inequality (1.1.20). With this
choice of Ry, we apply (1.1.35), and we find

sup{F(Z,Q 12€ Qr(0),¢ € Qr(0) \ Qan (0 } (2.2.13)
\ 2.

c(inf{HC_lozHK:zGQ (0),¢ € Qr(0) TR( )}) -

We therefore need to estimate the infimum of ||(7! o z||x for 2 € Qg(()) and ¢ € Qg(0)\
Q%(O). We first consider the points z := 5%(2) and ¢ := 6%(0 which belong to Q%(O) and
91(0) \ Q%(O), respectively. We now define the function g(%,() := ||("! og Z||x, which is
continuous on the compact set £ := Q%(O) x Q1(0) \ Q%(O) x [0, 1], as observed in Remark

1.1.8. Thus, by Weierstrass’s Theorem, g attains a minimum m on F|, i.e.,

IC orZlk > m, V2 Qi(0), V(e @(0)\Q:(0), VRe0,1].
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Going back to the box of radius R, i.e. applying dilation dz to the points z and ( yields

(7 oz||lgk >mR, z¢€ Qx(0), ¢ € Qr(0)\ Qux(0), (2.2.14)

and therefore (2.2.13) becomes

SUP{F(2’>C) 1z € Q;(O),c € Qr(0)\ Q%(O)} < ﬁ =: % (2.2.15)

where the constant C' does not depend on R.
To obtain (2.2.11) and (2.2.12), we use the bounds for the derivatives of I in (1.1.36) and

apply the same arguments as above. O

In order to state our next result, we recall the notation introduced in (1.1.18), that is
5, = diag(r®,...,r*¥ r?). In the sequel we assume that all the eigenvalues of the constant

matrix A belong to some interval [\, A] C R*. We are now in position to state our result.

Proposition 2.2.3. Let u be a solution to Lu =0 in Qr(zy), with R €]0,1]. Then

C .
10z,ul(2) < po-llulle(@r(zoy),  for every z € Qn(z), j=1,....N,

for some positive constant C' only depending on X\, A and on the matrix B.

Proof. Without loss of generality, we can assume zp = 0. Let ng € C5°(RY*1) be a cut-off

function such that

nr(z,t) = x(ll(z, 1)), (2.2.16)

where y € C*°([0,400), [0, 1]) is such that x(s) = 1 if s < %, x(s) =0if s > Rand || < £,
IX"| < %z Then, for every z € Qg(0) and for s = 1,..., N, there exists a constant ¢, only
depending on B, such that

Cc

Oz ()| < 5

C
Onr(2)] < . (2.2.17)

C

Consequently, for every z € Qg(0) and 4,j = 1,...,m, we have |8£ﬂjnR(2)] < & and
therefore we obtain a bound for the second order part of |-£ng(z)|.
Since ng = 1 in € Qar (0), for every z € Qr(0) we represent a solution u to ZLu = 0 as
4 2

follows

u(z) = () (=) = — /Q M) Z )€ (2.2.18)
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Since .Z = div(AD,,) + Y and Zu = 0 by assumption, (2.2.18) can be rewritten as
u(z) = (nru)(z) = —/Q o (2, -)div(ADy (nr))ul(¢)dC

- / [L(z, )Y (nr)ul(¢)d¢ (2.2.19)
Qr(0)

9 / 12, )} (Dostts ADmn)}(C)C.
Qr(0)

Integrating by parts the last integral in (2.2.19), we obtain, for every z € Qg(O)

u(z) = (nru)(2) = / [C(z, -)div(ADpm (nr))ul(C)d¢

Qr(0)

- / [Tz, )Y ()l (O)dC (2.2.20)
Qr(0)

2 / (DS, (2, ), AD ) ul(C)dC.
Qr(0)

where D,, is the gradient with respect to z1, ..., x,, and the superscript in Dfn indicates that
we are differentiating w.r.t the variable (.

Since z € Qg(()) and Oy,;nr,Y(nr) =0 (i =1,...,m) in Q%(O), after differentiating
under the integral sign (2.2.20), we find

8$J-U(Z)=3xj(nRU)(Z)=/Q oo (0)[0@7F(27')diV(ADm(nR))U](OdC

4

-/ 00,7 )Y (1)l ()G
Qr(0)\Q3k (0)

4

vz f (00, DT (2. ), AD)ul
Cr(0\Qsr (0)

for every 7 = 1,..., N. Thus, we obtain

|0 u(2)] = [0, (nRU)(2)] S/Q 01 0un0) (02,7 (2, )div(ADrm (ng))u) (¢) |d¢

-/ 02,1, )Y ()l O]
Qr(0\LQ3x (0)

2 / 1102, DT (2, ), AD )l Q)| dc
Qr(0)\Q3r (0)

a

= (2) + I(2) + Is(2),
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We estimate I;(z) and Iy(z), for z € Q(0). We have
2

L(2) < ulleny  sup  |div(ADy(yr))meas(Qr(0))  sup  [3,T(2, )],

QR(U)\Q%(O) Z€Q§(0)7
CGQR(O)\QSIE (0)
() < Jullzmignoy S0 [YOR)Imeas(@e(0)  swp [0, T( )]
Qr(0)\Q3r (0) 2€Q g (0),
CEQR(O)\Q%E (0)

We now apply Lemma 2.2.2 and obtain

C
sup 92, 0(2,0)| < 5570 (2.2.21)
ZEQ%(O), ‘ ! | R@Fe;
C€Qr(0\Q3r (0)
Moreover, by our choice of the cut-off function ng, we have
: Ac .
|div(ADp(nr))| < = in  Qg(0), (2.2.22)

R2

where A is the largest eigenvalue of A. Finally, combining inequalities (2.2.21) and (2.2.22)
with meas(Qgr(0)) = R?*?meas(Q;(0)), we obtain

~ C
Li(z) < —HUHLOO(QR(O)) z € Qx(0), (2.2.23)

We now estimate |Y(ngr)| < [(Bz, Dng)| + |Omgr| in Qr(0) \ Q%(O). The bound for the
derivative with respect to time of ng is obtained using (2.2.17). Moreover

N N
(B, Dnr(O) < D bikllzlowna(Q)] < e ) (b R, (2.2.24)
ik=1 ik=1

where ¢ € Qr(0)\ Q¥(0). Notice that in sum (2.2.24) the exponent oy — «; is always greater
or equal to —2, because of the form of the matrix B. Since by assumption R < 1, we estimate
(2.2.24) as follows

/

C
[(Bx, Dnr)| < =

0 0 Qr(0)\ Qe (0), (2.2.25)

where C” is a constant that only depends on the matrix B and on the constant ¢ in (2.2.17).
Finally, using again meas(Qgr(0)) = R%"?meas(Q;(0)), together with (2.2.21) and (2.2.25),

we obtain
~ C
Ih(z) < —||U||Loo(QR(o)) z € Qg(o), (2.2.26)

where C' depends only on the constants ¢ and C in (2.2.17) and (2.2.21) and on the matrix
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B.

By the same argument we prove that, for a point z € Qr(0), we have
2

~ c C
I3(2) < ||U’HL°°(QR(O))E meas(Qr(0)) EZUP(O) |02, D5,I(2,¢)] < mHuHL"O(QR(O))-
z R )

¢€Qn(0)\Qp (0)

where C' denotes once again a constant depending only on c, C and B. Combining the
inequality above with (2.2.23) and (2.2.26), we finally obtain
C .
10z, ull (0 g 0)) < foa Mull e (@ri)y, 7 =1, N
O

We state a result analogous to Proposition 2.2.3, written in terms of the vector fields
X1,..., X, Y introduced in (1.1.4).

Proposition 2.2.4. Let u be a solution to Lu = 0 in Qr(0), for R €]0,1], then for any
Xi, X; € {Xy, ..., X}, there exists a constant C, only depending on X\, A and on the matric
B, such that
C
[ Xiul(2) < Hllullz=(onwy, =€ Qa(0),

C
[XiXjul(z) < g llulli=(or), =€ Qz(0).

Similarly, we have that

C
Yul(2) < z5llull=(or@), = € Qz(0).

Proof. The estimate of X7,...,X,, has been proved in Proposition 2.2.3. The proof of the
remaining estimates is obtained by reasoning as in Proposition 2.2.3, and using estimates
(2.2.11) and (2.2.12), respectively. We omit the details here. O

In the sequel, we will need to estimate the second order derivatives of a solution to Zu = g,

where ¢ is a polynomial of degree at most two. To this end, we let
91(2) = (v,2),  g2(2) = (M, ), (2.2.27)

be two polynomial functions, where v and M denote a constant vector of RY and a N x N

constant matrix, respectively.

Lemma 2.2.5. Let ng be the cut-off function introduced in (2.2.16) and let g1 and go be the
functions defined in (2.2.27). Then there exists a positive constant C, only depending on A\, A
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and on the matrix B, such that

5232-%-/ F(z,C)nR(C)dC’ <C, (2.2.28)

Qr(0)

., | r(z,onR(c)gl(odc} <CR (2.2.20)
Qr(0)

2., [ F<z,<>nR<<>gz<<>d<' <CR, (2.2.30)
Qr(0)

for every z € Qg(()), R €]0,1] and for any i,5 =1,...,m.

Proof. Reasoning as in the proof of Proposition 2.11 in [41], we write the right-hand side of
(2.2.28) as

., [ T o 2mm(d = iy 92, D¢ o 2)nn(C)dC
Qr(0) eV JQr(0)N{|I¢ Loz |k >e}
T () / 9. To(Q)vsdor () (2.2.31)
I<llk=1

=: lim IY(e, 2) + I9(2).
e—0
We rewrite I9(¢, 2) as

19, 2) = / 62, T(C 0 2) (nR(C) — nn(2)) dC
Qr(0)N{||[¢toz||k>e}

(2.2.32)
+ UR(Z)/ 8%2_%_1"((’*1 o z)dC.
Qr(0)N{[[¢oz[lk>e}
By the definition of ng, we have
0<nr <1, ng(¢)—nr(z)=0, forany (€ Q¥(O), z € Qg(()). (2.2.33)
Thus, taking advantage of Lemma 2.2.2, we infer
| 2,.T(C™ 02) (1e(€) ~ nn(2)
0)N{||¢~Loz||xk>e
rR(O)N[|¢~ oz|lk>e} . (2.2.34)
-/ 02, T(C™ 0 2) ()  me(e)) de| < 592 =
QR(O)\Q%E(O)
Thus we find
19(2) + lim nr(2) / 07, T(¢" o z)d¢ = C. (2.2.35)
=0 Qr(O)N{II¢ "ozl 2<}

Combining estimates (2.2.34) and (2.2.35) we conclude the proof of (2.2.28).
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We now prove (2.2.29). Reasoning as in (2.2.31) and exploiting the definition of g1, we
can rewrite the right-hand side of (2.2.29) as

02, / F(C o 2)na(C) v, £)d¢ = lim 02, T(C™ o 2)nm(O) (o, £)d¢

;T
Qr(0) 20 JopO)n{fI¢c-tozlk>e}

T (0, 2)(2) /” DT

=: lim I} (¢, 2) + I3 (2).
e—0
(2.2.36)

We prove that the first integral in (2.2.36) uniformly converges as ¢ — 07. To this end, we

first rewrite I1(e, z) as follows

IMe.2) = / 6, T(CV 0 2) (n(C) — na(2)) (v, €)dC
Qr(0)N{||¢Loz||k>e}

+f B, T(C 0 2) (7r(2)) {0,€ — )dC
Qr(O)N{I¢~"oxllx>e} (2.2.37)

+ (v, x}nR(z)/ 92 T((toz)dC

QrON{I¢Tozl>e}
=: I1(g, 2) + Ij(e, 2) + I§(g, 2).

To estimate 1 (e, z) we use the same argument as in (2.2.34), with the only difference that now
in the integral we have the additional term (v,&). We find a bound for this term observing
that

[{0,)] < |v] - lI¢llx < [ol - R, (2.2.38)
where |v| denotes the norm of v in RY. Therefore, we obtain

dg

(e, 2)| < C ————— <R, (2.2.39)
QrON{lc-rezliee} [I¢1 o 2|[FH
where C' is a constant that depends only on A\, A, B and v.
We now show that the same bound holds for (e, z). We first observe that

(v, = &) < vl - [I¢7" o 2k, (2.2.40)

As a consequence, using again (2.2.33) and (1.1.36), we infer

/ dg
|I5(g,2)| < ——— g ScR-¢g)<cR (2.2.41)
Qr(ON{lIctozllxze} ¢ 0 2|
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Using (2.2.39) and (2.2.41) we obtain

lim Ii(e, z) = O(R), lim I)(e,z) = O(R), as R — 0. (2.2.42)

e—0t e—0t

Finally, as for I}(e, z), we compute

lim 97, T(¢ o 2)d¢
€70 JQp(0)n{e<[[¢—oz][x<cR}

= lim 92, T(w)e ™ "B dw
e20 JQp)n{e<|¢-tozk<cR}

1 —Tr ; —TtrB
= 21_1}[1) B Ow T (w)e ™ " Br do;(w) + 21_1;1(1) B O, T (w)e ™" Puido;(w)
llwllx=e [[w|lx=cR

= —/ Ow,Lo(w)vjdo;(w) —l—/ O, T (w)e™ ™ Prdo(w).
l[wllze=1

lwllk=ck
We then obtain,

1(2) + lim IL(e, 2) = (v, 2)nr(2 Or, vido
BG) + Iy 1) = 0adn(s) [ 2u(@de )

— (v, 2)m(2) / Ou Tolw)vsdory ()

llwllx=1
+ (v, x>77R(Z)/ | Rawir(w)ethrBdeaj(w)
w||K=cC
= (v, IWR(Z)/” | Rawir(w)eiTtrBdeUj(w).
w||lk=c
Keeping in mind that
Jim (e ™ Prydoy(w) = [ o Tofwpsdoy(w) = .
VS |w|lx=cR |[w|lx=1
we finally find
I5(2) + lim Ii(e,2) = O(R), as R—0. (2.2.43)
E—

Identity (2.2.29) follows from (2.2.39), (2.2.41) and (2.2.43).
By the same argument, we obtain

O, [ T 0 2r(OME O = O, (22.40)
Qr(0)

We omit the details here as the procedure is analogous. O
From Proposition 2.2.3 and Lemma 2.2.5, we derive the following result.

Lemma 2.2.6. Let w be a solution to Lw = (v,&) + (ME, &) in Qr(0), where v and M are
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as in (2.2.27). Then
2 C
laxa:]w<z)| < ﬁHwHLoo(QR(o)) +CR, (2.2.45)

foreveryi,j=1,....m,0 < R <1 and for any z € QE(O)-
2

Proof. Reasoning as in Proposition 2.2.3, we obtain

02,2, w(2)] < / (62, T2, )div(ADy () w] ()] d¢
QR(O)\Q%(O)
+ / 162, T (=, )Y (nr)w](¢)|d¢
Qr(0\Q 54,k (0)

1 / 1162, Tz, H{ Dy, ADyna) (O] dC
Qr(0)\Q3p (0) (2.2.46)

" ‘ 2., /Q PRUCRIVIGIEEEY ]

el | Do o] |

= 11(2) + Io(2) + I3(2) + 14(2) + I5(2).

The terms 11(z), Io(z), I3(2) were already estimated in Proposition 2.2.3 as

- C
1(2), Ia(2), I(2) < mlwlli(onw): 2 € Qag)

Additionally, I4(z) and I5(z) are O(R) in virtue of Lemma 2.2.5 and thus (2.2.45) is proved.
O

We now prove a mean value theorem for solutions u to Zu = 0 in cylinders Qgr(().

Proposition 2.2.7 (Scale invariant Lipschitz estimate). Let ¢ be any point of RN*1, and let
u be a solution to Lu =0 in Qr(C), with R € (0,1]. Then the following estimate holds

C
lu(z) —u(Q)] < EdK(27C)’|uHL°"(QR(())7 (2.2.47)

for every z € Qr(C). Here C is a constant that only depends on A\, A and on the matriz B.
2

Proof. Thanks to the left-invariance of operator .Z, it is not restrictive to assume ¢ = 0, then

we need to prove

C
[u(2) = u(0)] < Lllzllxllull z=(on(o-
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Consider z = (z,t) € Q 5 (0), and apply the standard mean-value theorem

lu(z) — u(0)| = |u(zq,...,zN,t) —u(0,...,0,0)]

N (2.2.48)
< Z |.fE'Z| |833iu(191$17 s 719N$Nat>| + ’t| |YU(O, R 07191:)7

=1

where ¥q,...,9y,9 € (0,1[. For every ¢ = 1,..., N, we have |z;] < |z|
(Nz1,...,0vzN,t) € Qg(O). Then, by Proposition 2.2.3, we find

¥ < R% and

c
]@;iu(ﬁlxl, Ce ,19]\[1‘]\[, t)‘ S WHUHLW(QR(O)).
so that
c
|2l 10z, u(r21, . Inaw, O] < Flzllllul r=oro)-
Analogously, we have that |[Jt] < |t| < ||z||% < R?, and from Proposition 2.2.4 it follows that
c
\Yu(O, e ,0, 1%)’ S ﬁHu”Loo(QR(O))7
thus
c
[t11Yu(0, ..., 0,98)] < & l2llxllullL=(on(o-

The proof of the proposition can be obtained by combining the above estimates. O

2.3 Taylor formula

In this section, we prove Theorem 2.1.2. The proof is based on the method introduced by
Pagliarani, Pascucci and Pignotti in [93] for the dilation-invariant operator .4, and then
generalized by Pagliarani and Pignotti in [94] and by Pignotti in [101] to the not dilation-
invariant one.

We want to emphasize the main differences with respect to the previous approaches in the
literature. The first result about a Taylor inequality in homogeneous groups goes back to the
seminal book of Folland and Stein, [47]. In the proof, they used a quantitative version of the
Carathéodory-Chow-Rashevsky connectivity result and a Mean Value Theorem. A slightly
improved version of this result has been proved by Bonfiglioli [18] who was able to derive also
a Taylor formula with integral remainder. Both approaches were assuming, for a polynomial
of degree n, the differentiability up to order n in the Euclidean sense. A more intrinsic point of
view has been introduced in the paper [93], where the authors considered functions regular in
the intrinsic sense, i.e. with respect to the Lie Group structure introduced in Subsection 1.1.1.

In order to prove Theorem 2.1.2, we follow the same procedure introduced in [93] and
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[94,101] and we point out the modifications needed to deal with our slightly different situation.
We next introduce some further notation. We define the spaces V, ..., Vi as the vector
subspaces of RY which are invariant with respect to dilation (,),~¢ introduced in (1.1.13).

Specifically, for n =0, ..., Kk, we set
Vo= {0}t R™ x {0}

where M, := mg + ... my,, with m_; = 0. Moreover, we let z[" be the projection of x € RY
on V,,. Note that

for every x € RYN. Moreover, in accordance with the dilation (0r)r>0, We have
6 (xlMy = 24l -yl ey (2.3.2)

for every n = 0,..., k. In virtue of assumption [H.1], the linear application B"™ : Vi — V}, is
surjective; however, it is in general not injective. Thus, we define the subspaces Vj, C Vj as

follows
Vo := ker(B™)™*.

The linear map B" : Vy,, =V}, is now bijective.

The method of the proof relies on the construction of a finite sequence of points which
connect z = (z,t) and ¢ = (&, 7) and are located along suitable trajectories. More precisely,
we start from z and choose z; = (z1,%1) as the point along the integral curve of the drift ¥
satisfying the condition ¢t; = 7. We then move along the integral paths of Xi,...,X,, to a
point zo = (x9,t2) such that x[QO] = ¢l and ¢, = 7. This allows us to exploit the regularity of
u along the vector fields X7, ..., X,,, Y and estimate the remainder in (2.1.4) in terms of the
homogeneous norm of the new points.

Since we have no apriori regularity of u with respect to other vector fields, we increment the
higher level coordinates z!!, ..., 2"l by moving along trajectories defined as concatenations
of integral curves of Xi,...,X,,,Y. Specifically, for any 2 € R¥*! and s € R we define

iteratively the family of trajectories (%(;7,?(2)%:07...,5 as follows

1A (2) = e (2) = (a + sv,1)

)

S (2.3.3)
A (2) = Y (1 (e (3§ (2))),

where v is a suitable vector in Vp, and X, = v10,, + -+ + 010y, -

At this point we need to distinguish the dilation-invariant operators from the non dilation-
(n)

inviariant ones. In the first case, the trajectories (Yo.s (2))n=o,. » have the remarkable property
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of modifying the components z!™ + - - - + z[* leaving unchanged the components z[% + ... +
2"~ thus, we reach the point ¢ after s steps. The proof of Theorem 2.1.2, for dilation-
invariant operators, follows by exploiting the regularity of v with respect to Xi,...,X,,,Y, as
we connect z to ¢ along integral curves of the vector fields X1, ..., X,,,Y. The next example

illustrates the geometric construction in the simplest case, corresponding to x = 1.

Example 2.3.1. We consider the degenerate Kolmogorov operator
Ko := 0%, + 0y — O

and show how to use the trajectories defined in (2.3.3) to connect an arbitrary point z € R3
0 0
B p—
10

z,y,t) = (x+s,u,t), e (x,y,t) = (z,y+sx,t—s).

with the origin. In this case, we have

and thus

esX (
Moreover,

R? =V, @V} = span{e;} @ span{es}, Voo = Vo1 = spanfe; }.

Let z = (x,9,t) be a point in R3, and consider for simplicity ¢ = (0,0, 0). We first adjust the

temporal component by moving along the drift Y, and we reach the point
21 = e (2) = (z,y + tx,0).
We then move along the integral curve of the vector field X to make x equal to 0:
2 = €% (21) = (z + 50,y + tz,0) = (0,y + tx,0), by choosing sy = —=z.

We reached the point zo € V7 and we plan to steer it to (0,0,0). We move along a curve

defined as concatenation of integral paths of X and Y as follows:

23 —ele( 2) = (s1,y + tx,0),

2g = e Y (z3) = (s1,y +ta + 53, —s1),
25 = 751X( ) = (0,y +tx+ 53, —s2),
26 =1 (25) = (0,y + tz + s3,0),

(2.3.4)

and we reach the point ¢ = (0,0,0) if we choose s; = (—tz — y)3.

When considering a not dilation-invariant operator .Z, the method illustrated above fails.
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Indeed, in this case the trajectory (’yz(,ns)(z)) may affect the components 2% + - .. 4 zl*=1 a5

the following example shows.

Example 2.3.2. We consider the degenerate Kolmogorov operator

K = 0%, + 20, + 20, — 0. (2.3.5)

B:(i g).

and therefore the operator K is not dilation-invariant. Let us emphasize the differences with

In this case, B takes the form

the dilation-invariant case studied in Example 2.3.1. We denote again the points in R?® by
z = (x,y,t) and consider ¢ = (0,0,0). The first two steps of the procedure used in Example
2.3.1 allow us to move from z to some point z; = (z1,y1,0), then to some other point
29 = (0,y2,0). The difference with the homogeneous case arises in the third step, i.e. when
we are dealing with the y-variable.

Let us suppose we want to move from any point z = (0,y,0) € V; to the origin (0,0,0).

If we reproduce the same construction as in (2.3.4), we find:

21 = eSX(Z) = ($7y70)7

29 = eSQY(zl) = (sesz, s+ et & v, —82),

(2.3.6)
=N (2) = (se* —s5,—5+se” +y,—5),
2y = e_szy(zg) =(s(1— 6_52), s(1— 6_82) +v,0).
If we choose s such that s(1 — e ) = —y, we obtain z3 = (—,0,0), so that its second

component is zero but, in constrast with the previous Example 2.3.1, we have that z4 doesn’t

agree with our target point ¢ = (0,0,0).

In order to reach the point ¢ = (0,0, 0) also in the case of not dilation-invariant operators,
we rely on the method introduced by Pagliarani and Pignotti in [94] and by Pignotti in [101].
In the case of the operator K in (2.3.5) it is sufficient to use once more the integral curve of
the vector field X = 0,. In the case of more general operators a further topological argument
is needed to conclude the construction. We refer to [94,101] for a detailed description of this
construction. This step is needed as the invariance properties of operator .Z are related to
the structure of the matrix B in (1.1.2). For this reason, to generalize the proof of Theorem
2.1.2 to the not dilation-invariant case is necessary also when treating the constant-coefficients
operator .Z (and thus Theorem 2.1.4).

We are now ready to prove our result.

Proof of Theorem 2.1.2. Let z = (z,t),( = (£, 7) be two given points of 2. As explained
above, the proof relies on a finite sequence of integral paths of the vector fields X1, ..., X,, and

Y connecting z to (. We use the construction made by Pagliarani, Pascucci and Pignotti [93]
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for a dilation-invariant operator .Z. In this case the trajectories (%(, 5)( ))n=0,...» defined in
(2.3.3) are explicitly given and we prove that (2.1.4) holds. We then discuss the modifications
needed to deal with any not dilation-invariant operator ., as introduced by Pagliarani and
Pignotti in [94] and by Pignotti in [101].

As a preliminary result, we prove our claim (2.1.4) under the assumption that the points

(x,t) and ¢ = (£, 7) have the same temporal component ¢t = 7, by a finite iteration on

z
n=0,...,k. We remove this assumption in the last part of the proof.

Base case n = 0. In this case, we are only changing the variables x;, for ¢ = 1,..., m, moving
along the direction e***w where vy = (V0,15 -+ 5V0,m,0...,0) is a suitable unit vector in V;.

Thus, equation (2.1.3), with z = (z,t) and ¢ = (z + sgvo, t), rewrites as

T2u(C) = u(x,t) + Zaﬂ“ (x,t)sovo, + 2 Z s, (T, 1) Vo 00 5. (2.3.7)

i=1 i,j=1

We observe that ||271 o (||% = |so|? and therefore we want to show that
u(¢) — T?u(C) = o(|s0]?) as sg— 0. (2.3.8)

By the multidimensional Euclidean mean-value theorem, there exist (0;;)i<ij<m, with

v;,; € span{ei, ..., en} and |05 ;] < |vo| such that
32 -
U(C) - TSU(C) = 50 Z (8327$]u(1: + So@id‘, t)UO,iUO,j — 8§i7zju(]}7 t))UO,iUO,j <2 ; 9)
ij=1 3.

= o(|s0]?) as so — 0,

where we have used the continuity of the second order derivatives of u. Thus, we have proved
(2.3.8) and we are done.
Let us remark that we do not need the dilation-invariance property for Y, as we do not

make use of the vector field Y in this part of the construction.

Inductive step. Suppose that the thesis is true for a given nonnegative n < k. We prove it
for n + 1. For every z,{ € RVT! we set

T2u(¢) == T?u(C) — u(2). (2.3.10)

We define the points
z=(x,t),21 = 77(]’7?(,2),22 =e

— " (29), 24 = €Y (25) = A5V (2)

szY(zl)

where v is the unique unitary vector in Vj ,,41 C Vp, defined as v = ﬁ, where w is the vector
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in Vp,p1 such that B = ¢+ — 2+ and s = |w|2<"+11>+1. We aim to prove that
w(zg) — T?u(z4) = o]z o 24|%) = o(|s]?) as s — 0. (2.3.11)

We now rewrite (2.3.11) by using the notation (2.3.10) as follows

u(z4) = TZu(z1) = | u(21) — u(z3)

(1)

+ | u(z3) — u(z2) — T u(z3)

+ U(ZQ) — u(zl)

(3)

+ Tzzlu(z) +u(z1) — u(z)

+ fiu(z;;) — T2 u(2)

Z1

(5)

|72
T u(zyg) o (2.3.12)

By the inductive hypothesis, the second and the forth difference are o(|s|?) as s — 0.
Moreover, recalling (2.1.3), we have that T2u(z) = 0, being xLO] =z and ¢ty =t
We next apply definition (2.1.3) to the fifth difference, and we find

TZQQU(Z?,) - valu(z) =—35 Z(&Du(zg) — Oz,u(21))v;
=1
Z (aizju(:@) — 8§izju(zl))vivj.

i,j=1

X (2.3.13)

As an immediate consequence of condition (2.1.2), we obtain the following equation
O, u(22) — Op,u(21) = 8xiu(652y(zl)) — Og,u(z1) = o(]s]). (2.3.14)

Using the previous equation and the continuity of second order derivatives of u, we find that
(2.3.13) is equal to o(]s|?).

We now observe that
u(zg) —u(z3) = u(e_52y(z3)) —u(z3).

By applying the mean value theorem along the direction of the drift, we find that there exists
5 such that

u(e™ Y (23)) — u(zs) = —s*Yu(e™ (23)),
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where |5| < |s|. Similarly we obtain that
u(z) — u(z) = s2Yu(e® (21)),

where again s verifies [s] < |s].

By letting s — 0, we find that 5,5 — 0, and therefore, using the continuity of Yu, we have
shown that the sum of the first and the third difference in (2.3.12) is again equal to o(]s|?) as
s — 0. This proves (2.3.11) and therefore concludes the proof of the inductive step.

As already pointed out, the construction of the trajectories in the case of not dilation-
invariant operators requires the adjustments introduced in [94,101], to deal with the fact that
the term T2u(zy) in (2.3.12) fails to vanish. Indeed, with the notation (2.3.1), z writes as
z =zl 4 20 4. 4 28 and we have T2u(z4) # 0 whenever wLo] # 2% To overcome this

problem, we define a new point z5 = (25, t5) as follows:

xg)] = x[O], xéﬂ = xLﬂ, e 7ng€] = xl[f], t

5 = l4.
Note that in [94,101] it is proved that
[ — 2| < Cll=" o ¢,
for some positive constant C' only depending on the matrix B. Then
u(zs) —u(zg) = o(|[z7 o Cllk) as ¢ — 2. (2.3.15)
With this modification, expression (2.3.12) is replaced by
u(z5) = TZu(z5) = u(z5) — u(z) = Tou(zs) +o(||= " o (f) as ¢ = =

Moreover, :r[SO} — 2% and t5 = t yield T?u(z5) = 0. From (2.3.15) it then follows that

u(zs) = T2u(zs) = o[l o) as ¢ — =

We are now in position to prove (2.1.4). We first consider the point z = e"Y () =

(e="Bx 7) and write

u(¢) = T2u(C) = u(C) — TZu(Q) + TZu(¢) — TZu(Q). (2.3.16)

Thanks to the previous steps, the first difference is o(||z271 o ¢||%) = o(||z7! o ¢||%)
as ||zt o (|| — 0, since ¢ and z have the same temporal component 7. At the same time,

the second difference in (2.3.16) can be rewritten as
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T2u(¢) = T2u() = u(2) = u() + Y (9s,u(2) = Os,u(=) (& — )
1 ¢ 2 = 2
5 20 (Bau(2) = 82.0,u(2)) (& — m) (& — w5) + Yu()(r — 0)

(2.3.17)

Using the mean value theorem along the drift, we can rewrite difference u(z) —u(z) in (2.3.17)

uw(eY(2)) —u(z) = (t — 7)Yu(e (2)), (2.3.18)
where 0 is such that |§| < |t — 7|. Hence, we obtain
w(z) —u(z) =Y (2)(t—71) = (t —7)(Yu(e (2)) — Y(2)), (2.3.19)

which is o(|t — 7|) = o(||[z7' o ¢||%) as ||z~ o (||% — 0, thanks to the continuity of Yu.

We observe that we can apply condition (2.1.2) to the point z, which is not fixed, thanks
to the fact that such a condition holds locally uniformly. Hence, using the aforemention
condition (2.1.2), together with the continuity of the second derivatives of u, we obtain that
the second and third difference in (2.3.17) are also o(|t—7|) = o(||z7'o(||%) as ||z~ o(||EZ — 0.

Combining all the previous estimates, we obtain
T2u(¢) = TZu(C) = o= o (llR), as [lz7" o[l — 0. (2.3.20)

and therefore (2.3.16) is equal to o[|z"! o ¢||%) as |[z7! o ||z — 0. This concludes the
proof. O

2.4 Proof of Theorem 2.1.4

We first prove a preliminary lemma, which is a straightforward consequence of the maximum

principle.

Lemma 2.4.1. Given ¢ € C(0QRr(20)) and g € Cy(Qr(20)), we assume that v solves the
following Dirichlet problem

L =g, in Qr(z0),
v =, in 0Qr(20).

Then, the following holds

[l Loc (@rz0)) < 1@l Loc(@r(z0)) T (to — t1) |Gl Lo (Qr(z0))5 (2.4.1)
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where t; = tg — R? is the time coordinate of the basis of the cylinder Qgr(z).

Proof. We introduce the function w(z,t) := (t — t1)||g|| L (Qn(z0)) T+ |2l Lo (Qr(z0)) and we let
u = v —w. Clearly, u satisfies Zu = g+ ||gl|L=(Qu(z)) = 0 in Qr(20). Moreover, as v = ¢
on the boundary of QR(Zo), we have u = ¢ — (t — tl)HgHLOO(QR(ZO)) — H(IDHLOO(QR(ZO)) < 0in
0QRr(z0). By the strong maximum principle, it follows that u(x,t) <0 in Qg(z). Replacing
v by —v, estimate (2.4.1) follows at once. O

Proof of Theorem 2.1.4. We first prove assertion (ii). We denote Qi = Q. (0), 0 = % and we

consider the following sequence of Dirichlet problems:

{ Lue=f0), in O (2.4.2)
up =u, in 0Qy
For any point z = (z,t) satisfying ||z||x < 3, we want to estimate the quantity
I(2) = |0*u(z) = *u(0)],
where 9%u(2) stands for either 0gixju(z), with i,7 = 1,...,m, or Yu(z). To this end, we write

I as the sum of three terms:

I(2) < 0%up(2) — 0%ug(0)] + |0%ur (0) — 0%u(0)|+
+ 10%u(2) — ®up(2)| =: 11(2) + Io(2) + I3(2).

We first estimate I5. Following [119], we prove that (82uk(0))k oy 18 a Cauchy sequence and
that its limit agrees with 9?u(0). The same assertion holds for I3 of course.

First, we let vy := u — ux and we observe that vy satisfies the Dirichlet boundary value

problem
Lo, = f — ‘
v = f . f(0), in Qg (2.4.3)
v, =0, in0Qy
From Lemma 2.4.1 it follows that
[0k lloe < 40| f = f(0)]loo < 40™wy(0"). (2.4.4)

Moreover, since .Z(ur — ug+1) = 0 in Qpy1, we apply Proposition 2.2.4 and Lemma 2.4.1,

and we find

10, (ke — wrr1) || oo (Qpyn) < Co" 72 sup g — gy

Qk+1
< Co™( sup lox] + sup [ve11])
kt1 Qkt1
< Co *o*wi(0") = Co*wy("), (2.4.5)
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for any ¢ = 1,...,m. In the same way, we obtain

|| Tt (ur — uk+1)||L°°(Qk+2) < CQ_%_4 Sup |ug, — Upt1]
k+1

< Co % 0*wy(d") = Cwy(d") (2.4.6)

fori,7=1,...,m, and

2 sup [ug — g |

k+1

< Co %™ wi(0*) = Cuwy(dh). (2.4.7)

1Y (ur — ups1)l| 2o (04 0) < Co

Let k > 1 such that o*™* < ||z|lx < o**3 , then we have:

r

s (133
Z 10%u;(0) — 9%uy41(0)] < C’wa(gl) < C/ wf—mdr. (2.4.8)
1=k 0

We next identify the sum of the series 72, (02w (0) — 0*ui41(0)) as
> (0*w(0) = Pu1(0)) = 0*ur(0) — 0*u(0). (2.4.9)
I=k

To this end, we first consider the derivative 8%13- uy, and we prove that

lim 07, ur(0) = 02, . Tgu(0), (2.4.10)

k——+o0

where Tgu(¢) is the second-order Taylor polynomial of u around the origin, computed at some

point ¢ = (£,7) € Qy:
Tu( Zaxlu )& + Z 2 o u(0)&:E — Yu(0)r.
z‘,j:l

Thus, by applying Theorem 2.1.2 to u € C%(Q1(0)), we obtain from (2.4.10) that

lim 92, u(0) = 02, u(0). (2.4.11)

XTij XTidj
hopoo @i i

We compute LTZu in ¢ = (§,7) as

.,%TO u(C Z a,ﬁE Gu — 0wu(0) + Z(Z bmggl )fj + Z (Z bzla§] >§l§j

7]1 l,j=1 Yi=1

—Z a2 . u(0) — Bu(0) + (v, ) + (ME, ),

1,j=1
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where v = (v;),_;  y = (22111 0ij0u(0)),_,  y is a constant vector of RY and M =

(Myj), i N = <Zyi1 bi,ag&u(o)) is a N x N constant matrix.
J=1 = 3% Lj=1,...N
In addition, as Zu = f in Qp, we have that

Z aijﬁégu(O) — dwu(0) = Zu(0) = Zu(0) = £(0) (2.4.12)

and thus
LTsu(C) = f(0) + (v, &) + (ME, €). (2.4.13)
Thus, the definition of wuy in (2.4.2) gives us
L (Tu—ui) () = (v,6) + (ME,6), ¢ € Q. (2.4.14)
We now apply Lemma 2.2.6 to Tgu — uy, for R = o" and infer
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TiT;

(ur, — Tu)(0)| < Co~* sup Jug — TEu| + O("). (2.4.15)
Qk

Moreover, since T¢u is the second-order Taylor polynomial of u, we have u(¢) = Tgu(¢) +
o(||¢||%). Tt follows that

sup |u — T2u| = o(0*) (2.4.16)
CEQy

Thus, from estimates (2.4.16) and (2.4.4), we obtain

sup |uy, — Teu| < sup |vg| 4 sup |u — Tgu| < dwr(0®)o® 4+ 0(0*) < o(0®).  (2.4.17)

k k k

Estimates (2.4.15) and (2.4.17) finally yield

|0:

TiT;

(up — Tou)(0)] < Co™2* sup lug, — Tgu| + O(0") < Co™? 0(0®) + O(0*) < o(1),
k

where, as usual, the indexes ¢ and j range from 1 to m. Thus, for any 7,7 = 1,..., m we have
showed that (2.4.10) holds true. Repeating the same argument for the vector field Y, and

using again Theorem 2.1.2, we obtain:

lim Yug(0) = YT3u(0) = Yu(0).

k—+o00

In conclusion, using (2.4.8), we obtain:

> Il
I <) 0% (0) — 0°w41(0)| < C / i) gy, (2.4.18)
=k 0

r
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for k > 1 such that o**+* < ||z||x < ¢*3. Similarly, we can estimate I3 through the solution
of Zv = f(z)in Q;(z) and v = u on 0Q,(z) and obtain

> B[S
I3 < Z |0Pw(2) — Py (2)] < C/ wa(T)dr. (2.4.19)
1=k 0

Finally, let us estimate I1. Since hy = up — ugr1 € C°(Qg42), we can apply Proposition
2.2.7 to the functions 8;_%_ hy, and Y hy:

C
102 0, i (2) — 0., hi(0)] < E||z||KHaim]-hk||L°°(Qk+1)

and
C
[Yhi(z) = Yhe(0)] < EIIZHKIthkHLw(QkH)a
fori,j =1,...,m. We can now apply once again (2.4.6) to obtain
2 2 c 2 —k k
In addition, thanks to (2.4.7), we infer

C _
Y hi(2) = Yhi(0)] < EI|ZHKHthHLw(QkH) < Cllzllwe™ wy(d").

Hence, since uy(z) — uk(0) = up(z) — up(0) + Z;:é (h;(0) — hj(2)), we have

k—1
I < |0%up(2) = 0*uo(0)] + Y |0°h;(z) — 0°h;(0)]
=0

k—1
< Cllzllx ([uollz(@o) + C Y 0 wi(e!))
=0
bowy(r)
< C||Z||K(||U||Loo(91(o)) + 1 fllzoe (0 + C 2 )

(IS

Combining the above estimate with (2.4.18) and (2.4.19), we complete the proof of (ii).

We now prove assertion (). We consider u; solution to the following Dirichlet problem

Luy = f(0),  in Q12(0)
U = u, m 0Q1/2<0)

Then, we have

10%u(0)| < |0%*u(0) — %uy(0)] + |0%uy (0)]. (2.4.20)
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Thanks to (2.4.18), we can estimate the first term in (2.4.20) as

10%(0) — 8%u, (0)] < C / fr(r) (2.4.21)
0

r

To estimate the second term in (2.4.20), we consider the function v(2) := uy(z)n1/2(2), where
M2 is the cut-off function introduced in (2.2.16) with R = 1. Reasoning as in the proof of

Proposition 2.2.3, we obtain

u(z) =v(z) = /Q (0) [[(z, )div(ADy (11 /2))ua] (C)dS
_/Q [Tz, )Y (11/2)ua](€)dC
_/Q [T(z, )m 22 (wr)](€)dC

42 / [(DS,T (2, ), ADyin s2)un)()dC,
Q1 (0)

1
2

where z € Qi(O). Thanks to Lemma 2.4.1, we estimate

sup |ui| < sup |ul + 4| f(0)].

Q%(O) Q%(O)
As the derivatives of 7, /o vanish in Q3/5(0), for any i, = 1,...,m, we obtain
o2 o)l < | 1020, (. )iv(AD (o) s ()]
Q1 (0\Qs5(0)

+ / Haixjr(zv ')Y(m/z)ul](C)‘dC
2, (0\2; 0)

Q1 (0\Qs(0)

PO, [ e om0

V]

=:11(2) + I2(2) + I3(2) + 14(2).

Moreover, as the derivatives of 7,/ are bounded, we estimate the first and second integral in
(2.4.22) as

Ii(2) < C[qu(%) Jul + 4] £(0)]],

Iy(z) < C[qu(%) lul + 4] f(0)[],
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I3(2) < C’[qu([())) lul + 4] (0)]].

Finally, by taking advantage of (2.2.28), we obtain that I,(z) is bounded by a constant C
that only depends on B, A and A.

By using the same argument we can estimate |Yu;(0)| and thus

0%u1(0)] < C[ sup [u] +4[£(0)]]. (2.4.23)
Q.1 (0)
Combining estimates (2.4.20) and (2.4.23), we conclude the proof of Theorem 2.1.4. O

Remark 2.4.2. We observe that the iteration step in (2.4.8) is needed in order to conclude
the proof and to obtain the integrals appearing on the right-hand side of Theorem 2.1.4 i)-ii).
Indeed, letting k go to infinity in (2.4.6), (2.4.7) would not allow us to conclude the argument

as we do not know how the modulus of continuity of f decays when k& — oc.

2.5 Dini continuous coefficients

This section is devoted to the proof of Theorem 2.1.5. We therefore consider a solution u to

the equation

ju:f,

where the operator Z does satisfy the hypotheses [H.1] and [H.2] and f is assumed to be
Dini continuous, and we proceed as in the proof of Theorem 2.1.4. Specifically, we denote
Or = Q,:(0), 0= % and we consider the following sequence of Dirichlet problems:

ai;(0,0)0% , up + Yu, = f(0), in Q
Jzz:l 30,000, e =f0) ’ (2.5.1)

up =u, on J9y.

Note that the bounds given in Propositions 2.2.3, 2.2.4 and 2.2.7 only depend on the constants
A, A in [H.2] and on the matrix B. Keeping in mind this fact, the proof of Theorem 2.1.5 is

given by the same argument used in the proof of Theorem 2.1.4.

Proof of Theorem 2.1.5. Consider, for every k € N, the auxiliary function vg := u — ug, and

note that it is a solution to the boundary value problem

m

Z aij((), 0)8;%1};6 + Y’Uk
ij=1
= [~ f(0)+ 3 (ai(0) — ayj(2,1))32 , u, in Oy (2.5.2)
ij=1
VE = 0, m 8Qk
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In order to simplify the notation, we let

7= max ”8§ix]_u||Loo(Ql). (2.5.3)

4,j=1,...,
From Lemma 2.4.1 it follows that
[0k ]l o0y < Co™[wi(0") + wal™)n].

Hence

g — 1 || zoo (0p 1) < Co*[wr(0%) + wal™)m).

As already observed, we can apply Corollary 2.2.4 and obtain estimates for the second

order derivatives of vg. In fact, for any 7,5 = 1,...,m, we have

107 2, (e = wrs1) | Lo (@) < C ") 72 Sup [ = g1
k+1

< Co % 0% wi(0") + wa(0")n] = Clws() + wald®)n]  (2.5.4)

and

Y (wr, — whs1) | poe (01,0) < C0") 72 Sup U, — ugy1]
k+1

< Co™ 0™ [ws(e") + wale")n) = Cluy(d") +wale)n)  (255.5)

To estimate the second order derivatives of the function u, we apply Theorem 2.1.2 and
proceed as in the proof of Theorem 2.1.4. Since there are no significant differences, we omit
the details here. O
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Chapter 3

Pointwise estimates for degenerate

Kolmogorov equations with L’-source term

3.1 Statement of the problem

In this chapter, we study the pointwise regularity of solutions u belonging to the Sobolev

space SP(Q) (see Section 3.2) to the following Cauchy problem

fou: f in Ql_

(3.1.1)
felr(Q) and f(0)=0,

where 1 < p < oo and Q. = B, x (—2,0) is the past cylinder defined through the open ball
B, = {x € RN : |z|[g < 7} and | - |[g is the semi-norm, due to the nature of operator %,
defined in (1.1.23). More precisely, we show that if the modulus of LP-mean oscillation of Zyu
at the origin is Dini, then the origin is a Lebesgue point of continuity in LP average for the sec-
bijx 0y, — 8t> u.

Moreover, we are able to provide a Taylor-type expansion up to second order with an estimate

. . . 2 .o . . . N
ond order derivatives 8xixju, 1,7 =1,...,m, and the Lie derivative (Zm:l

of the rest in L norm. We point out that the results of this chapter are presented in the

paper [62] and are obtained in collaboration with Ipocoana.

3.1.1 Assumptions and mathematical preliminaries

We suppose here that 1 < p < oo and that the origin 0 = (0,0) is a Lebesgue point of f, so
that we are able to define f(0) if needed.

Moreover, we denote by %, the model Kolmogorov operator of the form

m N
L = Z 8193] + Z bijxjam — at, (312)
ig=1 ig=1
where (z,t) € R¥*! and 1 <m < N. In this case, the diffusion matrix A in (1.1.1) is simply

the identity matrix I,,,.
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In this chapter, we require that assumption [H.2] of Chapter 1, Subection 1.1.1 holds true.
We recall that, by [73, Propositions 2.1 and 2.2], the second assertion in hypothesis [H.2] is
equivalent to assume that, for some basis on RY, the matrix B takes the block form (1.1.12).
Hence, in the following of this chapter, we shall always assume that B has the canonical form
(1.1.12).

We now define a class of polynomials that are homogeneous of degree 2 with respect to
the dilations in (1.1.13). According to Definition 1.1.9, it is clear that the polynomials which
are homogeneous of degree two with respect to dilation (1.1.13) are those of degree two in the
first m spatial variables and one in time. For this reason, it is natural to define the following

class of polynomials, which will be greatly used in the sequel. Namely,

P = {P : polynomials of degree less or equal to two in z7 ...z,

and less or equal to one in ¢} . (3.1.3)
P :{Peﬁ:.,%on}. (3.1.4)
P.: = {Peﬁ:,%P:c}. (3.1.5)

In particular, we take P, such that £, P, = 1 and set P. = cP, + P.
Finally, owing to the instrinsic geometry introduced in Chapter 1, Subsection 1.1.1, and in
particular to the definition of semi-norm in (1.1.23), we introduce the unit past cylinder

Q7 ={(z,t) eRN" | |z]x < 1, te€(=1,0)}.

For every (wg,ty) € RV and r > 0, we set

Q; (w0, to) 1= 200 6,(Q7) = {(2,t) € R [ (2, 1) = (w0, t0) 0 6:(€,7), (&, 7) € Q1 },

” 0

where ”0” is the composition law defined in (1.1.6) and 6, denotes the family of dilations in
(1.1.13). We also observe that, as shown in Remark 1.1.6, the Lebesgue measure is invariant
with respect to the translation group associated to %5, since the matrix B takes the form

(1.1.12). Moreover, we have

meas (Q; (7o, to)) = 7 meas (Qy (v0,%0)) , Y r >0, (xo, tg) € RV

3.1.2 Main results

In order to introduce the main results of this chapter, we need to give an appropriate defini-
tion of modulus of continuity. Indeed, the previous results in literature, including the ones
contained in the former chapter, were derived assuming a modulus of continuity defined on
some open set @~ C RNT! (see (2.1.6)).
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On the other hand, we here introduce a pointwise modulus of mean oscillation.
More precisely, following [86], for p € (1, +00), we define the following modulus of LP-mean

oscillation for the function f at the origin as

1 1
w(f;r) = inf —c”)". 1.
Sfir) = inf (1 [ Wt =) (3.1.6)
We now set )
N(u;r) := inf (; lu — P|p>; (3.1.7)
VT pep \r@+2p [ ’ o

where @ is the homogeneous dimension defined in (1.1.17) and P is the class of polynomials
introduced in (3.1.3).
Owing to (3.1.6), let ¢, be the unique constant such that

(i) = it (g Q;!f(x’t)—c\p);z( L wn-ar). @)

c€R 19| Jor

If w is a solution of (3.1.1), we let
1

% . 1 P
N = o (aeres [, 0= 7¥)" (3.1.9)

Moreover, for 0 < a < b, we define

N(u, f;a,b) = sup N(u, f;p) (3.1.10)
a<p<b
w(f;a,b) = sup w(f;p) (3.1.11)
a<p<b

In the sequel, we will also make use of the following notation. For a given A € (0,1), we set

N(r) = N(u, f; M), (3.1.12)
w(r) =&(f; N, 7). (3.1.13)

For readers’ convenience, we eventually recall the following definition.

Definition 3.1.1. A modulus of continuity w is said Dini if it satisfies the following integral

condition

1
/ wdr < 4o00.
0

r

This chapter is devoted to prove the following theorem.

Theorem 3.1.2. Let p € (1,00). Then there exist constants B,r. € (0,1], A € (0,1) and
C > 0, such that the following holds. If w € LP(Q7) satisfies (3.1.1) with the associated
defined in (3.1.6), then we have
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i) Pointwise BMO estimate

sup N(u;r) < C / |u|P
re(0,1] o

i1) Pointwise VMO estimate

=

+ (/Q !f|”>p + sup w(f;r)p.  (3.1.14)

re(0,1]

(@(f;r) = 0asr—0") = (N(u,r) —0 asr—>0+> . (3.1.15)

iii) Dini continuity of N (u;-)
If O(f;-) is Dini, then N(u, -) s Dini. In particular, for every p € (0, %), the following

holds
[ n,,
0 T

0{(%)ﬁ(ﬁ(m)m(m))+/O4p°"({ L) g, A;%dr}

where C' is a constant that does not depend on f, u and p.

iv) Pointwise control on the solution
Let w(f;-) be Dini. Then there exists a unique polynomial Py € P, namely a solution
to equation Py = 0, with
1
Py(z,t) =a+ (b,x) + §(cx,x> +d t,

where b is a vector in RN such that b; = 0 when j > m and c is a N x N matriz such
that c¢;j = 0 when i > mV j > m, such that for every r € (0, %] there holds

1 7
(!Q;I or > (3.1.16)
<O{ (i) +/04r~<f,> . /:%H)d}
with

Mozfo BUfi9) g +</QU>+</Qf)

Moreover, we have

=

u(z,t) — Py(x,t)

r2

la] + [b] + |e] + |d] < CMy.
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The proof of Theorem 3.1.2 is non-constructive and it is based on decay estimates, which
we achieve by contradiction, blow-up and compactness results.

We observe that from Theorem 3.1.2 iv) (inequality (3.1.16)), the next result follows
straightforwardly.

Corollary 3.1.3. If the modulus of LP-mean oscillation of Zyu at the origin is Dini, then the
origin is a Lebesgue point of continuity in LP average for the second order derivatives 8§ixju,

1,7 =1,...,m, and the Lie derivative Yu.

We observe that a simple consequence of Theorem 3.1.2 is that the second order derivatives
@%mu, 1,7 = 1,...,m, and the Lie derivative Yu are Holder continuous in some open set
Q C RV when Zu is Hélder continuous with respect to the distance introduced in (1.1.21).
Moreover, let us remark that Theorem 3.1.2 provides us with a Taylor-type expansion up to
second order with an estimate of the rest in LP norm. We finally emphasize that, although we
consider the regularity problem for weak solutions to Kolmogorov operators in the framework
of the Sobolev spaces, our procedure is basically pointwise. Indeed, we consider some LP
norm of the function v — Py on a cylinder of radius » and we obtain our result by letting r
going to zero. Thus, this approach follows the lines of regularity theory for classical solutions
rather than the ones for weak solutions, which does not seem to be usual when dealing with

Kolmogorov-type operators.

3.1.3 Comparison with existing results

The results contained in Theorem 3.1.2 may be seen as a generalization of [86] and [77], where
this kind of results are obtained for elliptic and parabolic equations, respectively. However,
up to our knowledge, the case of Kolmogorov-type operators has not been investigated.

The main difficulty with respect to the previous literature lies in the fact that the regularity
properties of the Kolmogorov equations on RV*! depend strongly on the geometric Lie group
structure introduced in (1.1.6). In particular, this reflects on the family of dilations we con-
sider. Furthermore, according to (3.1.2), we here take into account also the case where m < N
and therefore % is strongly degenerate. We emphasize that when m = N and B = O, our

result recovers the one contained in [77].

Regarding the classical regularity theory of Kolmogorov operators, we recall the Schauder
type estimates listed in Chapter 1, Section 1.2.

Moreover, in [99] and then in [32], a pointwise estimate for weak solutions to Kolmogorov
equations with right-hand side equal to zero was proved. In order to do so, the authors
adapted the Moser iterative method to the non-Euclidean framework of the (homogeneous
and non-homogeneous, respectively) Lie groups. Finally, the regularity of strong solutions
to the Cauchy-Dirichlet and obstacle problem for a class of Kolmogorov-type operators was

studied in [64] using a blow-up technique.
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3.1.4 Outline of the chapter

The structure of the chapter is the following. Some general control results are contained in
Section 3.2, some from the literature and a Caccioppoli-type estimate we prove ad hoc for
our problem. Finally, Section 3.3 is devoted to proving our main result Theorem 3.1.2. In
particular, for sake of semplicity, we first derive some preliminary estimates in Subsection

3.3.1 in order to finally give a shorter proof of Theorem 3.1.2 in Subsection 3.3.2.

3.2 Preliminary results

We here list some general ultraparabolic estimates. Some of them are well-know from the
literature, so for their proofs we will refer to source.

First, for Q open set in R¥*1 p € (1, +00), we define the Sobolev space
SP(Q) ={ue LP(Q) : @Ciu,@i%u, Yue LP(Q), i,5=1,...,m}.

If we set

||u||gp(9) = ||u||}£p(9) + Z ||8xiu||]£p(g) + Z ||a§ixju||pr(Q) + HYUHZ;p(Q)
i=1 i,j=1

we have the following local a priori estimates in SP(2) for solutions to Lyu = f (see [24]).

Theorem 3.2.1. (Ultraparabolic interior LP-estimates)

Assume [H] holds and let u be a solution to ZLyu = f in Q, where Q is now a bounded open
set in RNTL If Q CcC Q, then we can find a constant ¢, only depending on B, p, Q and 1,
such that

[ullseo) < eIl fllzr@) + 1wl e)- (3.2.1)
We now state a general compactness result proved in [27].

Theorem 3.2.2. Let Q be an open set of RVN*! and let u € SP(Q) be a weak solution to
Zou = f in Q with f € L (Q). Then, for every zo € Q and p,o > 0 such that Q, (20) is

loc
contained in 1 and 0 < 52—, with cy defined in (1.1.20), we have that

ifl<p<@Q+42andp<q<p* then there exists a positive constant 6p7q such that

ol 11
lu(- 0 1) = ull pagoz (o < Crallltll ooy oy + 1 nay sy IR 9T 6757

where
1 1 1

pop Q+2
As a preliminary result, we state and prove the following Caccioppoli-type estimate which

we obtain ad hoc for our problem.
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Lemma 3.2.3. (Caccioppoli-type estimate)

Let P € P., and let u be a solution to (3.1.1) in Q. . Let p € (1,400) and let p,r such that

1 < p<r. Then, for W := (u— P)|u— P|27, the following estimate holds:

g ML

p

P

19,1 Jor

r—p

2 2 2 2k+1 _ 1 , -
<(; 2 zat) [ wraatsnlon ( ),
o

p=1) (r—p)?

1
o

where c1, ca are dimensional constants, p' is such that % +1% =1 and D,, denotes the partial

gradient in the first m variables, that is
Dy i= 0y 0s,,)-
Proof. On the past cylinder Q. , we have

—%u+f=0 and —%P+c =0,

(3.2.2)

since u is a solution to (3.1.1) and P € P,.. We set ¢ := n*w|w[P~2, where w := u — P and

n is a C*°—function with compact support, to be chosen later. Taking the difference of the

two equations in (3.2.2) and multiplying it by ¢, we obtain

—/7ﬁmm2$w=—/‘fwwp%ﬂm—q»
Q. r

T

An integration by parts shows that

—/'ﬁMW”zwz/‘manmwww%m—/“#wwwwm>
) N )

T T

=:I1 + I,
where D,, denotes the gradient with respect to z1,...,x,. We now observe that
Dy = 20Dy w|w[P~2 4+ 0 (p — 1)|w|P ™2 Dpw

and therefore we can rewrite the term I; on the right-hand side of (3.2.4) as

n-z
Q

(ADyw, Dy w|wl’=* + (p — 1) / P lwPm*(ADypw, D).

T T

(3.2.3)

(3.2.4)

Taking advantage of D,,, W = 2|w|2 ' D,,w, for W = w|w|>~1, the previous equation rewrites

as

==Y [ e, wo o)+ 2 [ W (AD W, D).
2
D or D Jor

(3.2.5)
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We now take care of the term I in (3.2.4). We first notice that
V(W) = Zlwls Y (w),
which, together with the divergence theorem and the identity
Y (W) = 20W2Y (i) + 20 WY (W),

yields

I = % / Y (). (3.2.6)

Thus, combining (3.2.5) and (3.2.6), we can rewrite identity (3.2.3) as

Alp — 1 4 W W,
0= (pp2 )/ n2<ADmW,DmW>+]3/ nW (ADmW, D)
2 _
e [ vy« [ a7 - o).

Now, setting € = 2;; and using the estimate

W2
n ‘W| ’(ADmVVa Dmn>| < 5772<ADmVVa DmW> + Z<ADmna Dm77>7

we finally obtain

2(p—1
(p—2> / - 772 <ADmW, DmW>
2 9 9 2(P 1
S w <ADm7]7 mn W 77|Y )| + \f—CT\U ‘W|
(p—1) Jor

< W2(ADyn, Do) / W2lY ()
(p—1) Jo-

+1er1atin) (e ‘/ )

< W2(AD,, Do) / WY (n)
-1 Jo- e

Fielain (1, ZP'W'2>

where p’ is such that %4—1% = 1. The thesis follows by making a suitable choice of the function

=

(3.2.7)

1
I

n in (3.2.7). More precisely, we set

n(z, t) = x (I(z, 0)[[x) x:(t)
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where x € C*°(]0, +00)) is the cut-off function defined by

0, if s >, , 2
x(s) = . X[ < ;
1, if0<s<p, r—p

and x; € C*°((—00,0] is defined by

() 0, if s < —r2, | < 2
S) = s
X 1, if-p<s<0 = rT,

with § < p <r. We observe that

2Kk+1

.
Y| < e : 0;m| <
r—p

C2
r—p

for j=1,...,mg,

where ¢; and c¢p are dimensional constants. Then, accordingly to (3.2.7), we finally obtain

2(p—1)
2p—1) / D, WP
Q

p -
2 26+1
S S E P W
(p=1)(r—=p)?Jor por—pJo
1
. 1 / »
w1er1asin) (g [ )
’Qr ’ Qr
and this concludes the proof. O

3.3 Pointwise estimates for the Kolmogorov equation

This section is the core of the chapter and it is devoted to prove our main result, Theorem
3.1.2. Since the proof is rather convoluted, we have decomposed it in intermediate results
proved in Subsection 3.3.1, which will be combined in Subsection 3.3.2 in order to give a

simpler proof of Theorem 3.1.2.

3.3.1 Preliminary estimates

The following result is a useful tool in order to prove Lemma 3.3.3 below, as it allows us to
rescale the LP-norm of a given polynomial from a cylider of radius r (for a large r) to a unit

cylider.
Lemma 3.3.1 (Larger cylider/smaller cylider). The following statements hold:

(i) there exists a constant Cy = Co(p,Q) > 0 s.t. for every polynomial P € P, for any
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r > 1 it holds )
1 z .

—— [ pr) <c PP

(s [ 1PP)" < (/Q| r) ,

(ii) there exists a constant Cy = 52(]9, Q) > 0 s.t. for every polynomial P € ﬁ, for any

r <1 4t holds )
= 1
P 1 ?
| P|P < Cg (—/ |P|p) )
</Q; @r2 Joo

Proof. We only carry out the proof of assertion (i), since case (ii) is totally analogous. We
start by writing the polynomial P as P(z,t) = a + (b,z) + +(cz,z) + d t, where b is a
vector in R such that bj = 0 when j > m and cis a NV x N matrix such that ¢;; = 0 when
i >mVj > m. We moreover recall that Q- = B, x (—72,0), where B, = {z € RY : |z|g <1},
with | - |k as defined in (1.1.23). Then, owing to ||(z,t)||x = |=|x + [t|'/? with in particular

lz;| <7 fori=1...m and [t| < r?, there exists a constant C' > 0 s.t.

1
G@ﬁ%LIHO <CCM H+M+MO (3.3.1)

On the other hand it is possible to show by contradiction that

M+W+M+MSC</\H§. (3.3.2)
Q7

In order to prove (3.3.2), we first observe that, for a given polynomial P(z,t) = a + (b, x) +

+{cx,z) + d t, it is not restrictive to assume that

la| + 18] + |e| + |d] = 1. (3.3.3)

Indeed, if (3.3.3) is not satisfied, it is sufficient to observe that, for a given r > 0, we have

(1

1

(/

p

1
lra + (rb, z) + 5(7"0:5, z)+d rt|p)
(3.3.4)

P

1

1
la + (b, z) + §<C$,:L“> +d t|p>

Then the proof for general coefficients (a,b,c,d) # (0,0,0,0) which do not satisfy (3.3.3)
. . . o 1
immediately follows by setting r = PECEEEsrR

We are now in a position to prove (3.3.2) by contradiction. Indeed, if (3.3.2) is false,

we have that, for every constant K > 0, there exists a polynomial Py with coefficients
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(ax, bk, ck, dr), that, without loss of generality satisfy (3.3.3), such that

1 P
1= |GK|+|bK|+|CK|+’dK| > E (/ |PK|p) . (3.3.5)
Qr

Therefore, for K — 07, it follows that while the right hand side of (3.3.5) goes to infinity,
the left hand side remains constant. This implies a contradiction, as the sum of the norms

of the coefficients of Px would be both a constant and infinity. The thesis follows by the
combination of (3.3.1) and (3.3.2), with r > 1. O

Remark 3.3.2. We propose an alternative proof of inequality (3.3.2) which does not require

a contradiction argument. As a first step, we fix 1 < p < oo and we observe that the function

1
(a,b,c,d) — </ ]P]p> =: F(a,b,c,d)
Qr

is continuous and strictly positive in R x RY x RV¥*N x R. Then, in virtue of Weierstrass’

theorem, F' admits a strictly positive minimum on the compact set
A= {(a,b,c;,d) € R x RN x RNV xR : |a| + |b| + |¢| + |d| = 1}.

The proof for the general case of (a,b,c,d) # (0,0,0,0) that do not satisfy (3.3.3) follows
reasoning as in the proof of Lemma 3.3.1. In particular, (3.3.4) yields F(ra,rb,rc,rd) =

- _ 1
rF(a,b,c,d) and we just need to choose r = FEepEerrE

We now prove the following Lemma.

Lemma 3.3.3. (Estimates on larger cylinders)
Let u be solution of Zyu = f in Qp for R > 2. Then for any p € [1,R/2], there exists a
positive constant C; = Cy(p, Q) s.t.

1 ; ¥ N(u, f;5) +3(f; )
<m /Qp lu — P1|Pdx dt) < 6’1/1 . ds, (3.3.6)

where Py € Py is the polynomial realizing the infimum in definition (3.1.9) at level one.

Proof. We start working on the left hand side of (3.3.6). Namely, for any p > 1

1 / :
(T Ju— Pl\p>
pQ+ +2p o,

1 1

1 » 1 > N
S(m/_ u — pp|p) + (m/_ |P, — Pl\p> = N(u, f;p) + 11. (3.3.7)
P 9, P 9,

where in the last line we recalled (3.1.9), and P, € 73; is a polynomial realizing the infimum
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in the definition of N (u, f;-) at the level p. We now estimate I as follows

1 : K 1 1
1< (s [ 1P~ PP) + 2 (g [ 1Por = Po,P)" = Bt e (339
4 o) = P Q;

where we have written p > 1 as p = 2¥r for an integer £ > 1 and r € [1/2,1). In order to
control I and /3 we need to achieve a more general estimate. For an arbitrary v > 1, for any
a € [1,v] we have that

1

1 =
- _ p\P
(rQ+2+2p /Q: [For = Pl )
<(amr [ 0= P) + (oo [l Pul)’
A Lo Lo u — T T AL Lo u — ar
=er rerere [,
1 5 Q+2+2p 1 b
g(m/m_mp) ta e (W/Q o= P ")

Q+2+2p

<a v (N (u f; )+N(u,f;ar))
< (N, fi0) + N(u, fr0m)). (3:3.9)

We take care of Iy choosing ar =1, for r € [%, 1) in (3.3.9). Namely, applying both case
(7) and (i7) from Lemma 3.3.1, we get

1 ; z
122—(m/‘Pr_Pl|p) §02</‘P1_PT|p)
Qp 1

1
Q+2+2p

< (g5 /Q R RP)T < W ) 1 N ) (3810

Exploiting again (3.3.9) together with case (i) from Lemma 3.3.1, we infer that for every
p > 1, which we write as p = 2*r with r € H, 1), there holds

k
I;<CY N(u, f;27r). (3.3.11)
j=1

Now, collecting bounds (3.3.8), (3.3.10) and (3.3.11), we have that (3.3.7) reads

1 / N
(sgvzm [ lu—BiF)
pQ++p o5

k
<C [ N(u, f;1) + N(u, f;r) Z (u, f:277) | | (3.3.12)

where C' = C(p,Q,~) is a positive constant. We now want to estimate the right hand side of
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(3.3.12), in particular for any 7 > 1 and for « € [1,~] it follows that
\ . 1 p >
N(%fﬂﬂﬁ(m o \U—Par’>

1 TN
- _ p\P na P
= ((’yr)Q+2+2p /QJT [ = Pyl ) (a)
1 1
P
+ (e /Q Prr = Parl’)

Q+2+2p ~

<7 7 Nu, fiyr) + Cofear — ¢y </ IP*IP) (3.3.13)

2

where in the last line we used case (i) of Lemma 3.3.1 and we introduced P, as a solution to
equation £ P, = 1. In particular, from (3.1.8), we obtain

1

1 1

|Car —C r| =\ A~ |Car —C r|p ’
K |Q;r| Q(;'r !

1
1 P Q+2 1
< |f - Con“|p> +y |f —C T|p
(|Qa_r‘ Qar |Q;r| O ?

Q+2 Q+2
P

<@(fiar) 7 O(fiyr) <29 O(fir). (3.3.14)

=

Thus, combining (3.3.14) with (3.3.13) we infer that for any v > 1 there esists a positive
constant C., = Cy(p, @, ) s.t. for any a € [1,7] it holds
N(u, frar) < Cy (N(u, fiym) +3(f:71))
G(frar) < Cyi(fior). (3.3.15)

Eventually, putting together (3.3.12) and (3.3.15) and choosing v = 2 we finally obtain

. k
1 1 . 4 o
(PQ+2+2P /Q_ Ju— Pl‘p) T <30 E <N(U» F:270) + o (f; QJHT’))
o j=1

k-~ . . .
N(u, f; 24r) + O(f; 271 7) ive 1
§6CZ YS! (23 r— 27 7’)
7j=1

< 60/4p N(u, f;8) +3(f9) )
1

S

As a consequence, we can prove the decay estimate below.

Proposition 3.3.4. (Basic decay estimate)
Given p € (1,+00), there exist constants Coy = Co(p,Q) > 0 and X = A(p,Q), 1 = u(p, Q) €
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(0,1) such that for every function u and f satisfying (3.1.1), Vr € (0,1], the following esti-

mates hold
N(u,f; Nr ) < p N(u,f;)\r, T) or N(u,f;)\Qr, M) < Co @(f; N2r,r).  (3.3.16)

Proof. The proof is carried out by contradiction. Namely, if (3.3.16) is not true, we can find
the sequences Cy — oo, 1y € (0,1], A\ — 0 and pp — 1 such that

N (u, fr; Nora, k) > peN (g, fi; Mere, 7x) (3.3.17)
N(uk, fk; )\iT‘k, >\k7"k) 2 Ck(:J(fk, )\z’l"k, Tk), (3.3.18)

where (fi)r and (ug) satisfy (3.1.1). Let us consider py € [Afry, Agrk] such that, according
to (3.1.10)

N(uk, fk; )\i?"k, )\krk) = N(uk, fk; pk) = Ek. (3.3.19)

Moreover, owing to (1.1.13), we define the rescaled functions

) - )

and

uk(épk('m?t)) - P/f((spk(xv t))
€kP%

w(z,t) = (3.3.20)

where Py, € P, is the homogeneous polynomial realizing the infimum at the level py.

Now we want to control wy in order to pass to the limit. We first notice that
1
inf ( —Pp)”=1. 3.3.21
ot (b= P (3.3.21)
Indeed, first exploiting the definition of wy in (3.3.20) and then using the change of
variables y = 05 (), s = pit, owing to (1.1.14), we infer

inf </ |wk—P\p);
pPeP o)

1

0 2 0 2 2 p
o (/ uk(épk (x), pit) — Pk(épk (230), pit) — eppr Pz, t) " dt) 1/p
1 1 1 p 1/p
=— inf (—/ ur(y,s) — Py(y,s) — ¢ 2P(50 ,—3) d ds) )
), PEP pg+2+2p o k(Y. ) (Y, s) kPy 5é<y) 02 Y

Now, since Z(Py + erpiP) = %Py + expiloP = Cp, by (3.1.4) and (3.1.5), the identity
(3.3.21) follows from (3.3.19).
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In addition it holds

1

. 1 1
N(vk, fri 1) = (m/ |ug — Pk\”) '
Py Q)

Pk

We now apply Lemma 3.3.3 to vy, for s € [1, 2%}

1 / i 1
g [, )’ = (s |
<(Spk)Q+2+2p o- ‘ ‘ gQ+2-+2p o-

P

(0, (y,5)) = Prl(0p,(y,5)) |7
i

4s N . ~ .
< Cl/ (vk7gk77—) + w(gk‘a T) dr
1 T

>;

45 A . W ;
. 01/ N (uk, fr; Tpr) +w(fk77'pk)d7_7 (3.3.22)
1

T

where in the second line we defined g(z,t) = fr(d,,(z,t)) and in the third line we used
the identities N(Uk,gk; s) = N(uk, fr;spr) and @(gx; s) = @(fx; spx). As a consequence, for

5 € [1, 2%], the following holds

1 L 4s £y . o
<—/ |wk|p)1’ < ﬁ/ (ur, fr; 7Pr) +w(fvaPk)d7_

5Q+2+2p T

= Cu [ Nk, fis Xire i) + B(fs Airis 1)

dr. (3.3.23)
Ek 1 T

On the other hand, combining (3.3.17) with (3.3.19), we obtain

« >
N (g, fo; Agri, i) < =k
i
and
D fus A ) < =2 (3.3.24)
Ci

These two bounds together with (3.3.23), yield to

! :
(m /Q \W!”) < Cylnds (3.3.25)

where s € [1, 2%] and (5 is a positive constant depending on C7, Cy, and py.
Now, according to the dilation invariance of % with respect to ¢, (see (1.1.11)) and

(3.3.24), we find

1 1 1 _ 1 _ 1
<—_ |.,%wkyp)’° < —0(fur 5o0) < —B(fis Ny 1) < — — 0 (3.3.26)
1951 Jor €k €k Ck

The contradiction follows from passing to the limit. In order to do so, we need a com-

pactness argument.
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Applying Lemma 3.2.3 to Wy, = wy|wy|%2 ", we obtain that for every R € [1 T’“)

) Pk
2(p—1)
A / Dy W2

R

<( 2 G 2 r%“) W2 4 )|Q_|< 1 / zp/W2>$/
< — w(f;r)|Q; — " :
=1 @—p?> » r=0)Jo " 19| Jor :

Tk

for r = ;—Z. As a consequence, for every R € (O, p—k>, we have

| Wi lls2(0) < Cr-
Thus, we can extract a non-relabelled subsequence W such that
Wi = Wae = Weo|Weo|2 ™} weakly in Sp,.(QR),

where we denoted by ws the limit of the sequence wy. Moreover, from the compact embedding
provided by Theorem 3.2.2 it follows that

Wi = Woo = Waolweo|2 ™1 in L2.(Qp).

loc

We now observe that

H Wk Hip(gg):H Wi Hifz(gg)a H Weo Hip(g;{):H Weo Hiqg};)a

and therefore we have the following convergence result for every R € (0, ;—Z)

Wi — We  In LY (Qr).

In particular, from (3.3.21), we, satisfies

inf (/ [ P|p>; ~ 1. (3.3.27)
Q

PeP -
1

Similarly, according to (3.3.25),

1 ,
(s /Q uP)’ < Calnds

Hence, ws, is a function that grows quadratically in space and linearly in time up to a
logarithmic correction. Moreover, in virtue of (3.3.26), it follows that ws, a. e. belongs to P.
This contradicts (3.3.27) and therefore concludes the proof. O

We now establish a sort of monotonicity result for N and w, defined in (3.1.12) and

(3.1.13), respectively.
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Proposition 3.3.5. (Dini estimate)
Let N : (0,1] — [0, +00), w: (0,1] — [0, +00) be two functions that satisfy

vr e (0,1], N(Ar) < uN(r) or N(r) < Cw(r), (3.3.28)
and
Vre (0,1 Va e [)1], { ZS‘;EQQCEZY) +w(r), (3.3.29)

for some constants C > 0 and for A\, € (0,1). Moreover, we assume that w is Dini. Then
for every p € (0, %) and for p = %ﬁ we have

[N, o
0

,
(3.3.30)
1 4p ’ 4 w(r) Low(r)
—< (=] (N1 1 ' —dr + P / —=dr) ¢
Qﬁ{(A) )+ ([T [ S
where C' = C'(\, p) = %m
Proof. We first prove that for all r € (0, A], we have
1
N(r) <max | C;r?,C =P sup &5) , (3.3.31)
1% p€lr,A] P
where C is given by
C,=CX P (N1)+w()). (3.3.32)

If r < )\, we write it as r = A7y with & > 1 and r; € (\,1]. Then, taking advantage of
(3.3.28), we infer

o < s (€(5) 3 (5)
<m0 (3) o (1) 00 (1) sa
oo () ms () vt ()

Ct e (=) N (7))
Now, if we set 8 = 24 and p = 157 for j =0,...,k — 2, we deduce
1 w ( Afﬂ) = gy (p) = L /P8 () = /Ll%rﬁ. (3.3.34)
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On the other hand, according to (3.3.29) and (3.3.32), we have
" r\B
N (F) <pFC(N(1) +w(1) = Cy pf N < ¢y Mkﬂﬁ =C, " <V) <c,r?.  (3.3.35)

Finally, using estimates (3.3.34) and (3.3.35) in (3.3.33), we get (3.3.31).

We now want to estimate sup ¢,y %. To this end, for some pg € [r, A], we write
w(p) _ w(po)
sup —z- = —3
pelrA] P Po
1 1 po+tpo
<o [T Cutods
Po LPO Jpg
__C /f’o/A w(p) ,
= tA\I+8 oo p1+ﬁ

where in the second line we have used the monotonicity of w according to (3.3.29) and the
constants ¢ and C,, appearing in the second and forth line are equal to (1 —\)/A and C/((1 —
M) respectively.

Combining the previous inequality with (3.3.31) and setting C’ := i C,, we obtain for
any p € (0, %)

r

4p N 4p
/ g < c, / P ldr + 0 C' (3.3.36)
0 0

with

J = /4prﬁ_1d7“ (/1 wl(:;d7>
0 r T
dp .8 el Lol 4p
</ %fﬁ;dw{% ( / ‘T"l&;dT” (3.3.37)
1 [w(r) N (4P)ﬁ< w(r) T)
_6/0 S 0 /4p71+5d ,

where in the second line we have integrated by parts and in the third we have applied the

dominated convergence theorem.
Inequality (3.3.36), together with (3.3.37) and the definition of C in (3.3.32), yields

A@5¥iwsg(%§5%uww+wu»

wee (5 [ PaS ([, 550)

which concludes the proof. O
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Remark 3.3.6. We observe that hypothesis (3.3.29) could be substituted by (3.3.15) and
therefore owing to Proposition 3.3.4, the previous result Proposition 3.3.5 holds in parti-cular

for N and &.
Remark 3.3.7. We notice that:

1. the quantities N and w defined in (3.1.12) and (3.1.13) satisfy (3.3.28) in virtue of
Proposition 3.3.4. Moreover, (3.3.15) with v = % implies that N and w also satisfy
(3.3.29);

2. we chose the limits of integration in order to combine effortlessly this result with the

following Lemma 3.3.8.

We now focus on the following result, which differs from Lemma 3.3.3 in the choice of
the polynomial and of p. More precisely, in Lemma 3.3.3, we derive an estimate on large

cylinders, while we here consider smaller radii.

Lemma 3.3.8. (Estimates on smaller cylinders)
If u is defined in Qi , then there exist a unique polynomial Py € P such that for every
p € (0,1), we have

L ’ W N (u, fir) +B(f;r
<m/g_ \u—Po\”> 301/0 ( JXELT) g, (3.3.38)

—

r

Proof. We suppose that u is a solution to Zu = f in Q. Applying Lemma 3.3.3 to a

u(0r (2, 1))

72

rescaled function
v(z,t) =

it follows that for r < %, with v > 1
v

1 .
1 r Y N (v, fi5) +O(f;s)
_ v|p ) Y )
<7Q+2+2p /Qw |v P ‘ > = 01/1 S ds

where PV realises the infimum in the definition of N (v, f; 1). Now performing a change of

variables with p = yr, we infer

1 ’ Y N(u, f;5) +0(f; 9)
(m /Qp lu — Pr\p> < 01/7« ds, (3.3.39)

S

where we notice that P¥(z,t) = 2@ anq N(v, f:s) = N(u, f;rs). Hence, fixing p €

r2

(0,1/4), we may pass to the limit in (3.3.39) for » — 0. Therefore up to extracting a
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subsequence, we can assume that P, tends to a polynomial F, € 75, namely

1 ’ ¥ N(u, f;5) +3(f;5)
(m/gp_ |’Z,L—P0’p> SCl/O S ds.

We now show that the Taylor-type polynomial Fj is unique. In fact, if P, € P is another

polynomial satisfying (3.3.38), then for every p € (0, ;11) we have

1 ’ ¥ N(u, fi7) +5(f;r)
(m/@p |P1—P0‘p> SZOl/O r dr.

On the other hand, as P, — Py € P, assertion (i) of Lemma 3.3.1 yiclds

1 1
p . 1 p
|P — Py|P < Oy —/ |PIP |

1

for any p < 1. Combining the previous two inequalities, infer

N (u, fi7) +3(f;7)
T

IPt = Poll ooy < 2C / dr. (3.3.40)
0

As the quantity on the right-hand side of (3.3.40) is finite and goes to 0 as p — 0, we finally
obtain P; = P, which concludes the proof. O

We notice that, in Lemma 3.3.8 and the upcoming Proposition, we have Py belonging to
the set P. Hence, in the proof of assertion (731) of Theorem 3.1.2 it is only left to show that
Py belongs in particular to P (i.e. £ Fy = 0) in order to prove (3.1.16).

Proposition 3.3.9. (Modulus of continuity of the solution up to second order)
Let us assume that @ is Dini continuous and let us set f =1Inpu/InX. There exist a unique

polynomial Py € P and a constant C' = C'(C, \, ) such that for every p € (0, pz*), we have

1 »
JE— _ p
<pQ+2+2p /Q; lu— P )

SQ%{(4_;)5(]@<u,f;1)+a(f;1)) o (/:pwdr—kpﬁ/; %{;%)}.

(3.3.41)

Proof. The proof simply follows from the combination of Proposition 3.3.5 with N = N and
w = w and Lemma 3.3.8, where we remark that we reabsorbed the modulus of continuity in
the right hand side of (3.3.30). We observe that the uniqueness of P follows from Lemma
3.3.8. O
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Remark 3.3.10. We observe that Proposition 3.3.9 holds, more generally, for two functions

N and w satisfying the assumptions of Proposition 3.3.5.

3.3.2 Proof of Theorem 3.1.2

(i) We first observe that from definitions (3.1.9) and (3.1.7), it holds that
N(u;r) < N(u, f7). (3.3.42)

The right hand side of (3.3.42) can be estimated combining (3.3.31) with (3.3.32), which
yields for r € (0, \]

N(r)<C <M(1> + 1w M) ,

K pe(0,1]

where we recall that N and w were defined respectively in (3.1.12) and (3.1.13). Moreover
owing to the motonicity-type estimate (3.3.15) for v = § and r € (0, 1]

N(u, f;r) < C (N(u,f; 1)+ sup CN«)(f;p)) :
p€(0,1]

with C' = C(\, , p, Q). On the other hand, from definition (3.1.9) we get

N(u, £1) < € (el oop) + 1 lagap) ) -
Therefore, combining the estimates above, we conclude the proof of statement (7).
(ii) Assertion (i¢) follows directly from estimate (3.3.31).
(iii) We observe that Proposition 3.3.5 with N = N and w = & yields statement (7).

(iv) We recall that we have already proved estimate (3.1.16) in the case where Py € P,
according to Proposition 3.3.9 and namely to (3.3.41). Furthermore, we notice that the
coefficients of Py are bounded by choosing p = % in (3.3.41).

Therefore it is only left to show that Fy belongs in particular to P, i.e. P, satisfies
equation %Py = 0.

To this end, we define the function

u(5€<x,t)) — PO((Ss(xu t))

e2

W (x,1) =

which converges in L to a function v = 0 by (3.3.41) for ¢ — 0. Moreover from

_ 2 %u(le(z,t)) 5y LPy(0e(, 1))
=€ 2 —¢ 2
g g

= [(0c(,1)) — ZoPo(0c (2, 1))

fo(us)
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and according to (3.2.1), it follows that for £ — 0,
0= %= f(0) — %P,

Since by assumption f(0) = 0, then we have showed that P, satisfies equation £, Py = 0.
This concludes the proof.
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Rough coefficients
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The second part of this dissertation is devoted to the study of the regularity of weak
solutions to Kolmogorov-type equations with rough coefficients. The study of the regularity
theory of degenerate Kolmogorov equations in divergence form with discontinuous coefficients
has been an open problem for decades. Indeed, such an investigation started only at the end
of the 1990s with [24,83,103,104] and is nowadays the main focus of the research community.
Starting from the aforementioned papers, where vanishing-mean-oscillations (VMO) diffusion
coefficients were considered, the weak regularity theory for Kolmogorov operators was devel-

oped in at least the following four directions.

Moser iteration. As far as rough coefficients a;;’s are concerned, Pascucci and Polidoro
proved in [99] that weak (sub)-solutions are locally bounded from above. Later on, Cinti,
Pascucci and Polidoro extended this result to the non-dilation invariant case (see [32]). The
non-dilation invariant case with lower order coefficients and positive divergence was eventu-

ally addressed by Anceschi, Polidoro and Ragusa in [9]).

Poincaré inequality and Holder regularity. A weak Poincaré inequality and the
Hoélder continuity of weak solutions were proved by Wang and Zhang in [117] for the dilation-
invariant case and in [116] for the non-dilation invariant one. Related results have been
recently proved in a rather new functional setting by Armstrong and Mourrat (see [3]) for the

kinetic Kolmogorov-Fokker-Planck equation

Apu(p, y,t) = (p, Dyu(p, y,t)) + Owu(p, y, 1), (IL.1)

where u : R™ x R™ x R — R. Very recently, Litsgard and Nystrom in [78] took advantage of
the same functional setting of [3] to prove existence and uniqueness of solutions to the Cauchy

Dirichlet problem associated to equation (II.1) with rough coefficients.

Harnack inequality. Prior to this dissertation, the only results in this weak framework
have been established in the particular case of the kinetic Fokker-Planck operator (II.1).

In particular, Golse, Imbert, Mouhot and Vasseur proved the Hdélder continuity and a
Harnack inequality for weak solutions to the kinetic Kolmogorov-Fokker-Planck equation
(see [49]). The Harnack inequality established in [49] is quite a remarkable result as it comes
more than sixty years after the analogous one for uniformly parabolic equations. The reason
for this delay lies in the fact that we the classical regularity techniques cannot be applied to
degenerate equations like the one in (II.1). To overcome this technical difficulty, the authors
of [49] adopted an approach based on velocity averaging method. Based on the results of [49],
Anceschi, Eleuteri and Polidoro established a geometric statement for the Harnack inequal-
ity (see [6]). More recently, a weak Harnack inequality for kinetic Fokker-Planck equations
with essentially bounded coefficients was proved by Guerand and Imbert in [51]. Moreover,

in [52], Guerand and Mouhot gave new proofs of weak Harnack and Harnack inequalities, as
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well as the De Giorgi intermediate-value lemma. Finally, it is worth mentioning the recent
preprint [42], where a weak Harnack inequality for hypoelliptic equations including (I1.1) was

derived.

Gaussian bounds for the fundamental solution. An upper bound for the fundamen-
tal solution of Kolmogorov-type operators with measurable bounded coefficients is obtained
by Pascucci and Polidoro in [98] and by Lanconelli and Pascucci [71] adapting Aronson’s
method. Moreover, starting from the invariant Harnack inequality in [49], Lanconelli, Pas-

cucci and Polidoro proved Gaussian bounds for the fundamental solution of (IL.1).

In the next chapters, we aim at developing the study of the weak regularity theory for
Kolmogorov operators even further. The results we present here are part of a project which
started in 2021. The project emerged from the scientific collaboration with Anceschi. The
final aim of the project was to provide a complete characterization of the De Giorgi-Nash-
Moser weak regularity theory in a suitable functional space for very general Kolmogorov

equations of the form

mo N
Lu(x,t): = Z O, (@ij(z,1)05,u(z, 1)) + Z bijxj0pu(x, t) — Opu(z,t)

b=l W= (IL.2)
mo
+ Y bila, )du(,t) + e(x, ule, t) = f(x,1),
i=1
where z = (2,t) = (1,...,2n,t) € RV Tl and 1 <my < N.

More precisely, in Chapter 4, we prove a Harnack inequality and the Hdélder continuity
for weak solutions to the Kolmogorov equation (I1.2) with measurable coefficients, integrable
lower order terms and nonzero source term. We then introduce a functional space W, suit-
able for the study of weak solutions to Zu = f, that allows us to prove a weak Poincaré
inequality. Our analysis is based on a weak Harnack inequality, a weak Poincaré inequality
combined with an L? — L estimate and a classical covering argument (Ink-Spots Theorem).

The results we present in Chapter 4 are contained in the paper [11].

As a second step, we then prove the existence of a fundamental solution associated to
the Kolmogorov equation Zu = f, with bounded measurable coefficients. Finally, we prove
Gaussian upper and lower bounds for the fundamental solution, and other related properties.

These results will be presented in Chapter 5 and are the content of the recent paper [12].
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Chapter 4

De Giorgi-Nash regularity theory

4.1 Motivation

This chapter is devoted to the study of the De Giorgi-Nash-Moser regularity theory for weak

solutions to the second order partial differential equation of Kolmogorov-type of the form

mo N
Lu(z,t) = Z O, (aij(z,t)0p,u(z, 1)) + Z bijx Oy, u(zx,t) — Owu(zx,t)

b= b=t (4.1.1)
mo
+ Y b )0z, ) + clx, tu(z, t) = f(z,t),
i=1
where z = (z,t) = (71,...,2x,t) € RV and 1 < my < N. In particular, following the

lines of [11], we prove a Harnack inequality and the Hélder continuity for weak solutions to
equation (4.1.1) under the hypotheses (H1)-(H2)-(H3) listed below.
First of all, we require that the matrices Ay = (a;;(x,t))ij=1,..m, and B = (bij)ij=1,..N

satisfy the following structural assumption.

(H1) The matrix Ay is symmetric with real measurable entries. Moreover, there exist two

positive constants A and A such that

Aé? < Z aij(z, 1)&€; < AJE° (4.1.2)

ij=1

for every (z,t) € R¥*! and ¢ € R™0. The matrix B has constant entries.

In order to state assumption (H2), let us consider the principal part operator

mo N
Lou(z,t) = Z@giu(x,t) + Z bijx;j0p,u(x, t) — Opu(z,t)
i=1

1/7‘7:1 (4-1.3)

= Amou(xa t) + Yu(x7 t)>
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where (x,t) € RV*! and, as usual, Yu denotes the Lie derivative introduced in (1.1.5).
Operator % in (4.1.3) belongs to the class of constant-coefficients operators we introduced in
Chapter 1, Section 1.1. In particular, it is known that, if the matrix B takes the block form
(1.1.12), then % is hypoelliptic and invariant with respect to a certain family of dilations.

In the sequel, we will therefore rely on the following assumption.

(H2) The principal part operator £y of £ is hypoelliptic and homogeneous of degree 2 with
respect to the family of dilations (), introduced in (1.1.13).

In the following of this chapter, we will therefore assume that B has the canonical form
(1.1.12) and we will also make use of the following notation, which allows us to introduce a

compact formulation for operator .Z. More precisely, here and in the sequel
D= (0uy. o y0uy), (), div
respectively denote the gradient, the inner product and the divergence in RY. In addition,

Dy = (0yy -+, 0x,, )y divig,

Y xmo

denote as usual the partial gradient and the partial divergence in the first my components,

respectively. Moreover, we introduce the matrix

Az, t) = (aij(xat))lgi,jgN’

where a;;, for every 4,5 = 1,...,mg, are the coefficients appearing in (4.1.1), while a;; = 0

whenever ¢ > mg or j > mg, and we let
b(x,t) := (by(x,t),...,bm(x,1),0,...,0). (4.1.4)
Now, we are able to rewrite operator .Z in the following compact form
ZLu = div(ADu) + Yu + (b, Du) + cu. (4.1.5)

We are now in a position to state our assumption on the integrability of b, ¢ and of the
source term f in terms of the homogeneous dimension defined in (1.1.17).

(H3) ¢, f € LL (Q), with ¢ > %2, and b € (LS

loc loc

(€)™

4.1.1 Main results

In order to expose our main results, we first need to introduce some preliminary notation.
From now on, we consider a set 2 = Q,,, X Qn_po+1 of RN*L where Q, is a bounded
Lipschitz domain of R™° and Qn_;,4+1 is @ bounded Lipschitz domain of RN=mo+l  Thig
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is not restrictive since the cylinders Q that we consider in our local analysis (see (4.1.12))

satisfy the Lipschitz boundary assumption. Then we split the coordinate z € RY as
T = (x(o),x(l),...,:r(”)), O eRrm™  WeR™, je {1,..., K}, (4.1.6)

where we have that in accordance with the scaling of the differential equation (see (1.1.13))

every mj is a positive integer such that

K
ij:N and N>2mg>my>...2mg > 1.
j=1

We denote by D(€2) the set of C* functions compactly supported in € and by D’(2) the set
of distributions in Q. From now on, H! ,, denotes the Sobolev space of functions u € L?(Qp,)

with distribution gradient D,,,u lying in (L?(Q,))™, i.e.

Hl o = {u € L*(Qumy) : Do € (L*(Un,))™ },

T

and we set

HUH%{;(O) = HUH%z(QmO) + HDmouH%Q(QmO)'

We let Hg denote the closure of C5°(€y,) in the norm of H', and we recall that C5°(Qyp, )
is dense in H;(O) since ,,, is a bounded Lipschitz domain by assumption. Moreover, H{ is a

reflexive Hilbert space and thus we may consider its dual space
1)* -1 —1\* 1
(Ho) = H o and (wa)) = Hy,

where the notation we consider is the classical one. Hence, from now on we denote by H;((l))
the dual of H{ acting on functions in H{ through the duality pairing (-,-) := (-, ~>H1(0)7Hé.
In a standard manner, see for instance [3,78], we let YW denote the closure of C*(Q) in the

norm

2 2
[

2
R LT (4.1.7)

where the previous norm can be explicitly computed as follows:
o= [ el dydis [ YaCog 0l vt
N-mg+1 2(0) QN—mgy+1 «(0)

where y = (2, ..., (). In particular, W is a Banach space and we remark that the dual
of L2(QN_mgs1; HY) satisfies

(L*(v-mot1; HY)) = L*(Qv—mo+1; Hy ') and
(LQ(QN*m0+1; H(;l))* = LQ(QN*m0+1; H&)
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From now on, we consider the shorthand notation L2H~! to denote
L (Qn—mot1: Hy ).

The space of functions W is the most natural framework for the study of the weak regu-
larity theory for operator .Z. Still, to the best of our knowledge it has never been considered
in literature in the ultraparabolic setting. In particular, it is an extension of the functional
setting firstly formally proposed by Armstrong and Mourrat in [3] for the study of the kinetic
Kolmogorov-Fokker-Planck equation, that can be recovered from (4.1.1) by choosing N = 2d,
k=1,mg=m; =dand ¢ =0. We refer the reader to Subsection 4.1.2 for an overview on
the existing literature.

We refer to [78, Section 2] for some properties of the space W. Lastly, we remark that
the major issue when dealing with the space VW is that it requires to handle the duality
pairing between L?H"' and L2H~'. To this end, we take advantage of the following remark,
see [65, Chapter 4].

Remark 4.1.1. For every open subset A C R™ and for every function g € H~1(A) there
exist two functions Hy, H; € L?*(A) such that

g =divm,Hy + Hy  and  |[Hol|zz(a) + [|H1ll 22 a) < 2l|gllm-1(

Now, we introduce the definition of weak solutions we consider in this dissertation.

Definition 4.1.2. A function u € W is a weak solution to (4.1.1) with source term f € L*(Q)

if for every non-negative test function ¢ € D(2), we have

/ —(ADu, D) —uY ¢ + (b, Du)p + cup = / fe. (4.1.8)
Q Q

In the sequel, we will also consider weak sub-solutions to (4.1.1), namely functions u € W

that satisfy the following inequality

/ (ADu, D) —uY ¢ + (b, Du)p + cuyp > /fgp, (4.1.9)
Q

for every non-negative test function ¢ € D(Q2). A function u is a super-solution to (4.1.1) if
it satisfies (4.1.9) with (<).

As mentioned above, the aim of this chapter is to prove the local Hoélder continuity and
a Harnack inequality for solutions to (4.1.1) in the sense of Definition 4.1.2. Our method is
based on the combination of three fundamental ingredients - boundedness of weak solutions,
weak Poincaré inequality and Log-transformation - in the same spirit of the recent paper [51]
for the Fokker-Planck equation. First, we carry out a local study with Q° at unit scale. For
some reasons we expose below in Section 4.5, Q¥ takes the form Bg, x Br, X ... X Bg, % (—1,0]
for some large constant Ry only depending on the dimension () and on the ellipticity constants
A A in (H1).
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As we rely on the Lie group structure associated to operator .25 in (4.1.3), the suitable
geometry when dealing with operator £ is given by the non-Euclidean structure defined in
(1.1.6). Our results naturally reflect this non-Euclidean setting. Here and in the following of

the chapter, we denote by Q; and él the unit past cylinders

Ql Z:Bl><B1><...><Bl><(—1,0),

- (4.1.10)
Ql Z:Bl XBl X ... XBl X (—1,0],
defined through the open balls
By = {zW e R™ : |z| <1}, (4.1.11)
where j = 0,...,x and | - | denotes the euclidean norm in R™. Now, for every z, € RV*!
and r > 0, we set
Q(20) =200 (0, (Q1)) ={z € RN 2 = 206,(0), € Q1}, (4.1.12)

cco//

where denote the composition law introduced in (1.1.6) and (d,),.., the family of dilations

r>0
defined in (1.1.13). Moreover, we introduce

Q. =46, (@1> = B, X Bys X ... X Buost1 X (—w?,0] and

Q- =(0,...,0,—1+2p*)06,(Q1) = B, X Bys X ... X Byant1 x (=14 p*, =1+ 2p?).

We are now in a position to state one of our main results, namely the following Harnack

inequality.

Figure 4.1: Geometric setting of the Harnack inequality for the degenerate kinetic Kolmogorov
operator. The radius w is small enough to ensure that, when stacking cylinders over a small
one contained in Q_, the future cylinder Q, is captured, see Lemma 4.B.1 and Figure 4.B.
On the other hand, the radius Ry of Q° is large enough to allow us to apply Lemma 4.5.8 to
every stacked cylinder.

t
0 Q"
Q4
-1+ p2 ......
Gl
-1+ 2p2 ......
g e

(y,v)
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Theorem 4.1.3 (Harnack inequality). Let u be a non-negative weak solution to Lu = f in
Q > O, under assumptions (H1)-(H2)-(H3). Then we have

supu < C <infu + ”f”Lq(QO)> , (4.1.13)
3 o

where 0 < w < 1 4s given by Theorem 4.5.1 and 0 < p < \% Finally, the constants C, w, p
only depend on the homogeneous dimension @) defined in (1.1.17), on the ellipticity constants

A, Ain (4.1.2) and on the norms [|b||p~(0...) and ||c||Le(Q...)-

To the best of our knowledge, this is the first Harnack inequality available for weak solu-
tions to (4.1.1), since in [118] the authors proved the local Holder continuity for weak solutions
only. It is obtained by combining Theorem 4.3.1 (L? — L* estimate) and Theorem 4.5.1 (weak
Harnack inequality) and it is an extension of the analogous result for the particular case of
the Fokker-Planck equation presented in [49].

Moreover, the weak Harnack inequality proved in Theorem 4.5.1 also implies the Holder
regularity of weak solutions in the sense of Definition 1.2.1. Specifically, the following result
holds true.

Theorem 4.1.4 (Holder regularity). There exists o € (0,1) only depending on dimension @,
A, A such that all weak solutions u to (4.1.1) under assumption (H1)-(H2)-(H3) in Q D Q
satisfy

[U]CG(Q%) < C (lullz2cny + 1f1lLacay)) »

where the constant C' only depends on the homogeneous dimension @ defined in (1.1.17), on

the ellipticity constants A, A in (4.1.2) and on the norms ||b| 1~ (q,..) and ||c||Ls(Q..r)-

The estimates presented in Theorem 4.1.3 and Theorem 4.1.4 can be stated and scaled in
any arbitrary cylinder Q,(zp), thanks to the to translation and scaling invariance of the class
of equations of the form (4.1.1), (see Chapter 1, Subsection 1.1.1).

4.1.2 Comparison with existing results

We now compare the main results of this chapter with the current literature concerning the
weak regularity theory of solutions to (4.1.1).

The first results concerning weak solutions to (4.1.1) were obtained in the space of “strong”
weak solutions (i.e. Yu € L?) proposed by Pascucci and Polidoro in [99] and, for some time,
only concerned Moser’s iterative scheme, see [32,99]. Later on, Wang and Zhang proved
the local Hélder continuity for the particular case of the Kolmogorov-Fokker-Planck equation
[117]. Subsequently, in 2017 the same authors extended their procedure to the ultraparabolic
case in the preprint [118]. Such procedure is based on the combination of Sobolev and
Poincaré inequalities for “strong” weak solutions to (4.1.1), combined with the properties of

a suitably chosen G function. The authors finally recover the local Holder continuity of the
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“strong” weak solution by providing an estimate of the oscillations following Kruzkhov’s level
set method.

Asin [118], we prove that weak solutions to equation (4.1.1) are Holder continuous, but we
rely on a different method that also allows to prove a Harnack inequality. Indeed, we extend
the techniques employed by Guerand and Imbert in [51] for the study of the particular case of
the Kolmogorov-Fokker-Planck equation in two different directions: we allow a higher number
r of commutators (this corresponds to a higher step property for the underlying Lie group
structure) and we deal with possibly unbounded lower order coefficients and right-hand side.
Our approach is based on the combination of a weak Poincaré inequality (Theorem 4.4.1)
for functions belonging to the space W (so only depending on the geometrical structure of
the underlying Lie group and not on the structure of the operator .Z, i.e. on the lower
order coefficients), with a L? — L> estimate (Theorem 4.3.1) for weak sub-solutions and a
weak Harnack inequality (Theorem 4.5.1) for weak super-solutions, see Remark 4.5.3. This
approach based on a weak Harnack inequality was considered for the first time by Moser
[87] and Trudinger [112] in the setting of parabolic equations. Later on, Di Benedetto and
Trudinger [39] extended it to non-negative functions in the elliptic De Giorgi’s class, which
correspond to super-solutions to elliptic equations. Eventually, Wang proved in [115] a weak
Harnack inequality for the corresponding parabolic De Giorgi’s class. Concerning De Giorgi
Hoélder regularity theory, we also mention the recent work [50].

The main motivation behind our studies is to provide the reader with a Harnack inequality
for weak solutions to (4.1.1). To our knowledge, it is the first time such result is explicitly
stated and proved for equation (4.1.1) in the framework W. Indeed, prior to [51], a Harnack
inequality for weak solutions for Kolmogorov-Fokker-Planck equations with rough coefficients
was already proved in [49]. Still, it has never been extended to the more general framework
of our interest since the argument is based on a priori fractional estimates only available for
the particular case of the Fokker-Planck equation, see [23].

Another motivation behind our studies is the need to determine which are the lowest
possible integrability assumptions for ¢,b and f that allow us to prove L? — L estimates
and a Harnack inequality for weak solutions. In particular, our attention is mainly focused
on the behavior of the first order term b, which plays an important role in some applications,
such as the Mean Field Games theory. Indeed, a Harnack inequality for weak solutions is
the fundamental ingredient in the analysis of the maximal LP regularity and well-posedness
theory for Mean Field systems with degenerate diffusion, which were studied in the parabolic

setting [34] and only very recently there has been a first attempt to consider the ultraparabolic

setting [44].
As far as the L? — L* estimates are concerned, we were able to work under the following
assumption
(M) ¢,f € LL.(Q) and b € (L] ()™ for some ¢ > 3(Q+2). Moreover, we assume
divb > 0 in €,

which is clearly less restrictive than (H3). Moreover, we observe that our assumption (M)
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is less restrictive on the term b then the one proposed in [118], which reads as follows:
¢, f € L1(Q) for some g > % and b € (L1(Q2))™ for some ¢ > Q + 2 in Q.

A scaling argument and the analogous parabolic case suggest that the optimal regularity for
the coefficients is b € (L9(Q2))™, ¢ € L4(2) for some q > %

Moreover, the physical interpretation of the sign of the divergence of b in assumption (M)
can be understood by considering the Vlasov-Poisson-Fokker-Planck equation, e.g. [63], for
which the lower order term b represents the electrostatic or gravitational forces. Equations
whose term b satisfies the structural assumption div b > 0 arise also in some other applications,
like the ones presented in [66, 109]. Moreover, the sign assumption on the divergence of b is
also quite relevant in the case of parabolic equations, since it has several applications. For
instance, we recall the applications to incompressible flows and magnetostrophic turbulence
models for the Earth’s fluid core, e.g. [85]. In particular, nowadays it is known that the
sign (or the divergence free, i.e. divb = 0) assumption can be used to relax the regularity
assumptions on b under which it is possible to prove a Harnack inequality and other results,
see for instance [109]. Nevertheless, in our case as in the parabolic setting presented in [109],
one still has to require that the divergence of b exists in the sense of distributions and that b
is at least locally integrable up to a certain power (see also [9,91]).

However, to prove our Harnack inequality Theorem 4.1.3, we had to require more restric-
tive assumption on the regularity of b, namely (H3). This is due to a delicate step in the
proof of Lemma 4.5.8 below.

Eventually, we point out that the main difficulties when dealing with weak solutions to
(4.1.1) arise from the non-standard structure of the space W. Indeed, it has been since the
paper [99] that the classical Sobolev embedding and the Poincaré inequality required for the
derivation of the Harnack inequality were replaced by specific inequalities for (sub or super)
solutions to (4.1.1). Because of this need, it is not possible to lower the integrability require-

Q+2

ments on the term b up to =5~ (the hypoelliptic counterpart of the parabolic homogeneous

dimension &) nor in our framework nor in the one of [118]. See [9,91] and the references
therein for further information on this fact in the parabolic and hypoelliptic setting, respec-
tively. Hence, the proof of such classical results for functions simply belonging to space W
would provide us with the necessary tools to carry out an elegant study of the weak regularity
theory, that would also be independent of the structure of the operator .£ appearing in (4.1.1)
and more specifically on the lower order coefficients b and c.

A first step towards this direction is represented by our extension of two interesting tools,
which may be considered among the main novelties of this chapter: a weak Poincaré in-
equality (Theorem 4.4.1) for functions u € W; the Ink Spots Theorem (Theorem 4.A.1 in
Appendix 4.A) on RY equipped with the non-Euclidean geometry introduced in Section 4.2.
The Poincaré inequality stated in Theorem 4.4.1 is called weak because it allows us to es-
timate the L? norm of the function with respect to a certain error, which replaces the role
of the mean in our framework. Nevertheless, it provides us with enough information to con-

clude our argument and, differently from the one proposed in [118], it holds for functions
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belonging to W. Hence, it is not subjected anymore to the structure of .£. As far as the Ink
Spots Theorem is concerned, it allows us to recover a spreading of positivity result from a
measure-to-pointwise estimate when used in combination with a suitable covering argument
(see Appendix 4.B). The proof we propose in Appendix 4.A of this result is an extension of
the one proposed by Imbert and Silvestre in [59] for a Lie group structure of step 1. We also
complete our analysis by proving a Lebesgue differentiation theorem and introducing a family
of cylinders suitable to carry out a covering argument in our setting (see Appendices 4.A and
4.B).

Since the structure of the newly introduced space W differs from the space of “strong”
weak solutions considered in the existing literature, also the already established results (such
as the Moser’s iterative scheme) need to be analyzed again under this new light. Moreover,
whenever the method allows it, we carry out a quantitative analysis explicitly computing the
constants involved in our analysis. For these reasons, in the forthcoming sections all of the

computations are explicitly stated providing the reader with a self-sufficient analysis.

4.1.3 Outline of the chapter

In Section 4.2 we recall some known facts about operators . and we state some preliminary
results. The proofs of some intermediate theorems (a Sobolev-type and a Caccioppoli-type
inequality), together with the Moser’s iterative method, are presented in Section 4.3. Section
4.4 is devoted to the proof of a weak Poincaré inequality. In Section 4.5 we derive the weak
Harnack inequality by combining the expansion of positivity and a covering argument known
as Ink Spots theorem, whose proof is contained in Appendix 4.A. Moreover, in Section 4.6,
we derive our main results Theorem 4.1.3 and Theorem 4.1.4 . Finally, in Appendix 4.B we

state a technical lemma regarding stacked cylinders.

4.2 Preliminaries

Since % is dilation-invariant with respect to (9, ),>0, also its fundamental solution I' is a
homogeneous function of degree —@Q, namely I" satisfies (1.1.34). This property implies a LP

estimate for Newtonian potentials (see for instance [45]).

Theorem 4.2.1. Let a € (0,Q+2) and let G € C(RNT1\{0}) be a 6,—homogeneous function
of degree a — Q — 2. If f € LP(RN*Y) for some p € (1,+00), then the function

Gyplz) = G(C™" o 2) f(Q)dc,

RN+1

is defined almost everywhere and there exists a constant ¢ = ¢(Q,p) such that

1Gs s < ¢ max |G |lzo@ren,

llzllx=1
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where q is defined by
1 1 o

g p Q+2

Now, we are able to define the I'—potential of the function f € L} (RN*1!) as follows

e = [ TEONQOG,  2eRM, (1.2.1

We also remark that the potential I'(D,,, f) : RV*! — R™0 is well-defined for any f €
LP(RN+1) | at least in the distributional sense, that is

P(Dmef)(2) == | DRIT(z6) F(€) d,
RN+1
where D%gf‘(x,t,fﬁ) is the gradient with respect to &;,...,&,,. Based on Theorem 4.2.1,
we derive the following explicit potential estimates by substituting o« = 1 and @ = 2 when
considering the I'-potential for f and Dgf, respectively. For the proof of this corollary we
refer to [32,99].

Corollary 4.2.2. Let f € LP(Q,). There exists a positive constant ¢ = ¢(T, B) such that

[T Loy < el fllzecan (4.2.2)
IT(Dimg )| 22+(00) < €llf e (20 (4.2.3)
wherezizz%—ﬁ andﬁ:%—ﬁ_

Lastly, we show that it is possible to use the fundamental solution I" as a test function in the
definition of sub and super-solution. The following result extends [99, Lemma 2.5], [32, Lemma
3] and [9, Lemma 2.6] to the functional setting WW.

Lemma 4.2.3. Let (H1)-(H2) hold. Let ¢ € LY(Y) and b € (L1(Q2))™ for some q > %
and let f € L?(Q2). Moreover, let us assume that divb > 0 in Q. Let v be a non-negative weak
sub-solution to Lv = f in Q. For every ¢ € D(Q), ¢ > 0, and for almost every z € RN*1,

we have
/Q —(ADv, D(T'(z,-)¢)) + I'(z,-)pYv + (b, Dv)T'(2, ) + cvI'(z,- ) — T'(z, - ) f > 0.

An analogous result holds for weak super-solutions to Lu = f.

Proof. For every € > 0, we set

Pe(z,¢) = 1= xee ([IC 1 o 2]) (4.2.4)

98



CHAPTER 4. DE GIORGI-NASH REGULARITY THEORY

where y,, € C*°([0,400)) is the cut-off function defined by

0 ifs>r , 2
(8) = ’ - o < —, 4.2.5
X/L() {1’ lfOSSSp, |Xp,’—r_p ( )

with 3 < p <r < 1. As v is a weak-sub-solution, for every € > 0 and z € RV*!, we have
0 < —1(2) + Fa(2) = Ioe(2) + Lae(2) + To2) + Lo (2)
where
hee) = [ [(ADv. DT, e, Q)
Bee) = [ [Pl ) (~(AD0, D) + oY 0O
Bel®) = [ [(ADv, Dic(e, Doz, )C)dG
Ielz) = [ (. DU el (O
e) = [ [l (e v, MO
Ioclz) = = [ [P vz, ) A(QG,

Keeping in mind Corollary 4.2.2, it is clear that the integrals that define I; .(2), i = 1,2, 3 are
potentials and therefore convergent for almost every z € R¥+1. Thus, by a similar argument

to the one used in [99] in the proof of Lemma 2.5, we infer that for almost every z € RV*!

lim Do) = [ [(ADeDIGORIQOAG T Thul2) =0
lim Facl2) = [ [M(e ) (—(ADv. D) + oY D))

where the passage to the limit for the term I . is possible thanks to Remark 4.1.1 combined
with the Lebesgue dominated convergence theorem.
We now take care of the term I,.. Integrating by parts and taking advantage of the

assumption divb > 0, we obtain

Lio(z) = — /Q (divbT(z, Yooz, Yol (C)dC — / (6. D (D(z, ot (2, ) 0] ()¢
<- /Q (b, D (D2, Yoo (2, ) v]()dC

We are left with the estimate of a potential and therefore we exploit once again Corollary
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4.2.2. Since we have b € (L9(Q))™ and v € L*(Q), we get
Dz, )lll[bl| Dv| € L**(2),

where

9(Q+2) . . Q+2
q(Q—2)+2(Q+2)>1 if and only if q> 5

Hence, |(b, D (T(z, -)pve(2,)))v| < |(b, D (T(z,-)¢))v| € L*(Q). Thus, the Lebesgue conver-

gence theorem yields

o= alg) =

e—0t e—0t

_ /Q [(b, DT (2, )] (C)dC.

lim Iy.(=) = lim — /Q (b, D (T2, Yoz, ))) w)(O)dC

Similarly, we can estimate the term I5 . noting that |c||[v]|['(z, -)||¢| € L**(2) with « as above.

As a consequence, we have

ICUF(Zv ')Wﬁs(zv )| < ’CUF(Z, )90’ € Ll(Q)7 thus lim+ [5,5(2) = /Q{CUF(Zv )cp](C)dC

e—0

Now, we are left with the estimate of term I ., which is again a I'-potential such that

(2, )lellf] € L(9),

where kK = % Thus, we infer |[(z, )ove(z, ) f| < |U(z,)ef| € LY(). Therefore we

conclude the proof by applying the dominated convergence theorem to Ig.(2). O

We conclude this section by recalling the following lemma, for the proof of which we refer
to [32, Lemma 6].

Lemma 4.2.4. There ezists a positive constant ¢ € (0,1) such that
20 Qzr—p) € Qr, forevery0 <p<r<1 and z¢c Q,. (4.2.6)

Remark 4.2.5. We recall that for every cylinder Q,(z) defined in (4.1.12) there exists a
positive constant ¢ [117, equation (21)] such that

By, (3") % By () x ... % Byac (30”) x (to — 1}, to]

C Qr(20) C Bry(2) x Bg(af) x ... x Bawna (2) x (to — 13, 1],

where r; = r/¢ and ro = ¢r. From now on, by abuse of notation we will sometimes consider

the newly introduced ball representation instead of the definition of cylinder in (4.1.12).
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4.3 Local boundedness for weak solutions to Zu = f

This section is devoted to the proof of the local boundedness of weak solutions to (4.1.1).
As pointed out in Section 4.1, we provide the reader with the full computations because the
functional framework considered here is weaker than the one proposed in the already existing
literature, see [9,32,99,118].

The procedure we follow here was first introduced by Moser in [88] and it is based on
the iterative combination of a Caccioppoli and a Sobolev inequality. When dealing with the
classical uniformly elliptic and parabolic settings, the Caccioppoli inequality provides us with
an a priori estimate for the L? norm of the complete gradient of the solution in terms of the
L? norm of the solution. This allows us to consider the classical Sobolev embedding to obtain
a gain of integrability for the solution.

This is not the case when dealing with operator (4.1.1). Indeed, the degeneracy of the
diffusion part allows us to estimate only the partial gradient D,,,u of the solution to Lu = f
(see Theorem 4.3.4). In addition, according to our definition of weak solution, u does not lie
in a classical Sobolev space. In order to overcome these issues, we adopt a technique based
on the representation of a solution u to Zu = f in terms of the fundamental solution I' (see
(1.1.31)) of the principal part operator %p. Indeed, following the idea presented for the first
time in [99] and later on applied in [9,32, 118], we have that if u is a solution to Zu = f,
then

Lou= (L —L)u+ f=divy, (I, — A) Dipou) + f. (4.3.1)

Hence, as pointed out at [99, p. 396], it seems quite natural to consider a representation
formula in terms of the fundamental solution of the principal part operator %y ”/...] since the
classical Sobolev inequality can be proved by representing any function u € H' as a convolution

with the fundamental solution of the Laplace operator.”

Theorem 4.3.1. Let zg € Q and 0 < § < p <1 <1, be such that Q,(z) C Q. Letu be a non-
negative weak solution to Lu = f in Q under assumptions (H1)-(H2)-(M). Then for every
p > 1 there exists two positive constants C' = C (p, \, A, Q, || b | (0, zo))> | € 129(0.(20))) > SUCK

that C
sup uj < —MHUJ?HN(QT(%))’
Q(20) (r—p)?

where B = 13, q introduced in (M) and w := u + |[f|1a(gn). The same statement holds
true if w is a non-negative weak sub-solution to (4.1.1) for p > 1; if u is a non-negative
weak super-solution to (4.1.1) for 0 < p < % In particular, by choosing p = 1, for every

sub-solution to (4.1.1) it holds

sup u <

C
Qp(ZO) T — p

(—w (lull oo, zo)) + I1f11Lacen) »
B

In literature, we find various proofs of the Moser’s iterative scheme for a Kolmogorov
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operator of the type .Z, see for instance [32,99, 118]. Nevertheless, the functional framework

proposed in those works is stronger than ours.

Remark 4.3.2. Theorem 4.3.1 holds true under the assumptions of [118], see Subsection
4.1.2. In particular, in this case, the constant « is replaced by o = 1 + %, that was firstly
obtained in [99]. This is due the fact that the Sobolev inequality, Theorem 4.3.3, holds true
with a greater exponent if we assume more integrability for the coefficient b. Thus, this allows
us to obtain the local boundedness for weak solutions to Zu = f with lower integrability for
cand f,ie. ¢, f € L1(Q), with ¢ > %

Finally, Theorem 4.3.1 holds true also for weak sub and super solutions, but not for
the same values of the exponent p. This is due to the technique adopted for the proof
of the Caccioppoli-type inequality (Theorem 4.3.4), see also [99, Remark 1.3], and it is a
classical feature of all the local boundedness results appearing in the existing literature, see
for instance [99,118].

4.3.1 Sobolev-type Inequality

This subsection is devoted to the proof of a Sobolev-type inequality for weak solutions to
Zu = f. Our approach is inspired by the paper [99] and allows us to construct an “ad hoc”
Sobolev embedding for weak solutions to Zu = f by overcoming the difficulties due to the
degeneracy of the second order part of .. However, the disadvantage of this method is that
we are forced to lower the Sobolev exponent, that in our case depends on ¢ and it is defined

as

_ (@ +2)
9(@—2)+2(Q+2)

Q

(4.3.2)

We remark that the following statement holds true under lower integrability assumption than

the one required in (H3).

Theorem 4.3.3. Let (H1)-(H2) hold. Let c € L), b € (LU(Q)™ for some q > L2 with
divb > 0 and let f € L*(Q). Let v be a non-negative weak sub-solution of Lv = f in Q.
Then there exists a constant C = C(Q,\,A) > 0 such that v € L**(Qy), and the following
inequality holds

r—p+1
I i@ <C (110 lin@rn + L0 ) I Dt e +

p+1

C q 2 Z C 2
+C (I el +omms) 1o iy +€ 11 F iz

for every p,r with 3 < p <r <1 and for every zy € 0, where a = a(q) is defined as (4.3.2).

The same statement holds for non-negative super-solutions.

Proof. Let v be a non-negative weak sub-solution to Zv = f. We represent v in terms of the

fundamental solution I'. To this end, we consider the cut-off function x,, defined in (4.2.5)
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for % < p <r < 1. Then, if we consider the test function

(1) = Xp (I (2, 2) 1)), (4.3.3)

the following estimates hold true

C C X
angpwipy 10,0 < —— for j=1,...,mq (4.3.4)

T—p

where ¢, ¢; are dimensional constants. For every z € Q,, we have

sz):1W(Z)::/;.KL%IXU¢%IHXZV»__FC%JYXU¢”(CﬁKg) (4.3.5)

= Io(2) + I (2) + I2(z) + I3(2)

where
o) = [ (0000 O+ [ el @ [ G0
1) = [ (@D, DIG) O~ [ [P0 el Qe =1+ 17
B(2) = [ (o = D0 DY DA~ [ [P ADe, DY O
() = [ (D0 DG O — [ (0. ¥ol O

- [ DG e - [ e @dc [ D
Since v is a non-negative weak sub-solution to Zv = f, it follows from Lemma 4.2.3 that
I3 <0, then

0<wv(z) < Iy(z) + L1(2) + I2(2) forae. z€ Q,.

To prove our claim is sufficient to estimate v by a sum of I'—potentials. We start by estimating

Iy. In order to do so, we recall that

q 2
(b, Dv), cv e L*#2 for b,c € LY, q>QJr and v € L2

Thus by Corollary 4.2.2 we get
L% (b, Dv),T * (cv) € L**,

where o = a(q) is defined in (4.3.2). In addition, for f € L?, we have

Q+2
K= ——

r L% .
* [ e L™, 02
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Observing that x > «, we obtain that I x f € L?** and therefore

| T0(C) [Iz2e0,) < T # ((b, Dinv)h) + T % (cvy)) || p2e(o,y + | T % f || 2200,
< C - (b Izl Dmov llz2cyy + || € laanll v lzzeany + 11 f llL2e,)) -

We now deal with the ;. I] can be estimated by (4.2.3) of Corollary 4.2.2 as follows

C
11 [z < O Nl 1 Iz (@) < €l vDmg [l r2ven < el () ICRE
where the last inequality follows from (4.3.4). To estimate I{ we use (4.2.2)

| 2 oo,y < C I Ml o< meas(Qo)7 < I 1Y (o)

C
< O Y 2 1 < D — 2 .
<O | vYY || 2@y < =) | v 20,

We can use the same technique to prove that

1
I 2l < € (14 -2 ) 1 Doz,

for some constant C' = C(Q, A\, A). A similar argument proves the thesis when v is a super-

solution to Zv = f. In this case we introduce the following auxiliary operator
Ly =Dy + Y, Y = —(x, BD) — 0, . (4.3.6)

Then we proceed analogously as in [99], Section 3, proof of Theorem 3.3. O

4.3.2 Caccioppoli-type inequality

As a second step, we prove a Caccioppoli-type inequality for powers of non-negative sub-
solutions to .Zu = f. In order to introduce the auxiliary function u; that will play a relevant
role in the proof of the Moser’s iterative scheme, we hereby report the complete proof of this

result, which can also be found with zero right-hand side in [9, 32, 99].

Theorem 4.3.4. Let (H1)-(H2)-(M) hold and u be a non-negative weak sub-solution to
Lu=finQ,, with0<p<r<1. Foranype (%, +00) such that uP € L*(Q,) the following

estimate holds

2p —1 1 p A

2 o 2
MDmelcy < (2 3 + s ) It ica

€o
(2 b0 + el +2 ) 1t e,

where w = u+ || fllro(o,), B=8(q) = ;L. and co, c1 are defined in (4.3.4).
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Proof. Let us consider 0 < p < r < 1 and the test function ¢ introduced in (4.3.3). The idea

is to test the definition of weak sub-solution (4.1.9) against the test function

_ 1
‘P:P¢2U12p 17 with p > 5 and u; == u + 1,
where [ > 0 is chosen such that | = || f||za(o,). For the sake of clarity, from now on we assume

u is a bounded weak sub-solution to (4.1.1) such that v € C2°(Q,). This assumption is not
restrictive thanks to the definition of the space W and if u where not bounded, then we would

consider the test function

o= pwzu%’wl, where w3y = min{u;, M} and let M go to infinity.

Hence, we test (4.1.9) against ¢ as defined above:

/T(ADu,Dcp) §—/TuY(p + /T<b,Du)<p + /QTcwp — /ngo . (4.3.7)

A Y

We begin estimating the boxed term A:

/ (ADu, D) = p(2p — 1) / (ADu, Dug)u;* %92 4 2p / (ADu, DY)yu;"" "

T

2p — 1
=222 [ (ADuf, Dufy? 2 [ (ADuE DO
2p—1 P22 p p
> 5 A [Dpgup[F® =2 . [(ADuy, D) |uvp
2p—1 PI2.,2 P2 1 2|, |2
Z A |Dmoul| w _AEI |Dmoul| ¢_ - |Dmow‘ ’ul| w
P 0, - €1 Jg,

where in the first line we considered Du; = Du; in the third line we applied (H1); in the last
line we employed Young inequality with £; > 0 that will be chosen later on.

Next, we proceed by estimating the boxed term Y:

1
—/ uY'p ——p/g uY (" 1%/12)—5/ Yy

Y

__/Qr WYY < G p)HulHLer)

where we integrated by parts and we applied estimate (4.3.4) for the derivatives of the function

1. As far as we are concerned with the term B:

/ . Due

:p/T<b Dug)p?u?™! %/T@, Du;?yy?

B

1
= _i/gr dlvbulp¢2 / (b, D¢>U12p¢

T
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€o

<_ / {0 Duy < 2l

“ﬂﬁ:w(gr)

where we applied assumption (M), Holder’s inequality and we defined f := qi Lastly, we

71 .
are left with he estimates of the terms C and F":

2p—1 2
/ cup Sp/ lelul?u;” Sp/ el < pllellzaen ||u§)’|%2ﬂ(gr)

ol Q’!‘ QT‘

2p—1 2
— [ fe Sp/Q | flu "™ P :P/Q Crup"? < pllCyllLacan 4] 7250,y < Plluf 7200,

o |y
where we set C; = W so that we have % < Cr and |Cf|zs(o,) < 1. By choosing
€1 = %%, we conclude the proof. O

4.3.3 Proof of Theorem 4.3.1

First of all, we consider a weak solution u to (4.1.1) and without loss of generality we assume
29 = 0. As in Theorem 4.3.4, we set u; := u+1 = u+ || f| £e(g,) and we remark from now on,
[ needs to be regarded as a constant. Our aim is to show there exists a positive constant ¢

only depending on ¢, @, A and A such that

C
sup ;< ————zz [[u7[|o (2, (4.3.8)
% (r—=p) 7

To this end, we show that it is sufficient to prove that

supwy < cif|ugl|zs0y), (4.3.9)

Q1
2

where ¢; is a constant not depending on 7. We briefly explain how to infer (4.3.9) from (4.3.8)

and we refer to [32] for further details. Indeed, by Lemma 4.2.4, if we set § = C'(r — p) we
obtain that (4.3.8) is equivalent to

ol

Q+2
2

sup vP <
9
2

B
a5z [V lloc))- (4.3.10)

>

Then, we recall that if ug is a solution to Zw; = (f + ¢l) and 6 > 0, then we have that
v = 1wuo 8+ [ solves L% = f0 + Pl in Qy, see [32], where

L = L% (0(2)) = (div(A’Du) + (B, Du) — dyu + 0, Du) + 0%cu) (2),

with A%(2) = A(6(2)), B? = 6’2DgBD%, b (2) = 0b(0g(2)) , (2) = 0%c(0g(2)), fO(2) =
62 f(6¢(z)). Hence, by performing the change of variable w(¢) = v(z 0 dg(¢)), with ¢ € Qy, we

106



CHAPTER 4. DE GIORGI-NASH REGULARITY THEORY

imply (4.3.9).
We are now in a position to address the proof of (4.3.8). First of all, if we set % = p and

r = 1, the following estimates hold

1 < 1 1 < 1
(o(r=p)? (r=p) ~ (= p)" Plr=p) = (r=p)" (43.11)
1 o1 2 < 1 _
(pr=p))* ~ (r=p*" 7 (r=p)?

Combining Theorems 4.3.3 and 4.3.4 for a non-negative sub-solution u, we obtain the following

estimate. If s > 1, 6 > 0 verify the condition
1
— =>4
‘S 2‘ =
then we have
| uf lz2e(0,)< C (5,0 A, Q110 llLacany | € llzaceny) I uf lz2e(a,), (4.3.12)

where C is a positive constant that we estimate as follows

-~ K()‘aA’Q’ H b HLq Qr aH c ||Lq Qr )\/g
0(37 )‘7A7 Q7 || b ||Lq(Qr)7 || c ||Lq(Q7‘)) S (7" _( p;Q Q) )

(4.3.13)

thanks to (4.3.11). Then we set v = u/. Fixed a suitable § > 0, that we will specify later on,
and a suitable p > 1 such that

A 1‘

~ (=] —=|>20 N 4.3.14

2(5) -3z wmenvp), (43.14)
we iterate inequality (4.3.12) by choosing

1 1 a\" p
— |1+ = =(=1] = .
Pn 2(—1—2”)7 Pn (5) 5 n € NU{0}

Thus, by combining (4.3.12) and (4.3.13), for every n € NU {0} the following holds

ayn K )\ A b q 3 q ayn
O KON Q1 flrson, I € llzs(en) vP 10" o s -
(Qpn+1) (p _ p +1)2 L (Qpn)

From now on we denote K = K (p,\, A, Q, | b |lze0,), || ¢ |ze(0,)). Since

P (RS R B P P (P I El
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we are able to rewrite the previous estimate in the following form for every n € NU {0}

I
~—
3

K.\/p o
1ol ey g 1= (s ) “(5)" 0
LVE) (Qppin) (Pn = Pns1) L7AP) (Qpn)

Iterating this inequality and letting n go to infinity, we get

+oo BYJ
supv < K || v |50, where K =]] [K\/mw’m)}(u)
7=0

P

is a finite constant, since the product over j corresponds to a converging series, only depending
on universal quantities @), and ¢g. This proves inequality (4.3.9) for p satisfying condition
(4.3.14).

We now make a suitable choice of § > 0, only dependent on the homogeneous dimension
(), and on ¢ in order to show that (4.3.14) holds for every p > 1. We notice that, if p is a

number of the form
D —1(g>m<g+1> m € 7
m 2 B ﬁ ) )

then (4.3.14) is satisfied with the following choice of § for every m € Z

a—p3

0= 33

Therefore (4.3.9) holds for such a choice of p, with K only dependent on @,q, A, A and
|0 llzaco,)s |l ¢ |ze(a,)- On the other hand, if p is an arbitrary positive number, we consider
m € 7Z such that

Pm <P < Pm+1

and conclude the proof thanks to the monotonicity of the LP means, see for instance [99].

Hence, the proof is complete. O

4.4 Weak Poincaré inequality

This section is devoted to the proof of a weak Poincaré inequality (see Theorem 4.4.1) for
functions u € W. As one immediately understands, this Poincaré inequality is independent
of the equation Zu = f and only relies on the structure of the space WW. Its importance lies
in the fact that it is a crucial tool in the proof of the Harnack inequality (see Theorem 4.1.3)
and of the local Holder continuity (see Theorem 4.1.4) of a solution w to (4.1.1). In order to

state our result, we first need to introduce the following sets

Quero = {(w,t) t|l2j] <n™,j=1,...,N,—1—n* <t < —1}, (4.4.1)
Qewt = {(z,1) : |7j| <2%%R,j=1,...,N,—1—n? <t <0},
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where R > 1, n € (0,1) and the exponents «;, for j = 1,..., N, are defined in (1.1.18).
Thanks to Remark 4.2.5, Q.cro and Q.y¢ are completely equivalent to (4.1.12), but in this
form they are more convenient for the construction of the cut-off function 1 introduced in

Lemma 4.4.3. Now, we state our weak Poincaré inequality.

Theorem 4.4.1 (Weak Poincaré inequality). Let n € (0,1) and let Q.cro and Qeqt be defined
as in (4.4.1). Then there exist R > 1 and ¥y € (0, 1), that only depend on Q) and n, such that
for any non-negative function uw € W such that u < M in Q1 = By X By x ... x By x (=1,0)

for a positive constant M and

1
|{u = 0} N Qze’ro 2 Z ’Qzerol 9 (442)
we have
[(w = DoM)+llz2(01) < Cp (I Dmottll 2 () + 1Y ull z25-1(0000)) » (4.4.3)

where C' > 0 s a constant only depending on Q).

Figure 4.2: Geometric setting of the Poincaré inequality (in the kinetic case).

t
Qezt

Q1

QZST‘O

(y,v)

The notation we consider here needs to be understood in the sense of (4.1.7). In particular,
we have that L2H ~(Q.y) is short for

L*(Bysg X ... X Byzerig x (=1 —0*,0], H 3 (B2r)), (4.4.4)

where we split x = (:E(O), AN ,x(”)) according to (4.1.6).

A Poincaré inequality was already introduced by Wang and Zhang specifically for strong
weak sub-solutions of ultraparabolic equations, i.e. v € L2H" and Yu € L?, in the preprint
[116, Lemmata 3.3 and Lemma 3.4] and the corresponding lemmata in [117]. This statement
differs from our weak Poincaré inequality in three substantial aspects. First, the result we
present here holds true for function u belonging to the space W, and thus does not require
the additional assumption for u to be a weak sub-solution to (4.1.1). Secondly, in our setting
the transport operator Yu is merely assumed to be in L2H~!. Finally, the proof we propose

here differs from the ones in [116,117], as we avoid using repeatedly the exact form of the
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fundamental solution of .Z and exploit arguments closer to the classical theory of parabolic

equations (developed, for instance, in [76]).

In order to prove Theorem 4.4.1, the idea is to first derive a local Poincaré inequality in
terms of an error function h defined as the solution to a suitable Cauchy problem. We then
explicitly control the error function h through the L> norm of the function u (see Lemma
4.4.4). This allows us to forget about the equation under study and to obtain a purely
functional result. Since in the definition of our functional space W only the partial gradient
D,,, and the Lie derivative Y appear, we are allowed to work with the following Kolmogorov

operator

N
.,%u (x,t) 262 u(z,t) Z bijx 0, u(z,t) + Opu(x, t), (z,t) € RN T
ij=1
= —Apyu(z,t) + Yu(z, t),

(4.4.5)

with zero first order terms and constant coefficients. Thus, following an approach similar to
the one proposed in [51, 116], the error function h is defined as the solution to the Cauchy

problem

{ Soh =uSy,  in RN x (—p2,0) (4.4.6)

h =0, in RN x {—p?}
where %, is the operator defined in (4.4.5) and % is a given cut-off function.

Lemma 4.4.2. Let Q.. be as defined in (4.4.1) and let 1 : RNTY — [0,1] be a C* function,
with support in Qeyr and such that Y =1 in Q1. Then for any u € W, the following holds

1(w—h)llr2c0) < C (1 Dmotull 200,00y + 1Y ull 225-1(0.0)) (4.4.7)

where h is the solution to (4.4.6), C is a constant only depending on |p?| and || Dimg|| 1o (Q,..)»

and the notation we consider needs to be intended in the sense of (4.4.4).

This local weak Poincaré inequality is an extension to operator .Z and to space W of the one
proved in [51] and a simplification of the one proved in [116,117]. Moreover, the result holds
true for any cylinder of the form Q.,s = Bgr, X ... X Bg, x (—p?,0], provided that Q1 C Oyt
The proof of Lemma 4.4.2 is mainly based on the properties of the principal part operator

% and of W.

Proof of Lemma 4.4.2. Asu € W, Yue L2H ! and therefore, in virtue of Remark 4.1.1,
there exist Hy, Hy € L?(Qeyt) such that

Yu = divy,, Hy + Ho, (4.4.8)

with |[Hollz2(0..0) + |1 H1ll22(0.0r) < 2|Yul|f2-1. Thus, the function g := ug satisfies the
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following equation in the sense of distributions
Zog = uLyth + dive, Hy + Hy, in D'(RY x (—p%,0)),

where Hy = (Hy — Dp,u)y and Hy = Hop — (Hy, Do) — (Dyngth, Do), Thus, owing to
(4.4.6), we obtain

Zolg —h) = divm, Hy + Hy = H, in D'(RN x (—p*0)). (4.4.9)

Now, choosing 2(g — h)1? as a test function in (4.4.9) and integrating on the domain D =
RN x [—p?, 0], we get

/ Dyno(g — R))[2 0% + / (g — ) (D (9 — B) 1), Doy (1)
D A
n 2/D<g—h>+w Fllg-n) - 2/D<g—h>+w Do |
- Q/D(g—h)+¢2HoD:0~
(4.4.10)

We estimate the boxed term A by applying Young’s inequality and choosing ¢ = 1. As far as

we are concerned with the boxed term B, we rewrite it as

2 [ (9= 1T ((g = ) | — [ Tl - 1)+ [ oo -

- / [ Th((g — h)2)
/ (g — h)202) — (g — h)2 0, (42

~ [ =127 + [ ata—mied),

where in the first line we defined }70 = (Bx, D), in the second line we used the equality
(g —h)2)? = 0 ((g — h)2?) — i (¥?)(g — h)?% and in the third we integrated by parts the
term involving Y. Finally, we take care of the boxed term C' and D using Young’s inequality

as follows

2 [ (9= 10Dy 1] =2 [ (Dul(g = 1)), )

C

1 1
§||¢Dmo<9 h) 4 llZ2py + 5“(9 — h)4 Do ® |72y

+ 1O’|H1Hi2(D)
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_ 1 . -
2 [ (=0 Bo| <200 =Bl + oI ol
D

Combining the previous estimates, for every T € (—p?,0) and € > 0 to be chosen later,
we rewrite (4.4.10) as

T N
/ Ai((g — )2 >dmdt+2/ Do (g — )42 42 +/<g B2 Y (u?)
Dol = )9l + 1012y + 2200 = )+ oy + o ol

We now apply the fundamental theorem of calculus to the term involving the time derivative

and we infer

N ~
/ (9 — B2 42) (. T)da + 2 / Do (9 — 1)1 202 + / (g — W2V (4?) (4.4.11)
R

1 -
< SIDmo(g = W)+l 72 (py + 1011 HL T2 ) + 2€ll(g = R)+1l72(p 2_€||H0||%2(D)'

DO | =

We then integrate in T from —p? to 0 and we obtain

(g — h>+w|r%2 (4.4.12)
2
p _
< ——p 1 Do (g = h) 4172y + 107 Hill72( ) + 20l (g = h) 41 72p Q_EHHOH%Q(D)

< 10p° | HullZ2(py + 20°¢ll(9 — B) 1 1720y + 2—€||H0“%2(D)7

as (g — h)4+ equals (u — h)4 and )7(1/12) equals 0 in Q7. In addition, the following estimates
hold

|1 Holl 20y < 1 Holl22(000r) + 1 Pmo®llLoo(00nr) ([ PmotillL2(00nr) + 1H1llL2(000r)) s (4.4.13)
| Hi1ll 220y < 1 H1ll22(0000) + 1 Pimotell £2(000)-

By combining (4.4.11), (4.4.12) and (4.4.13) and choosing ¢ = ﬁ the claim is proved. O

Given the local Poincaré inequality proved in Lemma 4.4.2, we just need to estimate
the error function h defined in (4.4.6) in order to complete the proof of Theorem 4.4.1. In
particular, our aim is to show that the error function h is bounded from above by 99 M, where
Yo € (0,1) is a constant only depending on @, A and A. In order to prove this result, we
first need to explicitly construct an appropriate cut-off function, that differs from the one
considered in [51, Lemma 3.3] due to the more involved structure of our drift term Y. We
observe that our construction of the suitable cut-off function is constructive, in contrast with
the one proposed in [51]. More precisely, the cut-off function used in [51] is obtained as
the product of three smooth functions that are not constructed explicitly but have the right

dependency on velocity, space and time. However, in our case, it is necessary to explicitly
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contruct the smooth functions in the aforementioned product to make sure that the obtained
cut-off function behaves nicely when applying the Lie derivative Y. This is the reason why
we consider rather convoluted smooth functions in the proof of Lemma 4.4.3 (see (4.4.15) and
(4.4.16) below).

Lemma 4.4.3. Given n € (0,1] and T € (0,7n%), there exists a smooth function 1y : RY x
[—1—n%,0], supported in {(x,t) : |x;]| <2%,5=1,...,N,t € [-1—n%0]}, equal to 1 in Q,
and such that the following conditions hold

171/11 >0 everywhere

~ (4.4.14)
Y >1 ifte(—1—-n*-1-T].
Proof. Let us consider the cut-off function y; € C*°([0, +00)) defined by
0 if s > 2
s) = ’ 2’ 1 <0, 4.4.15
x(s) {1, fo<s<C+1, 7 (4.4.15)
where C' > 1 is a constant we shall specify later on.
Now, we introduce a second cut-off function y, € C°(RN*!) defined as
N 293?
x2(x,t) = x1 Z -Ct], (4.4.16)

22a]’\/§

J>mo

which is supported in Q. and equal to 1 in Q.
Finally, we consider a smooth function ®, : [-1 —n? 0] — [0, 1] equal to 1 in [—1,0], with
®,(0)=1,®, >0in [-1—n? 0] and ®, =1 in [-1 — n?, —1 — T]. We are now in a position

to define the cut-off function ¢, as follows

wl(xv t) = Xl(H(xh s ﬂxmo)HK)XQ(xv t)q)t(t)'

We only have to check that conditions (4.4.14) hold, as the other desired properties immedi-

ately follow from the definition of 4/;. To this end, we compute the following derivative

N
YXQ = Xll(()) — Z Z 2xibijxj2_2o‘f_1/2 - C y

i=1 j>mgo

2
2:(:]-

where (...) denotes (Zj\f:mo Vo C’t). It can be shown (see [117, Lemma 3.2]) that there
exists a constant C' > 1 such that

N

c> Z Z 2Iibij$j272arl/2 ;

i=1 7>mo
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for every (z,t) € Q. Thus, with such a choice of C' and keeping in mind that ®, > 0 in
[—=1—n2%,0l and ®, =1 in [-1 — n?, —1 — T, we have

Y =x1®: Yxo2 + x1 x2® >0 everywhere,

Vi =x1 P Yxa+x1x2® >1 ifte(—1—n%—-1-T]

O

Thus, we are now in a position to state and prove the following result regarding the control
of the localization term h defined in (4.4.6).

Lemma 4.4.4. Let n € (0,1] and let Qeyt be as defined in (4.4.1). Then there exist R =
R(Q,n) > 1,90 = 9(Q,n) € (0,1) and a C*> cut-off function i : RN+L — [0, 1], with support
i Qezt and equal to 1 in Qp, such that for all w € W non-negative bounded functions defined

on Qeyt and satisfying

1
‘{’LL = O} N Qzero| 2 Z |Qzero| y (4417)
the function h solution to the Cauchy problem (4.4.6) with p?> =1+ n? satisfies
h < ﬁOHUHL"O(Qem)v m Ql. (4.4.18)

Proof. We assume that u is not identically vanishing in Q.;. Indeed, if 4 = 0 in Q.4¢, then
h = 0 and inequality (4.4.18) is trivially satisfied. Moreover, we can reduce to the case of a
function u with L*°- norm equal to 1 by taking u/||u[|z=(g,..)-

We now fix T' = n? /8 and we introduce a time lap T" between the top of the cylinder Q..o
and the bottom of the cylinder Q. As |Q,ero N{t > —1—-T}| = é|Q26m| by definition of T,
inequality (4.4.17) yields the following inequality

1
|QeeroN{t < —1-=T}N{u=0} > ngzemL (4.4.19)
We now consider the cut-off function
Y(x,t) = ¥1(x/R, 1),

whew R > 1 is a constant we will specify later and 17 is given by Lemma 4.4.3. We observe
that, by definition of vy, ¢ is supported in Qg and equal to 1 in {(z,t) : |z;| < R,j =
1,...,N,t € (—1,0]}. In addition, it satifies

Lowb(a,t) = =R Apmgthr (xR, 1) + Y (2/R, 1),

We now consider the function h solution to the Cauchy problem (4.4.6). Thus, by definition
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of h, we have

I_—QUAmow(:c, £+ (u— DY (x,t).

Zoh—v) = —

We now rewrite the difference h — 1) as
h—v = Er — Pp, (4.4.20)

where Er and Pp stand respectively for error and positive term and are solutions in RY x

(=1 —n?,0) to the following Cauchy problems

LoEr = 2N (2, t),  in RN x (=1 —7?,0)
Er =0, in RN x {-1—-n?}

SoPr=(1—wY¥(z,t), inRY x(=1—n2,0)

Pr =0, in RV x {—1 -7}
Our aim is to show that there exist two positive constants C' = C'(Q,\,A,n) and 0y =
do(@, A\, A, n) such that

/
Er < Q and Pr > 0, in Q1. 4.4.21
R2

First, we focus on the term involving Er, and we remark that
!

(4.4.22)

where C' = || A, %1~ is a constant only depending on @, A, A and . We then obtain the
desidered estimate for Er applying the maximum principle.

As far as the term involving Pg is concerned, we recall that, owing to the definition of 1),
there holds }710 >1fort € (—1—mn%—1—"T). Moreover, as we restricted ourselves to the

case ||ulge(o.,,) = 1, we have 1 —u > 0. Thus, the following inequality holds true
FoPr>1z, inRY x (—1—1n2,0),

where [z is the indicator function of the set Z := Q..o N {t < =1 — T} N{u = 0}. Let us

now consider P solution to the following Cauchy problem

{,%P:HZ, in RN x (=1 —n2,0) (4423)

P =0, in RN x {—1—n?%}
Then, the maximum principle [21] for the principle part operator .:?0 yields

P < Pr, inRY x(—-1-n%0).
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As Q1 C RY x (=1 —n?2,0), the previous inequality implies in particular that P < Pg in Q.
Owing to (4.4.23), we represent P using the fundamental solution T of £y. More precisely,
there exists —1 — n? < Ty < 0 such that

O ~
Pat)= [ [ Flote izl e,

for every (z,t) € RY x (Tp,0). In particular, for every (z,t) € Qy, there holds

P(:c,t):/to/RN f(g;,t;f,T)Hg(é,T)dng:/f(x,t;g,T)dde

Z

> min F/dﬁdT
Q1 X Qzero z
n{t<—1-T}

= _min T [Quero N{t < =1 =T} N {u=0}
B

1 ~

— min I'|Q =0
01X Ozero ’ 267‘0‘ 0
N{t<—-1-T}

v

where in the last line we have used inequality (4.4.19). We remark that the fundamental
solution I is bounded from above and below by Gaussian bounds, see for instance [8, Theorem

1.6]. As a consequence,

and claim (4.4.21) is now proved. Using estimates (4.4.22) and (4.4.24) in (4.4.20), we finally
obtain
'’ ,
h§1—60+ﬁ, mn Q.
We now observe that for R large enough we have C’/R? < §y/2. Thus, setting ¥y = 1—5y/2 <
1, we get the desired inequality (4.4.18). O

We remark that the proof (and therefore the statement) of Lemma 4.4.4 remains un-
changed if we replace (4.4.17) with the less restrictive assumption [{u = 0}NQ.ero| = 70| Qzerol
for some constant -y such that 0 < v9 < 1.

Proof of Theorem 4.4.1. The proof follows immediately combining Lemmata 4.4.2 and 4.4.4.
O

4.5 Weak Harnack inequality

This section is devoted to the proof of a weak Harnack inequality, an intermediate result

necessary to prove Theorem 4.1.3. The approach we present here is an extension of the
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classical method proposed in [68] for the elliptic and parabolic setting, and later on followed
by Guerand and Imbert in [51] for the kinetic Kolmogorov-Fokker-Planck equation. This
approach is very convenient for the study of the weak regularity theory, since it only relies
on the functional structure of the space W and on the non-Euclidean geometrical setting

presented in Section 4.2.

Theorem 4.5.1 (Weak Harnack inequality). Let Ry and w be two given positive constants.
Let Q° = Bp, X Br, X ...x Bg, x (—1,0] and let u be a non-negative weak solution to Lu = f
in QD QY under assumptions (H1)-(H2)-(H3). Then we have

</ up>p <C (lélfu—l- HfHLQ(QO)) , (4.5.1)

where Q+ = BwXBw:; X.. .XBw2n+1 ><(—w2, 0] and Q_ = BwXBw:; X.. .XBw2n+1 X(—l, —1—|—w2].
Moreover, the constants C', p, w and Ry only depend on the homogeneous dimension Q) defined
in (1.1.17), q and on the ellipticity constants X\ and A in (4.1.2). Additionally, if the term c

is of positive sign, the statement holds true also for non-negative super-solutions to (4.1.1).

Remark 4.5.2. As in [51], the radius w is small enough so that when “stacking cylinders”
over a small initial one contained in Q~, the cylinder QT is captured, see Lemma 4.B.1. As
far as we are concerned with Ry, it is large enough so that it is possible to apply the expansion
of positivity lemma (see Lemma 4.5.8) to every stacked cylinder.

Finally, in order to carry out the proof of Theorem 4.5.1, we also require that the quantity
Ry/w is large enough. This condition is due to the fact that we want to apply the expansion
of positivity Lemma 4.5.10 to cylinders which are contained in @_ and therefore are of radius
smaller than w. To this end, we need to impose that Ry > Cw, where C' is a constant that

only depends on @, A and A and is explicitly computed in (4.5.16).

Remark 4.5.3. Differently from the weak Harnack inequality presented in [51], our statement
holds true in general for weak solutions and not for weak super-solutions, hence the claim
“Such a weak Harnack inequality can be generalized to the ultraparabolic equations with rough
coefficients” stated in [51, Remark 4, p.2] is only partially true. This discrepancy is due to the
presence of the lower order term cu in our analysis, which wasn’t considered by the authors
of [51]. Indeed, when ¢ > 0 we exactly recover the statement proposed in [51], but if we only
consider assumption (H3) we are forced to restrict ourselves to the case of weak solutions.
This is mainly due to the methodology we follow to prove the expansion of positivity, Lemma
4.5.8, which is based on our local boundedness result Theorem 4.3.1, that holds true when the

right-hand side is in L] , with ¢ > (@+2) " The extension of this result to weak super-solutions

2
to (4.1.1) without any sign assumption on the term ¢ will be the content of a forthcoming

paper.
The proof of the weak Harnack inequality is obtained combining the fact that super-
solutions to (4.1.1) expand positivity along times (Lemma 4.5.8) with the covering argument

presented in Appendix 4.B.
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We observe that, in contrast with parabolic equations, it is not possible to apply a classical
Poincaré inequality in the spirit of [87]. Indeed, in our case there is a positive quantity
replacing the average in the usual Poincaré inequality (see the statement of Theorem 4.4.1).
Moreover, the lower order term involving ¢ presents additional difficulties to the ones already
addressed in [51], see Remark 4.5.3 above. We circumvent these difficulties by establishing a
weak expansion of positivity result for solutions (respectively, for super-solutions when ¢ > 0)
to (4.1.1). More precisely, given a small cylider Qs lying in the past of Q; (see Definition
(4.5.6)), we show that the positivity of a non-negative (super-)solution u lying above 1 in a
“big” part of Qs is spread to the whole Q; (see Lemma 4.5.8). In other words, a positivity
in measure in a smaller cylinder Q,,, is transformed into a pointwise positivity in a bigger
cylinder Q.

First of all, we introduce a convex function whose properties parallel the ones of the less
regular function max(0, —In). Such a function was first constructed by Kruzhkov in [68] and

later used in [51,118]. For a proof of its existence we refer the reader to [118, Lemma 5.1].

Definition 4.5.4. Let G : (0,+00) — (0,400) be a non-increasing and C? convex function
such that

e G" > (G")? and G’ <0 in (0, +00),
e (4 is supported in (0, 1],

o G(t)~—Intast— 0",

e —G'(t)< 1 forte (0,3,

o G(t)=0fort>1.

Our first aim is to show that, given a non-negative weak super-solution u to (4.1.1), the

function G transforms it into a non-negative weak sub-solution to a suitably defined equation.

Lemma 4.5.5. Let ¢ € (0, ﬂ and u be a non-negative weak super-solution to (4.1.1) under
the assumptions (H1)-(H2)-(H3) in a cylindrical shaped open set Qeyt = Bry X Br, X ... X
Br, X (to,T] C Q, where R; > 0 fori =0,...,k. Then g :== G(u+¢€7), forv >0, is a

non-negative weak-sub-solution to the following equation:
div(ADg) + Y g+ (b, Dg) — A Dpmog|* = — ¥|cu — f|. (4.5.2)

Proof. We consider g = G(u+¢?), where G is the convex function defined above. In particular,
we have that |G'(u + £7)| < |G'(¢7)| < €77 as w is non-negative and G'(u + ¢7) < 0 by
assumption. For this reason, we test the definition of super-solution u against the function

¢ = —G'(u + £7) 1, where 1 is a non-negative test function belonging to D(f2):

/ (ADu, D(G'(u + €M) — V(G (u + 7))
Qext
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— (b, Du)(G'(u + ")) — cu(G'(u + 7))
<- [ 5@,

Qewt

Now, owing to Dy,,g = G'(u+€Y)Dpyu and Yg = G'(u+¢€7)Y u, we can rewrite the previous

inequality as follows:

/ (ADg, D)) =Yg ¢ — (b, Dg)tp + / (ADu, Du)G" (u + 7)1

exrt ext

< /cuG’(quE'y)iﬁ— / fG (u+ e

Qezt Qezt

Hence, we are left with the estimate of the terms appearing on the right-hand side. Let us

begin with the first one:

/(ADu,Du)G”(u—FsU@bZA /(Dmou,DmOu>(G'(u+57))21/z:)\ / | Dyo 9|20,

Qea:t Qe:ct Qezt

where we employed assumption (H1) and G”(u + €7) > (G'(u + £7))2. As far as we are

concerned with the second and third term, we observe that

/cuG'<u+ev)¢—/fG'<u+ev)w§ / lcu— FI|G (u+ e < e / lcu — flo,

Qezt Qeazt Qezt Qezt

where the right-hand side is well-posed, since by definition of super-solution v € VW and by

assumption (H3) the term ¢ € L] | with ¢ > Q+2) Eventually, the function ¢ satisfies the

loc? 2

following inequality
[ (44, D0 +¥g 6+ .00~ ADygPo =~ [eu—flo. (453
Qewt Qe:ct
hence ¢ is a non-negative weak-sub-solution to (4.5.2). O
We are now in a position to provide an estimate of the L?-norm of the gradient D,,,g.

Lemma 4.5.6. Let Q.. = Bgr, X Bg, X ... X Bg, X (to,To] C Q and Qi = By, X B,, X
.. X By % (t1,T1], where 0 < r; < R; for every i =0,...,k and to < t; < Ty < Ty. Let g be
a non-negative weak sub-solution to (4.5.2) under assumptions (H1)-(H2)-(H3), then

A _
5 / !Dmog\ZSCG/ng*S " (el z2(@eun lull2(@uney + I ll21(ens)) - (4.5.4)
Qint Qe:ct

where Cg = Ca(||b]| 1o (0..0): A, Q, C1, Co) is a positive constant and Cy,Cy are defined in

119



CHAPTER 4. DE GIORGI-NASH REGULARITY THEORY

(4.5.5).

Proof. Let us consider a test function ¢ € C§° valued in [0, 1], supported in Q.,; and equal

to 1 in Q. Moreover, we assume that the following estimates hold
[Diob| < Cr, Y] <Oy (4.5.5)

for two non-negative constants Oy, Cy. Now, we may test (4.5.3) against 1%

/ (ADg, DV*) =Y g ¢ = (b, Dg){* + N Dynyg|*9* < 77 / jeu — flv?.
Qezt Qe:vt

Let us begin by estimating the term involving the matrix A through the Young’s inequality:

- [ 20tapg.pv) <= [ [aDg.Dg)w+ 2 [ 1{ADw, Do

Qezt Qezt Qeact
_ A
<eh [ DugPo+ 2 [ Dmul
Qezt cht

Now, let us address the term involving ¢, u and f:

= [l flr < [l +e [
Qezt Qezt Qea:t
S E_VHCHLQ(Qezt)HUHLQ(Qemt) + E_WHfHLl(Qemt)'

As far as we are concerned with the term b, we integrate by parts and by assumption (H3)

we have:

[ w092 =~ [awo g2 -2 [sgops <2 [ plglipagle

Qewt Qezt Qezt Qezt

< 201 bl (0.0 / "
Qemt

Lastly, the term involving the transport operator can be treated as
/ Ygy? <2 / glYvly <20 / g.
Qea:t Qext Qezt
Hence, by combining the above estimates we obtain

_ A - _
(A_E:A) / ’Dmog|2 S E / |Dm0w|2¢+€ 'YHCHLQ(Qezt)”u||L2(Qeztt) +€ ’YHfHLl(Qea:t)
Qint Qez‘t
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+Cl/g+202/g

Qewt Qezt

By choosing € = A\/(2A) we get the desired estimate. O

We observe that assumption b € (L{2,(2))™ was necessary to obtain the L'-norm of g on
the right-hand side of inequality (4.5.4). The presence of such a norm in the aforementioned

inequality plays a crucial role in the proof of the upcoming Lemma 4.5.8.

Remark 4.5.7. A cut-off function satisfying the requirements stated in (4.5.5) exists. Indeed,

we may for example consider a family of cut-off functions of the form

< 0 if s> R; 2
Lop(s) = ’ - I el < . i=1,...,K,
Xn,Rl( ) { 17 if 0 <s< ri) ’Xn,Rl — Ri -7
() 0, if s <tg, ort>Ty, | < 2 2
s) = max , ,
Xtoit 17 if t1 <s< Tl; Xtmtl o t1 — o TO - Tl
with 0 <r; < R; forevery i =1,...,k and tg < t; < T1 < Ty. Then, we define

¢($ t Xto,tl H X?“Z,Rl

where the norm we consider is the Euclidean one. Eventually, the following estimates hold:

10, 0] < Oforj—l Mo |Yw|<Z

+ 2 2

max , .
th—to To—Th

Now, we are in a position to study how equation (4.1.1) spreads positivity of (super-

)solutions. More precisely, we state the upcoming Lemma 4.5.8 in terms of the cylinders

Qpos = By X Bys X ... X Bgant1 x (=1 — 6%, —1], (4.5.6)
éemt = BgR X B3BR X ... X BSQH‘HR X (-1 — 02,0],

where R = R(60,Q, A\, A) is the constant given by Lemma 4.4.4 and 6 € (0,1] is a parameter

we will choose later on. In particular, # will be chosen such that the stacked cylinder ons (see
definition (4.A.1)) is contained in Q;. To stress the dependence of R on 6, we will sometimes

write Ry instead of R.

Lemma 4.5.8. Let 6 € (0,1] and Qpos, @ext be the cylinders defined in (4.5.6). Then there
exist a small positive constant ng = no(0,Q, A\, A) € (0,1) such that for any non-negative
weak solution u of (4.1.1) under assumptions (H1)-(H2)-(H3) in some cylindrical open set
Q> éemt such that

1
{u>1} N Qpos| > 5 1Qposl (4.5.7)
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we have u > ng in Q1. If, additionally, ¢ > 0 the statement holds true for non-negative weak

super-solutions to (4.1.1).

Proof. Let us consider ¢ = G(u + &7) for € € ]0, }L] and v = %. By Definition 4.5.4, g is

1

non-negative and a sub-solution to (4.5.2). Since G is non-increasing and € € ]0 } we also

' 4
have g < G(e8) < G(¢). Now, let us introduce two parameters n € (0, g) and ¢« > 0, both
depending on a parameter 8 we will choose later on.

The idea of the proof is to apply Theorem 4.3.1 to the function g (with Q; as the small
cylinder and Q;, as the big cylinder with an accurate choice of ¢) combined with Theorem
4.4.1 scaled on the cylinder Qi,, = 611,(Qecs¢). Finally, we estimate the L?-norm of the
diffusive gradient of g via the square root of the square of its mass on a larger cylinder.

First of all, we need to show that we can choose ¢ small enough such that Q.. C Q14, C
O(140)2 Qeat C éezt, where Q.. is defined in (4.4.1). In particular, ¢ needs to be chosen such

that
(14+0)*A+7?) <1+6> and 27H1(1 4 )2F ) < 3%+ forj=1,...,k,

where the above inequalities take into consideration the scaling introduced in (1.1.13), (4.4.1)
and (4.5.6). In particular, this holds true if we assume

¢ = min {4(4119922) -1, (%)% — 1}. Moreover, by recalling the definition of Q,e0, see (4.4.1),
we then pick n € (0,1) such that

1
|ons \ 6(1+L)(Qze7‘o)| Z 1’6(1+L)(Qzero)|~

Thanks to the geometry underlying operator .Z, it is enough to pick n = (2x + 1)_1/(2”“) (1+

¢)710. Combining this fact with our assumption (4.5.7) we obtain

1
| {U > 1} N 5(1+L)(QZ€T‘O)| > Z|5(1+L)(Qzero)’~ (458)

Now, we want to check if we retrieve enough information on the function g. In particular,
the set in which g = 0 needs to be at least of the same measure of the set where the function

u > 1, i.e. we want to show that the inclusion
{u>1} c {g =0} (4.5.9)
holds true. The function ¢ = G(u + 5%)7 by definition, is equal to zero if
utes >1 =  u>1l-—es.

Inclusion (4.5.9) follows immediately from the previous inequality observing that 1 — s < 1
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for every € €]0, 1]. Hence, equation (4.5.8) and inclusion (4.5.9) imply that

1
’ {g = 0} N 6(1+L)(Q267"0)| > | {u > 1} N 6(1+L)(Qze7“o)| > Z‘d(l—ﬂ)(gzero” (4510)

Thus, the function g satisfies inequality (4.4.3) with §(14,)(Qzer0) taking the role of Q... and
we are therefore allowed to apply Theorem 4.4.1.

Now, our aim is to estimate g —0yG(e), where 6y € (0, 1) is the constant given in Theorem
4.4.1 only depending on 7 and 6 (since the dimension of the cylinders involved in our analysis
depends on them). We now want to apply Theorem 4.3.1 to (¢ — 6pG(¢))+. To this end, we
first observe (g — 0pG(€))4 is still a non-negative sub-solution to (4.5.2) and

g—00G(e) < (g —00G(e))+ < sgp(g — 0pG(€))+-
1
We are not yet in a position to apply Theorem 4.3.1 to (9—6oG(€))+, as this result was derived
for non-negative weak solutions to equation (4.1.1), where in particular the term —\|D,, u|?
does not appear. For this reason, we briefly explain how to take care of the additional term
in the proof of the Sobolev-type and Caccioppoli-type inequalities presented in Section 4.3.

In particular, in the proof of Theorem 4.3.3, we have additionally

A / (Do, Dy )T (2, J)(Q)dC.

which clearly satisfies

A / [(Dung, Dngt)T(2, )} ()dC < Cl| D]z o, -

and can be treated like I5. On the other hand, in the proof of Theorem 4.3.4, we get an

additionally term of the form
A
> [ Dt

pJo,

on the left-hand side of (4.3.7). By choosing €1 = 2A/A, we get exactly the inequality stated
in Theorem 4.3.4.

Eventually, we are able to provide the following chain of estimates

sup(g — 6oG(e))+ < C.0wm || (9 = 00G(€))+ llo(aus)

(9]
+ C’LCM&?*é | cu = fllLaori Theorem 4.3.1
< CCum || (9 = 00G(€)+ llr2(01s)
+C.Cme™ || cu— fllragors B:= q% <2
< CpC.OM|| Do (9 — 006G (€)) 11 22(00e) Theorem 4.4.1

+ CpC.Cu|Y (g — 00G (€)1 |21 (Qunr)
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_1
+ C’LCVM“E 8 H cu — fHLq(Q1+L)

1

2

/ g Lemma 4.5.6
Qe:ct

N|=

< C(CpC,CrCg)

Nl

1 1
+ C(CpC.CMCG)% e (el r2(@un 1l L2(0un) + 1 f 1 (000r))
_1
+ OLOM‘C: 8 || cu — fHLq(Ql-H)

< C1\/G(e) + Coes

G is non-increasing

where C, is a constant due to the scaling on the cylinder Q(;,,) and, as C1, Cs, only depends

on Q, A, A, [|bl|Loo(Que) HCH%Q(Qm)’ I fll La(0.0r) and ¢ and we used inequality e716 < &8 for
e sufficiently small.

Thus, we obtain the following inequality

G(u+es) —0G(e) < C1\/G(e) + Coc™s  in Q.

As G(e) ~ —In(e) as £ — 0F and e85 < \/—In(e) for every e sufficiently small (for
instance, ¢ €]0, 1]), we have

G(u+e8) < 0,G(e) + C/G(e), (4.5.11)
where C' = C(C1, Cy) is a constant that does not depend on ¢.

Since G(g) = +00 as ¢ — 07, there exists & €]0, %} such that for every ¢ €]0, ] we have

60G(e) + V) < 1 e,

4.5.12
. (45.12)
Indeed, we can rewrite (4.5.12) as follows
1 -6y
Cv/G(e) < 5 G(e). (4.5.13)

As both sides of (4.5.13) are positive, we can raise the square and get

C2G(e) < (1 ‘890)2 (Gle))?.

Hence, dividing by G(e), we infer

C? < (1_890)20(5).
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In order to obtain (4.5.12), it is therefore sufficient to choose € small enough such that

Gle) > (18_000)2.

Combining (4.5.11) and (4.5.12), we finally get

1+ 76
8

g:G(u—Feé) < G(e).

Taking advantage again of G(¢) ~ —In(e) for ¢ — 0T, for every ¢ sufficiently small the
previous inequality implies

1476
ln(u+6é)2 + %

In(e).

Hence, we for every ¢ sufficiently small we infer

1 1476 1476 1
U—+es8 >¢e 8 _— u>e 8 — €8 =i 1.

We remark that ny > 0 for every e sufficiently small, since % < % for p € (0,1). This

concludes the proof. O

Remark 4.5.9. We observe that our function g = G(u + 6%) differs from the one considered
in [51,118]. This is due to the fact that in the proof of the weak Harnack inequality below we
cannot reduce to the case where the right-hand side is equal to zero. This condition is imposed
by our weaker integrability assumption on the right-hand side and lower order coefficients,

namely ¢, f € L? with ¢ possibly less than 4oc.

As a straightforward consequence of Lemma 4.5.8 we have the following result, which is

the extension of [51, Lemma 4.2] to our case.

Lemma 4.5.10. Let m > 3 and let R be the constant given in Lemma 4.5.8 for § = m~/2.
Then there exists a constant M = M (m, @Q, A, A) > 1 such that for any non-negative solution u
to (4.1.1) under assumptions (H1)-(H2)-(H3) satisfying [{u > M} N Q| > 1]Q4]|, we have
w>11n Q) (see (4.A.1)). If, additionally, ¢ > 0 the statement holds true for non-negative

weak super-solutions to (4.1.1).

Proof. Since § = m~2, we have that Q| C By-1 X By-s X ...x By-2x-1x(0,072], see (4.A.1).
We observe that u/M is a non-negative weak solution to (4.1.1) with right-hand side equal
to f/M and satisfying assumption (4.5.7). Therefore we are in a position to apply Lemma
4.5.8 to this function. In this case Q1 and By-1 x By-s X ... X Bg-2:-1 x (0,072] take the roles
of the cylinders Q,,s and Qq, thanks to a rescaling argument. Hence, we obtain inequality
w > 19 M in By-1 X Bp-s X ... x Byae—1 x (0,62] and therefore in Q)'. Thus, to conclude
the proof it is sufficient to choose M = 1/ny > 1. O
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Before proving the weak Harnack inequality, we need to show that we can spread positivity
along “suitable” cylinders. More precisely, recalling the definition of the open ball in (4.1.11),

we set

Q= B, X Bys X ... X Bypwi1 X (—w?,0], Q_ = B, X Bys X ... x Byes1 X (=1, =1 + w?],
(4.5.14)
where w is a small positive constant. In particular, we will choose w small enough so that,
when expanding positivity from a given cylinder Q,.(zg) in the past, the union of the stacked
cylinders where the positivity is spread includes Q. Moreover, we will choose the radius Ry in
the statement of Theorem 4.5.1 so that Lemma 4.5.8 can be applied to every stacked cylinder.
The two previous statements are specified in Lemma 4.B.1. The staking cylinders Lemma
4.B.1, combined with Lemma 4.5.8, implies the following result regarding the expansion of
positivity for large times.
In the sequel, we will largely use the cylinders Q,[k], for k =1,..., N and Qg,., [N + 1],

whose definition and properties are presented in Appendix 4.B.

Lemma 4.5.11. Let Ry )y be the constant given by Lemma 4.5.8 for 6 = 1/2 and let u be any
non-negative solution to (4.1.1) in Q@ O Q under assumptions (H1)-(H2)-(H3) such that
[{u> M} N Q,(20)| > 31Qr(20)| for some M > 0 and for some cylinder Q,(20) C Q. Then

there exists a positive constant py, only depending on Q, X\, A, such that
7“2 Po

If, additionally, ¢ > 0 the statement holds true for non-negative weak super-solutions to
(4.1.1).

Proof. We apply Lemma 4.5.8 for § = % to the function u/M, with Q,(zp) and Q,[1] taking
the role of Q,,s and Q; (this is achieved through a rescaling argument) and obtain u/M > ngy
in Q,[1]. We then apply it to u/(Mmng) and get u > Mn2 in Q,[2]. Reasoning by induction
onk=1,...,N we infer u > Mnk in Q[k].

By exploiting Lemma 4.5.8 again, we get u > Mn) ™ in QRy., [N +1], which implies that
the same inequality holds true in Q.. As Ty < —ty < 1, we have in particular 4Vr? < 1.
Picking pg > 0 so that ng = ((}1) NL“YO, we finally obtain

u>M (((1/4)]\/11)1\/“)?0 Y ((1/4>N)P0 > M (r2/4)™

which concludes the proof. O
From now on we will assume w < 1/102, where  is defined in (4.1.6). We are in a position
to prove the main result of this Section, Theorem 4.5.1.

Proof of Theorem /.5.1. We start the proof by fixing the parameters w and Ry in order

to select the appropriate geometric setting. More precisely, we choose w so that we capture
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Q. when applying Lemma 4.B.1, namely we fix w < #. In addition, we choose the radius

Ry so that the stacked cylinders do not leak out of Q°, i.e. Ry > 6(2x + 1) Ry /2, where Ry /9
is the constant given by Lemma 4.5.8 when 6 = 1/2. As we want to apply Lemma 4.5.10 to

cylinders contained in Q_, we also assume

Ry > 3(2k 4 1)R,,—1/2m 25+ D/2,2n 41 (4.5.16)

where R,,-1/» is the constant given by Lemma 4.5.8 for § = m~1/2,

We first restrict ourselves to the case where

infu<1. (4.5.17)
O+
Indeed, if infg, v > 1 we can simply consider & = u/ (infg+ u+ 1) and reduce to the case
where infg, v < 1.
We now want to prove that for all k£ € N, the following inequality holds

[{u>M"}N Q| <O - Rk, (4.5.18)

for some constants € (0,1) M > 1 and C > 0 that only depend on @, A and A. The proof
of this fact is carried out by induction. For k = 1 it is sufficient to choose i < % and C such
that |Q_| < %5 We now assume that (4.5.18) holds true for £ > 1 and we prove it for &+ 1.

To this end, we consider the sets
E={u>M"*"nQ., F:={u>M}nQ. (4.5.19)

We observe that E and F satisfy the assumptions of Corollary 4.A.3 with Q; replaced by
Q_ and pu = 1/2. Indeed, by definition £ and F are bounded measurable sets such that
E C Q_nNF. We now consider a cylinder Q@ = Q,(z) C Q_ such that |[QN E| > %\Q\, ie.

1
{u> M09l > S]Ql.

We show that r needs to be small, that is to say r is less than some parameter ro =
70(Q, N\, A, k). Indeed, applying Lemma 4.5.11 to u, we obtain u > M**(r2/4)P0 in Q..
Thus, owing to infg, v < 1, we infer 1 > M "“+1(r2 /4)P° and therefore it is sufficient to choose
ro < 2M~k=1/2p0Tn order to apply Corollary 4.A.3, we are left with proving that Q" C F,
which holds true if @ € {u > M*}. To this end, we apply Lemma 4.5.10 to u/M* after
rescaling the cylinder Q in Q;.

In virtue of Corollary 4.A.3, there exist ¢ € (0,1) and Cis > 0 such that

1 is
B = |{u> M1 no | < F ( ‘

1-— ?) (‘{u > Mk}ﬂ Ql‘ +stm7’(2))

< (1— %) (|{u > MR} Q1| + Cismrg) |
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provided that we chose m € N so that mTH (1 — %) < 1 — %. Thanks to the induction

assumption and our choice of ry we get
Bl < (1= =) (G0 =) + Cimar)

k+1

< (1 . %) <5(1 — )k + CismM*ﬁ> .
Picking then i small enough so that M~1/P0 < (1 — i) and fi < 4=, we obtain

Bl < (1-2) - (1+C im0

< 01— p)F+! (1 + é—lmM‘%) .

Picking C large enough so that <1 + 5_1mM_%> < 2 we conclude the proof of (4.5.18). By
extending estimate (4.5.18) to the continuous case (i.e. k € R and k& > 1) and applying the
layer cake formula to f o uP for some exponent p, we obtain that f o uP is bounded from

above by a constant that only depends on @), A and A. O

4.6 Proof of main results

Proof of Theorem 4.1.3. The full Harnack inequality is a direct consequence of the combination
of the local boundedness of weak sub-solutions proved in Theorem 4.3.1 and the weak Harnack
inequality of Theorem 4.5.1. The only delicate point in this proof is given by the size of the
cylinders we consider. Indeed, when applying Theorem 4.3.1, one needs to consider a cylinder
Q, that is fully contained in Q_ introduced in the statement of Theorem 4.5.1, which plays
the role of @, in Theorem 4.3.1. This is the reason behind the peculiar choice of the cylinder
O_ of the statement of the Harnack inequality. O

Proof of Theorem 4.1.4. The Holder continuity of weak solutions is classically obtained
by proving that the oscillation of the solution decays by a universal factor. This can be
achieved in two different ways. Either by applying Lemma 4.5.8 with § = 1 in the same spirit
of [51, Appendix B], or by directly applying the weak Harnack inequality, Theorem 4.5.1,

following a standard argument, for further reference see [48]. O
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4.A The Ink-Spots Theorem

For the sake of completeness, we provide here the proof of the Ink Spots Theorem for the case
of ultraparabolic equations. This theorem involves a covering argument in the spirit of Krylov
and Safonov [70] growing Ink Spots theorem, or the Calderén-Zygmund decomposition, and
it is a fundamental ingredient for the proof of the weak Harnack inequality contained in this
Chapter (see Theorem 4.5.1). In order to give its statement in our setting, we introduce the

delayed cylinder
9, (20) = ((0,...,0,mr?) 0 Q,(20)) N (RV*! x (to, +00)) (4.A.1)

where 29 = (z0,t9) = (xéo), e ,xéﬁ), to) € RN*1. We remark that Q. (zo) starts immediately
at the end of Q,(zg), with which it shares the same values for 2(°), and its structure follows
the non-Euclidean geometry presented in Subsection 1.1.1 associated to the principal part

operator .%,. The aim of this appendix is to prove the following statement.

Theorem 4.A.1. Let E C F be two bounded measurable sets. We assume there exists a
constant p € (0,1) such that

e FEC Qy and |E| < (1 —pn)|Q1];

e moreover, there exist an integer m such that for any cylinder @ C Qy such that Q= C Q1
and |QN E| > (1 — p)|Q|, we have that Q" C F.

Then for some universal constant ¢;s € (0,1) only depending on N, there holds

m—+1
Bl < (1 - )l .

Remark 4.A.2. Theorem 4.A.1 still holds true if we replace Q; with Q_ defined in (4.5.14).

As it has already been pointed out by Imbert and Silvestre in [G1], there is no chance to
adapt the Calderon-Zygmund decomposition to this context, because it would require to split
a larger piece into smaller ones of the same type and this is impossible due to the non Euclidean
nature of our geometry. What we do is a generalization of the procedure proposed in [61],
that is in fact an adaptation of the growing Ink Spots theorem, whose original construction

in the parabolic case dates back to Krylov and Safonov [70, Appendix A].
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Moreover, when we need to confine both E and F' to stay within a fixed cylinder, the

following corollary directly follows.
Corollary 4.A.3. Let E C F be two bounded measurable sets. We assume
o I/ C Ql;

e there exist two constants p,ro € (0,1) and an integer m such that for any cylinder
Q C Qy of the form Q(zy) such that |QN E| > (1 — p)|Q|, we have Q" C F and also

r<7rg.
Then for some universal constants cis and Cis only depending on N

m+ 1

|E| < (1 — cis,u) (’F N Q1| + Cismrg) .

4.A.1 Stacked cylinders

First of all we recall some important properties of the following family of stacked cylinders

K2 —1
5 7“2) 0 Qpr (o, to),

21
kQT:<O,...,O,k 5 T2)0ri and er(xo,tQ):(07...,0,

where (7g,t9) € RVTL, that are defined starting from the unit cylinder (4.1.10) for a certain
k > 0. By definition, it is clear that |kQ,(zo,t0)| = k%*2|Q, (20, t0)|, and that the cylinders
Q,-(xo, to) are not the balls of any metric. Thus, the important properties of the cylinders are

explicitly given by the following lemmata.

Lemma 4.A.4. Let Q, (xo,t0) and Q,,(x1,t1) be two cylinders with non empty intersection,
with (wo,t0), (x1,t1) € RN and 2rg > 71 > 0. Then

er (1‘1, tl) C ero (IL’(), to)

for some universal constant k.

Proof. Without loss of generality, we may assume (zg, tp) = (0,0). Then we need to choose the
constant k£ in order to satisfy our statement. In particular, if we consider the ball associated
to the first mg variables we get that B,, (:::50)) C By, if

krg > ro + 2rq — k> 5.

By repeating the same argument for all the x blocks of variables, we get that & must satisfy

the following conditions:

k2j+121+2.22j+1 for 7 =0,...,k.
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As far as we are concerned with the condition regarding the time interval, we need k to be

such that
k2 +1
2

All of these inequalities are satisfied when the first one, i.e. the one corresponding to j = 0,

< —rg—2r7 = k>0

is satisfied. We choose k to be the smallest parameter satisfying these inequalities. O

Lemma 4.A.5. Let {Q;}jcs be an arbitrary collection of slanted cylinders with bounded

radius. Then there exists a disjoint countable subcollection {Q;, }icr such that
[e.9]
U Qj = U kQJz
jeJ i=1

The proof of Lemma 4.A.5 is the same as the classical proof of the Vitali covering lemma,
where we employ Lemma 4.A.4 instead of the fact that in any metric space B, (z1) C 5B,,,
if B, (z1) N By, # 0 and 1 < 2ry.

4.A.2 A generalized Lebesgue differentiation theorem

For the reader’s convenience, we also recall the definition of maximal function:

1
Mf(z,t)= sup / £y, )| dy ds,
Q:(z,t)eQ ’Q|
oNnN

where the supremum is taken over cylinders of the form (y, s) + RQ;.

Lemma 4.A.6. For every A > 0 and f € L'(Q) , we have

C
M f <2100 < S lssco

Proof. Let us consider (z,t) € {Mf < A} N Q. Then there exists a cylinder Q such that
(Iat) € Q and
A
[ W sayas = Sienel
oNQ

Then {M f < A} N is covered with cylinders {Q;} such that the previous inequality holds.

From Lemma 4.A.5, there exists a disjoint countable subcollection {@;,} so that

{(Mf<xpne=[]Q;clJkQ;.,
j=1 i=1
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for some integer k. Thus, we get

A e AT A
1) = / 1f1> 52’%09' = W’ Uk‘jSﬂQ‘ > W‘{Mf <APNQ).
onU,Q;, =1 =1
Thus, the claim is proved when C' = 2k9+2. O

The following generalized version of the Lebesgue differentiation theorem holds.

Theorem 4.A.7 (Genaralized Lebesgue Differentiation Theorem). Let f € LY(Q,dx ® dt),
where Q is an open subset of RN*L. Then for a.e. (x,t) € Q

i s [ 10(9) — 0] dyds o

r—0t |Qp(z,t)]
Or(x,t)
Theorem 4.A.7 is obtained from the following Lemma 4.A.6 exactly as in [57, Theorem 2.5.1]
by considering Lemma 4.A.6.

4.A.3 Ink Spots theorem without time delay

Lemma 4.A.8. Let E C F' C Q1 be two bounded measurable sets. We make the following

assumptions for some constant p € (0,1):

o BE<(1—plQl;

o if for any cylinder Q@ C Qy such that |QNE| > (1 — u)|Q|, then Q C F.
Then |E| < (1 — cp)|F| for some universal constant ¢ only depending on N.

Proof. Thanks to Theorem 4.A.7, for almost all points z € E there is some cylinder O~
containing z such that |Q*NE| > (1 — u)|Q?|. Thus, for all Lebesgue points z € E we choose
a maximal cylinder Q% C Q; that contains z and such that |Q* N E| > (1 — u)|Q?|. Here
Q* = Qx(7,t) for some T > 0 and (T, t) € Q;. In particular, we have that Q* differs from Q;
and Q% C F by our assumption.

First of all we prove that |Q* N E| = (1 — u)|Q*|. By contradiction, let us suppose that
is not true. Then there exists § > 0 small enough and Q such that Q* C Q C (1 + 6)Q?,
QC Qyand |QNE| > (1— u)|Q?, and this contradicts the maximality of the choice of Q.

Then we recall that the family of cylinders {Q*},cg covers the set E. Thanks to Lemma
4.A.5 and considering that F is a bounded set, we can extract a finite subfamily of non
overlapping cylinders Q; := Q% such that E C nglej. Since Q; C F and |Q; N E| =
(1 — p)|Qj|, we have that |Q; N F'\ E| = u|Q?|. Therefore,

[FNE[ > |QNF\E|>Y uQ; =k @u " |kQ;| > k™ @)y B,
1 j=1

J= J=1
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Thus, we get that |F| > (1 + ¢u)|E|, with ¢ = k~(@+2) Since ¢u € (0, 1), we complete the
proof by choosing ¢ = ¢/2. O
4.A.4 Proof of Theorem 4.A.1 and Corollary 4.A.3

In order to proceed with the proof of the Ink Spots Theorem, we first need to recall two

preliminary results.

Lemma 4.A.9. Consider a (possibly infinite) sequence of intervals (a; — hi,a;]. Then

Ly

‘U ak,ak—l—mhk ‘ >

The proof of Lemma 4.A.9 can be found in [59, Lemma 10.8]. Here, we only report the proof

of the following lemma, that is an extension of Lemma 10.9 [59].

Lemma 4.A.10. Let {Q;} be a collection of slanted cylinders and let @;ﬂ be the corresponding

versions as in (4.A.1). Then
—m m
U= 55lUe]
j j
Proof. Because of Fubini’s Theorem we know that for any set ¢ RV+!
Q| = / {(@D, . 2@ ) (@@ 22 ) e Q) de©@

Therefore, in order to prove our statement it is sufficient to show that for every z(0) € R™o

H(x(l),...,x<“>,t) (@@ 2M 2 ) € UQT}’

J

From now on, let us consider a fixed 7 € R™. Any cylinder Q; is a cylinder with center

(x§-0) T 1) (ﬁ) L ) c RV+H

(
7]’7"'7]»

and radius r; > 0. @T is its delayed version (4.A.1), that thanks to Remark 4.2.5 can

equivalently be represented as follows
Q7 = (to,1 B, (x\"Y x B M) B ‘
QJ ( 0,to +mr; ] X ( j ) X (m+2)’r‘§-’ (xj ) XX (mr423775 m’)r?“+1 (‘T

On one hand, when |7 — q; ] > r; the set
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On the other hand, when |z — azgp)\ < r; we have that

{20 @20, 2 ) e T}
> Qj = (t,tj +mrl] x B2T?(x§1)) X ... X Bysea m"’?"?““(mg'n))'

Based on these last observations, we have that

H(w“%...,x“%t):(x(o),x(l),...,x(“),t)EU@THZ‘ U éj :

; = (0
J ]:|x7:p§. )|<7‘j

Now, thanks to Fubini’s Theorem and Lemma 4.A.9 we have

{E®, e ) @202 e g}

J

m 1 K
j:|ffx§.0)|<r]‘
m 1
> | U = 0x By?) < x Brjgn+1(x§5))’
j:|§—x§0)|<rj
= mLH {(:L’(l), G I G A N G = LJJ Qj}‘.
Combining all of the above results, the proof is complete. O

Proof of Theorem 4.A.1. Let @@ be the collection of all cylinders @ C ©Q; such that
IQNE| > (1 —p)|Q|. Let G := UgeQ. By construction, the sets £ and G satisfy the
assumptions of Lemma 4.A.8. Therefore (1 — c¢isu)|G| > |E|. Combining the assumptions of
the theorem with Lemma 4.A.10 we conclude the proof. 0

Proof of Corollary 4.A.3. The condition |E| < (1 — §)|Q| is implied by the second
assumption when ro < 1. Moreover, the result is trivial when r¢g > 1 choosing C' sufficiently
large. Let @ be the collection of all cylinders Q@ C Q; such that |[Q N E| > (1 — p)|Q|.
Let G := Ugeg@ . From Theorem 4.A.1 we have that |E| < 5 (1 = ep)|G|. Moreover,
our assumptions tell us G C F. In order to conclude the proof is sufficient to estimate the
measure G \ Q; by considering that each cylinder Q = Q,(z,t) C Q; has radius bounded by

ro (see [59, Corollary 10.2]). O

4.B Stacked cylinders

In addition to the paper [59], a covering argument was already proposed in [1] for the case
of the Fokker-Planck equation in trace form with Cordes-Landis assumptions. For the sake

of completeness, we here state the stacking cylinders lemma for our operator ., that is a
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generalization of the one proposed in [59]. Such a result is used when applying the Ink-Spots

Theorem in the proof of the weak Harnack inequality, Theorem 4.5.1.

Lemma 4.B.1. Let w < 7z and p = ((3x + 1)w)ﬁ. We consider any non-empty cylinder
Q,-(20) C Q_ and we set Ty, = 2521(2’“7")2. Let N > 1 such that Ty < —tg < Tni1 and let

Q. k] := Qorp(21), k=1,...,N
QRN+1 [N + ]'] = QRN+1 (ZN+1)7

where z, = zg 0 (0,...,0,T}) and R = |to + T|2, Ry+1 = max(R, p), and

o zyo(0,...,0,R?), ifR>p
M 0.0, ifR<p

These cylinders satisfy

Q—l— C QRN+1[N+ 1], U]](;V:—l—llgr[k] C <_170] X BQ: Q[N] - QT‘[N]7

where Q[N] = Qryiry2 (2n110(0,...,0, =R3 ).

Figure 4.3: Stacking cylinders above an initial one contained in Q_

t

Qi [V +1]

—w?

to+ Ty

(y,v)

Proof. As our derivation of the previous lemma follows very closely the one contained in [51,
Appendix C|, we here simply sketch the proof. Indeed, the proof of the result is merely
geometric and the main difference with [51] lies in the fact that in our case we exploit the
more general composition law and dilations defined in (1.1.6) and in (1.1.13), respectively.

This explains why here the constants w and p differ from the ones in [51].

4
102"

As, by definition, r < w, we have that to + 71 < —1 + w? + 4r? < 0; moreover, there exists
N > 1 such that Ty < —tg < Tni1.

We first check that the sequence of cylinders we consider is well-defined whenever w <
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We now check that Q, C Qg [N + 1]. We first observe that, if R < p, then Ry41 = p
and therefore the desidered inclusion simply follows from the inequality w < p. If, on the
other hand, R > p, we have that Ryy; = R and we can rewrite the desidered inclusion as
Qw(z&il) C Qpg. In this case, in virtue of the definition of zx ;1 and of the group law (1.1.6),
we have zy11 = (E(R* + Tn)xo,to + Ty + R?) = (E(R?* + TN )0, 0), since R? = |tg + Ty | =
—to — Ty. Hence, owing to (1.1.8), we obtain z;,il = (B(R? + Ty)x0,0)"! = (=E(to)x0,0)

and for every z € Q,,, we have
z;,ﬂrl oz=(x— E(t+ty)xo,t) € Qr

whenever 2w < R, 4w® < R3,... (3k + 1wt < R¥! and w? < R?. The previous
inequalities are clearly satisfied if (3x + 1)w < R**1 ie. if p < R.

We now show that the inclusion Q,[k] C By x ... By x (—1,0] holds true for every k €
{1,...,N+1}. Asfar as Qr,,,[N+1] is concerned, i.e. as far as k = N+1, we take advantage
of the inequalities R = |tg + Tn| < 1 and p = ((3k + 1)w)T1+1 <1 to infer Ry;1 < 1. In
addition, zy4+1 € Qi and therefore Qr, [N +1] C By x... By x (—1,0]. We now address the
case k < N. To this end, we observe that Ty < —tg < 1 as ty € (=1, —1 + w?] with w < 1.
As a consequence, by construction (2N 7")2 < Ty < 1 and therefore 2¥r < 1. Moreover, if
Z, = (zx, 1), then there exists (z,¢) € Qy such that z, = (9, t0) o (0, T}) o (6%,.(z), (2Fr)?t),
where (0),+0 denotes the family of spatial dilations introduced in (1.1.14). In particular, this

implies that z,; = Zévzl(E((Zkr)% + T}))ijzo,; + (257)% 1z, and therefore

:17,(60) < 3380) + ‘kac(o)‘ <w+1<L2,
xg) < I(()l) +2 ‘((ri)zt + Tk)x(()o)‘ + ‘(ri)?’x(l)‘ <w4+2w+1<3w+1<2
(4.B.1)
l"](:) < :c((]'i) + 2k ‘((ri)zt + Tip)|w + ‘(2’“1“)2““:10(“) < w4 2k +1<2
where we split = (z@, ... 2®), 2 = (xéo), . ,a:((f)), T = (m,&o),...,xé@) according

to (4.1.6). We remark inequalities (4.B.1) hold true in virtue of the assumption p?"*1 =

(3k + 1)w < 1, which in turn implies that 3w < 1,...,(2xk + 1)w < 1. In addition, in the
above inequalities, we made use of ‘(2’“r)2j+1x(j)’ < 1as (2Fr)WHt < 2k < 2Ny < 1 for
every k € {1,...,N + 1} and V) € B;. Finally, we observe that inequalities (4.B.1) implies
Q,[k] C By X ...By x (—1,0] for every k < N.
We are now left with proving O[N] ¢ Q,[N], to conclude the proof of our lemma. If
R > p, then the conclusion simply follows from R/2 < 2¥r. On the other hand, if R < p, we
want to show that
Q,/2(2) C Qony, (4.B.2)

where z = (0, —T) o (2o, to) Lo (0, —p?). In order to prove inclusion (4.B.2), we first estimate

2

the quantity 2Vr from below. From tg + Tny1 > 0 and —ty > 1 — w?, we obtain that
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% (4N+1 — 1) r?2 > 1—w?, which implies 4V72? > }1 (% — Z—Zoﬂ) > %. As a consequence, we infer
that .
2 (4.B.3)

We now observe that, by definition, z = (=E(—p* — to)xo, =Ty — to — p*) = (=E(—p* —
to)wo, R?—p?). Thus, for every z € Q, /5, we compute zoz = (x— E(—p? —to+t)zo, R*—p*+1)
and we observe that ‘(az — BE(—p? —to + t)xo)(i)’ < W4 (2i+D)w+(p/2)% 7 < Br+1)w+
(p/2>2i+1 — p2n+1 + (p/2)2i+1 < p2i+1 + (p/2)2i+1 < 2p2i+1 < (2p)2i+1, for every i = 0,....,kK.
Moreover, we have —(2p)? < —2p* < R? — p* — t; and therefore Z 0 z € Qy,. Hence, owing
to (4.B.3), it is sufficient to choose w such that p < ﬁi (i.e. w < 155) to get the desidered
inclusion (4.B.2).

O
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Chapter 5

Weak fundamental solution

5.1 Statement of the problem

In this chapter, we take advantage of the Schauder estimates contained in Chapter 2 to
prove the existence of a fundamental solution associated to the Kolmogorov equation (4.1.1).
Moreover, thanks to Moser’s estimate and to the Harnack inequality established in the pre-
vious Chapter 4, we are able to prove Gaussian upper and lower bounds for the fundamental
solution. We eventually remark that these results are published in [12].

In the following of this chapter, we therefore deal with weak solutions to equation (4.1.1)
in the sense of Definition 4.1.2. Moreover, we always assume that hypothesis (H1)-(H2) of
Chapter 4 hold true. Concerning the regularity of the coefficients a;;, b; and ¢, for 7,j =
1,..., N, we mainly rely on assumption (H3-ii) below.

In order to expose the main results of this chapter, we first need to give the definition of
weak fundamental solution for operator .Z. To this end, we recall that the formal adjoint of
operator . in (4.1.1) is defined as in (1.2.7).

Definition 5.1.1. A weak fundamental solution for £ is a continuous positive function
Ip = I[(2,t; &, 7) defined for t € R, 0 < Ty < 7 <t < Ty and any z, & € RY such that:

1. I = I1(, &, 7) is a weak solution to Zu = 0 in RY x (7,71) and [}, = I} (x,t;-,-) is a
weak solution of Z*v =0 in RY x (Tp,t);

2. for any bounded function ¢ € C(RY) and any z,¢ € RY we have

( Pu(z,t) =0 (2,1) € RN x (1, T}),
e =g €ERY, G1.1
e
(2 (e ) =0 (6.7) € RY x (To, 1),
. l)irr(l : v(&,T) = ¢(x) r€RY,
\ 77Vt;;'%t
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where the above equations need to be satisfied in the weak sense and

wad) = [ Teten) o©de w6 [ Tie g pla) de

N

We remark that Definition 5.1.1 was first introduced by Lanconelli, Pascucci and Polidoro
in [72, Definition 2.2].

Now, we are in a position to state our main results. First, we address and give answer
to [72, Remark 2.3] by proving the existence of a weak fundamental solution for operator .#

in the sense of Definition 5.1.1 under the following assumptions on the coefficients of Z.

(H3-ii) The coefficients a;j, b;, ¢ € L'(Styr,) N L. (Styry) for 4,5,k = 1,..., N, i.e. for any

given compact subset K of St,7, there exists a positive constant M such that
laij(z,t)], |bi(z, t)], |e(z, t)| < M, V(z,t) € K, Vi,j=1,...,N.
Moreover, the diffusion coefficients a;; are such that
divA{, =0 Vj=1,...,mg in the distributional sense,
where Ag denotes the j"-column of the matrix Ay introduced in assumption (H1).

Note that the divergence free assumption on the columns of the matrix Ay is required
to address technical issues arising in the proof of the forthcoming Theorem 5.1.2. Indeed,
the existence of the weak fundamental solution is achieved by combining a regularization
procedure with a diagonal argument. In particular, we perform a regularizing procedure
on the coefficients a;j, b;, ¢ and we then prove that the newly defined coefficients are Dini
continuous. This allows us to apply Theorem 2.1.5 to the constructed regularized operator

%, under the following assumption

(C’) The matrix A satisfies assumption (H1), while the matrix B has constant entries. The
principal part operator % satisfies assumption (H2). Finally, the coefficients a;;, b,
¢, and Oy, a5, for 1,5,k = 1,..., N, are bounded and Hoélder continuous of exponent
a € (0,1] in the sense of Definition 1.2.1.

The proof of the existence of a fundamental solution associated to operator (4.1.1) finally
follows from Theorem 1.2.4.

Hence, the reason why we work under assumption (C’) is that we want to take advantage
of Theorem 1.2.4, which, as discussed in Section 1.2, holds true under hypothesis (C). The
only difference between assumption (C) of Section 1.2 and our assumption (C’) is that we
here require the Holder continuity of the derivatives of a;;, 4,7 = 1,..., N. This additional

requirement is simply due to the fact that the operator we consider in (4.1.1) is in divergence
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form, whereas Theorem 1.2.4 is proved for a trace form Kolmogorov operator, namely operator
(1.2.6).

It is our belief that this additional assumption can be dropped by considering more refined
analytical techniques, such as the ones recently proposed in the preprint [80] for the case of
measurable in time and Holder continuous in space diffusion coefficients. Finally, we point
out that it is possible to replace the diverge free assumption on the diffusion coefficients
with the following, more restrictive, one: the coefficients a;; are measurable, doubly (weakly)
differentiable with respect to the first my components and such that d3a;; € L. (St1,),
for every [,k = 2,...,mg. Indeed, this last assumption is enough to ensure that also the
first order derivatives Jya;; are Lipschitz continuous on Sz, with a uniform modulus of

continuity not depending on the set we are considering.

Theorem 5.1.2 (Existence of the weak fundamental solution). Let us consider operator £
under assumptions (H1)-(H2)-(H3-i). Then there exists a fundamental solution I}, of £
in the sense of Definition 5.1.1 and the following reproduction property holds. Indeed, for
every x,& € RY and every t,7 € R with 7 < s < t such that 7,t € (Ty,T1):

Ip(x, t;&,7) = /FL(fc,t;y>8)FL(y,S;§ﬁ) dy.
RN

Moreover, the function Iy (x,t;&,7) = [L(§, T;2,t) is the fundamental solution of £* and

verifies the dual properties of this statement.

The existence of a classical fundamental solution is a problem that has been thoroughly
addressed over the years. In particular, we refer to the works by Hormander [54] and Kol-
mogorov [67] for the analysis of the case with constant, or smooth coefficients. Among others,
we recall the paper [102] for the proof of the existence of a classical fundamental solution
through the Levi parametrix method (see [75]) and we refer to the last part of Section 1.2 for
further reference.

To our knowledge, Theorem 5.1.2 is the first existence result available for the weak funda-
mental solution to (4.1.1) in the sense of Definition 5.1.1. The proof we propose here is based
on a limiting procedure combined with Schauder type estimates and a diagonal argument.
This procedure was first proposed in [7] to prove the existence of a classical fundamental
solution when the coefficients of (4.1.1) are locally Hélder continuous. The main difficulties
we encounter when adapting this argument to the weak case are given by the low regularity
of the coefficients, hence a new regularizing procedure is introduced in Section 5.3.

We emphasize that the PDE approach adopted in this work improves the previously
known results in that it allows us to consider differential operators with bounded measurable
coefficients in both time and space, which is a milder assumption than the ones considered in
the most recent literature. Indeed, on the one hand, in [25] the authors considered the case

of bounded measurable time-depending coefficients, with a proof that is based on explicit
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computations involving the fundamental solution. On the other hand, in [80] the case of

Holder continuous in space and bounded measurable in time coefficients was addressed.

As a second issue, we extend [72, Theorem 1.3] providing Gaussian upper and lower bounds
for the weak fundamental solution I' of . under assumptions (H1)-(H2)-(H3-ii).

As far as Gaussian upper bounds are concerned for the fundamental solution I' associated
to £ with Holder continuous coefficients, a first result dates back to [102], where the author
proves Gaussian upper bounds depending on the Holder norm of the coefficients a, b and
c¢. Later on, Di Francesco and Pascucci [40], Di Francesco and Polidoro [41] proved upper
and lower bounds for the classical fundamental solution, where also in this case the involved
constants depend on the Holder norm of the coefficients. A first result regarding Gaussian
upper bounds independent of the Hoélder norm of the coefficients is due to Pascucci and
Polidoro, who studied operator (4.1.1) with b = ¢ = 0 (see [98, Theorem 1.1]). Later on,
Lanconelli, Pascucci [71] and Lanconelli, Pascucci, Polidoro [72] extended Nash upper bounds
to non-homogeneous operators of the form (4.1.1) with bounded measurable coefficients.

On the other hand, if we consider Gaussian lower bounds independent of the Hélder norm
of the coefficients, a first result is due to Lanconelli, Pascucci and Polidoro [72, Theorem 1.3]
for the particular case of the kinetic Kolmogorov-Fokker-Planck equation. The proof of this
result is based on the construction of a Harnack chain, alongside with the study of the control
problem associated to the principal part operator .%. The authors of [72] already suggested
this type of result could be extended to the general non-homogeneous Kolmogorov operator
of step k in (4.1.1), once a suitable Harnack inequality is established. The present work is
a first step in this direction as it handles the homogeneous case, the only one for which a

Harnack inequality is available, see Theorem 4.1.3.

Theorem 5.1.3 (Gaussian bounds). Let £ be an operator of the form (4.1.1) under as-
sumptions (H1)-(H2)-(H3-it). Let I = (1, T1) be a bounded interval, then there exist four
positive constants A\t, \=, CT, C~ such that

C™IR (,4:6,7) < Tn(x,;6,7) < CYIR (2,86, 7) (5.1.2)

for every (x,t), (&,7) € RN x (Ty, Ty) with 7 < t. The constants A\*, A=, C*, C~ only depend
on B, (Ty — Ty), M. Note that 2 and I}’}+ denote the fundamental solution of £3 and
L3 where

mo N
Lu(x,t) = gzaiu(a:,t) + Z bijxjOpu(x,t) — Owu(z, t), (5.1.3)
i=1

ij=1
and the explicit expression of I}?i s given by

R ((x,1); (7)) = IR((€,7) 7" o (2,1);0,0),
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for every (z,t), (£,7) € RNTL with (z,t) # (£, 7) and

IR(z,;0,0) = \/detC(t) P (—5x(CH (), ), f ,

0, ift <0.

(5.1.4)

Remark 5.1.4. As the Harnack inequality 4.1.3 holds true under the less restrictive assump-
tion (H3) in Chapter 4, the lower bounds in (5.1.2) still holds if we assume ¢, f € L{ (Q),
with ¢ > (Q+2), and b € (L°.(©))™. In this case, the constants appearing on the left-hand

loc

side of inequality (5.1.2) will depend on B, (T1 — Tp), ||bllg, llcllq-

loc

Remark 5.1.5. Since the proof of the upper bound in (5.1.2) does not rely on the Harnack
inequality stated in Theorem 4.1.3, the rightmost inequality of (5.1.2) holds true for the more

general operator

Zu(x,t) Z O, (aij(z,t)05,u(z,t)) —I—Zb x, )0, u(x, t)+ (5.1.5)

7] 1 =1

mo N
=Y O, (@i, thu(z, 8) + Y bijrOnu(x,t) — Opu(x,t) + c(x, tyu(z, t),

i=1 ij=1

with a € (L. (S7))™

5.1.1 Outline of the chapter

This chapter is organized as follows. In Section 5.2 we prove Gaussian lower and upper bounds
for the fundamental solution associated to operator .Z. In Section 5.3 we prove the existence

of a weak fundamental solution for operator £ under assumptions (H1)-(H2)-(H3-ii).

5.2 Proof of Theorem 5.1.3

This section is devoted to the proof of Gaussian bounds (Theorem 5.1.3) for the weak funda-
mental solution defined in Definition 5.1.1. All the results proved in Subsections 5.2.1-5.2.3
are obtained under assumptions (H1)-(H2)-(H3), while the Gaussian upper bound in Sub-

section 5.2.2 still holds true when considering the more general operator Z.

5.2.1 Harnack inequalities

The starting point in proving the Gaussian lower bound is an invariant Harnack inequality,
which, prior to this work, was not avalaible in the ultraparabolic setting. For this reason, in
this subsection we take advantage of Theorem 4.1.3. As Theorem 4.1.3 was established under
assumptions (H1)-(H2)-(H3), all the results in this subsection and in Subsection 5.2.3 hold

true under these less restrictive assumptions.
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Remark 5.2.1. When considering the more restrictive assumption (H3-ii) the constants
appearing in the statement of Theorem 4.1.3 only depend on M, since we assume |b(z,t)| < M,
lc(x,t)| < M for every (z,t) € RVNTL.

We recall the following result, which will be useful in the proof of the upcoming Lemma
5.2.3.

Remark 5.2.2. Let u be a weak solution to Zu = 0 and » > 0. Then v := u o J, solves

equation £y = 0, where
2"y = div(A") Du) — div(a™v) + (b7, Dv) + v + (Bx, Dv) — v

with A = Ao 4, a™) =r(acéd,), b =r(bod,) and ¢ =1r?(cod,).

Moreover, if u is a solution to Zu = 0, then, for any ¢ € RVN*! v := w o ¢, solves equation
(L ol,)v = 0, where £ o (, is the operator obtained by .Z via a {,-translation of the

coefficients.

For 3,7, R > 0 and 2y € RNt we define the cones
Porri={z € RN :2=0,(0), ¢k <70 <p <R},

and we set Pg, r(20) := 20 © P, r. We are now in a position to derive the following Lemma,

which is a consequence of Theorem 4.1.3.

Lemma 5.2.3 (Local Harnack inequality). Let z € RY*! and R € (0,1]. Moreover, let u
be a continuous and non-negative weak solution to Lu =0 in Qr(z) under the assumptions
(H1)-(H2)-(H3). Then we have

sup  u < Cu(z),

Pl,uuR/Ro (Z)

where C', Ry and w are the constants appearing in Theorem 4.1.3 and they only depend on @),
A, A and q.

Proof. Let w € Py p(2), i.e. w = z06,( 1) for some o € (0, R] and [{|g < w. We now
define the function u,, := wo ¢, o d,, which is a continuous and non-negative solution to
L, , =0in Qg (0,0) C Qr/s(0,0) in virtue of Remark 5.2.2. Thus, we can apply the
Harnack inequality (4.1.3) and infer

w(w) =u,,(§,1) <supu,, < Ciélfuz,g < Cu,(0,0) = Cu(z).
o n

O
We next state a global version of the Harnack inequality, which is a crucial step in proving

the Gaussian lower bound (see Theorem 5.2.14 below).
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Theorem 5.2.4 (Global Harnack inequality). Let to € R and 7 € (0,1]. If u is a continuous
and non-negative weak solution to Lu =0 in RNTL x (1 —tg, 7+ tg) under the assumptions
(H1)-(H2)-(H3), then we have

U(E,8) < cpe O =) (60 -0 g

where t € (to, T +tg), 7,& € RN, C is the matriz introduced in (1.1.32) and cq is a positive
constant only depending on @, A\, A and q.

The proof of Theorem 5.2.4 is based on a classical argument that makes use of the so-
called Harnack chains, alongside with control theory. Moreover, the proof of this theorem
follows the one of [72, Theorem 3.6], with the only difference that we here apply Theorem
4.1.3 and Lemma 5.2.3 instead of Theorem 3.1 and Lemma 3.5 of [72]. Indeed, the method
we rely on has the advantage of highlighting the geometric structure of the operator .
and can be therefore automatically extended to more general operators. Finally, we remark
that a detailed contruction of Harnack chains through the repetition of an invariant Harnack
inequality will be presented in Chapter 6 in a new relativistic setting.

Before proving Theorem 5.2.4; we recall that (see, for instance, [97, Section 9.5]) Horman-
der’s rank condition (1.0.6) is equivalent to the following property: for any two points
(y,to), (x,t) € RVFL with ¢ > tg, we can find a control w € L?*(R™; [tg,t]) such that there

exists a solution to the system

(5.2.1)
Vo) =y, () =z,
where B is the matrix defined in (1.1.12) and
I
o="].
In the proof of Theorem 5.2.4 we will take advantage of the following result.
Lemma 5.2.5. Let v be the solution to
"(s) = By(s) +ow(s), s€ [ty,t
V()= Br(s) +ow(s), s € [t 522
V(o) =y,
witht —tg < 1, z € RN and w € L2(R™; [tg,t]). Then we have
(v(s),s) € Prellwll 2y v/TF00 5 € [to, 1], (5.2.3)

where ¢ 1s a constant that only depends on the matrix B.

We refer the reader to [72, Lemma 3.7] for the proof of the previous result. As the L
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norm of the control w explicitly appears in (5.2.3), among the paths satisfying (5.2.2), we are

interested in the one that minimizes the total cost

t
w%mm—[w@m&
0

Classical control theory provides us with an explicit expression of the optimal control and of

the associated the optimal cost (see, for instance, [97, Theorem 9.55]).

Lemma 5.2.6. The optimal cost V(y,to;x,t) associated to problem (5.2.1) is given by

\Il(y7 t07 '7;7 t) - <C_1(t - to) (E —_ e(t_tO)Bx> 75 _ e(t—to)B$>'

Proof of Theorem 5.2./. As we want to make use of the Harnack inequality Lemma 5.2.3, we
first observe that, for every (z,t) € RN x (tg,tg + 7), with 7 > 0, u is a continuous, non-
negative solution to (4.1.1) (with f =0) in Q z(z,t). We now fix z,y € RN, t € (to, to + 7)

and we consider the solution « to (5.2.1) corresponding to the optimal cost U(y,to;x,t).

Additionally, we set ¢ = (%)2, where w and ¢ are the constants given by Theorem 4.1.3 and

Lemma 5.2.5, respectively.

If W(y,to;z,t) < ¢, we can straightforwardly apply Lemma 5.2.5 and obtain

(l‘,t) S P17c\/m7m($,t) C Pl’wﬂﬁ(x,t).
Hence, we apply Lemma 5.2.3 and infer
U(Z',t) S CU(y,t()),

where C' is the constant given by Theorem 4.1.3. On the other hand, if the above inequality

is not satisfied, we set

i1 = inf{s € [t,8]: U(y(ty), t5:7(s), 8) > &)

Clearly, for 7 > w, we have that t; = ¢, while, if ¢; < ¢, there holds

(Y(tj+1), ti+1) € Pro, 7z (0(t5), 1)

Thus, we are now in a position to apply Lemma 5.2.3, which yields

u(y(tj1), tiv1) < Culy(ty),tj),
where, once again, C' is the constant given by Theorem 4.1.3. As an immediate consequence
of the previous inequalities, we get

U (y,tg;e,t)
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The thesis then follows thanks to the explicit expression of the optimal cost provided by
Lemma 5.2.6.
O

5.2.2 Gaussian upper bound

As in the proof of the lower bound for the fundamental solution we make use of the upper
bound provided by Theorem 5.2.12, we first focus our attention on proving this result.

The proof we propose in this subsection follows Aronson’s method [14] and relies on the
local boundedness of weak solutions to .Zu = 0 in (5.1.5). As the detailed derivation of
the local boundedness of weak solutions was already provided in Chapter 4 through Moser’s

iterative method, we here just recall the main result, which in our setting reads as follows.

Theorem 5.2.7. Let 20 € Q and 0 < § < p <r <1, be such that Q,(z) C Q. Let L be an
operator of the form (5.1.5) and let u be a non-negative weak solution to Lu =0 in Q under

assumptions (H1)-(H2)-(H3-ii). Then for every p > 1 there exists two positive constants
C=C(p,\AQ), such that

C
sup uP < —/ uP. (5.2.4)
Qy(x0) (r=p)9*2 Jo, ()

Proof. The argument relies on the combination of a Caccioppoli-type inequality and a Sobolev-
type inequality (see Chapter 4, Section 4.3). The only difference with the proof presented
in Chapter 4 is that here we handle the more general operator . in (5.1.5) and we rely

on the more restrictive assumption (H3-ii). Thus, to carry out the proof in the present
mo
setting, we just need to show how to deal with the additional term ) 0y, (a;(x, t)u(z,t)) in

=1
the Caccioppoli-type inequality and the Sobolev-type inequality proved in Chapter 4. More
precisely, we consider the Caccioppoli inequality Theorem 4.3.4 and we focus on the new term

involving the coefficient a € (L2 (€2))™°, which is handled as follows

loc

(Zp—l)/ <a,Dm0up>1/12up —I—Qp/ <au2p,Dm0w>w

r

<|2p— 1 /Q 0l [ Dyt + 2 / W (@, Dyng )] 0]

r

2p—1
< ’ £ | /; ’a’2¢2u2p + ‘217— 1‘5a/ ‘Dmoup‘2w2 +2p/ UQPKameOwH ‘w‘

s Q .

2p — 1

a

12p| c1

< lallZoe (o, 14”1220,y + 2P — Llea /Q | D[4 + ) lallz=(o) 14"l Z2(q,)-

From this point, we obtain the Caccioppoli inequality reasoning as in the proof of Theorem
4.3.4.
As far as the Sobolev inequality is concerned, we find two extra terms in the representation

formula of sub-solutions. More precisely, following the notation of Theorem 4.3.3, the term
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Iy(z) here becomes

Io(z) = / [—{a, DTz, )] ()dC +

r

" / (8, Do)D(z, )] ()G + / [eoT(2, )] (O)dC.
Since

(a, Dv) € L*7 forac L1 q> and v € L?,

Q+2
2
reasoning as in Theorem 4.3.3 we infer

| 10(C) [Iz2aa,) <II T * (@, Dingv)t) + T % ({b, Dinv)1h) + T % (cvt) || 120(0,)
<C-(lallzag,y + 10 lla@)ll Dmov 20,y +
+ 1l ellzacenll v l2e,)))s

where

_ 9(Q@+2)
(@ —2)+2(Q+2)

In addition, the term I3(z) here becomes

Iy(z) = / (ADv, D(T(=z, )] ()¢ — / (D=, ) Yol (O)dC

T T

" / o, DO e € — [ 10 Do Qe
- / [eoT'(2, )] (Q)de

and can be treated exactly as the analogous one in Theorem 4.3.3. The rest of the proof of

the Sobolev inequality follows the one contained in Theorem 4.3.3. O

We now prove the following result, which is an important consequence of Moser’s estimate
(5.2.4).

Theorem 5.2.8 (Nash upper bound). Let & be an operator of the form (5.1.5) satisfying
assumptions (H1)-(H2)-(H3-1i). Then there exists a positive constant Cy, only dependent

on @, X\ and A, such that
C
— (5.2.5)

(t —to)

F(.I', tu Y, tO) <

s

forany 0 <t—ty <1 andz,y € RV,

Proof. We apply Theorem 5.2.7, with p = %\/t — %o and r = v/2p, and we find

F(xvtuyatO) S sup F(x7t77)
Qp(y:t0)
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C
S —QJrQ/ F(x,t,f,s)dfds
(t — to) 2 Qr(y;to)
C to
< —— / [(x,t;&, s)dE ds
(t—to) 2 Jto—1i(t—to) JRN
Co
<—0,
(t — to) 2
where in the last step we have used inequality [on I'(, %€, s) dé, ds < elt=to)lele O

As a straightforward consequence of Theorem 5.2.8, we obtain the following corollary.

Corollary 5.2.9. Under the assumptions of Theorem 5.2.8, there exists a positive constant
Co, only dependent on QQ, \ and A, such that

Co
(t —to)

i

/ T%(x,t;y, to) do <
RN

Na)

forany 0 <t—ty<1andy € RN, and

Co

/ F2($7t;y7t0) dy S - O
RN (t —to)

)

Mla)

forany 0 <t —ty <1 and z € RV,

Another crucial tool in proving the Gaussian upper bound is provided by the following
theorem.

Theorem 5.2.10. Let y € RN, o > 0 and let ug € L2(RY) be such that ug(z) = 0 whenever
|z —ylg < 0. Let £ be an operator of the form (5.1.5) satisfying assumptions (H1)-(H2)-
(H3-ii). Moreover, we assume that u is a bounded solution to Lu = 0 in (n,n + 02| with

initial value ug(x,n) = ug(x). Then, there exist two positive constants k and C, only depending
1A0?
k

on M, such that for any T satisfyingn <17 <n-+ , we have

—nB o(0,7))| = |v(0,T —C ex ——2 ug||?
B (7775:0) o 0.7) | = 07 £ g exp (e )l

Proof. Let us first prove the theorem for y = 0. We fix s such that 0 < s — 7 < 1 A ¢? and
we define

EdES
2(s —n) — k(t —n)

where a and k are positive constants we shall fix later on. In addition, for a radius R > 2,
we consider a cut-off function vg € C§°(RY;[0,1]) such that yg(z) = 1 for |z|x < R — 1,
vr(z) = 0 for |z|x > R with |Dvg| bounded by a constant that does not depent on R. Now,

h(z,t) = — +at — ), ngtgm%, ze€RY,  (5.2.6)
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multiplying both sides of equation PLu=0 by v%e?u and integrating over RY x [n, 7], we

obtain
/ vheMu? |, — 2 // vEe2u? (3(ADyyh, Dypyh) — Y h — 2(a, Dy h) + 1)) da dt
RN RN x[n,]

< / 712%62hu2]t:de +2 // 22 (3A|Dm0fyR]2 + \Y73\2 — 2(a, Dy YR)YR) d dt,
RN RN x[n,]

(5.2.7)

where 1 = 2 |al|% + 2 [|b]|% + | ¢l is a positive constant only depending on M in assumption

i
(H3A). Since u is bounded by assumption and @) < en T it welet R go to infinity

in (5.2.7), the last integral tends to zero and we obtain

/ M|, — 2 // [ ]’Y}%@QhU? (3(ADy b, Dipoh) — Yh — 2(a, Dpyoh) + 1)) dodt
RN RN x[n,T

< / 22| du.
RN

(5.2.8)

We now make a suitable choice of k£ and « in (5.2.6), only dependent on M and B, we get

3

3(ADgh, Dungh) = Y h = 2(a, Do) + o

3
lall% + 5|Ibllio + [lelloo <0, (5.2.9)

where n <t <n+ %, x € RY. We now set § = 2(s — ) — k(t — 1), and we compute

3(ADy by Dypoh) — Y h — 2(a, Dpoh) + 1
R2A|zlg | 2Bzl Klxfk 4a, )
< — — N
< 52 + 5 52 o+ 5 +u

2
< % (12A + 20||B|| — k 4+ 2) — o+ 2||al|%, +

2
T
< & (o 4B — & +2) — a2l + 1

and therefore inequality (5.2.9) holds true provided that we choose o = 2]|a||%, +p. Combining
inequalities (5.2.8) and (5.2.9), we obtain

max / @2 (¢ ) de < max / a2 (2, t) da
[/]s [JRY

s—n 0 s—n
tE]n,n—i— k Qﬁ/m(x)‘Kgl te]n,n+ E

(5.2.10)
< / h@my2 (1) de,
||k =0

We now want to bound the two exponents appearing on the left-hand side and on the right-
hand side of (5.2.10). We first take care of the lower bound and we observe that, be definition
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5.2.6), for every n <t <n+ =, we have
k

r

2h(:1:,t) > 92 |$|]%§ _ _2 |<579 (50_1(«%))‘2. (5'2‘11)

5s—n 5—n

_ Vs ~
We now set r = NG and we observe that, if

502@ (:E)

5—

= |09 (:L")}K < 1, then we have

r—1

=

2R @@ AR@IP 2?1 (5.2.12)

5—n - s—n — s—n 2k

where in the first inequality we used the fact that § < 1 by assumption. Combining inequalities
(5.2.11) and (5.2.12), we therefore obtain

1 _
2h(x,t) > % for every n <t <n+ ST (5.2.13)
On the other hand, if |z|x > o, we infer
2|z|% o?

—2h(z,n) = > ) 5.2.14
(,n) ST ( )

Combining inequalities (5.2.10), (5.2.13) and (5.2.14), we get

1 0’2
max / M@t 2 (1, 1) da < eF exp (— ) HUOH%Q(RN). (5.2.15)
te]nm+232] J|s0 (:r)‘ <1 5=

2VE/Vs=n " gk —
To conclude the proof of Theorem 5.2.10, we rely once again on Theorem 5.2.7. More precisely,

S5—

we let 7 = 1+ = and therefore 7 € [77, n-+ %], s—mn=k(r—n). As a consequence, in virtue

of Theorem 5.2.7, we have

w(0,7)* < sup Ju=< Lw// u?(x,t) da dt
Q5= (0:7) (s—m) > Q5= 0,7)
Wk 'k
= Lw u?(x,t) da dt.
(s —m) 2 Jr—z2 |60 (@) <1

R N N = A e

We now apply (5.2.15) and we obtain

C g c 2
e u?(w,t) do dt < —— exp (—ﬁ) [uol|72 vy
(s—m)2 Jr—sgz o2 0 @] <1 s—n)% s—mn
C o (e )
= — X _ 0 7
kS (r—n)% Ck(r — ) L2(RY)

where C'is a constant that only depends on M and k. Combining the two previous inequalities
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we obtain

C o?
[u(0,7)]> < 59— exp (——) l|uol|%2 , (5.2.16)
k(- Ch(r —m) ) THHED
which concludes the proof in the case y = 0.
We now address the general case y € RY. For any u, ug and (1, y) as in the statement,
we set

v(z,T) =u ((e_”By7O) o (1'77')) . T<nxeRY,

and we observe that be definition v(x,n) = u(z +y,n) = up(z+y) = 0 if |z|x < 0. Moreover,
as the vector field Y is invariant with respect to the left translation ¢, in (1.1.9), we have that
(ZLol,)v=0, where z = (e_"By, 0). Hence, taking advantage of (5.2.16), we infer

C o? 9
0 0] =100, < e (e ) Il

and we conclude the proof of the general statement. O
As a simply consequence of Theorem 5.2.10, we obtain the following corollary.

Corollary 5.2.11. Under the same assumptions of Theorem 5.2.10, there exist two constants

k and C, only depending M, such that for every o >0 and n € R, we have

2

C _C(Zi*) 1A 2
/ P2 (a, 66, m)dé < ——— ; , (z,t) eRY x (n,n+ d ) (5.2.17)
et Pal, >0 (t—mn)*
and
C _C(jiin) 1 /\ 2
/| . [?(x,t;€,m)de < —(: e (z,t) € RN x (n,n+ ka ) (5.2.18)
xz—eln—t >0 —n)2
K

Proof. We only show how to prove inequality (5.2.17), as (5.2.18) is proved similarly. As a

first step, we observe that
/ P2, 16, ) = 02 (008, :€.) dg
yg_e(n*f)Bx‘Kza [—ylk>0
— [ (0o o)) de
|E—ylxk>0
We now define the function
v(w, s) = /|s | T(w,s;&,m) ((e7Py,0) o (0,1):&,m) dé,
—ylk>o

which is a non-negative solution to (4.1.1) for s > 5, with initial condition v(w,n) = 0 if

151



CHAPTER 5. WEAK FUNDAMENTAL SOLUTION

lw —ylg < o and v(w,n) =T ((ePy,0) 0 (0,n);w,n) if [w — ylx > o. Setting (w,s) =

(e_tBy, O) o (0,n) and applying Theorem 5.2.10, we get

/lf_ . % ((e77y,0) 0 (0,1):€,m) d€ = v ((e™"Py, 0) o (0,n))

2

Ce o _
< ———IT ((ePy,0) 0 (0,7) ;1) | 2=y,
(t—n)s
and the proof of inequality (5.2.17) follows from Corollary 5.2.9. O

We are now in a position to state and prove the following result concerning the upper bound
for the fundamental solution. We remark that the exponent % appearing in estimate (5.2.19)
is optimal, as we can easily see in the case of constant coefficients Kolmogorov operators,

whose fundamental solution is explicit and given by formula (1.1.31).

Theorem 5.2.12 (Gaussian upper bound). Let % be an operator of the form (5.1.5) satisfy-
ing assumptions (H1)-(H2)-(H3-ii). Then there exists a positive constant C, only depen-
dent on Q, X\, A and q, such that

C 1 _ 2
[(z,ty,t0) < (t—t)gexp (—5 ‘5(1)/ﬂ (I —ell tO)By) ‘K) ; (5.2.19)
— 1 2

for any 0 <t —tg <1 and z,y € RV,

Proof. We split the proof into four steps.
Step 1. We first prove the statement for y = 0 and t — tg = %, where k is the constant
given by Theorem 5.2.10. For a fixed x € RY, we set

_
U(‘T) - 2 He(t—ztO)BH :
If o(z) <1 and thus |z|g < 2 He(ti;mB ‘, then the thesis simply follows from Theorem 5.2.8,

ast—ty = %, with k£ only depending on M.

On the other hand, if o(x) > 1, then we set n = ¢ + tOQ_ ! and we apply the reproduction
property
['(z,t;0,t0) = / Dz, t;6,mI(En;0,t0)d§ = Ji + Ja,
RN

Ji ::/ (t—tg)B
e-e“¥"a]

K
J2 = / (t—tg)B
‘576 2 T

where

F(xv t? 57 U)F(fy m; 07 tO)dév

o(x)

( )F(x,t;ﬁ,n)F(f,n; 0, to)dE.
<o(x
K
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By the Cauchy-Schwarz inequality, we have

(J1)? S/‘g_e“‘é " T2(¢,1;0,t0)dE.  (5.2.20)

>o(x)
K

x x

D%, 1€, ) /'g_eu_?)g

2o(z)
K

Applying inequality (5.2.17) and Corollary 5.2.9 to the right-hand side of (5.2.20), we infer

2

o“(x)
Ce ¢t k|x|?
J)P< = Ck9exp | ——— K|
() (t —t9)? < AC ||e2e B |2

(t=t) . o
E—e 2" Bx’ < o(x), in virtue of the definition
K

As far as Js is concerned, we observe that, if

of o(x), we have

(t—tg) _ (t—tg) T|IK
0 e 2 i
le =7

€Ik > ‘6_ o(z) =o(z). (5.2.21)

K

Owing to (5.2.21) and applying once again the Cauchy-Schwarz inequality, inequality (5.2.18)
and Corollary 5.2.9, we obtain

(Ja)? < / T2(z, 1 €, )de T2(¢,;0, to)dé
|¢|x >0 () [€lk>0(x)
C _CCEQ(Z))
e t—tg

T (t—tg)?

02(1) o 2
< _c e 0G0 = Ck9 exp ——klaf|K .
(t —t0)? 4C||e2rB||2

/ T2(x,t;€,m)dE
RN

This concludes the proof of the statement in the case where o(z) > 1, that is

2
=]

1
[(x,t;0,t9) < Ce™ @, b—ty=,v¢€ RV, (5.2.22)

where the constant C' only depends on M and B.

Step 2. In order to generalize estimate (5.2.22) to the case 0 < ¢t — ¢y < %, we use a
scaling argument. For r € [0,1], we set I (z,t;0,t9) = r®T (6,(z,1);0,(0, %)) and we observe
that it is a fundamental solutions of operator .Z(") in Remark 5.2.2. We now fix a time ¢ such
that 0 <t —tg < % and set r = k(t — tp). Then we have

2
_ 110
Lo, t_o) < Cr-de el
T T

_Q(F
[(x,t;0,t0) = r~ 3 TWD) (5?/\/;(55)

where in the last inequality we took advantage of (5.2.22). To summarize, we have proved
that

c i 1
D(x,t;0,t) < ———¢ T, 0<t—ty<— xecRY (5.2.23)
(t—to)= k
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Step 3. We now remove the restriction y = 0. We set z = (e~%By, 0) and we denote
by I'®) the fundamental solution of operator .Z*) := Z o £,, where ¢, is the left translation
defined in (1.1.9). T®) satisfies inequality (5.2.23) and therefore we have

C

1 _
T
— 1o 2

(. t;y,t0) = T®) (27" o (2,1);0,10) <
for every z,y € RY and 0 < t —tg < %
Step 4. To prove the general statement, we are only left with relaxing the condition on

the length of the time interval. As a first step, we suppose that 0 < t — 5 < % and we set

T= %l We now apply the reproduction property and infer

F(l",t;y,to):/ (2, t; & to + 7)I(&, to + 73y, t0)d§
RN

< & [ et ol e bsrtee e

T RN

C

7@ Jan

<O e tomy[
(t — Ifo) 2

< B L G [ L e S i) |ﬂ2<d§

Y

8]

where in the last line we exploited the reproduction property for a standard Gaussian kernel.
By iterating this procedure, we can extend estimate above to any bounded domain in time

and therefore conclude the proof. O

5.2.3 Gaussian lower bound

Lemma 5.2.13. Let £ be an operator of the form (4.1.1) satisfying assumptions (H1)-
(H2)-(H3). Then there exist two positive constants R and co, only dependent on @QQ and B,
such that

D(x,t;y,to)dx > ca, (5.2.24)
<R
K

(y_e(t—tO)Bx)

50
(WVt=tg)
forany 0 <t—ty <1 andy e RN,

Proof. We first notice that for a small enough constant c3, which depends only on ) and B,
the function
U(y, tO) = / F(ZL’, t; Y, tO) - e_CS(t_tO)v t> th Yy e RNa
RN

is a weak super-solution of the Cauchy problem

Loy, to) = —e~ W) (¢ — Tr(B) + ¢3) <0, t>ty, yeRY
v(y,t) =0, y €RY,
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where Z* is the adjoint operator defined in (1.2.7). Hence, in virtue of the maximum principle

we infer v > 0, that is
/ [z, t;y,t0) > e~st=to) g5 g ye RN, (5.2.25)
RN

We now observe that

Ry e )

[(x,t;y,to)dx (5.2.26)
C1
<——2 exp (
(t —to)2 ‘a?m)(y*e(t_towx) 2R ‘1

>R
2
dx
K
K
Lo
= exp | ——|z|x | dz,
lzlxg >R “

K
where in the second line we have used the upper bound (5.2.19) and in the third line we

50 (y _ e(t7t0)3x>

(t—to) "2

have performed the change of variables z = 5?@) (y — e=*)Bz). Combining (5.2.25) and
(5.2.26) and choosing c3 small enough we obtain the thesis. O
We are now in a position to state and prove the following result concerning the Gaussian

lower bound of the fundamental solution.

Theorem 5.2.14 (Gaussian lower bound). Let £ be an operator of the form (4.1.1) satisfying
assumptions (H1)-(H2)-(H3). Then there ezists a positive constant cy, only dependent on
Q, A\, A and q, such that

T(x, by, ) > — b e es(07 (tto) (y—e(t 71000 a).y et 1)) (5.2.27)
(t —to)

nlO

forany 0 <t—ty <1 andz,y € RV.

Proof. We restrict ourselves to the case where x = 0, as the general statement can be obtained
from the dilation and translation-invariance of the operator .. Then, for every y € RY and
R >0, we set

Dp = {g eRV: ’(soﬁ(y - eTBg))K < R}

and we compute

meas(Dg) :/ d¢ = RQ/ d¢ = RQTQ/2/ d€
Dr ‘é?ﬁ(yfeTBf))Kgl l(y—eTBE)[x <1

_ RQTQ/Q/ d¢ = R9792meas(B,(0)) = ¢57%/2,
[{lx<1

where the constant cs only depends on B and R. We also note that the function (C~1(t —

to) (y — el=10)By) 1y — e(t=0)By) is bounded by a constant M in Dp (see [73, Lemma 3.3]).

t—to
2

Lastly, we now set 7 = and apply to I' the global Harnack inequality stated in Theorem
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5.2.4, which yields
L(y,t;y,t0) > coe*%@‘l<T)(€*€TBI)v€*€TBI>F(§, t+71y.to), y, &R, (5.2.28)

Hence, integrating inequality (5.2.28) over Dpg, we infer

Ce
P(ontinto) = =5 | Tlontinato)de

R
Ce Co

> 0
- TQ/2

/ 6_60<C«—1(T)(£—eTBx),f—eTBx>F(€7t + 73y, t0)dE
Dgr

Ce Co

> S [ e
R

> o
T (t—tg)Q/?’

where the last inequality is a direct consequence of Lemma 5.2.13 and the constant c; only
depends on @, A\, A, g and B.
Setting 7 = %(t —tp) and x = 0, we apply once again Theorem 5.2.4 and we get

(0, 4y, to) > coe™ T I (y, ¢ + 77y, 1)
c8 —co(C7H()y.y) co —co(C (t—to)y.y)
>_ % oo yy) > 9 o vy)
T (t—t9)Q/? T (t—t0)Q/?
where the last inequality is a consequence of a property of the covariance matrix C' (see [72,
Remark 4.5]). This concludes the proof. O

5.3 Proof of Theorem 5.1.2

This section is devoted to the proof of our existence result, Theorem 5.1.2, under assumptions
(H1)-(H2)-(H3-ii). Our idea is to adapt the limiting procedure proposed in [7] to the case
of our interest.

Let us consider the operator . in (4.1.1) under the assumptions (H1)-(H2)-(H3-ii). Our

first aim is to build a sequence of operators (£;)_ satisfying assumptions (C) of Theorem

3
1.2.4. Without loss of generality we restrict ourselves to the case of (7p,71) = (0,7, with
T > 1 and hence we denote St := Syr. Thus, we may consider p € C5°(R) and ¢ € C5°(RY)

such that

T T
/p(t)dtzl, supppCB<§,Z>, and

R
/w(x) dr =1, suppy C B(0,1),
RN

where by abuse of notation B (%, %) denotes the Euclidean ball on R of radius % and center
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£ of suitable dimension and B(0,1) denotes the Euclidean ball of RY of radius 1 and center
0 of suitable dimension. Then, for every ¢ € (0,1] we classically construct two families of

mollifiers

p€<t>=§p<t;%>, ve@) = v (5).

Lastly, for every e € (0, 1], for every t € (0,7) and 2 € RY we define

(@i)ee) = [ [agte— v 0=+ o) o) dydr, Vig =L,

R RN
(z,1) — vy, (L —e)t + 7)Y (y) pe(7) dy dr, Vi=1,...,N,
e
clwt)i= [ [ o=y (1= 2+ Do) pulr) dydr
R RN

These newly defined coefficients are smooth and such that (a;j). — a;j, (bi)e = bs, (¢): = ¢
in L'(S7). Hence, the L' convergence implies the pointwise convergence a.e. Moreover, for
every € € (0,1] the coefficients (a;;)e, (b;). and (c). are bounded from above by the same
constant appearing in assumption (H3-ii). Indeed, for every (z,t) € K, with K C RV*!

compact,
(aij)e(z,t)| < sup |ag;(z,t)] < M,
(z,t)eK
for every i,j =1,..., N. The same statement holds true for the coefficients c. and (b;)., with

i=1,...,N andae (0,1].
In addition, given assumption (H3-ii) and our definition of the family of mollifiers we

have
xt‘—// 1—5t+7)awk(x— y) pe(T) dy dr
R RN
<M / |pe(7)|dT / |9 (@ — )| dy < MCy
B(0,¢)
for every 1 = 1,...,mg and for every k = 1,...,mg, where C is a constant depending on .

Indeed, for every y € B(0,¢), we have

Ot

Oz,

‘ e

1 1 /2\? C
— < < —— | - 2 <
Oz, (@ y)’ — gN+l ‘ L=(B(0,e)) — elNtl <e) [S_li) 12y]

where C is a constant that does not dependent on «.
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The same statement holds true also for 0y, (ai;j). and 0y,c., with k = 1,...,my and
e € (0,1]. Hence, thanks to the mean value theorem along the direction of the vector fields
Oy, , the coefficients (a;j)e,cc and (b;)e, withi =1,..., N and ¢ € (0, 1], are uniformly Lipschitz
continuous (i.e. Holder continuous of exponent ov = 1), and therefore Dini continuous.

Hence, we can apply Theorem 2.1.5 to (If). for every ¢ € (0,1]. Thus, there exists a
sequence of equibounded fundamental solutions (I} )., in the sense that each of them satisfies
Theorem 5.1.3, i.e. for every (z,t),({,7) € Sp, with0 <7 <t <T

C IR (x,t;y,7) < TE(x,ty,7) < CTIR (x, 6y, 7).

We point out that, since the coefficients of .Z. are uniformly bounded by M, the coefficients
of Theorem 5.1.2 do not depend on e¢.

First of all, for every fixed ({,7) € Sp our aim is to show there exists a converging
subsequence (IF (-, -; &, 7)), from now on simply (If )., in every compact subset of (RN \ {¢}) x
(1, 7).

For this reason, we define a sequence of open subsets (£,)pen of St
1 1 1
Q, ::{xERN e < p? e — € > —} X (T+—,T— —).
2p p p

Note that ©, CC Q,11 for every p € N. Moreover, US%5Q, = (RV\ {¢}) x (7,T). Since
I%+ is a bounded function in ,, we have that (If). is an equibounded sequence in every
. Then, as the sequence (If). is equibounded in €y, it is equicontinuous in §; thanks to

Theorem 2.1.5. Moreover, by Theorem 1.2.4 and Theorem 2.1.5, we also have that
OIf oI¥ o921 92TF
0. (). (55). (5%).. o

are bounded sequences in C%(Qq), where Y is the Lie derivative defined in (1.1.5). Thus,
there exists a subsequence (FLL“)‘El that converges uniformly to some function I'; that satisfies
(5.1.3) in Q1. Moreover, I'y € C*(Q1) and the function u(x,t) := T'y(z,t; £, 7) is a.e. a classical

solution to Zu = 0 in 4, and hence a weak solution in the set €2;.

We next apply the same argument to the sequence (I‘Ll"gl)52 on the set )y, and obtain a
subsequence (If°2)., that converges in C2(€) to some function I'y, that belongs to C?(Qy)
and satisfies the bounds of Theorem 5.1.3 in 5. Moreover, the function u(z,t) := I's(z,¢; &, 7)
is a. e. a classical solution to Zu = 0 in the set €5, and hence a weak solution, to Zu = 0
in the set €.

We next proceed by induction. Let us assume that the sequence (Fﬁfl’g‘?‘l)gq on the set

-1
€2, has been defined for some ¢ € N. We extract from it a subsequence (I}¥°7).  converging
in C?(£2,) to some function I, satisfying Theorem 5.1.3 in ©, and it agrees with I';_; on the
set 2,_1.

Next, we define a function I}, in the following way: for every (RY \ {¢}) x (7,T") we choose
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q € N such that (z,t) € Qg and we set I1,(z,t;&,7) :=[y(z,t; €, 7).

This argument can be repeteadly applied to any choice of (,7) € Sp. Hence, it provides
us with a non ambiguous definition of Ij,. Indeed, for any given choice of (£, 7) € Sp, if
(x,t) € Qp, then I'y(z,t;&,7) = Ty(z,t; €, 7) for every choice of p,q € N. In particular, we
proved that IF converges compactly uniformly on St to a function I" on a compactly generated
space. Hence, I'(+, -; &, 7) is continuous on RY x (7, T)\ {(£, 7)} and a weak solution to £u = 0
on RN x (7,T). Finally, Theorem 5.1.3 holds true for I}, because it is a weak solution to (4.1.1)
in the sense of Definition 4.1.2.

Secondly, we verify that for any bounded function ¢ € C(RY) and any z,£ € RY the
function

uet) = [ Tulantiéor) ole) de (531)
RN
verifies the corresponding weak Cauchy problem in (5.1.1), hence it is a weak solution to
(4.1.1) in RN x (7,7T) and takes the initial datum when ¢t — 7, with ¢ > 7. Note that u is
well-defined given the Gaussian bounds of Theorem 5.1.3 and property 7. of Theorem 1.2.4.
Then, considering that for every e € (0, 1]

wlat) = [ Tt to) o(€)ds (532

satisfies Z.u. = 0 in the classical sense, see Theorem 1.2.4, thanks to the Dominated Lebesgue
convergence theorem we get u defined in (5.3.1) is a weak solution to (4.1.1) in RY x (7, 7).

Thus, we are left with the proof of the limiting property. By applying property 3. of
Theorem 1.2.4 to the regularized operator .Z., we have that for every e € (0, 1] and for every
(¢,7) € RN x (0,T) the following holds

I =
(xyt)::n;lgvf) uE(I’ ) 30(5)7

where . is defined as above in (5.3.2). Now, thanks to Theorem 5.1.3 we are able to apply
the Lebesgue Dominated Convergence Theorem, and thus for every (¢,7) € RY x (0,7 we
have

p(§) = ;I—KHO (z’}f:H(lg’T) us(z,t) = (m,})::rréﬂ u(z,t).

Finally, we are left with the proof the reproduction property listed in Theorem 5.1.2.
For every e >0, 7,6 €ERY and 0 < 7 < s <t < T we get

i (z, ty, $)E(y, 5:€,7) < CT Y (m,ty, )OI (y, 806, 7),

where the right-most inequality is obtained by applying the Gaussian upper bound in Theorem
5.1.3 to the fundamental solution I'.. Hence, by applying the reproduction property of the
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fundamental solution I} we get
/ B (2, 6y, 9 (y, 86, 7) dSdr =T (2, 45€,7),
RN

which allows us to use the Lebesgue Dominated Convergence theorem. Thus, the property

holds true.
We complete the proof by adapting these arguments to the adjoint operator -£* when

considering the function v. 0
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Part 111

Relativistic generalization
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In the last part of this thesis, we consider a class of second order degenerate kinetic
operators .Z in the framework of special relativity. More precisely, we address the problem

that particles are allowed to move faster than light in the model described by

0%u ou ou
%U(p, y7t> = a_pg(pvyat) _p_(p7y7t) - _(p7y7t) =0 (p7y7t) € RS? (IIIl)

dy ot
even though this is inconsistent with the theory of special relativity. The possible relativistic

generalization of (II1.1) that we study in this work is the following

Lu(p,y,t) = Vp?+15; (\/172 +1 g—;;) —pS— VP19 =0,  (pyt) R’ (112)

In the next chapter, we explain why we believe that (II1.2) is the suitable relativistic counter-
part of (III.1) and we describe .Z as an Hérmander operator which is invariant with respect to
Lorentz transformations. Then we prove a Lorentz-invariant Harnack type inequality, and we
derive accurate asymptotic lower bounds for positive solutions to Zu = 0. As a consequence,
we obtain a lower bound for the density of the relativistic stochastic process associated to .Z.
Throughout the part, we are only concerned with classical solutions to equation (I11.2). These
results are presented in Chapter 6 below and were obtained in collaboration with Anceschi
and Polidoro in [10].
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Chapter 6

Relativistic Fokker-Planck operator

6.1 Motivation

This chapter is devoted to the study of the following second order partial differential equation

uw(p,y,t) = /|p|* + 1div, (D Dyu) — (p, Dyu) — /|p|> + 1 Oyu = 0, (6.1.1)

where (p,y,t) € R?™* and D is the relativistic diffusion matriz given by

1
D= ———(Lu+po0).
VIpP+1 "
Here and in the following, I,,, denotes, as usual, the m x m identity matrix and p ® p =
(PiPj); j=1.. m- In this context, a solution u = u(p,y,t) to (6.1.1) denotes the density of
particles in the phase space with momentum p and position y, at time ¢.

We observe that .Z is a strongly degenerate differential operator, since only second order
derivatives with respect to the momentum variable p € R™ appear. However, the first order
part of .Z induces a strong regularizing property. More precisely, .Z is hypoelliptic in the
sense of Definition 1.0.1, as we will prove in Appendix 6.A. As a consequence, we only need
to consider classical solutions to Zu = 0. Indeed, as we will show in Appendix 6.A, we can
write .Z in the form .

L= X7+ X, (6.1.2)
j=1

with

m m
XJ Z ( jk + 1+\%) ng ] = 17 cee, MMy, and Xm+1 = ZCIC(p)Xk - K <613>

k=1 k=1

where ¢1, ... ¢, are smooth functions and

Y = (p, Dyu) + VIp? + 15 (6.1.4)
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Moreover, .Z does satisfy the Hormander’s rank condition (1.0.6), which in the present setting

reads as follows
rank Lie {X1,..., X, X1} (0,4, 1) = 2m + 1, Y(p,y,t) € R¥HL (6.1.5)

and it is a well-known criterion for the hypoellipticity of an operator in the form (6.1.2) (see
Chapter 1).

The aforementioned regularity property of operator .Z is related to a non-Euclidean struc-
ture on the space R?"*! and its study needs to be addressed via an ad hoc approach. In
particular, as we will see in the sequel, .Z is the relativistic version of a kinetic diffusion
operator and it is invariant with respect to Lorentz transformations. Moreover, .Z is the
Kolmogorov equation of a suitable relativistic stochastic process (P, Ys, T) ., that is intro-
duced in (6.1.12) below. Our main result is a lower bound for the density of the stochastic
process (Ps, Yy, Ts) ~. This is the first step in developing a systematic study of £ within the
theory of PDEs. In_deed, our final aim is to extend the classical theory considered in [8] to
the relativistic case. In particular, we plan to prove asymptotic results such as [12,72,73,95]

in this more general setting.

As we will see in Appendix 6.A, the treatment of operator .Z in dimension m > 1 involves
cumbersome notation and computations. Thus, for the sake of simplicity, we restrict ourselves
to the one-dimensional case. The corresponding generalization of our main result to higher
dimension follows the same strategy but requires cumbersome computations and for this
reason will be the content of a forthcoming work. In the one-dimensional case .Z writes in

the following form

Lu(p,y,t) = Vp?+15; (\/p2 +1 2—;) —pPE -V +1%,  (pyt) R’ (6.1.6)
and takes the Hormander’s form . = X2 — Y if we set

X=VpP+14  and szg—i—k P2+ 19 (6.1.7)

6.1.1 Physical interpretation

Operator % is the relativistic version of the kinetic Fokker-Planck equation (1.0.1) with
o = /2, namely equation

0*u ou ou 3

In this chapter, we address a possible improvement of the model described in (6.1.8) which
is in accordance with special relativity. Indeed, a questionable feature of (6.1.8) is that its

diffusion term gip%(p, y,t) operates with infinite velocity, as in classical mechanics the velocity
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is proportional to the momentum. In particular, it is known that, if we consider a continuous,
non-negative and compactly supported initial distribution wu(p,y,0), then the unique non-
negative solution u(p,y,t) to the Cauchy problem relevant to (6.1.8) is strictly positive for
every positive t (see, for instance, Theorem 1.2.4). In this scenario, there would be therefore a
non-zero probability to find particles everywhere in space. This feature is clearly incompatible
with the physical law that prevents particles from moving faster than light. To overcome this

issue, we rely on the relativistic velocity

V= ——, (6.1.9)

which clearly satisfies

‘ P <1 forevery p € R,

VPP +1

in accordance with the relativity principles’. We consider the finite velocity Langevin process

analogous to (1.0.2)

t
P, =po+ V2 [ /P2 + 1dW;
0 (6.1.10)

t
— P)S
Y, = Yo + E)f \/@ds,

and we recall that, by applying the relativistic It6 calculus, Dunkel and Hanggi find in [43]

the Kolmogorov equation

—~ 0 ou
ZLu(p,y,t) = o (\/p2 +1 a—p(p,y,t))

_Ou

p Ou
N /—pz—+1a—y(p,y,t) o, (P 1) =0 (6.1.11)

satisfied by the density of the stochastic process (F;,Y}:),~, in (6.1.10). We refer the reader
to [35,43] for an overview to the relativistic theory of Brownian motions and corresponding
relativistic kinetic equations.

Alcantara and Calogero find the same equation (6.1.11) in [4] following a different ap-
proach, i.e. by merely requiring that some relevant properties of the non-relativistic equation
are preserved in the relativistic setting. More precisely, as the non-relativistic operator is
known to be Galilean invariant, the first requirement is the invariance with respect to the
equivalent relativistic transformations, namely the Lorentz transformations. In addition, the
authors of [4] impose that the relativistic Maxwellian distribution (or Juttner distribution)
e VP~ 5 0, needs to be a stationary solution of equation (6.1.1) with friction, mirroring

the fact that the Maxwellian distribution is a stationary solution of (6.1.8) with friction.

We emphasize that u is a solution to Lu=0 if, and only if, it is a solution to Zu = 0 with .&
defined in (6.1.6). We prefer to focus our attention on the differential operator . because it

is invariant with respect to Lorentz transformations, as we will see in the following Subsection

'Here, we adopt a natural unit system with ¢ = 1, where ¢ is the speed of light.
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6.1.2. We finally observe that (6.1.6) is the relativistic deterministic equation describing the

density of the following stochastic process

(

Py =po+ V2 [\/P?+1dW-,
0
Y, =yo + [ Prdr, (6.1.12)
0

TS:to—f—f\/PE"FldT,
0

where the third component is the time, which is not an absolute quantity in the relativistic

setting.

6.1.2 Invariance properties

As it will be widely used in the sequel, we now focus on the invariance properties of operators
&% and # . As discussed in the Introduction of this work, it is well known that J# is invariant
with respect to the Galilean change of variables (5).

In a natural way, operator £ satisfies the relativistic analogue of property (6), i.e. it is
invariant under Lorentz transformations. To show that, let us first summarize basic definitions
and a few properties of those transformations. We recall that the relativistic momentum p(t)
and energy E(t) of a particle with position y(¢) and velocity v(t) = dy(t)/dt are given by

v(t) 1
p(t) =vy(v(t) = ———==,  E(t)=Vp(t)*+ 1= ———= =(v(1)),

1—o(t)? 1 —o(t)?
respectively, with v denoting the Lorentz factor

()—;
= Ao

We combine time with position, and energy with momentum, to obtain the contravariant

()= ()

The above definitions refer to the intertial lab frame 3, defined as the rest frame of the fluid.

four-vectors®

We now consider a second intertial frame i moving with constant velocity 8 with respect to
Y. According to Einstein’s theory of special relativity, values of physical quantities in X can

be related to those in ¥ by means of the Lorentz transformations. In the one-dimensional

2We here assume that the rest mass of the test particle is one.
3We use the term “four-vector” independently of the actual number of spatial dimensions.
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case, the Lorentz transformation matrix reads as follows

Mm-wm(_%'f)

and its inverse is A(—/). The matrices are representations of the Lorentz group acting on the

four-vectors. The transformation law of arbitrary four-vectors is computed as follows
A t — By E\ E—pp
(-o (). (5)-e
t\ T+ By E\ _ E+ 6p
()=o) (D)-e(n)

Let us consider the function, v(p, 7,t) = u(p(p), y(t, ), t(t,7)) that represents the one-particle
phase space probability density function measured in the moving frame i which, according to

(6.1.13)

[113], transforms as a Lorentz scalar. If we set w(p, y,t) := u(p, 7,t) and g(p, y,t) == f(7,7,1),
then, applying the chain rule, we obtain

0 ~
a_’l;(pazﬁt) - <1 - @) a~(p7y7t)

ow ou, . _ ~ ou, . _ ~
- t) = - y ,t — P—=\D, ,t
ay(p,y,) 7<8y(py ) ﬁat(py ))
ow o, . .~ Ou,._ _ ~
E(p, y,t) =2 <_ﬁa_g(p’ y.t)+ g(p, v, t)) :

Then, the vector field X defined in (6.1.6) is invariant with respect to Lorentz transformations,

since

X(U(ﬁ,g,f)):Eg—Z(p,y,)— (B~ Bp)ap(p,y,t)

:E?@%> (Xu) (5. 3. D).

(6.1.14)

From (6.1.14), it immediately follows that the diffusion term X?u in (6.1.6) is also invariant
with respect to Lorentz transformations. As far as we are concerned with the drift term Y in
(6.1.6), we obtain

Y~ ow ow
Y(u(p,y,t) = pa—(p,y,t) + Eg—(p,y,t)

GEED 4o+ EEERD  (6L1)

ot
ou ~0u -
—pa—g(p,y, )+E8 ®9.t) = (Yu)(p, 7. 1)

v(p— BE)

In virtue of (6.1.14) and (6.1.15), operator .# is invariant with respect to the Lorentz trans-
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formations (6.1.13), i.e
Lu=f <= Lw=g, forevery (p,7,1t)eR> (6.1.16)

Hence, owing to (6.1.16), operator £ is invariant with respect to the following group

operation on R?

(Po, Yo, to) oz (p,y,t) = (p\/p% + 1+ pov/1+p% Yo+ y\/ 0§+ 1+ pot,to+ty/pg + 1 +poy)

(6.1.17)
We remark that for small velocities \/1 4 p§ ~ 1, and therefore (6.1.17) becomes precisely
the non-relativistic composition law (5) for variables p and y.

Moreover, G := (R?,0,) is a Lie group with identity e and inverse (p,y,t)~! defined as:

= (0,0,0), (py.t)' = (—p, pt —

y
,—typ?+ 1+
1 —p = p py)

Then, in particular, we have that

(pos Yo, to) " oz (p,y, 1)
= <p\/p3 +1—povp?+1,4/0§ + 1(y — yo) — po(t — to), \/p§ + 1(t — to) — poly — yo)) ,

so that (6.1.16) is equivalent to

u(p,y,t) = w((po, Yo, to) " oz (p,y,1)). (6.1.18)

To avoid confusion between the Galilean and the Lorentz change of variables, in this section

we denote by og the composition law (5), i.e. we write

(pos Yo, to) og (p,y,t) = (po + Py yo +y +tpo, to +1)  for every (po,vo,to), (p,y,t) € R®.
(6.1.19)

We conclude this section with a remark concerning operator £ in (6.1.11). As already
noticed, Lu=0 if, and only if, Zu = 0. Moreover, # looks simpler than .Z, as the derivative
with respect to the time Varlable 7 appearing in . is multiplied by the coefficient \/F
unlike 2. However, operator Zis not invariant with respect to Lorentz transformations. To
see this, we rewrite Z in the form ¥ = X2 — )7, with

=+v/p?+19, and Y = —%@,—I—ﬁa@—f— Or. (6.1.20)

We now define w(p,y,t) := u(p, g,'{) as above and we check if the vector field X is invariant

with respecto to Lorentz transformations. To this end, we perform the same computations as
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n (6.1.14) and we find

ap E
_ Eou
VE 0p

RE5D) = VEg ) = VB (257 S350
~(5.5,1) # (Xu)(p.7.1).

A similar computation shows that Y in (6.1.20) is also not invariant with respect to Lorentz
transformations.

In a more formal way, we can prove that # is not invariant with respect to (6.1.13) by
taking advantage of a general result contained in [19]. Specifically, Bonfiglioli and Lanconelli
prove in [19] a theorem for operators in the form (6.1.2), where X7,..., X,,+1 are analytic
Hérmander’s vector fields, with the property that, for every z € RY, the integral curves *
exp(tXi)z, ..., exp(tX,,+1)z are defined for every ¢ € R. They prove that operator & is
invariant with respect to the left translation of some Lie group G = (RN , o) if, and only if,
the Lie algebra generated by Xi,..., X,,11, as a linear subspace of the smooth vector fields
in RY, has dimension N. The same result was extended to C> vector fields by Biagi and
Bonfiglioli in [17].

If we apply this condition to operator . = X2 — Y, with X and Y defined in (6.1.7), we
find

=VP’+10,+pd, [X[X,Y]]=Y and [Y,[XY]=0,

so that the dimension of the Lie algebra generated by X and Y equals 3, which is the dimension
of the space R3. On the other hand, if we write Z in the form .Z = X2 — Y with X and Y as

in (6.1.20), a direct computation shows that the dimension of the Lie algebra generated by X
and Y is infinite. For this reason, we believe that .Z is the suitable relativistic generalization
of (6.1.8).

6.1.3 Main results

Our main result is a lower bound for the density of the stochastic process (6.1.12). Since we
prove it via an approach in the framework of PDE theory, it is natural to express it in terms
of the fundamental solution I'. We observe that a purely PDEs construction of a fundamental
solution of Zu = 0 is given in Theorem 1.3 of [19]. In order to expose the main result of this

chapter, we therefore recall the definition of I' below.

Definition 6.1.1. We say that a function I' : R? x R3® — R is a fundamental solution of
operator .Z in (6.1.6) if it satisfies the following conditions:

1. for every (po, yo, to) € R?, the function (p,y,t) — T'(p,y,t; po, yo, to) belongs to Li (R)N
C>(R3\ {(po, yo,t0)}) and it is a classical solution to Zu = 0 in R3\ {(po,vo,t0)};

4The integral curve v : I — RY of a vector field X on R¥ is defined by +'(s) = X (y(s)) for every s € I.
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2. for every ¢ € Cy(R?), the function

u(p,y,t) = /Rg L(p,y, t;:&,n,to)p(&, n)dE dn

is a classical solution to the Cauchy problem

Lu(p,y,t) =0, in R? x (to, +00)
f(p,y,t0) = ¢ (p,y), in R%;

In the statement of the following theorem, which is the main result of this chapter, the
function ¥ is the wvalue function of a suitable optimal control problem and is defined in
equation (6.3.15) below.

Theorem 6.1.2. Let I" be the fundamental solution of £ in (6.1.6). Then for every T > 0

there exist three positive constants 0, cp, C with 6 < 1, such that

cr
I'(po, yo, to; p1, y1,t1) > to— 12 exp {—C'U (p07y0>yO§p1ay1702t1 +(1— 92)750)}
0o— U
for every (po,vo, to), (p1,y1,t1) € R3 such that 0 < tqg —t; < T. The constants 6 and C only
depend on £, while ¢y also depends on T.

As far as the analogous upper bound is concerned, we believe it can be achieved by means
of control theory in the same spirit of [31,33]. As this problem needs to be studied in a

different framework, this issue will be addressed in future research.

6.1.4 Outline of the chapter

This chapter is organized as follows. Section 6.2 is devoted to the proof of an invariant Harnack
inequality for solutions to .Zu = 0. Section 6.3 collects useful results on the optimal control
problem associated to W, while in Section 6.4 we give proof of our main result. Finally, in
Appendix 6.A, we show how the higher dimensional operator (6.1.1) is related to Hormander’s

theory.

6.2 Harnack inequality

This section is devoted to the proof of a scale-invariant Harnack inequality for solutions
to (6.1.1), which is invariant with respect to Lorentz transformations. We introduce some

notation necessary to state this result. For every positive » we introduce the cylinders

H,(0) = {(p,y,t) e R | |p| <, |yl <r® —r? <t <0},

(6.2.1)
ST(O) = {(pvyat) S RS | ’p‘ < r, |y| < Tga —7"2 S t S _TQ/Q} .
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Owing to (6.1.17), for every zo = (po, %o, to) € R3, we set
HE(20) := 2 o H,(0), SE(20) == 29 or S (0). (6.2.2)

We are now in a position to state the following result.

Theorem 6.2.1. There exist two constants Cy > 0 and 0 € (0,1), only depending on L,
such that

sup u < Chu(zp),
S£ (20)

for every zo € R®,r € (0,1/2], and for every non negative solution u to Lu =0 in H-(z).

The proof of Theorem 6.2.1 is obtained from the analogous Harnack inequality for the

non-relativistic kynetic operator v acting as

—~ 0%u ou ou Ou
- s S e 2.
Hu=a(p,y,t) o2+ b(p,y,t) o oy ol (6.2.3)

In the following, HY(29) = 29 og H,(0) = {z € R® : 2 = 2506 (, ¢ € H.(0)} and SY(z) =
2006 S-(0) = {z €R3: 2 = 206 (, ¢ € S.(0)}, where og is the composition law defined in
(6.1.19). We remark that, in contrast to the variable-coefficients operators studied in Chapters
4-5, operator A in (6.2.3) is in trace form. For this reason, we recall the statement of the

Harnack inequality for classical solutions to trace-form operators like (6.2.3) proved in [41].

Theorem 6.2.2. Suppose that the coefficients a and b in (6.2.3) are Hélder continuous func-

tions satisfying

H) There exist two constants A=, \T > 0 such that
( :

A <alpy,t) <A, |b(p,y, ) S AT for every (p,y,t) € R,

Then there exist two constants Cy > 0 and 6 € (0,1), only depending on A\~ and \* such
that

sup u < Chu(zp).
Sggr(zo)

for every zg € R3,r € (O, %), and for every non negative solution u to Hu=0 in HY ().

6.2.1 Change of variable

In order to prove Theorem 6.2.1, we perform an appropriate change of variable that allows
us to write solutions to Zu = 0 (and therefore to Zu = 0) in the form (6.2.3). To this end,

we denote by ¢ the function defined as follows

p

o(p) = \/?pf

171

p € R, (6.2.4)




CHAPTER 6. RELATIVISTIC FOKKER-PLANCK OPERATOR

where we remark that ¢(p) is actually the relativistic velocity defined in (6.1.9). By a direct

computation, we easily obtain

1 3p

¢"(p) = 1

¢'(p) = ( A+ P

1+ p2)3/2°
Moeover, it is easy to verify the function

X

x) = —
Yo =i
is the inverse of ¢, and the following identity holds
- @)= ——, peR
14 p?’

We are now in a position to state and prove the following preliminary result.

(6.2.5)

(6.2.6)

(6.2.7)

Lemma 6.2.3. Let u be a solution to Lu = 0. For every (z,y,t) € (—1,1) x R? , we define

the function
v(z,y,t) = u(y(2),y,t),

where ¥ was defined in (6.2.6). Then v is a solution to the following equation

(,y,t) — 2 (1 — 22)** %(% Y, t).

ov @

2 0%

(x,y,t) = (1 - xQ) 92

Proof. By inverting the change of variable in (6.2.8) we find that

z = p(p),

and therefore

u(p,y,t) = v (p(p),y,t).

Hence, from the chain rule it follows immediately

p ou ou ov Oov
—\/rpga—y(l%yvt) + 5Py t) = w(p)a—y(azm) @y 1).

Moreover, exploiting identities (6.2.5), (6.2.7) and (6.2.10), we obtain

ou ov
a_p(p’yvt) = (,Ol(p)%(l',y,t%
0*u 0%v ov
8_]92(p7y7t) = (90'(17))2@(5573/%) + @ll(p)%(%y,t)
1 0%v 3p ov
= m@(%yﬁ - m%(%yﬁ

(6.2.8)

(6.2.9)

(6.2.10)

(6.2.11)

(6.2.12)
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= (1-¢*(p)’ %(%W) ~30(p) (1 - *(p))” %(w,y,t)
= (1 - x2)3 %(m,y,t} — 3 (1 — 1:2)2 %(m,y,t).

As a consequence, the diffusion term in equation (6.1.11) becomes
0%u p  Ou
2
PPt los iy t) + ——=7-(py,t
VPTGt e S

= (1- %)™ 820 (0,,8) — 30 (1 — 22)2 O ) +a (1 — 22)"" 90 gy (6:213)

Ox? ox or
5/2 0% 3/2 Ov
= (1 —1:2) / @(x,y,t) — 2z (1 —$2) / %(aj,yﬂf).

The claim then follows combining (6.2.11) and (6.2.13) and observing that Zu = 0 if and
only if Zu = 0. O]

6.2.2 Proof of Theorem 6.2.1

We observe that the operator appearing in (6.2.9) writes in the form (6.2.3) if we choose

a(x,y,t) = (1 — :r2)5/2 , and b(x,y,t) = —2x (1 — 1:2)3/2 .

(6.2.14)
Moreover, we remark that condition (H) is satisfied only on compact subsets of (—1,1) x R?
as we have

inf a(x,w,t)=0.
—1<z<1

Proof of Theorem 6.2.1. Since £ is invariant with respect to the Lorentz transformations
(6.1.17), we first restrict ourselves to the case where zg = (po, yo,t0) = (0,0,0). As a conse-

quence, owing to (6.2.10), we have also (xo, yo,t0) = (0,0,0). We then observe that for every

pE [—%,%], there holds
1\ 7/2 1 5/2
— < < 1. 6.2.15
() =() = 6219

We now apply the change of variable (6.2.8) and we observe that a(0,0,0) = 1, where

a(x,y,t) is the coefficient in (6.2.14). Keeping in mind that = = ¢(p), we find that for every
point (p,y,t) € H(0), the following inequality

|z| = ' L__l<pl<r (6.2.16)

Vi

holds true. Thus, (¢(p),y,t) € HZ(0) for every (p,y,t) € H-(0) and for every r € (0,3).
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Furthermore, from definition (6.2.14) it follows that

o= (1)

and therefore

<1)5/2< eyt <1 )8 =2—2 L <o
5 > alr,y, = 4 w\Pr)Y, = = 4
2 VI+p? (1+p2)*?

for every (z,y,t) = (@(p),y,t) with (p,y,t) € H(0). Thus, the coefficients appearing in
(6.2.9) satisfy assumption (H) with A\~ = (%)5/2 and A\t = 2. Since (p(p),y,t) € HY(0) for
every (p,y,t) € S£(0) and for every r € (0,1), our claim is proven for zo = (0,0,0).

In order to prove our claim for an arbitrary point zg € R3, we rely on the invariance of .#
with respect to (6.1.17). In particular, we apply the Lorentz change of variables (6.1.18) to a
solution u to Zu = 0 in H*(zp) and we observe that the function w in (6.1.18) is a solution

to Zw = 0 in H*(0). Then the Harnack inequality holds for g and implies that

’U/(p, y7t) = w((p07y07t0)71 ¢ (p,y,t)) < CH’U)(0,0,0) = CHu(p()?yOJtO)a

where C'y does not depend on zy. This concludes the proof. O

Remark 6.2.4. We observe that the “cylinders” defined in (6.2.2) are the most natural
geometric sets which can be defined starting from (6.2.1) and using the invariance group
of Z. Finally, let us remark that, in virtue of (6.1.17), the sets (6.2.2) can be explicitely

computed as follows

HE (%) = {(p,y,t) €R’| ‘P\/1+p3—290\/1+2?2 <,
‘\/1+pg(y—y0)—po(7§—to) <

—r? < M(t —to) — po(y — yo) < 0} ;
Sy (20) = {(p,y,t) €R’ ‘pm—pom
‘m(y—yo) —po(t —to)
—r? < M(t —to) —po(y — yo) < —7”2/2}-

However, we do not need the explicit expression (6.2.17) in our treatment, as it is sufficient

(6.2.17)
<,

<73,

to rely on definition (6.2.2) and on the invariance properties of .Z.
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6.3 Optimal control problem

This section is devoted to the proof of Theorem 6.1.2. In order to provide a clear treatment,
we first recall some fundamental definitions from control theory and prove an equivalent
statement of the Harnack inequality, more suitable to the construction of Harnack chains
(see Proposition 6.3.6). We then prove an estimate for positive solutions to Zu = 0 (see
Proposition 6.3.7) depending on the norm of the control. Finally, we conclude this section

with a preliminary study of the optimal control problem associated to .Z.

6.3.1 _Z-admissible paths and Harnack chains

Along with the Harnack inequality Theorem 6.2.1, the main tool in the proof of our asymptotic

estimates for the fundamental solution are Harnack chains, whose definition we recall below.

Definition 6.3.1 (Harnack chain). Let © be an open subset of R®. We say that a finite set
of points {29, z1,...,2r} € Q is a Harnack chain connecting zy to zj if there exist positive
constants C1, ..., Cy such that

u(zj) < Cju(zj)  j=1,....k,

for every positive solution u to Zu = 0.

In the present setting, we construct Harnack chains by connecting points belonging to
appropriate trajectories, which naturally substitute segment lines in our non-Euclidean setting

and are defined as follows.

Definition 6.3.2 (Z—admissible path). A curve v(s) = (p(s),y(s),t(s)) : [0, T] — R? is said
to be a Z—admissible path if it is absolutely continuous and solves the following differential
equation

7' (5) = w(s)X(v(s)) + Y((s)), (6.3.1)

for almost every s € [0,7], where X and Y are defined in (6.1.7). Moreover, we say that -y
steers (po, Yo, to) to (p1,y1,t1), with tg > tq, if

7(0) = (o, %0, t0):  VT) = (P, 91, t1). (6.3.2)

In the definition of #—admissible path we assume w € L2([0,7T]) and we refer to the
function w as the control of problem (6.3.1). Let us remark that, owing to (6.1.7), equation

(6.3.1) can be explicitly written as follows

P'(s) =w(s)v/p(s)+1,
y'(s) =—p(s), (6.3.3)
t'(s) =—v/pis)+1,
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for almost every s € [0, 7.

Moreover, we observe that such optimal control problem is invariant with respect to the
group operation (6.1.17). Indeed, let us consider a control w(+) steering (po, Yo, to) to (p1, y1,%1)
with trajectory (p(s),y(s),t(s)). Then, it is easy to prove the trajectory (p(s),7(s),t(s)) :=
(Po, Yo, to) " oz (p(s),y(s),t(s)) is a solution to (6.3.1)-(6.3.2) with the same control w(-). Ad-
ditionally, the newly defined trajectory (p(s), 7(s), t(s)) satisfies the properties (5(0), 7(0), £(0))
0,0,0).

Finally, we introduce the standard definition of attainable set from control theory.

Definition 6.3.3 (Attainable set). For every zy €  C R?, the attainable set .27, of z in Q

is defined as follows:

.y ={z€Q: there exists t € RY and a L-admissible path ~ : [0,1] —
such that v(0) = zg, v(t) = z}.

Now, our aim is to derive from Theorem 6.2.1 a statement of the Harnack inequality which

is useful for the construction of Harnack chains. First of all, we define the positive cone
P (0) = {(p,y,t) RS :|p| < t3,]y| < t3, —0%2 <t < o}. (6.3.4)

Moreover, in analogy with the definition of HX(zp) and S%(z) in (6.2.2), we set P*(z) :=
29 oz Pr(0). We are now in a position to state the following result, whose proof can be found
in [100, Proposition 3.2].

Theorem 6.3.4. Let Q be an open set in R3 containing H,.(z) for some zg € R3 and
T E (O, %) Then
u(zp oz z) < Chu(zp)

for every non negative solution u of Lu =0 in Q and for every z € P,(0).

Next, we show that the trajectories defined in (6.3.1) belong to a certain positive cone

provided a suitable choice of the parameter s € [0, 7.

Lemma 6.3.5. Let s € [0,T], w € L*([0,T]) be a control and let v(s) = (p(s),y(s),t(s)) be

an £-admissible path starting from zy = (po,Yo,t0) € R3. Then for every r € (0, %) there

exist two positive constants kg := 21n (%) and 6 € (0,1), only depending on operator £, such
that

’7(8) € Prﬁ(zo)a

for every s € [O, \/§92 7"2] such that

/0 w(r)[2dr < K2,
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Proof. Without loss of generality, we fix zg = (0,0,0) and we give proof of this result for a
given Z-admissible path starting from (0,0,0). The general case directly follows from the
translation invariance with respect to the group law (6.1.17).

Thus, we begin by considering the first component of v(s). In virtue of (6.3.3), for every

s > 0, we have
S S

/(dT—/ (T)VP2(7) + Ldr

and therefore

/ )dT = / \/7 dr = sinh™(p(s)) = In (p(s) +\/P?(s) + 1) . (6.3.5)
0
Now, we apply Holder’s inequality and we estimate the L? norm of the control with kg to

get

2

/Sw(f) dr| < /S|w(7)|2d7 V5 < hovs <In(l++3),  Vse [o, ﬂ (6.3

We observe that the last inequality follows from our choice of k¢ and the concavity of In(1+x),
which in particular implies that In(1+2) > 21In(3/2)z for every x € [0,1/2]. As a consequence,

s s 2
elo w(r)dr _ 1‘ < ellswndr] _ 1 < Vs, Vs € [0, \/;02 r? (6.3.7)
Then, combining (6.3.5), (6.3.6) and (6.3.7), we obtain
2
p(s)| < Ip(s) + VpP(s) +1 =1 < Vs, Vse€ [0, \/;92 7“2] : (6.3.8)

Next, we consider the second component of (s), that is

s

oo == [ vl

0

: 2
s2 <s2, Vs [0, \/;927«2] . (6.3.9)

Owing to (6.3.8), we immediately get

OJIL\')

|</\/_dr_
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By combining the above inequality, with (6.3.8), we obtain

S S 2
0 < —t(s) :/\/pQ(T) +1dr < /\/7’4— ldr < \/gs < 6%r?, Vs € [0, \/;921”2] .
0 0
(6.3.10)

Hence,

=

3 2
Ip(s)] < s2, y(s)| < sz, —0%r% < t(s) <0, Vs € [O, \/;02 T2] )

This concludes the proof. O

Finally, we are in a position to prove a more suitable statement of the Harnack inequality

for points of an admissible trajectory.

Proposition 6.3.6. Let T > 0, R > 0 and zo = (po,yo,t0) € R®. Let s € [0,T], w €
L%([0,T)]) be a control and let v(s) = (p(s),y(s),t(s)) be an L -admissible path starting from
20. Then, for every mon negative solution u to Lu = 0 in Hfé(zo), there exist three positive
constants kg := 21n (%), Cy and 0 € (0,1), only depending on operator £, such that

u(v(s)) < Cru(zo),

for every s € [O, \/§92r2] such that

/0 (7 [2dr < K2,

Proof. The result directly follows by combining Theorem 6.2.1 with Proposition 6.3.5. O

6.3.2 Optimal control problem

We state and prove an useful intermediate result, which provides us with an estimate for any
positive solution v to Zu = 0 at any point of a given .#-admissible path in terms of the L2-
norm of the control. Results of this kind are usually referred as non local Harnack inequalities.
In particular, our result is an extension of [100, Theorem 1.1] and [22, Proposition 1.1]. For
this reason, we hereby report only a sketch of the proof and for further details we refer the
reader to [22,100].

Proposition 6.3.7. Let 29 = (po,vo,t0) € R? x (Tp, T1] and let w € L?([0,T]) be a con-
trol and v(s) = (p(s),y(s),t(s)) be the corresponding £ -admissible path starting from zy =
(po, Yo, to) € R3. Moreover, let us firx Ty < t(s) < to < Ty, with tg — t(s) < 0*(tg — Tp) < %.

Then, for every non negative solution u to Lu =0 in R? x (Ty, T1], there exist three positive
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constants ko, 0, C'y, only depending on operator £, such that

2 4+
u(v(s)) < Cy® (o), (6.3.11)

where

P(w) = /0 |w(T)2dr. (6.3.12)

Proof. Let ko, C'y and 6 be the constants of Proposition 6.3.6. We first observe that, if

/ w(r)|2dr < K2,
0

then

1
Ws) € Pi(20), m=vio-To < 5,

in virtue of Proposition 6.3.5 and assumption to — t(s) < 0%(ty — Tp). Since H(z) C
R? x x(Tp,T1) thanks to our choice of r, Proposition 6.3.6 can be applied and there holds
u(p,y,t) < Cyu(zp), where Cy is the constant given by Theorem 6.2.1.

If the above inequality is not satisfied, we set

k = max {j eN: / |w(7)|2dT > jk%} (6.3.13)
0

and define recursively a sequence of times starting from oy = 0 as follows.

oj = min {5, inf {a >0 : / |w(T)[PdT > jkg} } (6.3.14)
0

for every 7 = 1,...,k + 1. Thanks to (6.3.13), the sequence in (6.3.14) ends after a finite
number of steps when the upper bound o1 = s is reached. Moreover, for every j =0,..., k+
1, we define the sequence t; = t(o;), which satisfies ¢(s) = tp11 < tp <tp—1 <...t1 <to. We
now observe that

HE(v(0j)) CR® x (Ty, Th),  forr; = —”ej“ =1,k

In addition, we clearly have t; —t;41 < 62 7“]2- and r; < %, since tj_e# < tOgQTO < %. Finally, as

o |w(T)Pdr < k3, we can apply Proposition 6.3.6 and get u(y(01)) < Cru(v(0)) = Cru(zo).

Similarly, owing to f;f |w(7)|?dT < k¢ and applying again Proposition 6.3.6 to the trajectory

steering (p1,y1,t1) := Y(01) to (p2,y2,t2) = Y(02), we obtain u(y(o2)) < Chu(y(oy)) <
C%u(z). We then iterate the above argument until at step k£ + 1 and we obtain

u(v(s)) < Cf M ulz).

We point out that the points (v(0;))%_;, chosen along the trajectory (), define a Harnack
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chain. Finally, from (6.3.13), it follows that

k< fos ‘W(;)‘2d7'7
kg

and this concludes the proof of Proposition 6.3.7. O

Estimate (6.3.11) provides us with a bound dependent on the choice of the Z-admissible

path steering zg to y(s). Hence, we introduce the value function

V(po, Yo, to; p1,y1,t1) == inf  P(w), 6.3.15

(o, Yo, to; P1, Y1, 1) weld{o.1]) (w) ( )

where the infimum is taken over all the .Z-admissible paths steering 29 := (po, %o, to) € R?

to 21 := (p1,y1,t1) € R®. Then, as a straightforward consequence of Proposition 6.3.7, we
obtain

¥(p.v0.toip(e) y() () |y

u(y(s)) <M ko u(zp), (6.3.16)
whenever u satisfies the assumptions of Proposition 6.3.7. As it will be clear in the following
of this section, equation (6.3.16) is a key step in proving the lower bound for the fundamental
solution of .Z. Thus, in order to characterize the minimizing cost ¥, and hence to obtain the
best exponent in (6.3.11), we formulate the natural optimal control problem, i.e. we consider
the function w as the control of the path ~ in (6.3.1) and we look for the one minimizing
the total cost ® defined in (6.3.12). As observed above, given a solution to (6.3.1)-(6.3.2),
the same control steers (0,0,0) to (po,yo,t0) ! oz (p1,91,t1). As the cost ® depends on the

control only, the two trajectories have the same cost. Hence,

\Ij(p(]ay(hto;pl?ylatl) =V (07 0707 (p()?yOvtO)il or (pluylvtl)) .

As a consequence, we will fix the initial condition (po, yo,%o) = (0,0,0) in (6.3.1)-(6.3.2) and
then use the invariance property to solve it with a general initial condition. Thus, our aim is

to study the optimal control problem

T
inf )/ Wi(r)dr  subject to the constraint
0

weL2([0,7]
P'(s) =wls)y/p?(s) +1,
y'(s) =-p(s), 0<s<T, (6.3.17)
t'(s) =—vp*(s)+1,

with (pvyat)(o) = (0»070)7 (p)yvt)(T) = (p17y17t1)7 with tl < 0.

To solve problem (6.3.17), one possible approach could be to apply the Pontryagin Maxi-
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mum Principle (see [114, Chapter 6]) and to compute the Hamiltonian

H(p, y,t, )\17 )\2, )\3, m07w> =

A (s)w(s)V/PA(s) + 1= da(s)p(s) — As(s)V/p(s) + 1 + mow?(s),

where A1, Ay and A3 are the coordinates of the covector \.

(6.3.18)

We recall the first order optimality condition is ever considered to be sufficient, unless the
normality condition holds, that is when the Lagrange multiplier mg is not vanishing, see [2].

Hence, we first show the normality condition holds true in the case of our interest.

Proposition 6.3.8. Problem (6.3.17) admits no abnormal extremals.

Proof. We argue by contradiction by assuming mg = 0 in (6.3.18). Given this choice of my,

(6.3.18) now reads as follows

H(p,y,t, A1, A2, A3, 0,w) = Ai(s)w(s)v/p?(s) + 1= Aa(s)p(s) — As(s)v/p?(s) + 1.
In this case, the maximization of the Hamiltonian reads as follows

0OH
%(pﬂy7t7)\l7)\27)\3707w) :)\1(3) \/p2(3)+120 = )\1(3) :O, Vs € [O,T]

Moreover, owing to A;(s) = 0, for every s € [0, 7] there holds

o As(3)p(s) As(s)
Ni(s) = =22 (0, Ay Ao A, 0, w) = Ag(s) + 2P g o py(s) = — L
1(s) ap@y 1, A2, A3 ) 2(s) 2(s) + 1 2(s) 2(s) + 1
Additionally, as A\5(s) = —%—ZI =0 and N(s) = =22 = 0, we directly compute \y(s) and we
obtain
A
Ay(s) = — 3(5) =0 = M(s)=0 = Js)=0, Vse[0,T].

(p2(s) + 1)*?

Thus, we conclude that
()\1(5),)\2(8),)\3(5),7710) = (0707070)» Vs € [O;TL

which contradicts the fact that (A1(s), A2(s), As(s), mg) is never vanishing. O

1

5 and we compute the optimal

Since no abnormal extramals occur, we choose mg = —

1

control w* as the unique minimizer of H(p,y,t, A1, A2, A3, —35,w), i.e.

w*(s) = M(s)v/p?(s) + 1. (6.3.19)
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As a consequence, the maximized Hamiltonian H* is

1

H* (p,y,t, M, Ao, Ag, =5, 00%) = %A%(s)(pQ(s) 1) = Aa(s)p(s) — A3(s)v/P2(s) + 1, (6.3.20)

and the corresponding Hamiltonian system reads as follows

;

P'(s) = X(s) (p*(s) +1)

y'(s) =—pls),

flo) =-vPle)+1 (6.3.21)
Ai(s) = =p(s)A(s) + Aa(s) + 23((j;+1,

Ay(s) =0

Ns(s) =0

\

We observe that, from the last equation in (6.3.21), it follows
Aa(8) = ca, A3(s) = cs, Vs € [0,T].

Moreover, we choose the parameter k := A\1(0) as the initial condition for the first extremal,

which is the unique solution to (6.3.21), with initial condition
(pa Y, 1, )\17 )\27 )\3)(0) = (07 07 07 ku C2, 63)‘

Furthermore, as the Hamiltonian is a constant of motion, we set

E = M(s) (p*(s) + 1) — 2Xa(s)p(s) — 2X3(s)/p? = k% — 2c3. (6.3.22)

Moreover, in virtue of (6.3.19) and equations y'(s) = —p(s), t'(s) = —/p?(s) + 1, we can
compute the cost for extremals as follows

C(w(-)):/ w2(7')d7‘:/ A7) (P*(r) + 1) dr
0 0 (6.3.23)

T
= / (E - 2623//(7') - 203tl(7')) dr = ET — 202y1 — 203t1.
0

Remark 6.3.9. Since solving analytically (6.3.21) is a real challenge, we are not able to
further proceed in our characterization of the optimal control. For this reason, the statement
of Theorem 6.1.2 explicitly reports the value function . In the future, it will be interesting
to study this problem from a numerical perspective, as already proposed in [95] for the pricing

problem for Asian Options.
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6.4 Proof of Theorem 6.1.2

In this section, we prove the main result of this chapter, i.e. a lower bound for the fundamental
solution I' of .. We follow the approach proposed in [31], where an analogous result is proved
about an operator arising in Finance. A key tool in this argument is a lower bound for a
Green function G for operator .# introduced in (6.2.3).

First of all, we consider the functions a and b in (6.2.14) and we modify them for |z| > %

in order to have continuous coefficients satisfying assumption (H). It is sufficient to set

3/2, for —

a(x,y,t) = (1 — :1:2)5/2 and b(x,y,t) = —2x (1 — xz) <z< %,

NO|—

(6.4.1)
a(x,y,t) = (%)5/2 and b(z,y,t) = —sign(x) (%)3/2, for |z > 1.

Then, [102, Theorem 1.1] provides us with a fundamental solution I' - of the Kolmogorov
operator £ introduced in (6.2.3). We are now in a position to define a Green function for

operator A in a suitable cylinder ‘H defined as follows.
H=8x(0,T), with S = B((1,0),3/2) N B((—1,0),3/2),

where B((xg,wp),r) denotes the the Euclidean ball of R? centered at (zq,wp) and of radius
r, and T is a positive constant. In [41, Section 4] it is proved that the Dirichlet problem for
H s well-posed on H, i.e. for every bounded continuous function f defined on H and for
every bounded continuous function ¢ defined on OH, there exists a unique classical solution
u to equation Hu = f in H. Moreover, f attains continuously the boundary condition at

every point of the parabolic boundary 0pH of H, that is
OpH = (S x {0}) U (08 x [0,T]).
The Green function for £ on  is defined as the function G : H x H — [0, 400) such that
Gz, y, t;6,m,7) =T HAw,y,t:6,n,7) — bz, y,t;£,n,7),

where h(z,y,t;&,n,7) is the solution to the Dirichlet problem:

Hu=0 in H,

(6.4.2)
u="T Az,y,t;§n,7) in OpH.

We now recall the most important property of function G. For every g € C§°(H) and
@ € C§°(S), the function

v(w,y,t) :=/G(w,y,t;é,nﬁ)f(f,nﬁ) d£dnd7+/G(wvy,t;&n,ow(f,n) d€ dn
H S
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is a classical solution to the Dirichlet problem

Hu=—f in M,
U= in S x {0}, (6.4.3)
u=0 in 0S8 x [0, 7.

We point out that the above property is stated in [41, Section 4] only for ¢ = 0. The validity
of (6.4.3) follows from well-known properties of the fundamental solution I' ~ We finally

recall the statement of a local lower bound for the Green function given in [41, Theorem 4.3].

Lemma 6.4.1. There exists two positive constants cc > 0 and d¢ € (0, 1], only depending on
the constants appearing in assumption (H), such that

ca

G(0.0.£:0,0,0) >~

vVt € (0, 5g) .

We are now in a position to prove a local lower bound for the fundamental solution I' of
the relativistic operator .Z. The proof of this result is an adaptation of [31, Lemma 4.3] to

the case of our interest.

Lemma 6.4.2. For every positive constant T, there exists a psitive constant kr, only depend-

ing on the constants appearing in assumption (H), such that
KT
1'(0,0,t;0,0,0) > R vt e (0,T).
Proof. In order to prove our claim, we just need to show that there holds

L(p,y,t:6,n.7) > Gp,y, t:6,n,7)  V(poy,t:§,m,7) € H x H. (6.4.4)

Indeed, if (6.4.4) holds true, then the result for 0 < ¢ < d¢ is a straightforward consequence of
Lemma 6.4.1. The result for any T > dg follows from the fact that I' is a continuous strictly
positive function.

Thus, it is only left to prove inequality (6.4.4). To this end, for every non-negative
¢ € C°(S) and for every (p,y,t) € H, we set

v(p,y,t) = /G(p, Yy, t;§,m,0)0(&,n) dE dn,
S

w(p,y,t) == /F(n Yy, t;€,m,0)p(€,n) dE dn,
S

where T is the fundamental solution of .% and G is the Green function of .# in H. By
Definition 6.1.1 and (6.4.3), both v and w are solution to Zu = 0 in H, or equivalently to
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#u=0. Then by (6.4.3) and comparison principle we find w > v in H. Hence, this implies
/(F(p,y,t;ﬁ,n, 0) = G(p,y,t:€,1,0)) (&, m) d dn > 0
S

for every non-negative o € C§°(S) and for every (p,y,t) € H. This concludes the proof. [

Proof of Theorem 6.1.2. By choosing Ty = 0 and T' = T} = to, we apply Proposition 6.3.7

and Lemma 6.4.2 and obtain

_ ¥ (p0,90,t0;0,0,(1—6%)tg) _1
2

T'(po, o, t0; 0,0,0) > Cyy 0 T (0,0, (1 — 6%)t9;0,0,0)
_\Il(po,yo,tO;O,QO,(l—92)t0)_1 Ko
k
> Cy ’ 1—0222

for every (po,vo,to) € R? such that tq < %. This proves Theorem 6.1.2 for (p1,y1,t1) =
(0,0,0), where
RT

—1
o =Cu T gy

The statement for a general point (p1,y1,t1) € R? follows from the traslation invariance of
Z with respect to (6.1.17).
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Appendix

6.A Higher dimensional case

6.A.1 Hormander’s operators

In this section, we check that the m-dimensional operator . in (6.1.1) can be written] in the
form (6.1.2) and satisfies the Hérmander’s condition (6.1.5).
We first explain how to choose the vector fields X, ..., X,, in (6.1.3). As a first step, we

observe that equation (6.1.1) can be written in its non-divergence form
ZLu(p,y,t) ="Tr ((]Im +p®p) Dzu) + (mp, Dyu) —Yu =0. (6.A.1)
We consider the m x m symmetric matrix X

X(p) = (X1(p), .., Xm(p)),

whose columns are the coefficients of the vector fields X3, ..., X,,. We have
Z Xju =X Dyu, and Z Xiu=X*Dlu+ (¢, Dy)u,
=1 =1

for some vector ¢ = ¢(p). We then determine X such that X2 = I; + p ® p. To do this, we

recall that, for any given ¢ € R™, we have
In+q®q) =In+ 2+ e e®0q

Then,
Ln+q®q)’ =L, +p&p (6.A.2)

if we choose
g=ap  for some « such that 2+ |91®)|q* = Ip* (6.A.3)

Direct computations show that the second equality in (6.A.3) implies that

1+]q)* = VIp|2 +1 (6.A.4)
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and therefore
0= —231 (6.A.5)

ViR

Hence, by choosing

X=1,4+q¢®aq, =L
qq q \/Wp

we find the vector fields X7, ..., X,, introduced in (6.1.3). Moreover, the components of ¢ are
~ a(q: .
¢j(p) = Z (Gir + qiqr.) %, j=1,...,m. (6.A.6)
i k=1

Thus, from (6.A.1) and (6.A.2) we obtain the following identity

L =) X:+((mp—2c(p),Dy) - Y.

m
J=1

In order to conclude that £ writes in the form (6.1.2), we observe that the matrix I, —

ﬁ q ® q is the inverse of I, + ¢ ® q. As a consequnce, we have

(Ln = 1 ©0) (5 0). ., Xnp)) = Dy,

This concludes the proof of (6.1.2), where the vector ¢(p) = (¢1(p), ..., cm(p)) is defined as

e(v) = (mp—&p)" (In — i a®a)
and has smooth coefficients, in virtue of (6.A.3) and (6.A.5).

We next prove that .Z does satisfy the Hormander’s condition (6.1.5). We first note that
the Lie algebra generated by Xi,..., X, Xma1 agrees with the Lie algebra generated by
X1,..., X, Y, and then we claim that

rank Lie { X1, ..., X;n, Y} (p,y,t) =2m + 1, Y(p,y,t) € R¥™HL (6.A.7)

We compute the commutator [X;, Y] for j =1,...,m. We find that

(X5, Y]u = X;Yu—YXju=) (& +qar) G +0i %
k=1

We now consider the (2m + 1) x (2m + 1) matrix M whose columns are the coefficients of
X1,y X, [X1, Y], [Xin, Y], Y and we prove that

det M = +/|p|? + 1. (6.A.8)
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We have

M:(Xl,...,Xm,[Xl,Y],...,[Xm,Y],Y>: 0, L,+q®q D ,

O, p" VIpl?+1

where O, is the m x m matrix whose entries are zeros, and 0,, is the zero column vector of
R™. Up to a change of basis in R™, it is not restrictive to assume that ¢ = |q| e, being e,

the m-th vector of the canonical basis of R”. Then the matrix M takes the simpler form

D O2m—1 O2m—1
M= (0], , 1+]q | ,

031 Il VIpP+1

where D = Iy, 1 + (1+|q]?) €, ® €,,. Thus, (6.A.8) follows from the first equality in (6.A.5).

6.A.2 Lorentz invariance

The invariance with respect to Lorentz transformations is also preserved in the higher di-
mensional case. Indeed, it is sufficient to observe that the diffusion operator in (6.1.1) is
the Laplace-Beltrami operator over the Riemannian manifold (R™, g), where ¢ is the metric
induced by the Minkonwski metric over the hyperboloid g = {(E,p) : E = \/W} We
recall that the Laplace-Beltrami operator is invariant with respect to isometries. Then, the
invariance with of .Z follows from the fact that the Lorentz transformation in the momentum
component corresponds to a translation over g. Moreover, the invariance of the drift term
Y in (6.1.1) follows immediately from (6.1.15), which clearly still holds true in the higher
dimensional case.

We conclude this appendix by remarking that, as already mentioned in Section 6.1, we
expect that Theorem 6.1.2 holds true also in higher dimension. However, the proof of this
result in this more general setting would require some cumbersome calculations and for this

reason it will be the content of a forthcoming paper.
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