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Abstract

6OEFSTUBOEJOH UIF NFDIBOJDT MZJOH CFIJOE UIF CFIBWJPVS PG CJPMPHJDBM NBUFSJBMT JT OPU POMZ WJUBM
UP UIF DVSSFOU LOPXMFEHF PG MJWJOH TZTUFNT CVU BMTP B LFZTUPOF PG UIF EFTJHO PG OFX NBUFSJBMT
XJUI SFMFWBOU BQQMJDBUJPOT JO FOHJOFFSJOH BOE SFMBUFE BSFBT� 5IJT UIFTJT JT EFEJDBUFE UP UIF GSBDUVSF
QSPDFTT EVSJOH DVUUJOH PG TPGU CJPNBUFSJBMT TQFDJGJDBMMZ UIPTF XJUI B QPSPVT NJDSPTUSVDUVSF TVDI BT
UIF CSBJO UJTTVF�

7BSJPVT BTQFDUT BSF DPOTJEFSFE JODMVEJOH 	J
 UIF JOUFSBDUJPO CFUXFFO DVUUJOH UPPMT BOE DSBDL
QSPQBHBUJPO� 	JJ
 UIF FGGFDU PG DSBDLT JO TPGU FMBTUJD TPMJET FYQPTFE UP MBSHF EFGPSNBUJPOT� 	JJJ
 UIF SPMF
PG SBUF�EFQFOEFOU FOFSHZ EJTTJQBUJPO EVSJOH DSBDL QSPQBHBUJPO� &BDI QPJOU JT USFBUFE TFQBSBUFMZ
JO PSEFS UP UBDLMF UIF DPNQMFYJUZ PG UIF NBUFSJBM CFIBWJPVS BOE QSPQPTF UIFPSFUJDBM NPEFMT CBTFE
PO TJNQMJGZJOH BTTVNQUJPOT�

5IF NFDIBOJDT PG DVUUJOH JT BOBMZTFE JO EFQUI DPNCJOJOH BOBMZUJDBM OVNFSJDBM BOE FYQFSJ�
NFOUBM EBUB� 'PDVTJOH PO TPNF QFDVMJBS BTQFDUT PG DVUUJOH PVS JOWFTUJHBUJPO JT DFOUSFE PO UIF
TUBHF PG DVU QSPQBHBUJPO JO FMBTUJD NBUFSJBMT BOE DBSSJFE PVU CPSSPXJOH UIF DMBTTJDBM DPODFQUT PG
GSBDUVSF NFDIBOJDT� *O QBSUJDVMBS UIF NFDIBOJTN PG QSPQBHBUJPO EVSJOH DVUUJOH JT GPVOE UP EF�
QFOE PO B UPPM TIBSQOFTT QBSBNFUFS XIPTF JOGMVFODF JT DPOTJEFSFE BOBMZUJDBMMZ BOE XJUI SFTQFDU
UP FYQFSJNFOUBM EBUB�

5IF CFIBWJPVS PG TPGU CJPNBUFSJBMT JT BOBMZTFE UBLJOH JOUP BDDPVOU UIFJS MBSHF TUSBJO FMBTUJD
SFTQPOTF BOE UIF QSFTFODF PG SBUF�EFQFOEFOU FGGFDUT BTTPDJBUFE UP WBSJPVT EJTTJQBUJWF QSPDFTTFT�
/VNFSJDBM TJNVMBUJPOT PG GSBDUVSF JO TPGU NBUFSJBMT BSF QFSGPSNFE BEPQUJOH EJGGFSFOU NPEFMT UP
EFTDSJCF UIF CFIBWJPVS PG CJPMPHJDBM NBUFSJBMT� )ZQFSFMBTUJD JODPNQSFTTJCMF NPEFMT XJUI TUSBJO
IBSEFOJOH BSF BEPQUFE UP JOWFTUJHBUF UIF SPMF PG MBSHF EFGPSNBUJPOT� 7JTDPFMBTUJDJUZ BOE QPSPFMBT�
UJDJUZ BSF JODMVEFE JO UIF CVML NBUFSJBM TFQBSBUFMZ DPNCJOFE XJUI UIF IZQFSFMBTUJD CFIBWJPVS BOE
XJUI B DPIFTJWF NPEFM PG UIF DSBDL�UJQ QSPDFTT [POF�

5IF VMUJNBUF HPBM PG PVS XPSL JT UP EFWFMPQ FGGJDJFOU BOE SFMJBCMF DPNQVUBUJPOBM UPPMT UP TJN�
VMBUF DVUUJOH JO TPGU CJPNBUFSJBMT XJUI QPTTJCMF BQQMJDBUJPOT JO UIF GJFMET PG IFBMUIDBSF CJPFOHJ�
OFFSJOH GPPE JOEVTUSZ BOE SPCPUJDT� " GJOJUF FMFNFOU CBTFE BMHPSJUIN JT QSFTFOUFE XIJDI DBO
CF BQQMJFE UP EJGGFSFOU DVUUJOH UPPMT PS OFFEMFT QSPWJEJOH EFUBJMFE BOBMZTFT PG UIF UPPM�UJTTVF JO�
UFSBDUJPOT EBNBHF BOE GSBDUVSF QSPDFTT JO TPGU NBUFSJBMT BOE SFQMJDBUJOH TQFDJGJD GFBUVSFT PG UIF
JOTFSUJPO QSPDFTT JODMVEJOH OFFEMF TUFFSJOH�
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Sommario

$PNQSFOEFSF JM DPNQPSUBNFOUP NFDDBOJDP EFJ UFTTVUJ CJPMPHJDJ Ò VO BTQFUUP FTTFO[JBMF OPO TPM�
UBOUP QFS FTQBOEFSF M�BUUVBMF DPOPTDFO[B EFJ TJTUFNJ WJWFOUJ NB BODIF QFS MP TWJMVQQP EJ OVPWJ
NBUFSJBMJ DPO JNQPSUBOUJ SJTWPMUJ BQQMJDBUJWJ� 2VFTUB UFTJ Ò JODFOUSBUB TVM QSPDFTTP EJ GSBUUVSB EV�
SBOUF JM UBHMJP 	P DVUUJOH
 EJ NBUFSJBMJ CJPMPHJDJ TPGGJDJ DBSBUUFSJ[[BUJ EB VOB NJDSPTUSVUUVSB QPSPTB
EJ DVJ VO FTFNQJP SJMFWBOUF Ò JM UFTTVUP DFSFCSBMF VNBOP�

%JWFSTJ BTQFUUJ TPOP QSFTJ JO DPOTJEFSB[JPOF USB J RVBMJ 	J
 M�JOUFSB[JPOF EFMMP TUSVNFOUP EJ UBHMJP
OFMMB GBTF EJ QSPQBHB[JPOF EFMMB GSBUUVSB� 	JJ
 JM DPNQPSUBNFOUP EJ GFTTVSF JO NBUFSJBMJ TPGGJDJ DPO
HSBOEJ EFGPSNB[JPOJ� 	JJJ
 M�JOGMVFO[B EFMMB EJTTJQB[JPOF EJ FOFSHJB EPWVUB B GFOPNFOJ EJQFOEFOUJ
EBM UFNQP� 0HOJ QVOUP WJFOF BGGSPOUBUP TFQBSBUBNFOUF QFS JOEBHBSF JM DPNQMFTTP DPNQPSUBNFOUP
EFJ NBUFSJBMJ F GPSNVMBSF NPEFMMJ BOBMJUJDJ CBTBUJ TV JQPUFTJ TFNQMJGJDBUJWF�

-B NFDDBOJDB EFM DVUUJOH Ò BOBMJ[[BUB JO EFUUBHMJP BUUSBWFSTP MB DPNCJOB[JPOF EJ NPEFMMJ UFPSJDJ
BOBMJTJ OVNFSJDIF F EBUJ TQFSJNFOUBMJ� -�BOBMJTJ EFMMB GBTF EJ QSPQBHB[JPOF EFM UBHMJP JO NBUFSJBMJ
FMBTUJDJ WJFOF BGGSPOUBUB BQQMJDBOEP DPODFUUJ DMBTTJDJ EFMMB NFDDBOJDB EFMMB GSBUUVSB NB UFOFOEP
BODIF JO DPOUP EJ BMDVOJ BTQFUUJ QFDVMJBSJ EFM DVUUJOH� *O QBSUJDPMBSF JM NFDDBOJTNP EJ QSPQBHB[JPOF
EJQFOEF EB VO QBSBNFUSP EJ TIBSQOFTT EFMMP TUSVNFOUP EJ UBHMJP MB DVJ JOGMVFO[B Ò TUBUB NPUJWBUB
TJB BOBMJUJDBNFOUF DIF SJTQFUUP B EBUJ TQFSJNFOUBMJ�

1FS TUVEJBSF JM DPNQPSUBNFOUP EFJ NBUFSJBMJ CJPMPHJDJ TPGGJDJ BCCJBNP QSFTP JO DPOTJEFSB[JPOF
MB SJTQPTUB FMBTUJDB JO HSBOEJ EFGPSNB[JPOJ FE BMDVOJ QSPDFTTJ EJTTJQBUJWJ DIF EFUFSNJOBOP M�JOTPS�
HFO[B EJ GFOPNFOJ EJQFOEFOUJ EBM UFNQP� 1FS WBMVUBSF M�FGGFUUP EFMMF HSBOEJ EFGPSNB[JPOJ MF TJ�
NVMB[JPOJ OVNFSJDIF EFM QSPDFTTP EJ GSBUUVSB IBOOP BEPUUBUP NPEFMMJ JQFSFMBTUJDJ JODPNQSJNJCJMJ
DPO TUSBJO IBSEFOJOH� " RVFTUP Ò TUBUP BHHJVOUP TFQBSBUBNFOUF VO DPNQPSUBNFOUP WJTDPFMBTUJDP
F QPSPFMBTUJDP VOJUBNFOUF BE VO NPEFMMP DPFTJWP QFS TJNVMBSF MB [POB EJ QSPDFTTP BMM�BQJDF EFMMB
GFTTVSB�

-�PCJFUUJWP GJOBMF Ò HJVOHFSF BMMP TWJMVQQP EJ VOB UFDOJDB DPNQVUB[JPOBMF BGGJEBCJMF FE FGGJDJFOUF
JO HSBEP EJ TJNVMBSF JM DVUUJOH EJ NBUFSJBMJ CJPMPHJDJ TPGGJDJ PSJFOUBUB BM TFUUPSF EFMMB NFEJDJOB
EFMMB CJP�JOHFHOFSJB EFM GPPE QSPDFTTJOH F EFMMB SPCPUJDB� /FMMB UFTJ WJFOF QSFTFOUBUP VO BMHPSJUNP
BHMJ FMFNFOUJ GJOJUJ JO HSBEP EJ TJNVMBSF EFUUBHMJBUBNFOUF MF JOUFSB[JPOJ USB TUSVNFOUP EJ UBHMJP F
NBUFSJBMF JM QSPDFTTP EJ EBOOFHHJBNFOUP F GSBUUVSB F DBQBDF EJ SFQMJDBSF BTQFUUJ QFDVMJBSJ RVBMJ BE
FTFNQJP MP TUFFSJOH EJ BHIJ DIJSVSHJDJ�
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1
Introduction

5IF &BSUI JT B MJWJOH CPEZ� *UT TPVM JT JUT BCJMJUZ UP HSPX� *UT GMFTI JT UIF TPJM JUT CPOFT BSF UIF TUSBUB PG
SPDL JUT DBSUJMBHF JT UIF UVGB JUT CMPPE JT UIF VOEFSHSPVOE TUSFBNT UIF SFTFSWPJS PG CMPPE BSPVOE JUT

IFBSU JT UIF PDFBO UIF TZTUPMF BOE EJBTUPMF PG UIF CMPPE JO UIF BSUFSJFT BOE WFJOT BQQFBS PO UIF &BSUI BT
UIF SJTJOH BOE TJOLJOH PG UIF PDFBOT�

-FPOBSEP %B 7JODJ
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1. Introduction

* O OBUVSF NBOZ DPOTUJUVFOUT PG MJWJOH CFJOHT DBO CF DMBTTJGJFE BT TPGU CJPMPHJDBM NBUFSJBMT� #FTJEFT
CPOFT BOE UFFUI BMNPTU BOZ PUIFS QBSU PG UIF IVNBO CPEZ TVDI BT TLJO NVTDMFT UFOEPOT DBS�

UJMBHF CMPPE WFTTFMT BOE PSHBOT QSFTFOUT B TPGU NFDIBOJDBM OBUVSF� 5IFTF BSF CZ OP NFBOT PSEJOBSZ
NBUFSJBMT� UIBOLT UP B IJFSBSDIJDBM TUSVDUVSF UIBU TQBOT NVMUJQMF MFOHUI TDBMFT UIFZ BSF BCMF UP SFBDU
UP B WBSJFUZ PG FYUFSOBM TUJNVMJ BCTPMWJOH UP DPNQMFY CJPMPHJDBM GVODUJPOT BOE FOTVSJOH FYDFQUJPOBM
NFDIBOJDBM QSPQFSUJFT� 'PS UIJT SFBTPO SFTFBSDI PO CJPNBUFSJBMT IBT BMXBZT BUUSBDUFE UIF BUUFOUJPO
PG TDIPMBST�o�� /PXBEBZT NBUFSJBMT TDJFOUJTUT BSF QVUUJOH TJHOJGJDBOU FGGPSUT JO SFQMJDBUJOH TPNF PG
UIF NFDIBOJDBM QSPQFSUJFT PG OBUVSBM UJTTVFT XJUI TZOUIFUJDBMMZ NBEF NBUFSJBMT GPS BQQMJDBUJPOT JO
UJTTVF FOHJOFFSJOH IFBMUIDBSF SFHFOFSBUJWF NFEJDJOF BOE TNBSU NBUFSJBMT�o���

*O QBSUJDVMBS UIF NFDIBOJDT PG EBNBHF BOE GSBDUVSF PG OBUVSBM UJTTVFT JT B GBTDJOBUJOH BOE
QV[[MJOH TVCKFDU� &BDI PG VT NJHIU IBWF QFSTPOBMMZ FYQFSJFODFE UIF DPOTFRVFODF PG B CBE JOKVSF PS
B TVSHJDBM JOUFSWFOUJPO JO XIJDI UJTTVFT HFU EBNBHFE BOE SFDPWFS� &WFO UIF UPVHIFTU OBUVSBM UJTTVF
DBO CSFBL JG TVCKFDUFE UP BO FYDFTTJWF GPSDF MJLF BOZ PUIFS NBUFSJBM� $PNQBSFE UP UIF DMBTTJDBM
GSBDUVSF NFDIBOJDT PG CSJUUMF BOE EVDUJMF IBSE TPMJET XIJDI JT HSPVOEFE PO TPMJE GPVOEBUJPOT
CVJMU JO UIF GJSTU IBMG PG UIF MBTU DFOUVSZ GSBDUVSF PG CJPMPHJDBM NBUFSJBMT JT TUJMM BU UIF DFOUSF PG
UIF TDJFOUJGJD EFCBUF� )PX UIFTF NBUFSJBMT HFU EBNBHFE BOE CSFBL XIBU JT UIF PSJHJO PG UIFJS
TUSFOHUI XIBU IBQQFOT XIFO XF QJFSDF PS DVU UIFN XJUI B TIBSQ UPPM� UIFTF BSF POMZ B GFX PG
UIF NVMUJQMF RVFTUJPOT XIJDI IBWF CFFO TQBSLJOH UIF JOUFSFTU PG NBUFSJBMT TDJFOUJTUT CJPMPHJTUT BOE
CJPFOHJOFFST��� 5IF QVSQPTF PG UIJT JOUSPEVDUPSZ DIBQUFS JT UP QSFTFOU UIF NPUJWBUJPO BOE BJNT
PG PVS SFTFBSDI BOE IPX UIJT UIFTJT JT TUSVDUVSFE�

1.1. What are soft biomaterials?

*O UIF DPNNPO TFOTF TPGU JT BOZ NBUFSJBM DBQBCMF PG EFGPSNJOH DPOTJTUFOUMZ XJUIPVU BQQMZJOH
BO FYDFTTJWF GPSDF TP UIBU JUT EFGPSNBUJPO DBO CF GFMU CZ IBOE PS TFFO XJUI UIF OBLFE FZF� 5IJT
TJNQMF BTTFTTNFOU EPFT OPU DBQUVSF UIF XIPMF PG TPGU NBUUFS GFBUVSFT XIJDI HP GBS CFZPOE B IJHIMZ
DPNQMJBOU CFIBWJPVS� /BUVSBM TZTUFNT SFMZ PO UIF BCJMJUZ PG TPGU NBUFSJBMT UP BDDPNNPEBUF MBSHF
EFGPSNBUJPOT XJUI NJOJNBM EBNBHF BOE QSPWJEF QSPUFDUJPO UP WJUBM QBSUT� 4LJO GPS JOTUBODF JT UIF
BSNPVS PG NBOZ MJWJOH CFJOHT CVU EJGGFSFOUMZ GSPN UIF IFBWZ TUJGG NFUBMMJD BSNPVST PG NFEJFWBM
LOJHIUT JU DPOTJTUT PG B DPNQMFY NVMUJ�TDBMF OFUXPSL SFTVMUJOH JO B UPVHI ZFU DPNQMJBOU MBZFS��� *G
XF XJTIFE UP UFBS BQBSU B TNBMM TUSJQF PG SBCCJU TLJO UIF UBTL XPVME QSPWF UP CF BMNPTU JNQPTTJCMF
UP BO FYUFOU UIBU B TNBMM QSF�NBEF DVU XPVME OPU QSPQBHBUF CVU POMZ EFGPSN� #Z DPOUSBTU XF
LOPX CZ FYQFSJFODF UIBU FWFO B TNBMM GMBX JO B HMBTT TMBC DBO MFBE UP B DBUBTUSPQIJD GBJMVSF PG UIF
DPNQPOFOU� (MBTT FMBTUJD NPEVMVT JT PSEFST PG NBHOJUVEF MBSHFS UIBO UIBU PG TLJO TP UIBU UIF
SFTQPOTF PCTFSWFE NJHIU BQQFBS TVSQSJTJOH� *U JT CFDBVTF PG UIJT BOE PUIFS VOJRVF NFDIBOJDBM
QSPQFSUJFT UIBU OBUVSBM UJTTVFT BSF BNPOH UIF NPTU TUVEJFE ZFU MFTT VOEFSTUPPE NBUFSJBMT� -FU VT
DPOTJEFS UIFJS QSPQFSUJFT NPSF JO EFUBJM�

Skin and other elastic tissues
4PGU FMBTUJD UJTTVFT TVDI BT TLJO PS CMPPE WFTTFMT BSF PGUFO EFTDSJCFE BT JODPNQSFTTJCMF NBUFSJ�
BMT XJUI MBSHF EFGPSNBUJPOT SFTVMUJOH GSPN UIFJS NPMFDVMBS TUSVDUVSF BOE FMBTUJD SFTUPSJOH GPSDFT
NPTUMZ PG FOUSPQJD PSJHJO� " TQBSTF QPQVMBUJPO PG TUSPOH CPOET DPOOFDUT NPMFDVMFT UPHFUIFS BOE
QSFWFOUT NBDSPTDPQJD GMPX BMMPXJOH TPNF NPMFDVMBS NPUJPO BU UIF NJDSPTDPQJD TDBMF��� 4LJO GPS
JOTUBODF EFSJWFT JUT SFNBSLBCMF UFBSJOH SFTJTUBODF GSPN UIF TUSVDUVSF PG JUT PVUFS MBZFS UIF EFSNJT
XIJDI DPOTJTUT PG B UBOHMFE OFUXPSL PG DPMMBHFO GJCSJMT BOE FMBTUJO�����
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1.1. What are soft biomaterials?

&MBTUJD UJTTVFT DBO CF DPOTJEFSFE TJNJMBS UP SVCCFS�MJLF QPMZNFST XJUI B OPO�MJOFBS FMBTUJD
TUSFTT�TUSBJO SFMBUJPOTIJQ EFTDSJCFE CZ UIF TBNF NPEFMT EFWFMPQFE GPS FMBTUPNFST� :FU UIFSF BSF
BMTP SFMFWBOU EJGGFSFODFT� 6OMJLF NPTU SVCCFST UIF TUSFTT�TUSBJO DVSWF PG CJPMPHJDBM UJTTVFT IBT B
QFDVMJBS + TIBQF EJTQMBZJOH B TFWFSF TUSBJO IBSEFOJOH XIJDI QSFWFOUT MBSHF EFGPSNBUJPOT UIBU DPVME
UISFBUFO UIF UJTTVF JOUFHSJUZ��� 5IJT TUJGGFOJOH FGGFDU JT SFMBUFE UP UIF TUSFUDIJOH PG GJCSFT BMPOH UIF
EJSFDUJPO PG MPBE BQQMJDBUJPO XIJDI MFBET UP B DIBSBDUFSJTUJD BOJTPUSPQJD SFTQPOTF��� *O UFSNT PG
GSBDUVSF UIF FYDFQUJPOBM UFBSJOH SFTJTUBODF NJHIU CF SFMBUFE UP UIF JOJUJBM IPSJ[POUBM QBSU PG UIF
TUSFTT�TUSBJO DVSWF� *O GBDU JU IBT CFFO PCTFSWFE UIBU UIF MPX TIFBS NPEVMVT SFTVMUT JO BO JODSFBTFE
SFTJTUBODF UP UIF USBOTNJTTJPO PG FOFSHZ UP DSBDL UJQT��o���

Brain tissue and porous biomaterials
.BOZ CJPNBUFSJBMT BSF DPNQPTFE PG BO PSHBOJD NBUSJY TXPMMFO CZ XBUFS GPSNJOH B TPMJE XIJDI JT
QPSPVT QFSNFBCMF BOE EFGPSNBCMF� 0OF FYBNQMF JT BSUJDVMBS DBSUJMBHF DPOTJTUJOH PG BO PSHBOJD
NBUSJY PG DPMMBHFO GJCSJMT XJUI WBSJBCMF EJBNFUFST XIJDI NBLF BCPVU UIF ������ PG UIF UPUBM XFU
XFJHIU BOE UIF MBSHFS SFNBJOJOH QBSU PDDVQJFE CZ GMVJE��� 5IF SPMF PG DBSUJMBHF JT UP DBSSZ MPBET
BOE TFSWF BT B EBNQFS UP BCTPSC TIPDLT XJUI B SFNBSLBCMF SFTJTUBODF UP GSBDUVSF EFSJWJOH GSPN UIF
JOUFSBDUJPOT XJUIJO JUT NJDSPTUSVDUVSF���

"OPUIFS FYBNQMF PG B TPGU BOE QPSPVT NBUFSJBM JT UIF CSBJO UJTTVF� )VNBO CSBJO JT TVTQFOEFE
JOTJEF UIF TLVMM GMPBUJOH PO UIF DFSFCSPTQJOBM GMVJE B DMFBS BOE DPMPVSMFTT MJRVJE OPU NVDI EJG�
GFSFOU GSPN XBUFS� *UT TUSVDUVSF JT DPNQPTFE PG UXP NBJO DPOTUJUVFOUT� UIF HSFZ NBUUFS XIJDI
DPOUBJOT UIF OFSWF DFMM CPEJFT BOE BDDPVOUT GPS BMNPTU UIF ��� PG UIF UPUBM WPMVNF� BOE UIF XIJUF
NBUUFS DIBSBDUFSJTFE CZ B MBSHF QSPQPSUJPO PG NZFMJOBUFE BYPOT��� *O QBSUJDVMBS UIF HSFZ NBUUFS
OVNFSPVT KVODUJPOT SFTVMU JO B EFOTFS NBUFSJBM XJUI SFTQFDU UP UIF XIJUF NBUUFS XIJDI UIFSFGPSF
JT MFTT QFSNFBCMF UP ESBJOBHF PG UIF DFSFCSPTQJOBM GMVJE�

5IF CSBJO JT UIF NPTU DPNQMFY PSHBO PG UIF IVNBO CPEZ OPU POMZ GPS JUT CJPMPHJDBM GVOD�
UJPOT� 0XJOH UP UIF EJGGFSFOU NJDSPTUSVDUVSF PG JUT DPNQPOFOUT CSBJO UJTTVF JT BO JOIPNPHFOFPVT
NBUFSJBM BOE JUT NFDIBOJDBM SFTQPOTF IBT CFFO UIF TVCKFDU PG FYUFOTJWF TUVEJFT��o��� #FMPX XF
TVNNBSJTF TPNF PG UIF NBJO GFBUVSFT UIBU OFFE UP CF DPOTJEFSFE XIFO TUVEZJOH UIF NFDIBOJDBM
CFIBWJPVS PG CSBJO�

t UIF JOTUBOUBOFPVT SFTQPOTF JT OPO�MJOFBS FMBTUJD TJNJMBS UP BO FMBTUPNFS XJUI B WFSZ MPX
FMBTUJD NPEVMVT 	BWFSBHF WBMVFT PG UIF JOTUBOUBOFPVT TIFBS NPEVMVT GBMM CFMPX � L1B
�

t UIF CSBJO UJTTVF IBT B EJGGFSFOU SFTQPOTF JO UFOTJPO WFSTVT DPNQSFTTJPO BOE EVSJOH MPBEJOH�
VOMPBEJOH DZDMFT JU TIPXT FWJEFODFT PG B .VMMJOT�MJLF FGGFDU�

t UIF DFSFCSPTQJOBM GMVJE NJHIU JOUFSBDU XJUI CSBJO EFGPSNBUJPO SFTVMUJOH JO B WPMVNFUSJD
TISJOLJOH PCTFSWFE GPS JOTUBODF EVSJOH UIF BENJOJTUSBUJPO PG IZQFS�PTNPUJD ESVHT PS JO
UIF CSBJO�TIJGU QIFOPNFOPO���

t IVNBO CSBJO TIPXT WJTDPFMBTUJD SFMBYBUJPO XIJDI JT BTTVNFE UP JOGMVFODF UIF EFGPSNBUJPO
JO QBSUJDVMBS TJUVBUJPOT TVDI BT JO SFTQPOTF UP TIPDLT PS USBVNBUJD JOKVSJFT�

"MUIPVHI UIF SFTQPOTF PG CSBJO UP DPNQSFTTJPO�SFMBYBUJPO DZDMJD JOEFOUBUJPO BOE SIFPNFUSJD
UFTUT IBT CFFO FYQMPSFE FYUFOTJWFMZ OPU NVDI DBO CF GPVOE PO UIF UPQJD PG CSBJO GSBDUVSF� .PTU
SFTVMUT BSF PCUBJOFE GSPN DPNQSFTTJPO UFTUT XIFSF CSBJO EJTQMBZT B GSBDUVSF CFIBWJPVS UZQJDBM PG
GJCSPVT NBUFSJBMT XJUI SBUF�EFQFOEFOU VMUJNBUF QSPQFSUJFT��� )PXFWFS UIF GSBDUVSF TUSFTT PS TUSBJO
NFBTVSFE GSPN UIF FYQFSJNFOUT POMZ SFGMFDU UIF NBUFSJBMT BCJMJUZ PG TVTUBJOJOH NFDIBOJDBM MPBET
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1. Introduction

XIFSFBT BO BQQSPQSJBUF EFGJOJUJPO PG UPVHIOFTT GPS TVDI NBUFSJBMT OFFE UP CF CBTFE PO UIF GSBDUVSF
FOFSHZ���

Hydrogels and mimicking materials for soft tissues
%FBMJOH XJUI SFBM UJTTVFT QSFTFOUT TFWFSBM DSJUJDBM BTQFDUT DPOOFDUFE UP UIF BWBJMBCJMJUZ DPTUT FUIJ�
DBM JTTVFT BOE EJGGJDVMUJFT JO UIF DPMMFDUJPO PG SFQFBUBCMF FYQFSJNFOUBM EBUB CFDBVTF PG UIF WBSJBCMF
NJDSPTUSVDUVSF PG CJPMPHJDBM NBUFSJBMT� 'PS UIFTF SFBTPOT TZOUIFUJD QIBOUPNT NJNJDLJOH UIF CF�
IBWJPVS PG OBUVSBM UJTTVFT BSF VTFE FYUFOTJWFMZ JO UFTUJOH BOE TJNVMBUJPOT GPS USBJOJOH QVSQPTFT
EFTJHO PG SPCPUJD BJEFE TVSHFSZ TZTUFNT BOE CJP�JNQMBOUT�� 5IFSF BSF NVMUJQMF GBDUPST UP DPOTJEFS
XIFO DIPPTJOH B NJNJDLJOH NBUFSJBM OPU MFBTU UIF CJPDPNQBUJCJMJUZ JG UIF BSUJGJDJBM DPNQPVOE IBT
UP CF JNQMBOUFE JO UIF IVNBO CPEZ�

$PVOUMFTT BMUFSOBUJWFT PG NJNJDLJOH NBUFSJBMT DBO CF GPVOE JO UIF MJUFSBUVSF� 'PDVTJOH PO
UIF FMBTUJD OBUVSF EJTQMBZFE CZ TPGU CJPNBUFSJBMT SVCCFS�MJLF QPMZNFST BSF BNPOH UIF NPTU DPN�
NPO PQUJPOT� 4JMJDPOF SVCCFS JO QBSUJDVMBS IBT CFFO QSPQPTFE UP SFQMBDF IVNBO TLJO JO UFOTJMF
BOE UFBSJOH FYQFSJNFOUT CFDBVTF UIF UPVHIOFTT BOE DPOTUJUVUJWF SFTQPOTF PG TJMJDPOF BOE TLJO BSF
TJNJMBS����� 5ISPVHIPVU UIJT SFTFBSDI XF IBWF FYUFOTJWFMZ VTFE EJGGFSFOU UZQFT PG TJMJDPOFT JO
FYQFSJNFOUT UP JOWFTUJHBUF UIF OPO�MJOFBS FMBTUJD SFTQPOTF BOE UIF MBSHF TUSBJO GSBDUVSF CFIBWJPVS
PCTFSWFE JO TPGU CJPNBUFSJBMT� 4JMJDPOFT IBWF CFFO QSPQPTFE UP NJNJD UIF CSBJO UJTTVF BT XFMM
BMUIPVHI IZESPHFMT NJHIU PGGFS B NPSF BQQSPQSJBUF DIPJDF GPS UJTTVFT XJUI B QPSPVT OFUXPSL�

'SPN UIF NBUFSJBMT QPJOU PG WJFX IZESPHFMT BSF QPMZNFS OFUXPSLT IJHIMZ TXPMMFO XJUI B MJRVJE
SBOHJOH GSPN UFO VQ UP UIPVTBOET PG UJNFT UIFJS ESZ XFJHIU� "DUVBMMZ XF DBO UIJOL PG B TJNQMF
TJOHMF�QIBTF HFM BT B EJMVUF SVCCFS� XIFO UIF XBUFS DPOUFOU JT JODSFBTFE UIF FGGFDU JT BOBMPHPVT UP
FYQPTF B QPMZNFS UP B UFNQFSBUVSF TVSHF TP UIBU HFMT CFIBWF BT WFSZ TPGU SVCCFST�� )ZESPHFMT DBO
CF DMBTTJGJFE JO UFSNT PG UIF UZQF PG DSPTT�MJOLT KPJOJOH UIF QPMZNFSJD DIBJOT UPHFUIFS��

t SFWFSTJCMF PS QIZTJDBM HFMT� UIF QPMZNFS OFUXPSLT BSF IFME UPHFUIFS CZ NPMFDVMBS FOUBOHMF�
NFOUT BOE�PS TFDPOEBSZ GPSDFT JODMVEJOH JPOJD )�CPOEJOH PS IZESPQIPCJD GPSDFT� "MM PG
UIFTF JOUFSBDUJPOT BSF SFWFSTJCMF BOE DBO CF EJTSVQUFE CZ DIBOHFT JO QIZTJDBM DPOEJUJPOT
TVDI BT JPOJD TUSFOHUI Q) BOE UFNQFSBUVSF� (FMBUJOFT BSF POF PG TVDI FYBNQMFT PGUFO VTFE
JO GPPE BOE QIBSNBDFVUJDBM JOEVTUSJFT CFDBVTF UIFZ BSF BCMF UP NFMU JO UIF NPVUI PS JO UIF
TUPNBDI�

t QFSNBOFOU PS DIFNJDBM HFMT XIPTF OFUXPSLT DPOUBJO TUSPOH DPWBMFOU DSPTT�MJOLT TP UIBU UIF
DIFNJDBM TUSVDUVSF SFTFNCMFT UIBU PG FMBTUPNFST�

*U JT UIF SPMF PG GMVJE UIF NPTU QFDVMJBS BTQFDU PG UIF NFDIBOJDBM SFTQPOTF PG HFMT� 8IFO UIFZ
BSF DPNQSFTTFE XBUFS JT FYQFMMFE GSPN UIF TPMJE OFUXPSL XIFSFBT GMVJE JT UBLFO VQ JO UFOTJPO
BOE UIF NFDIBOJDBM QSPQFSUJFT BSF BGGFDUFE CZ SBUF� $FSUBJO IZESPHFMT EJTQMBZ BOPUIFS UZQF PG SBUF�
EFQFOEFOU CFIBWJPVS SFMBUFE UP UIF CSFBLJOH BOE SF�GPSNJOH PG UIF DSPTT�MJOLT XIJDI SFTVMU JO
B WJTDPVT SFMBYBUJPO� *U JT JNQPSUBOU UP OPUJDF UIBU UIF TUSFTT SFMBYBUJPO BT XFMM BT UIF GSBDUVSF
CFIBWJPVS EFQFOET PO UIF UZQF PG HFM��� (FMBUJOFT GPS JOTUBODF BSF CSJUUMF DPNQPVOET TIPXJOH
MJUUMF PS OP SBUF�EFQFOEFOU CFIBWJPVS BU TNBMM UP NFEJVN TUSBJOT� 0O UIF DPOUSBSZ QBSBNFUFST MJLF
UIF VMUJNBUF TUSFTT BOE UIF GSBDUVSF FOFSHZ EFQFOE PO UIF SBUF PG EFGPSNBUJPO��o��� *O QBSUJDVMBS
UIF GSBDUVSF FOFSHZ PG CJPQPMZNFSJD HFMBUJOFT IBT CFFO GPVOE UP WBSZ MJOFBSMZ XJUI UIF DSBDL WFMPDJUZ
BOE UIF SBUF TFOTJUJWJUZ JODSFBTFT XJUI UIF BNPVOU PG QIZTJDBM DSPTT�MJOLJOH��o��� 5IF MPDBM QSPDFTT
MFBEJOH UP NBDSPTDPQJD GSBDUVSF JT EJGGFSFOU GPS UIF UXP DMBTTFT� GSBDUVSF JO QIZTJDBM HFMT JT EPNJOBUFE
CZ B WJTDPQMBTUJD NFDIBOJTN MFBEJOH UP UIF QVMM�PVU PG UIF QPMZNFSJD DIBJOT�� XIFSFBT DIFNJDBM
HFMT GBJM CZ TDJTTJPO PG UIF TUSFUDIFE DIBJOT TJNJMBSMZ UP SVCCFS�MJLF QPMZNFST���
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1.2. Fracture and strength of soft materials

7BSJPVT QIZTJDBM BOE DIFNJDBM HFMT IBWF CFFO QSPQPTFE UP SFQMJDBUF UIF UJNF�EFQFOEFOU CF�
IBWJPVS PG UIF IVNBO CSBJO BOE PUIFS QPSPVT CJPNBUFSJBMT JODMVEJOH HFMBUJOFT BOE DPNQPTJUF
IZESPHFMT� 8F IBWF DPOTJEFSFE NPSF JO EFUBJM UIF NFDIBOJDBM SFTQPOTF PG B CJPQPMZNFSJD HFMBUJOF
BOE B TPGU IZESPHFM��o��� 5IF MBUUFS UIBOLT UP B NVMUJDPNQPOFOU DPNQPTJUJPO FOTVSFT TVQFSJPS
QFSGPSNBODFT JO SFQSPEVDJOH UIF NFDIBOJDT PG CSBJO EVSJOH EJGGFSFOU MPBEJOH TDFOBSJPT JODMVEJOH
GSBDUVSF UFTUT BOE JT BMTP TVJUBCMF UP NJNJD PUIFS QPSPVT PSHBOT���

1.2. Fracture and strength of soft materials

*SSFTQFDUJWFMZ PG UIF NBUFSJBM DPOTJEFSFE GSBDUVSF JT B NBUUFS PG MBSHF TUSBJOT BU TNBMM TDBMF MFOHUIT���
)PXFWFS UIF GSBDUVSF QSPDFTT JO B TPGU NBUFSJBM JT RVBMJUBUJWFMZ EJGGFSFOU GSPN XIBU JT PCTFSWFE
JO NFUBMT SPDLT HMBTT BOE PUIFS IBSE NBUFSJBMT��o��� -BSHF TUSBJOT FOFSHZ EJTTJQBUJPO SBUF�
EFQFOEFOU CFIBWJPVS� UIFTF BSF UIF NBJO QPJOUT BGGFDUJOH UIF GSBDUVSF QSPDFTT BOE UPVHIOFTT PG
TPGU CJPNBUFSJBMT�

'SBDUVSF PG HFMT JT JO UIJT TFOTF BSDIFUZQJDBM� *OUSJOTJDBMMZ UIFZ BSF WFSZ CSJUUMF EVF UP UIF
MBSHF XBUFS DPOUFOU XIJDI SFTVMUT JO B TDBUUFSFE EJTUSJCVUJPO PG NPMFDVMFT XJUI IJHI QSPQFOTJUZ UP
EBNBHF BOE GBJMVSF CFDBVTF PG UIF MPX OVNCFS PG IJHIMZ TUSFUDIFE QPMZNFSJD DIBJOT��� )PXFWFS
UIF BNPVOU PG EJTTJQBUFE FOFSHZ EVF UP WBSJPVT NFDIBOJTNT IBT UIF QPXFS UP JODSFBTF UIFJS GSBD�
UVSF SFTJTUBODF CZ TFWFSBM PSEFST PG NBHOJUVEF����� .BUFSJBMT FYQFSUT IBWF EFWJTFE UFDIOJRVFT UP
CVJME VQ FOFSHZ EJTTJQBUJPO JO UIF NJDSPTUSVDUVSF PG BSUJGJDJBM NBUFSJBMT JO PSEFS UP EFWFMPQ OFX
DPNQPVOET XJUI PVUTUBOEJOH GSBDUVSF QSPQFSUJFT��o��� *OTUFBE PG DPOTJEFSJOH UIF TQFDJGJD GBJMVSF
NFDIBOJTNT BU UIF NJDSP�TDBMF XF NJHIU BDRVJSF JOTUSVDUJWF JOGPSNBUJPO CZ BOBMZTJOH UIF UZQJDBM
MFOHUI TDBMFT JOWPMWFE JO GSBDUVSF NFDIBOJDT�

Length scales of fracture mechanics
3VQUVSF PS GSBDUVSF BMXBZT TUBSUT GSPN B QSF�FYJTUJOH DSBDL PS GMBX UIF QSFTFODF PG XIJDI XIFO
OPU JOUSPEVDFE EFMJCFSBUFMZ TIPVME CF DPOTJEFSFE BT JOFWJUBCMF� 5IFSFGPSF XF DBO GPDVT PO UIF
TJUVBUJPO PG B QSPQBHBUJOH DSBDL JO BO JOGJOJUF CPEZ UP EJTUJOHVJTI UISFF NBJO SFHJPOT�� 	'JH����
�

t UIF QSPDFTT [POF 	"
� 5IJT JT UIF SFHJPO WFSZ DMPTF UP UIF DSBDL UJQ XIFSF MPDBM EBNBHF BOE
NPMFDVMBS GSBDUVSF PDDVS BOE JO XIJDI UIF TUSFTT JT EFUFSNJOFE CZ UIF UFOTJPO SFRVJSFE UP
CSFBL JOEJWJEVBM CPOET�

t UIF DSBDL�UJQ SFHJPO 	#
� 5IJT JT XIFSF UIF NBUFSJBM JT BGGFDUFE CZ UIF WJDJOJUZ PG UIF DSBDL
UJQ XIJDI JO HFOFSBM DBVTFT TUSFTT DPODFOUSBUJPO BOE QPUFOUJBMMZ XIFSF FOFSHZ EJTTJQBUJPO
JT DPOOFDUFE UP UIF QSPQBHBUJOH DSBDL�

t UIF GBS�GJFME SFHJPO 	$
� 'BS BXBZ GSPN UIF DSBDL UJQ UIF NBUFSJBM CFIBWJPVS JT VOBGGFDUFE CZ
UIF DSBDL BOE EFQFOET PO GBS�GJFME MPBEJOH� FOFSHZ EJTTJQBUJPO JG SFMFWBOU JT EVF UP CVML
QSPDFTTFT XIJDI BSF JOEFQFOEFOU PO UIF QSFTFODF PG UIF DSBDL�

-FU VT CFHJO CZ DPOTJEFSJOH NBUFSJBMT XIPTF CVML CFIBWJPVS JT FMBTUJD BOE FOFSHZ EJTTJQBUJPO
JT DPOGJOFE UP UIF QSPDFTT [POF UIBU JT BTTVNFE NVDI TNBMMFS UIBO BOZ PUIFS SFMFWBOU TJ[F PG
UIF QSPCMFN� 5IJT JT UIF XFMM�LOPXO TNBMM TDBMF ZJFMEJOH BTTVNQUJPO XIJDI JT UIF GPVOEJOH
IZQPUIFTJT PG MJOFBS FMBTUJD GSBDUVSF NFDIBOJDT 	-&'.
� #FJOH UIF EJTTJQBUJWF [POF JOEFGJOJUFMZ
TNBMM UIF DSBDL�UJQ SFHJPO JT EPNJOBUFE CZ UIF FMBTUJD GJFMET DPOUSPMMFE CZ B TUSFTT JOUFOTJUZ GBDUPS�
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1. Introduction

*U JT UIF DPOWFOUJPOBM BQQSPBDI BEPQUFE JO IBSE NBUFSJBMT TVDI BT SPDLT CPOFT PS HMBTTZ QPMZNFST
CVU OFFE UP CF SFWJTFE GPS TPGU BOE IJHIMZ EFGPSNBCMF TPMJET�

ρ
A

B

C

external loads

blunted crack tip

external loads

Figure 1.1 Sketch of the crack-tip region and the
various length scales involved in fracture mechanics.
The inset shows the crack tip in a soft material, where৷ is the tip radius characterising the size of the large
strain zone

5IF EFGJOJUJPO PG TPGU JO GSBDUVSF NFDIBO�
JDT JT NBEF PO B SFMBUJWF CBTJT� UIBU JT XF OFFE
UP DPOTJEFS UIF DPNQFUJUJPO CFUXFFO UIF FMBT�
UJD TUSBJO FOFSHZ BOE UIF FGGFDUJWF TVSGBDF FO�
FSHZ GPS GSBDUVSF� " MFOHUI TDBMF JT EFSJWFE
XIJDI JO UIF MJUFSBUVSF IBT CFFO HJWFO WBSJPVT
OBNFT TVDI BT UIF DSBDL�UJQ SBEJVT ৷ 	'JH����

PS UIF MFOHUI PG GMBX TFOTJUJWF GBJMVSF����� 3F�
HBSEMFTT PG UIF JOUFSQSFUBUJPO JU DIBSBDUFSJTFT
B SFHJPO PG MBSHF TUSBJOT PVUTJEF PG XIJDI UIF
-&'. BTTVNQUJPOT SFNBJO WBMJE� 8IJMF JO
NPTU IBSE TPMJET TVDI B SFHJPO JT WFSZ TNBMM
VTVBMMZ JO UIF PSEFS PG UIF NPMFDVMBS EJTUBODFT
JO TPGU NBUFSJBMT JU NJHIU CFDPNF MBSHFS UIBO
BOZ PUIFS TJHOJGJDBOU EJNFOTJPO JOWPMWFE JO
UIF QSPCMFN� "T B SFTVMU GSBDUVSF PG TPGU NBUF�
SJBMT DBOOPU CF TUVEJFE XJUIPVU GJSTU BEESFTTJOH
UIF SPMF PG MBSHF EFGPSNBUJPOT�

5IF TDFOBSJP JT GVSUIFS DPNQMJDBUFE JG FO�
FSHZ EJTTJQBUJPO PDDVST PO B MBSHF TDBMF� 5IF
TNBMM�TDBMF ZJFMEJOH BTTVNQUJPO EPFT OPU IPME
BOE UIF BNPVOU PG EJTTJQBUFE FOFSHZ IBT B QSJNBSZ FGGFDU PO UIF BWBJMBCMF FOFSHZ GPS GSBDUVSF� *O
TVDI DBTFT UIF WFSZ FYJTUFODF PG B GSBDUVSF FOFSHZ BT B NBUFSJBM QBSBNFUFS OFFET UP CF SFDPOTJE�
FSFE���

1.3. The importance of cutting

%VSJOH UIFJS MJGFUJNF MJWJOH CFJOHT BSF FYQPTFE UP OVNFSPVT FYUFSOBM BDUJPOT BT QBSU PG UIF OBUVSBM
DPVSTF PG FWFOUT PS DPNJOH GSPN VOFYQFDUFE TJUVBUJPOT� %VSJOH TVSHFSJFT GPS JOTUBODF UIF BGGFDUFE
CJPMPHJDBM UJTTVF JT TVCKFDUFE UP VOVTVBM GPSDFT CZ NFBOT PG UPPMT XIJDI TUSFUDI BOE DVU DBVTJOH B
UFNQPSBSZ JOKVSF PS EBNBHF��� *ODJTJPOT CZ NFBOT PG TDBMQFMT EJTTFDUJPOT VTJOH TVSHJDBM TDJTTPST
OFFEMF JOTFSUJPOT� JO UIF IFBMUIDBSF TFDUPS UIF SBOHF PG UFDIOJRVFT JOWPMWJOH DVUUJOH QSPDFTTFT JT
WBTU� "OPUIFS GJFME JO XIJDI DVUUJOH IBT B DFOUSBM SPMF JT UIF GPPE QSPDFTTJOH JOEVTUSZ� "VUPNBUFE
NBDIJOFT QFSGPSN DVUUJOH PQFSBUJPOT PO B CSPBE WBSJFUZ PG GPPETUVGG NBOZ PG UIFN DIBSBDUFSJTFE
CZ CFJOH TPGU BOE WJTDPVT TVDI BT DIFFTF HFMBUJOF FUD� $VUUJOH JT BMTP FNQMPZFE BT BO BMUFSOB�
UJWF UFDIOJRVF UP UFTU UIF NFDIBOJDBM QSPQFSUJFT PG TPGU NBUFSJBMT XIPTF MPX FMBTUJD NPEVMVT BOE
JOIFSFOU DPNQMFY CFIBWJPVS NBLF UIF USBEJUJPOBM NFUIPET QSPCMFNBUJD���

"OZ BDUJPO DBVTJOH TFQBSBUJPO JO B NBUFSJBM UISPVHI UIF BQQMJDBUJPO PG GPSDFT CZ NFBOT PG BO
FYUFSOBM UPPM o CF JU B XFEHF B QBJS PG TDJTTPST PS B TVSHJDBM OFFEMF o JT UIF PCKFDU PG UIF NFDIBOJDT
PG DVUUJOH��� 5IF TDJFODF PG DVUUJOH XBT GJSTUMZ JOWFTUJHBUFE JO SFMBUJPO UP NFUBMT BQQMZJOH UIF
USBEJUJPOBM TMJQ�MJOF NPEFM PG UIF QMBTUJDJUZ UIFPSZ UP XFEHF JOEFOUBUJPO�� BOE JO CSJUUMF NBUFSJ�
BMT DPOTJEFSJOH B $PVMPNC�.PIS DSJUFSJPO��� 8JUI SFTQFDU UP UIFTF NFDIBOJTNT UIF OPWFMUZ JO
DVUUJOH FMBTUJD NBUFSJBMT JT SFMBUFE UP UIF DFOUSBM SPMF QMBZFE CZ GSBDUVSF NFDIBOJDT���� BOE UIJT
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1.4. Motivation and aim

NJHIU FYQMBJO XIZ B MBSHF QBSU PG UIJT UIFTJT JT DFOUSFE PO GSBDUVSF BOE DSBDL QSPQBHBUJPO�
)PXFWFS UIFSF JT POF GVOEBNFOUBM EJGGFSFODF CFUXFFO DVUUJOH BOE GSBDUVSF UIBU XF XJTI UP

DMBSJGZ UISPVHI BO JOUVJUJWF FYBNQMF� -FU VT DPOTJEFS B TPGU BOE FYUFOTJCMF QJFDF PG NBUFSJBM GPS
JOTUBODF B MBSHF SVCCFS CBOE XJUI B TNBMM DVU� *G XF USZ UP TFQBSBUF UIJT QJFDF CZ TUSFUDIJOH JU CZ
IBOE XF XJMM TPPO GJOE PVU UIBU B DPOTJEFSBCMF BNPVOU PG GPSDF JT SFRVJSFE� #Z DPOUSBTU XF LOPX
UIBU XJUI B TIBSQ CMBEF XF DBO FBTJMZ DVU UISPVHI JU� *O NPSF SJHPSPVT UFSNT JU JT XIFO XF BUUFNQU
UP GFFE FOFSHZ UP B DSBDL GSPN SFNPUFMZ MPBEFE SFHJPOT UIBU UFBSJOH JT EJGGJDVMU XIFSFBT XJUI CMBEFT
PS PUIFS TIBSQ PCKFDUT UIF EFGPSNBUJPO JT FYUSFNFMZ MPDBMJTFE��� 5IJT JT UIF QFDVMJBSJUZ PG GSBDUVSF
EVSJOH DVUUJOH� UIBU JT UIF XBZ JO XIJDI UIF FYUFSOBM XPSL JT QSPWJEFE BOE DPOWFSUFE JO TVSGBDF
FOFSHZ UP GFFE DSBDL QSPQBHBUJPO�

1.4. Motivation and aim

'SPN UIJT JOUSPEVDUJPO JU DBO CF TFFO UIBU UIF BOBMZTJT PG DVUUJOH JO TPGU CJPNBUFSJBMT SFRVJSFT B
NVMUJEJTDJQMJOBSZ BQQSPBDI EFBMJOH XJUI QIZTJDT DPOUBDU GSBDUVSF NFDIBOJDT BOE NBUFSJBMT TDJ�
FODF� 8IJMF XF EP OPU QSFUFOE UP BEESFTT BMM UIF UPQJDT EJTDVTTFE BCPWF UIFTF SFQSFTFOUFE UIF
TUBSUJOH QPJOU XIJDI BSPTF PVS JOUFSFTU JO UIF TVCKFDU PG TPGU CJPNBUFSJBMT� 5IF OFFE UP QSPWJEF BO
FYIBVTUJWF BOTXFS UP UIF JNQMJDBUJPOT PG DVUUJOH JO TFWFSBM GJFMET GSPN NBUFSJBMT TDJFODF UP CJP�
FOHJOFFSJOH XBT B NPSF QSBDUJDBM SFBTPO UIBU TVHHFTUFE VT UP QVSTVJU UIF JOWFTUJHBUJPO QSFTFOUFE
JO UIJT UIFTJT�

5IF NFDIBOJDT PG JOEFOUBUJPO BOE DVUUJOH QMBZT BO JNQPSUBOU SPMF EVSJOH NFDIBOJDBM UFTUJOH
PG TPGU NBUFSJBMT� 4QFDJGJDBMMZ JO PSEFS UP NFBTVSF UIF GSBDUVSF UPVHIOFTT PG WFSZ DPNQMJBOU TPMJET
DVUUJOH�CBTFE UFDIOJRVFT BSF CFDPNJOH PG XJEFTQSFBE VTF� 3FDFOUMZ XJSF DVUUJOH IBT CFFO BQQMJFE
UP DIBSBDUFSJTF UIF VMUJNBUF CFIBWJPVS PG UIF IVNBO CSBJO UJTTVF BOE TPGU NJNJDLJOH IZESPHFMT
XIJDI TIPX B DPNQMFY SFTQPOTF BGGFDUFE CZ OPO�MJOFBSJUZ BOE SBUF FGGFDUT� 8JSF DVUUJOH JT BEPQUFE
BT B NPEFM UFDIOJRVF JO NBOZ QBSUT PG UIJT XPSL BT JU BMMPXFE VT UP TUVEZ UIF DVUUJOH QSPDFTT JO
JUT FOUJSFUZ XJUI BO BNFOBCMF HFPNFUSZ GPS OVNFSJDBM TJNVMBUJPOT�

"NPOH UIF WBSJPVT DVUUJOH UFDIOJRVFT BEPQUFE JO TVSHFSZ OFFEMF JOTFSUJPOT IBWF CFDPNF QPQ�
VMBS GPS NJOJNBMMZ JOWBTJWF TVSHFSJFT XIJDI JO TPNF DBTFT PGGFS SFMFWBOU CFOFGJUT GPS UIF QBUJFOUT�
5IF EFWFMPQNFOU PG B OFX UZQF PG GMFYJCMF OFFEMFT XIJDI BSF DPOUSPMMFE CZ SPCPUT BOE DBO TUFFS
JOTJEF UIF UBSHFU CJPMPHJDBM UJTTVFT SFRVJSFT B EFUBJMFE JOWFTUJHBUJPO JO UIF NFDIBOJDT PG OFFEMF
QFOFUSBUJPO� 5IF QFDVMJBS TUFFSJOH PCTFSWFE JO FYQFSJNFOUT EFQFOET PO B DPNQMFY NFDIBOJTN PG
DSBDL QSPQBHBUJPO GPS XIJDI BDDVSBUF BOE FGGJDJFOU OVNFSJDBM TJNVMBUJPOT BSF OFFEFE� "NPOH UIF
NBJO QVSQPTFT PG PVS XPSL XBT UIF EFWFMPQNFOU PG B SFGJOFE OVNFSJDBM BMHPSJUIN DBQBCMF PG EF�
TDSJCJOH UIF UPPM�UJTTVF JOUFSBDUJPO BOE QSFEJDU UIF QSPDFTT PG OFFEMF TUFFSJOH� 5IF JOTJHIU HBJOFE
GSPN UIF BOBMZTFT DPOTUJUVUF BO FTTFOUJBM UPPM TVQQPSUJOH UIF QSPEVDUJPO PG UIF TVSHJDBM OFFEMF BOE
DBO BMTP CF VTFE GPS USBJOJOH QVSQPTFT�

"O BEEJUJPOBM EJGGJDVMUZ JO UFTUJOH TPGU CJPNBUFSJBMT BOE UIFJS TZOUIFUJD DPVOUFSQBSUT JT SFQSF�
TFOUFE CZ FOFSHZ EJTTJQBUJPO� #FTJEFT UIF XFMM�LOPXO WJTDPFMBTUJD SFMBYBUJPO TIPXFE CZ FMBTUPNFST
JO TPGU QPSPVT NBUFSJBMT SBUF�EFQFOEFODF NJHIU CF DBVTFE CZ UIF QSPDFTT PG GMVJE ESBJOJOH� 5IF
IVNBO CSBJO UJTTVF CFIBWJOH MJLF B TPGU IZESPHFM TIPX B SFNBSLBCMF FGGFDU PG UIF SBUF PG JOTFSUJPO
EVSJOH XJSF DVUUJOH BOE OFFEMF QFOFUSBUJPO FYQFSJNFOUT UIF DBVTF PG XIJDI BSF TUJMM OPU DPN�
QMFUFMZ VOEFSTUPPE� 5IJT MBTU QPJOU NPUJWBUFE VT UP JOWFTUJHBUF UIF SPMF QMBZFE CZ GMVJE ESBJOJOH
BOE WJTDPFMBTUJD SFMBYBUJPO JO UIF DSBDL�UJQ SFHJPO PG B TPGU TPMJE UISPVHI B DPNCJOFE BOBMZUJDBM
BOE OVNFSJDBM BQQSPBDI�
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1. Introduction

1.5. Thesis outline

5IJT UIFTJT JT TUSVDUVSFE JO GPVS NBJO DIBQUFST DMPTFE CZ B DIBQUFS PG DPODMVTJPOT BOE BQQFOEJDFT�
4JOHMF DIBQUFST BEESFTT B TQFDJGJD UPQJD PG PVS SFTFBSDI BOE BSF UP B DFSUBJO FYUFOU TFMG�DPOUBJOFE�
'PS UIJT SFBTPO XF IBWF JODMVEFE BO JOUSPEVDUPSZ TFDUJPO UP UIF DIBQUFST JO PSEFS UP DPODFOUSBUF
UIF SFBEFST BUUFOUJPO PO UIF DPOUFOUT QSFTFOUFE BOE QSPWJEF B EFEJDBUFE MJUFSBUVSF SFWJFX� 5IF GVMM
MJTU PG UIF DIBQUFST JT QSFTFOUFE CFMPX�

t $IBQUFS � JT BCPVU UIF NFDIBOJDT PG DVUUJOH JO FMBTUJD NBUFSJBMT� *U QSPWJEFT UIF CBDLHSPVOE
PG UIF HPWFSOJOH FRVBUJPOT BOE JOUSPEVDF BO JNQPSUBOU EFGJOJUJPO PG TIBSQOFTT� &YQFSJ�
NFOUBM SFTVMUT BT XFMM BT OVNFSJDBM TJNVMBUJPOT BSF QSFTFOUFE BOE EJTDVTTFE XJUI SFTQFDU UP
UIF BOBMZUJDBM NPEFMT�

t $IBQUFS � JT DFOUSFE PO UIF FGGFDU PG MBSHF EFGPSNBUJPOT JO OPO�MJOFBS FMBTUJD NBUFSJBMT BT
UIJT JT BO FTTFOUJBM TUFQ UP VOEFSTUBOE UIF NFDIBOJDT PG DVUUJOH JO TPGU CJPNBUFSJBMT� "M�
UIPVHI DVUUJOH CFHJOT XJUI BO JOJUJBM TUBHF PG DPOUBDU BOE JOEFOUBUJPO UIF NBJO TPVSDF PG
UIF CFIBWJPVS PCTFSWFE JO UIF FYQFSJNFOUT PDDVST EVSJOH DSBDL QSPQBHBUJPO� UIFSFGPSF UIF
GSBDUVSF JT XIBU UIJT DIBQUFS JT DFOUSFE PO� 4QFDJGJDBMMZ UIF GSBDUVSF QSPDFTT JO DVUUJOH JT
EJTDVTTFE JO UFSNT PG UIF OFBS�UJQ GJFMET BOE UIF SPMF PG DSBDL CMVOUJOH�

t $IBQUFS � DPOTJEFST UIF SPMF PG SBUF�EJTTJQBUJPO JO GSBDUVSF JO QBSUJDVMBS XJUI SFTQFDU UP UIF
IVNBO CSBJO BOE TJNJMBS TPGU QPSPVT NBUFSJBMT XIJDI BSF USFBUFE BT TPGU OPO�MJOFBS FMBTUJD
TPMJET XJUI SBUF�EFQFOEFOU CFIBWJPVS� #PUI UIF SPMF PG GMVJE JOUFSBDUJPO BOE PG WJTDPFMBTUJD
EJTTJQBUJPO BSF FYBNJOFE�

t $IBQUFS � JT EFEJDBUFE UP UIF OVNFSJDBM NPEFMMJOH PG UIF DVUUJOH QSPDFTT JO TPGU NBUFSJBMT�
"O BEWBODFE GJOJUF FMFNFOU BMHPSJUIN JT QSFTFOUFE BOE BQQMJFE UP TJNVMBUJPOT PG XJSF DVUUJOH
BOE GMFYJCMF OFFEMFT JOTFSUJPO�

t $IBQUFS � QSFTFOUT UIF DPODMVTJPOT� 5IF NBJO SFTVMUT BSF TZOUIFUJDBMMZ QSFTFOUFE JO UIF GPSN
PG CVMMFU QPJOUT USZJOH UP FTUBCMJTI B MJOL BNPOH UIF DIBQUFST�

t "QQFOEJDFT DMPTF UIF UIFTJT DPOUBJOJOH UIF NBJO UIFPSFUJDBM CBDLHSPVOE PG OPO�MJOFBS FMBT�
UJDJUZ WJTDPFMBTUJDJUZ BOE QPSPFMBTUJDJUZ XJUI NPTU PG UIF FRVBUJPOT UIBU BSF SFDBMMFE UISPVHI�
PVU UIF DIBQUFST�
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2. The mechanics of cutting in elastic materials

.PTU DVUUJOH QSPDFTTFT FTTFOUJBMMZ DPOTJTU PG UXP TUBHFT JO XIJDI UIF NBUFSJBM JT JOJUJBMMZ EF�
GPSNFE VOUJM BO BQQSPQSJBUF GBJMVSF NFDIBOJTN JT BDUJWBUFE BOE UIFO JT TFQBSBUFE� 8IFO

B DVUUJOH UPPM JT QVTIFE JOUP UIF NBUFSJBM JU DBVTFT B EFGPSNBUJPO UIBU NBZ CF FJUIFS SFWFSTJCMF
PS JSSFWFSTJCMF EFQFOEJOH PO UIF OBUVSF PG UIF NBUFSJBM JUTFMG� /PU POMZ UIF NBUFSJBM CVU BMTP UIF
UPPM HFPNFUSZ QMBZT BO JNQPSUBOU SPMF JO UIF UZQF PG EFGPSNBUJPO B GBDU UIBU DBO CF VOEFSTUPPE JG
POF UIJOLT PG UIF EJGGFSFODFT CFUXFFO TQMJUUJOH B SPDL XJUI B UIJDL XFEHF BOE QFSGPSBUJOH B SVCCFS
TIFFU XJUI B UIJO OFFEMF� *O UIF QSFTFOU UIFTJT XF DPOGJOF PVS BUUFOUJPO UP TPGU NBUFSJBMT TVDI BT
SVCCFS TLJO PS HFMT XIPTF CFIBWJPVS DBO CF BTTVNFE FMBTUJD VOUJM UIF PDDVSSFODF PG GBJMVSF JEFO�
UJGJFE CZ GSBDUVSF JOJUJBUJPO��� 5IF GJSTU TUBHF PG JOEFOUBUJPO JO FMBTUJD NBUFSJBMT DBO CF USFBUFE BT
B DPOUBDU QSPCMFN� 'PS JOTUBODF TVSHJDBM CMBEFT IBWF B XFEHF�MJLF UJQ QSPGJMF BOE UIF JOEFOUBUJPO
DBO CF TUVEJFE BEPQUJOH B QMBOF DPOUBDU HFPNFUSZ XIFSFBT OFFEMF JOEFOUBUJPO NJHIU CF USFBUFE
BT BO BYJTZNNFUSJD QSPCMFN� " DPNQSFIFOTJWF EJTDVTTJPO PG UIF DPOUBDU TPMVUJPOT GPS XFEHF BOE
DPOF JOEFOUFST JO QMBOF TUSBJO PS BYJTZNNFUSJD DPOEJUJPOT JT QSPWJEFE JO 5SVNBO FU BM� ��� 8IJMF
UIF DMBTTJDBM DPOUBDU NFDIBOJDT TPMVUJPOT BSF BUUSBDUJWF XF TIPVME DBSFGVMMZ DPOTJEFS UIFJS MJNJUT JO
SFMBUJPO UP UIF TQFDJGJD OBUVSF PG UIF NBUFSJBM� 'PS JOTUBODF UIF TJOHVMBS TUBUF PG TUSFTT QSFEJDUFE
CZ UIF TIBSQ XFEHF TPMVUJPO EPFT OPU FYJTU JO QSBDUJDF CFDBVTF PG UIF FGGFDU PG FEHF SPVOEJOH BOE
QMBTUJD GMPX��� .PSFPWFS XIFO TPGU TPMJET BSF DPNQSFTTFE UIFJS EFGPSNBUJPO JT FYUFOTJWF BOE HPFT
CFZPOE UIF TNBMM TUSBJO GSBNFXPSL JO XIJDI NPTU DPOUBDU TPMVUJPOT BSF EFSJWFE��o���

5IF NFDIBOJDT PG DVUUJOH JO FMBTUJD CSJUUMF NBUFSJBMT JT EJGGFSFOU GSPN UIBU JO EVDUJMF TPMJET
TVDI BT NFUBMT� 0OF PG UIF QFDVMJBSJUJFT JT SFMBUFE UP UIF GBJMVSF NFDIBOJTN XIJDI JO UIF GPSNFS
PDDVST CZ GPSNBUJPO PG B DSBDL XIJMF JO UIF MBUUFS JT DPOOFDUFE UP QMBTUJD GMPX��� 'PDVTJOH PO
UIF TFQBSBUJPO TUBHF GPMMPXJOH GBJMVSF B DVU PS DSBDL QSPQBHBUFT VOEFS UIF BDUJPO FYFSUFE CZ UIF
DVUUJOH GPSDF VOUJM B TP�DBMMFE TUFBEZ�TUBUF NBZ CF FTUBCMJTIFE� " WJBCMF BQQSPBDI JT UP DPOTJEFS
TFQBSBUJPO BT B QSPDFTT PG FOFSHZ DPOWFSTJPO� UIF XPSL EPOF CZ UIF FYUFSOBM GPSDF BQQMJFE UISPVHI
UIF DVUUJOH UPPM JT DPOWFSUFE JOUP FMBTUJD TUSBJO FOFSHZ TVSGBDF FOFSHZ UP QSPQBHBUF B DSBDL BOE
EJTTJQBUFE FOFSHZ EVF UP GSJDUJPO��� *U NJHIU CF DPOWFOJFOU UP FNQMPZ UIF FOFSHFUJD FRVBUJPO PG
DVUUJOH BT UIF TUBSUJOH QPJOU PG BOBMZUJDBM NPEFMT BOE FRVBUJPOT� 4FDUJPO ��� QSFTFOUT BO FYUFOTJWF
EJTDVTTJPO PO UIF FOFSHFUJD CBMBODFT JO DVUUJOH� " TJNQMJGJFE BOBMZUJDBM NPEFM PG UIF TUFBEZ�TUBUF
QSPQBHBUJPO JO B MJOFBS FMBTUJD NBUFSJBM XJUI BO FMMJQUJDBM XFEHF JT BMTP JODMVEFE���

"MUIPVHI UIF NFDIBOJTNT PG QSPQBHBUJPO EVSJOH TUFBEZ�TUBUF DVUUJOH BOE UFBSJOH BSF TJNJMBS
UIF XBZ JO XIJDI CVML FOFSHZ JT DPOWFSUFE JOUP TVSGBDF FOFSHZ BWBJMBCMF GPS DSBDL QSPQBHBUJPO JT
EJGGFSFOU� .PSF TQFDJGJDBMMZ UIF DSBDL ESJWJOH FOFSHZ EVSJOH DVUUJOH JT UIF SFTVMU PG B MPDBM DPOWFS�
TJPO PG UIF FYUFSOBM XPSL QFSGPSNFE XJUI UIF UPPM BT PQQPTFE UP B SFNPUF TPVSDF JO DPOWFOUJPOBM
GSBDUVSF UFTUT� " GVOEBNFOUBM QBSBNFUFS DPOUSPMMJOH UIF NFDIBOJTN PG QSPQBHBUJPO JT UIF UPPM
TIBSQOFTT XIPTF SPMF JT BOBMPHPVT UP UIF DSJUJDBM DSBDL�UJQ SBEJVT JO GSBDUVSF UFTUT��� 4FWFSBM BV�
UIPST IBWF QSPQPTFE NFUSJDT UP NFBTVSF UIF UPPM TIBSQOFTT BOE PCTFSWFE IPX JU BGGFDUT UIF DVUUJOH
GPSDFT� GPS JOTUBODF CMVOU UPPMT SFRVJSF B IJHIFS GPSDF BOE UIF DVU TVSGBDFT BSF NPSF JSSFHVMBS JG
DPNQBSFE UP TIBSQFS UPPMT����� 5IJT JT BO VOEFTJSFE DPOTFRVFODF JO UIF NFEJDBM GJFME�� BOE JO
UIF GPPE QSPDFTTJOH JOEVTUSZ�� GPS JOTUBODF� .PSFPWFS UIF UJQ TIBQF IBT BMTP BO JNQPSUBOU FG�
GFDU PO UIF HFPNFUSZ PG UIF SFTVMUJOH DVU��� *O f��� B EFGJOJUJPO PG TIBSQOFTT JT EFSJWFE GSPN
UIF BOBMZUJDBM NPEFM QSPQPTFE BOE UIFO DPNQBSFE XJUI SFTVMUT PG OVNFSJDBM BOBMZTFT XIFSF UIF
FGGFDU PG EJGGFSFOU UPPM QSPGJMFT JT FYQMPSFE� &YQFSJNFOUBM DVUUJOH UFTUT PO QPMZTUZSFOF BO FYBNQMF
PG B IBSE NBUFSJBM XIJDI DBO CF TUVEJFE BDDPSEJOH UP MJOFBS FMBTUJD GSBDUVSF NFDIBOJDT DPOGJSN
UIF JNQMJDBUJPOT PG UPPM TIBSQOFTT BOE TIPX HPPE BHSFFNFOU XJUI UIF GPSFDBTUT PG UIF BOBMZUJDBM
NPEFM�
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2.1. Models of indentation and cutting

*O 4FDUJPO ��� XF TIPX UIF SFTVMUT PG BO FYQFSJNFOUBM JOWFTUJHBUJPO JO DVUUJOH PG TPGU FMBTUJD
NBUFSJBMT� *O BEEJUJPO UP NFBTVSJOH UIF DVUUJOH GPSDF XF IBWF FNQMPZFE UIF %JHJUBM *NBHF $PS�
SFMBUJPO UFDIOJRVF UP FYBNJOF JO EFUBJM UIF EFGPSNBUJPOT XJUIJO UIF DSBDL�UJQ SFHJPO� 5IF SFTVMUT
DPOGJSN UIBU DSBDL QSPQBHBUJPO PDDVST XJUI B NFDIBOJTN UIBU JT UZQJDBM PG TPGU NBUUFS� 5IFTF
BOBMZTFT TVHHFTUJOH UIBU UIF SPMF PG TIBSQOFTT JT DPVQMFE XJUI GSBDUVSF BU MBSHF EFGPSNBUJPOT BSF
JOUSPEVDUPSZ UP UIF TUVEZ PG UIF DSBDL�UJQ [POF JO TPGU NBUFSJBMT XIJDI JT UIF TVCKFDU PG $IBQUFS
��

8IJMF B MBSHF QBSU PG DVUUJOH NFDIBOJDT JO FMBTUJD NBUFSJBMT JT SFMBUFE UP DSBDL QSPQBHBUJPO UIFSF
BSF DFSUBJOMZ PUIFS GBDUPST UIBU OFFE UP CF DPOTJEFSFE� 0OF PG UIFN JT UIF SPMF QMBZFE CZ GSJDUJPO�
4PGU TPMJET TVDI BT GPPE BOE CJPMPHJDBM UJTTVFT PGUFO IBWF B OFHMJHJCMF CFOEJOH TUJGGOFTT CVU FYFSU
B IJHI GSJDUJPOBM SFTJTUBODF XIFO DVU� .FUIPET UP NJOJNJTF UIF GSJDUJPOBM FGGFDUT BSF TPVHIU PVU JO
QSBDUJDBM BQQMJDBUJPOT JO PSEFS UP SFEVDF UIF DVUUJOH GPSDF XJUI UIF QPTJUJWF JNQMJDBUJPOT BMSFBEZ
EJTDVTTFE� "O JOGBNPVT FYBNQMF XBT EFWJTFE BT FBSMZ BT UIF .JEEMF "HF XJUI UIF HVJMMPUJOF� 5IF
QSJODJQMF VQPO XIJDI JU XBT JEFBUFE JT LOPXO BT PCMJRVF DVUUJOH�� XIFSF UIF CMBEF JODMJOBUJPO
QSPEVDFT B TMJDF�QVTI FGGFDU DBVTJOH B SFEVDUJPO PG UIF DVUUJOH GPSDF� " TJNJMBS QIFOPNFOPO JT
FYQFSJFODFE JO UIF EBJMZ MJGF XIFO DVUUJOH GPPE� CFTJEF VTJOH B TIBSQ LOJGF UIF BEEJUJPO PG B TMJEJOH
BDUJPO UP UIF QVTI HSFBUMZ SFEVDFT PVS FGGPSU����� .PSFPWFS UIF FGGFDU PG GSJDUJPO JT UP HJWF BO
BQQBSFOU FOIBODFNFOU PG UIF GSBDUVSF SFTJTUBODF XIJDI IBT UP CF TFQBSBUFE GSPN UIF SFBM NBUFSJBM
UPVHIOFTT��� *O f��� XF EJTDVTT UIF SPMF PG CMBEF JODMJOBUJPO BOE GSJDUJPO XJUI BO BQQMJDBUJPO UP
DVUUJOH FYQFSJNFOUT PO UIJO TBNQMFT PG TJMJDPOF SVCCFS�

2.1. Models of indentation and cutting

2.1.1. Energetic balance of cutting
" WFSTBUJMF EFTDSJQUJPO PG B DVUUJOH QSPDFTT JT QSPWJEFE CZ BO FOFSHZ CBMBODF JO XIJDI UIF FYUFSOBM
XPSL QFSGPSNFE CZ B DVUUJOH UPPM QVTIFE JOUP UIF NBUFSJBM JT DPOTVNFE CZ WBSJPVT DPOUSJCVUJPOT�
*O FMBTUJD DVUUJOH CZ NFBOT PG B SJHJE UPPM UIF HFOFSBM JODSFNFOUBM GPSN PG UIF FOFSHZ CBMBODF JT��

EݏFYU � Eݤݍ  Eݘݍ  Eܿݍ� 	���


XIFSF EݏFYU JT UIF FYUFSOBM XPSL JOQVU Eݤݍ JT UIF TUSBJO FOFSHZ WBSJBUJPO JO UIF TPMJE Eݘݍ JT UIF
FOFSHZ EJTTJQBUFE EVF UP GSJDUJPO BOE Eܿݍ JT UIF GSBDUVSF FOFSHZ SFRVJSFE UP TFQBSBUF UIF NBUFSJBM�
8IFO UIF UPPM JT QVTIFE JOUP UIF NBUFSJBM GPS BO JOGJOJUFTJNBM MFOHUI Eܼ 	'JH����
 UIF XPSL EPOF
CZ UIF DVUUJOH GPSDF ܾ JT

EݏFYU � ܾEܼ� 	���


"OZ UZQF PG DVUUJOH CFHJOT XJUI JOEFOUBUJPO JO XIJDI UIF NBUFSJBM JT EFGPSNFE XJUIPVU UIF
DSFBUJPO PG OFX DVUUJOH TVSGBDFT VOUJM UIF JOTFSUJPO EFQUI ܼ SFBDIFT B DSJUJDBM WBMVF �ݕܼ 'SPN
&RT�	���
�	���
 UBLJOH Eܿݍ � � XF PCUBJOܾEܼ � Eݤݍ  Eݘݍ� 	���


*O NPTU DBTFT UIF GSJDUJPOBM EJTTJQBUJPO Eݘݍ JT BMTP OFHMFDUFE VOUJM UIF CFHJOOJOH PG TFQBSBUJPO�
/PUJDF UIBU UIF DPOEJUJPO Eܿݍ � � DBO BMTP EFTDSJCF UIF JOTFSUJPO PG B DVUUJOH UPPM JO BO PQFO
DVU GPS JOTUBODF XIFO B CMBEF JT JOTFSUFE GPS UIF TFDPOE UJNF JO BO BMSFBEZ DVU NBUFSJBM� *O TVDI B
DBTF IPXFWFS UIF GSJDUJPOBM UFSN JO &R�	���
 NVTU CF JODMVEFE�
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2. The mechanics of cutting in elastic materials

crack tip

cutting tool

F

t

dD

da

Figure 2.1 Two-dimensional sketch of crack
propagation during cutting of an elastic material

8IFO ܼ � ݕܼ B DSBDL JT JOJUJBUFE BOE UIF
UPPM TUBSUT UP TFQBSBUF UIF NBUFSJBM� 5IFSF JT
B USBOTJFOU TUBHF HFOFSBMMZ DIBSBDUFSJTFE CZ B
TVEEFO ESPQ JO UIF DVUUJOH GPSDF XIJDI FWFO�
UVBMMZ MFBET UP B TUFBEZ�TUBUF� " SFRVJSFE DPO�
EJUJPO PG TUFBEZ�TUBUF DVUUJOH JT UIBU UIF SBUF
PG DSFBUJPO PG OFX TVSGBDFT JT FRVJWBMFOU UP UIF
SBUF PG JOTFSUJPO PG UIF UPPM��� *O PUIFS UFSNT
UIF EJTQMBDFNFOU JODSFNFOU Eܼ NVTU FRVBM
UIF JODSFBTF JO DVU MFOHUI Eݓ 	'JH����
� /P�
UJDF UIBU TVDI B DPOEJUJPO EPFT OPU FOTVSF UIF
TUFBEJOFTT PG UIF DVUUJOH GPSDF� .PSF TQFDJGJ�
DBMMZ XIFO UIF GJOJUF EJNFOTJPO PG UIF UPPM
NFBTVSFE JO UIF EJSFDUJPO PG JOTFSUJPO JT TNBMM
DPNQBSFE UP UIF TJ[F PG UIF TVCTUSBUF DSBDL
QSPQBHBUJPO PDDVST BU DPOTUBOU GPSDF SJHIU BG�
UFS GSBDUVSF JOJUJBUJPO� 0O UIF DPOUSBSZ XIFO
CPUI UPPM BOE TBNQMF IBWF DPNQBSBCMF TJ[FT B DSBDL JT QSPQBHBUFE GPS TPNF UJNF CFGPSF UIF TUFBEZ�
TUBUF JT BUUBJOFE� 5IF NPUJWBUJPO JT DPOOFDUFE UP UIF MFOHUI PG UIF DPOUBDU SFHJPO XIJDI JODSFBTFT
XIJMF UIF UPPM JT JOTFSUFE JO UIF NBUFSJBM� "T B DPOTFRVFODF CPUI UIF TUSBJO FOFSHZ BOE UIF GSJDUJPOBM
UFSN PO UIF SJHIU�IBOE TJEF PG &R�	���
 JODSFBTF�

5IF FOFSHZ CBMBODF JO UIF TUBHF PG DSBDL QSPQBHBUJPO DBO CF XSJUUFO BTܾEݓ � Eݤݍ  Eݘݍ  Eܿݍ� 	���


*O B UXP�EJNFOTJPOBM GSBNFXPSL UIF JODSFNFOU JO XPSL PG GSBDUVSF Eܿݍ SFQSFTFOUT UIF FOFSHZ
SFRVJSFE UP PQFO B OFX TVSGBDF PG BSFB ܹ � ݓEݥ XIFSF ݥ JT UIF PVU�PG�QMBOF UIJDLOFTT PG UIF
NBUFSJBM� 8F DBO XSJUF

Eܿݍ � ݓEݥܿ 	���


BOE GSPN &R�	���
 XF PCUBJO ܿ � ݥܾ ˱ ൭EݥݤݍEݓ  EݥݘݍEݓ ൰ � 	���


XIFSF ܿ JT LOPXO BT UIF FOFSHZ SFMFBTF SBUF JO GSBDUVSF NFDIBOJDT�
*O UIF UFSN  � Eݤݍ�
�ݓEݥ XF SFDPHOJTF UIF TP�DBMMFE UFBSJOH FOFSHZ PG TPGU NBUFSJBMT�� XIJDI

SFQSFTFOUT UIF GSBDUVSF FOFSHZ QFS VOJU BSFB JO UIF BCTFODF PG BO FYUFSOBM GPSDF JOQVU� .FUIPET UP
EFSJWF UIJT FOFSHZ BSF DPOTJEFSFE JO EFUBJM JO f���� 5IF DPOEJUJPO UP DSFBUF OFX DSBDL TVSGBDFT
SFRVJSFT UIBU UIF MFGU�IBOE TJEF UFSN ܿ BUUBJOT B DSJUJDBM WBMVF ç EFOPUFE BT UIF GSBDUVSF UPVHIOFTT
PG UIF NBUFSJBM� *G UIF CVML CFIBWJPVS PG UIF NBUFSJBM JT BTTVNFE MJOFBS FMBTUJD UIF GSBDUVSF FOFSHZ
DBO CF FYQSFTTFE CZ NFBOT PG UIF SFMBUJPO ܿ � ݃�ܽ  XIFSF ݃ JT UIF TUSFTT JOUFOTJUZ GBDUPS BOE ܽ
JT UIF :PVOH NPEVMVT PG UIF NBUFSJBM� *O B NPSF HFOFSBM TDFOBSJP ç JODMVEFT EJTTJQBUJWF UFSNT EVF
UP JOFMBTUJD FGGFDUT BOE SBUF�EFQFOEFODF�

*O TUFBEZ�TUBUF DVUUJOH PG TPGU TPMJET UIF DPOUSJCVUJPO PG GSJDUJPO JT PGUFO UIF EPNJOBUJOH UFSN
XIFSFBT UIF TUSBJO FOFSHZ UFSN Eݤݍ NBZ CF OFHMFDUFE� 5IJT TJNQMJGZJOH BTTVNQUJPO DPNFT GSPN
DPOTJEFSJOH UIF PGGDVUT PG TPGU NBUFSJBMT CFJOH JOFGGFDUJWF JO TUPSJOH SFMFWBOU TUSBJO FOFSHZ� )PX�
FWFS JG B QSF�TUSBJO PS B USBOTWFSTF TUBUF PG DPNQSFTTJPO JT JOEVDFE GPS JOTUBODF EVF UP UIF DMBNQJOH
TZTUFN PG BO FYQFSJNFOUBM TFUVQ UIF DPOUSJCVUJPO PG TUSBJO FOFSHZ NBZ IBWF UP CF JODMVEFE� *O
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2.1. Models of indentation and cutting

QBSUJDVMBS B UFOTJMF TUSBJO BQQMJFE EVSJOH UIF JOTFSUJPO SFEVDFT UIF DVUUJOH GPSDF CZ JODSFBTJOH UIF
BWBJMBCMF FOFSHZ GPS GSBDUVSF BU UIF TBNF UJNF NJOJNJTJOH GSJDUJPOBM FGGFDUT���

2.1.2. A two-dimensional model of steady-state cutting
5IF FOFSHFUJD CBMBODF PG DVUUJOH &R�	���
 JT TVJUBCMF GPS BQQMJDBUJPOT JO B SBOHF PG EJGGFSFOU NBUFSJ�
BMT BOE HFPNFUSJFT� *O UIF DBTF PG B MJOFBS FMBTUJD TPMJE XF IBWF EFWFMPQFE BO BMUFSOBUJWF EFTDSJQUJPO
PG UIF DVUUJOH QSPDFTT JO UIF TUFBEZ�TUBUF CZ TPMWJOH B UXP�EJNFOTJPOBM CPVOEBSZ WBMVF QSPCMFN
GPS UIF TUSFTT BOE EJTQMBDFNFOU GJFMET JO BO JOGJOJUF CPEZ JOEFOUFE CZ B SJHJE UPPM��� *O QBSUJDVMBS
UIF GPMMPXJOH BTTVNQUJPOT BSF JOUSPEVDFE�

t UIF NBUFSJBM JT MJOFBS FMBTUJD BOE UIF TNBMM TUSBJO BTTVNQUJPO JT SFUBJOFE�

t UIF DPOUBDU CFUXFFO CMBEF BOE NBUFSJBM JT BTTVNFE GSJDUJPOMFTT�

t UIF CMBEF DSPTT�TFDUJPO DPOTJTUT PG BO FMMJQTF XJUI BO BTQFDU SBUJP UIBU JT LFQU DPOTUBOU EVSJOH
UIF JOTFSUJPO�

t B RVBTJ�TUBUJD JOTFSUJPO JT DPOTJEFSFE TP UIBU XF DBO OFHMFDU JOFSUJB

blade

crack

a1 Y(x)

elastic solid

D

y

x

a

Y0

Figure 2.2 Schematic of the analytic model of cutting, with an elliptic blade inserted in a crack of
length ݓ. The enlarged figure shows the blade cross section, where �ݩ
ݑ is the elliptic profile and ୡݓ
is the contact length between blade and material

-FU VT DPOTJEFS BO JOGJOJUF TPMJE XJUI B DFOUSFE DVU PG MFOHUI �ݓ� 5IF DSPTT�TFDUJPO PG B SJHJE
CMBEF JT SFQSFTFOUFE CZ BO FMMJQTF XJUI TFNJ�BYFT ܼ BOE ୖݑ ̓ ܼ 	'JH����
� "T TQFDJGJFE JO UIF
IZQPUIFTFT XF DBO DIBOHF UIF SFMBUJWF MFOHUI PG UIF NBKPS TFNJ�BYJT XJUI SFTQFDU UP UIF DSBDL TFNJ�
MFOHUI CVU OPU UIF BTQFDU SBUJP J�F� ୖݑ�ܼ � DPOTU� 8IJMF UIJT BTTVNQUJPO JT B TJNQMJGJDBUJPO PG
UIF DVUUJOH JOEFOUBUJPO XJUI DPNNFSDJBM CMBEFT JU JT FTTFOUJBM GPS UIF TPMVUJPO PG UIF NBUIFNBUJDBM
QSPCMFN� *O QSBDUJDBM UFSNT B TJUVBUJPO EFTDSJCFE CZ UIJT NPEFM JT UIF JOTFSUJPO PG BO FMMJQUJD
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2. The mechanics of cutting in elastic materials

DPOJDBM CMBEF XJUI B HSBEVBMMZ JODSFBTJOH DSPTT TFDUJPO BMPOH B EJSFDUJPO QBSBMMFM UP UIF CMBEF BYJT�
5IF FRVBUJPO PG UIF FMMJQTF JT XSJUUFO BT

�ݩ
ݑ � ܼ˹ܼ�ୖݑ ˱ �ݩ 	���


5IF SBEJVT PG DVSWBUVSF BU B HFOFSJD QPJOU PG UIF FMMJQTF JT HJWFO CZ

৷
�ݩ �ݑ � 
϶ϴϵϵϵ�ܼୖݑ ܼݩ  ୖݑݑ
ϷϸϸϸϹ�� 	���


XIJDI BU UIF XFEHF UJQT ^ݩ^ � ܼ JT FRVBM UP

৷
ݩ � pܼݑ� � �� � ܼୖݑ � 	���


Formulation of the problem
#FDBVTF PG UIF EPVCMF TZNNFUSZ POMZ B RVBSUFS PG UIF NPEFM OFFET UP CF DPOTJEFSFE� 5IF DSBDL
JOJUJBMMZ FYUFOET JO UIF SFHJPO ^ݩ^ ̓ ݓ ݪ � � XIJMF UIF FMMJQTF JT BTTVNFE UP CF TIPSUFS PS FRVBM
UP UIF DVU J�F� ܼ ̓ �ݓ 'VSUIFSNPSF MFU ݩ ̓ ୗݓ EFOPUF UIF MFOHUI BMPOH XIJDI UIF FMMJQTF JT JO
GSJDUJPOMFTT DPOUBDU XJUI UIF NBUFSJBM� *O UIJT SFHJPO XF JNQPTF VOJMBUFSBM DPOUBDU DPOEJUJPOT CZ
NFBOT PG UIF GPMMPXJOH TFU PG FRVBUJPOTݪ
�ݩ � ��ݩ
ݑ ৹ݪݪ
�ݩ ̓ � GPS ̓ݩ �ୗݓ 	����


XIFSF �ݩ
ݪ SFQSFTFOUT UIF EFGPSNFE QSPGJMF PG UIF DSBDL�
"MPOH UIF GSFF FEHF PG UIF DSBDL UIF OPSNBM TUSFTTFT NVTU CF OVMM XIJMF JO UFSNT PG EJTQMBDFNFOU

XF IBWF UXP EJGGFSFOU DPOEJUJPOT� 8F DBO XSJUF৹ݪݪ
�ݩ � �� �ݩ
ݪ �ݩ
ݑ  GPS �ୗݓ �ݩ ܼ� 	����B
৹ݪݪ
�ݩ � �� �ݩ
ݪ  � GPS ݩܼ̓ � �ݓ 	����C


"IFBE PG UIF DSBDL DPOUJOVJUZ BOE TZNNFUSZ CSJOH UIF EJTQMBDFNFOUT VODPOEJUJPOBMMZ UP [FSP
XIJMF OP DPOEJUJPO PO UIF OPSNBM USBDUJPOT DBO CF FTUBCMJTIFEݪ
�ݩ � � GPS �ݓ̈́ݩ 	����


'JOBMMZ TIFBS TUSFTTFT BSF OVMM FWFSZXIFSF BMPOH UIF DSBDL QMBOF BT B SFTVMU PG UIF GSJDUJPOMFTT
DPOUBDU BTTVNQUJPO ৹ݪݩ
�ݩ � � GPS ݪ � �� 	����


&RVBUJPOT 	����
�	����
 SFQSFTFOU B CPVOEBSZ WBMVF QSPCMFN UP CF TPMWFE GPS UIF TUSFTTFT ৹ݪݪ
�ݩ
BOE UIF EJTQMBDFNFOUT ��ݩ
ݪ 5IF QSPCMFN JT EFDPNQPTFE JO UXP DBTFT XIJDI BSF TPMWFE TFQB�
SBUFMZ 	'JH����
� 8F CFHJO CZ DPOTJEFSJOH BO FMMJQUJD EJTQMBDFNFOU QSPGJMF XIJDI EFSJWFT GSPN B
XFMM�LOPXO TPMVUJPO PG GSBDUVSF NFDIBOJDT JO XIJDI B DSBDL JT TVCKFDUFE UP B VOJGPSN TUSFTT ৹ୖ ��

	'JH����B
� "TTVNJOH UIF DSBDL MFOHUI FRVBM UP �ܼ JO QMBOF TUSFTT DPOEJUJPOT XF PCUBJO

�ݩ
ݪ � �৹ୖܽ ˹ܼ ˱ ݩ GPS ̓ݩ ܼ� 	����
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2.1. Models of indentation and cutting

GSPN XIJDI XF DBO GJOE UIF OPSNBM TUSFTTFT BT৹ݪݪ
�ݩ � ˱৹ୖ GPS �ܼ̓ݩ 	����B
৹ݪݪ
�ݩ � ৹ୖ ൭ ݩ˹ݩ ˱ ܼ ˱ �൰ GPS ݩ  ܼ� 	����C


/PX XF PCTFSWF UIBU UIF OPSNBM TUSFTT TBUJTGJFT &R�	����
 JG XF UBLF

৹ୖ � ܼ�ୖݑܽ � 	����


CVU JO UIF PQFO QBSU PG UIF DSBDL J�F� GPS ୗݓ � ݩ � ݓ UIF TPMVUJPO OFFET UP CF NPEJGJFE TP UIBU UIF
DPOEJUJPOT TQFDJGJFE JO &R�	����
 BSF SFTQFDUFE� *O PSEFS UP FRVJMJCSBUF UIF OPSNBM TUSFTTFT JO UIF
PQFO QBSU B TVQFSJNQPTFE EJGGFSFOU QSPCMFN JT TPMWFE� 8F DBO DPOTJEFS B DSBDL PG MFOHUI 
ݓ ˱ �ୗݓ
	'JH� ���C
� 5IF GPMMPXJOH USBDUJPOT BSF BQQMJFE PO JUT TVSGBDF৹ݪݪ
�ݩ � ৹ୖ GPS ୗݓ �̓ݩ ܼ� 	����B
৹ݪݪ
�ݩ � ৹ୖ 
� ˱ ݩ˹ݩ ˱ ܼ � GPS ܼ ��ݩ �ݓ 	����C


*O UFSNT PG EJTQMBDFNFOUT XF QSFTDSJCF UIBUݪ
�ݩ � � GPS ݓ ݩ BOE GPS �ݩ ୗݓ � 	����


5P TPMWF UIJT TFDPOE QBSU PG UIF CPVOEBSZ WBMVF QSPCMFN XF PCTFSWF UIBU JO HFOFSBM B TUSFTT
TJOHVMBSJUZ JT FYQFDUFE BU CPUI FOET ݩ � ୗݓ BOE ݩ � �ݓ 8F JNNFEJBUFMZ SVMF PVU UIF GPSNFS
CZ JOWPLJOH UIF VOJMBUFSBM DPOUBDU DPOEJUJPOT 	&R�����
 XIJDI QSFWFOU OFHBUJWF PS QPTJUJWF TUSFTT
JOUFOTJUZ GBDUPST GPS BOZ JOUFSOBM QPJOU� 8F FYQFDU UIF GPMMPXJOH DPOEJUJPOT݃݁ݓ�ୡ � �� ݓ�݁݃ ̈́ �� 	����


XIFSF ݃݁ JT UIF NPEF�* TUSFTT JOUFOTJUZ GBDUPS 	4*'
�

The weight function method for SIF computation
5IFSF BSF TFWFSBM BWBJMBCMF OVNFSJDBM NFUIPET UP DPNQVUF 4*'T JO MJOFBS FMBTUJD GSBDUVSF NFDIBOJDT
JODMVEJOH UIF XFJHIU GVODUJPO NFUIPE UIF CPVOEBSZ DPMMPDBUJPO BQQSPBDI UIF EJTUSJCVUFE EJTMP�
DBUJPO UFDIOJRVF BOE UIF GJOJUF FMFNFOU NFUIPE��� )FSF XF TIPX IPX UP EFSJWF UIF FYQSFTTJPO PG݃݁ݓ� PG &R�	����
 UISPVHI B TQFDJGJD BQQMJDBUJPO PG UIF XFJHIU GVODUJPO NFUIPE�

5IF NFUIPE PG XFJHIU GVODUJPOT JT CBTFE PO UIF BQQMJDBUJPO PG (SFFO�T GVODUJPOT UP FYQSFTT UIF
TUSFTT TUBUF JO B TZTUFN TVCKFDUFE UP B HFOFSJD MPBEJOH DPNCJOFE XJUI #FUUJ�T SFDJQSPDBM UIFPSFN
BOE UIF QSJODJQMF PG TVQFSQPTJUJPO CZ #VFDLOFS��� 5IF MBUUFS JT JOWPLFE UP GJOE UIF TUSFTT TUBUF JO
B DSBDLFE CPEZ TVCKFDUFE UP HFOFSJD FYUFSOBM MPBEJOH CZ GPMMPXJOH UXP TUFQT� GJSTUMZ TUSFTTFT JO UIF
VODSBDLFE CPEZ BSF GPVOE JO QBSUJDVMBS UIFJS EJTUSJCVUJPO BMPOH UIF PSJHJOBM DSBDL MJOF� 5IFO UIF
TZTUFN JT TVCKFDUFE UP FRVJMJCSBUJOH USBDUJPOT BMPOH UIF DSBDL BOE UIF HMPCBM TPMVUJPO JT PCUBJOFE
GSPN UIF TVN PG UIF UXP TUFQT� " (SFFO GVODUJPO DBO CF VTFE JO UIF TFDPOE TUFQ UP GJOE UIF TUSFTT
JOUFOTJUZ GBDUPS GPS UIF FRVJMJCSBUJOH JOUFSOBM USBDUJPOT�
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2. The mechanics of cutting in elastic materials
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Figure 2.3 Displacement and stresses in the boundary value problem. a Equivalence between the
elliptic profile and a crack of length ܼ with an applied constant stress ৹ୠ. b A crack of length ݤ,
with prescribed stresses on its surface (derived from equilibrium). Notice the discontinuity in the
displacement derivative at ݩ � ݓ
-FU VT DPOTJEFS UXP BSCJUSBSZ MPBEJOH TZTUFNT CPUI SFTVMUJOH JO B QVSF NPEF�* DPOEJUJPO BOE

TVQQPTF UIBU XF LOPX UIF SFTVMUJOH 4*' GPS UIF GJSTU TZTUFN� 5IF 4*' GPS UIF VOLOPXO MPBEJOH JT
SFMBUFE UP UIF GJSTU CZ��

݃
�݁ � �݃
ୗ�݁ �৲ৰ  � ഐܻ 
ݥ�ݪ ݦ
ୗ�ݪݓ Eܻ� 	����


XIFSF ݪݥ BSF OPSNBM USBDUJPOT BQQMJFE PO UIF PVUFS CPVOEBSZ ܻ PG UIF TZTUFN LFQU GJYFE EVSJOH BO
JOGJOJUFTJNBM DSBDL BEWBODF Eݓ BOE ݪݦ BSF UIF OPSNBM PQFOJOH EJTQMBDFNFOUT PG UIF DSBDL� /PUJDF
UIBU XF IBWF FNQMPZFE UIF TIFBS NPEVMVT ৲ BOE ,PMPTPW�T DPOTUBOU ৰ UP SFUBJO HFOFSBM WBMJEJUZ�
*O QMBOF TUSFTT GPS JOTUBODF ৰ � 
� ˱ ৳��
�  ৳� BOE &R�	����
 DBO CF XSJUUFO BT

݃
�݁ � �݃
ୗ�݁ �ܽ ഐܻ 
ݥ�ݪ ݦ
ୗ�ݪݓ Eܻ� 	����


*OWPLJOH UIF QSJODJQMF PG TVQFSQPTJUJPO XF DBO SFMBUF UIF 4*' UP OPSNBM PQFOJOH TUSFTTFT ৹ݪݪ
BQQMJFE EJSFDUMZ PO UIF DSBDL GBDF ݃
�݁ � ഐݕ ৹
�ݪݪ 
�ݩE�ݩ
ǽ�ݩ 	����


XIFSF ݕ JT UIF DSBDL QFSJNFUFS BOE

ǽ
�ݩ � �৲ৰ  � �݃
ୗ�݁ ݪݦ
ୗ�
ݓ�ݩ 	����


JT SFGFSSFE UP BT UIF XFJHIU GVODUJPO� (JWFO UIF BSCJUSBSZ PG UIF MPBEJOH TZTUFNT ǽ
�ݩ EFQFOET POMZ
PO UIF CPEZ HFPNFUSZ BOE DBO CF JOUFSQSFUFE BT UIF 4*' HFOFSBUFE CZ B VOJU GPSDF BQQMJFE UP UIF
DSBDL GBDF BU B QPJOU �ݩ
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2.1. Models of indentation and cutting

/PUJDF UIBU XF DBO VTF BOZ BSCJUSBSZ MPBEJOH TZTUFN UP PCUBJO ݃
ୗ�݁ JO &R�	����
 QSPWJEFE UIBU
JU SFTVMUT JO QVSF NPEF�* MPBEJOH PO UIF DSBDL GBDFT BOE UIF CPEZ JT BTTVNFE JOGJOJUF� 'PS JOTUBODF
UIF 4*' JO BO JOGJOJUF CPEZ DPOUBJOJOH B DSBDL PG IBMG�MFOHUI ݓ DFOUSFE PO ݩ � � BOE TVCKFDUFE UP
VOJGPSN UFOTJPO ৹ୖ JT ݃
ୗ�݁ � ৹ୖ˹৶ݓ� 	����


BOE UIF OPSNBM EJTQMBDFNFOU JT HJWFO CZ


ݦୗ�ݪ � ৰ  ��৲ ৹ୖ˹ݩ ˱ �ݓ 	����


XJUI ݩ � � DPSSFTQPOEJOH UP UIF DFOUSF PG UIF DSBDL�
3FQMBDJOH &RT�	����
�	����
 JO &R�	����
 UIF SFRVJSFE 4*' JO &R�	����
 CFDPNFT

݃
�݁ � �˹৶ݓ ݓ˱ഐݓ ৹
�ݪݪ೧ݩ  ݩݓ ˱ �ݩݖݓ 	����


Solution of the elliptic wedge problem
#BDL UP UIF TQFDJGJD QSPCMFN TIPXO JO 'JH����C XF DPOTJEFS B DSBDL PG IBMG�MFOHUI ݤ � 
ݓ ˱ ���ୗݓ
BOE JOUSPEVDF B OFX WBSJBCMF ৴ TVDI UIBU UIF DSBDL JT DFOUSFE BU ৴ � �� &RVBUJPO 	����
 JT
USBOTGPSNFE JO ݃* � ˱ �˹৶ݤ ഐݤ

ݤ˱ ৹ݪݪ
৴�೧ݤ  ݤ৴ݞ ˱ ৴E৴ݞ 	����


CZ UBLJOH ݩ � ৴  
ୗݓ  ����ݓ 5IF GBDUPS ݞ JT FRVBM UP �� GPS UIF DSBDL UJQ BU ݩ � ୗݓ BOE UP �� GPS
UIF DSBDL UJQ BU ݩ � �ݓ /PUJDF UIBU UIF DPOEJUJPO PO UIF 4*' BU ݩ � ୗݓ XIJDI IBT UP CF [FSP XJMM
CF VTFE UP GJOE UIF QPTJUJPO PG �ୗݓ "MPOH UIF DSBDL PG MFOHUI ݤ� UIF OPSNBM TUSFTT JT EJTDPOUJOVPVT
BT TQFDJGJFE CZ &R�	����
 BOE JU JT UIFSFGPSF DPOWFOJFOU UP TQMJU UIF JOUFHSBM PG &R�	����
 BT GPMMPXT

݃
ܹ�݁ � ˱ ৹ୖ˹৶ݤ ഐݥ
ݤ˱ ೧ݤ  ݤ৴ݞ ˱ ৴E৴ݞ � ˱৹ୖ˹৶ݤ� 	����B


݃
ܺ�݁ � ৹ୖ˹৶ݤ ഐݤ
ݥ ܼ ˱ ݥ  ৴˹
৴ ˱ ܼ�
�ݥ ˱ ݥ  ৴� ೧ݤ  ݤ৴ݞ ˱ �৴E৴ݞ 	����C


XIFSF ݥ � ܼ ˱ 
ୗݓ  ����ݓ *OUSPEVDJOH UIF OPSNBMJTFE WBSJBCMFT Ê৴ � ৴ݤ� Êݥ � ݤ�ݥ BOE Êܼ � ݤ�ܼ
UIF SFTVMUJOH 4*' JT HJWFO CZ

݃݁ � ݃
ܹ�݁  ݃
ܺ�݁ � ˱৹ୖ˹৶  ৹ୖ˹৶ ഐୗÊݥ Êܼ ˱ Êݥ  Ê৴
 Ê৴ ˱ Êݥ�
� Êܼ  Ê৴ ˱ Êݥ�೨�  ݞ Ê৴� ˱ ݞ Ê৴E Ê৴� 	����


5BLJOH ݞ � ˱� XF IBWF UIF FYQSFTTJPO GPS UIF TUSFTT JOUFOTJUZ GBDUPS JO ݩ � ୗݓ BOE JNQPTJOH
UIF GJSTU DPOEJUJPO PG &R�	����
 XF GJOE UIBU

ୡݓ�݁݃ � ୡݓ�݁݃ 
ܹ�  ୡݓ�݁݃ 
ܺ� � � ʱ ഐୗÊݥ Êܼ ˱ Êݥ  Ê৴
 Ê৴ ˱ Êݥ�
� Êܼ  Ê৴ ˱ Êݥ�೨� ˱ Ê৴�  Ê৴E Ê৴ � ৶� 	����
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2. The mechanics of cutting in elastic materials

5IF JOUFHSBM PG &R�	����
 JT TPMWFE XJUI B OVNFSJDBM SFDVSTJWF NFUIPE XIJDI QSPDFFET VOUJM B
DPOWFSHFE SFTVMU JT PCUBJOFE BGUFS ݆ DZDMFT� "U UIF HFOFSJD DZDMF ݚ XF TPMWF UIF GPMMPXJOH JOUFHSBM

ݚݜ � ϴϵϵϵϵϵϵ϶ �৶ ഐୗÊݥ �  
 Ê৴ ˱ Êݥ�ݚݜ˱ୗ
 Ê৴ ˱ Êݥ�
�  
 Ê৴ ˱ Êݥ�ݚݜ˱ୗ�೨� ˱ Ê৴�  Ê৴E Ê৴ϷϸϸϸϸϸϸϹ
 � XJUI ୖݜ � �� 	����


XIFSF ݚݜ � ܼ�ݤ � �� Êܼ � 'PS ݚ � ݆ XF PCUBJO ݤ � ܼ݆ݜ BOE IFODF ݓ�ୗݓ GPS BOZ WBMVF PG UIF FMMJQTF
TFNJ�BYJT ܼ�

5BLJOH ݞ � � JO &R�	����
 XF IBWF UIF FYQSFTTJPO GPS UIF TUSFTT JOUFOTJUZ GBDUPS JO ݩ � ݓ
ݓ�݁݃ � 
ݓ�ܹ݁݃�  
ݓ�݁݃ܺ� � ৹ݠ˹৶ ϴϵϵϵϵϵϵ϶ ഐୗÊݥ Êܼ ˱ Êݥ  Ê৴
 Ê৴ ˱ Êݥ�
� Êܼ  Ê৴ ˱ Êݥ�೨�  Ê৴� ˱ Ê৴E Ê৴ ˱ �ϷϸϸϸϸϸϸϹ � 	����


XIFSF UIF JOUFHSBM JT TPMWFE BT EFTDSJCFE BCPWF�
5IF SFTVMUT PCUBJOFE GSPN &R�	����
 BOE &R�	����
 BSF JMMVTUSBUFE JO 'JH����B BT B GVODUJPO PG

UIF OPSNBMJTFE MFOHUI �ݓ�ܼ 5IF SBUJP ݓ�ܼ SFQSFTFOUT UIF QBSU PG UIF JOJUJBM DSBDL PG IBMG�MFOHUI ݓ
UIBU JT GJMMFE CZ UIF CMBEF� 'PMMPXJOH B NPSF DPNNPO EFGJOJUJPO JO DVUUJOH XF EFOPUF ݓ�ܼ BT UIF
SFMBUJWF JOTFSUJPO PG UIF XFEHF LFFQJOH JO NJOE UIBU BDDPSEJOH UP UIF QSFTFOU NPEFM JODSFBTJOHܼ SFTVMUT JO BO JODSFBTF PG UIF PUIFS TFNJ�BYJT� 5IF 4*' ݓ�݁݃ JT OPSNBMJTFE XJUI SFTQFDU UP ݃݊ UIF
TUSFTT JOUFOTJUZ GBDUPS UIBU XPVME EFWFMPQ JG UIF XFEHF GJMMFE UIF FOUJSF DSBDL J�F� ܼ � ݓ EFGJOFE
BT ݃݊ � ৹ୖ˹৶ݓ � �ୖݑܽ ೧৶ݓ � 	����
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Figure 2.4 a Analytic results for the elliptic wedge. The dimensionless stress intensity factor ݊݃�ݓ�݁݃
and the position of the separation point ݓ�ୡݓ are plotted as a function of the normalised length .ݓ�ܼ b
Crack propagation during the blade insertion is shown with respect to two different critical conditions
(when ݓ�݁݃ � ݕ݃ ), with (i) related to a blunt wedge (Ī  ୗ) and (ii) to a sharp wedge (Ī � ୗ)
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2.2. The role of blade sharpness

2.2. The role of blade sharpness

5IF NPEFM QSFTFOUFE JO UIF QSFWJPVT TFDUJPO JT JOTUSVNFOUBM JO FYQMPSJOH UIF SPMF PG UIF CMBEF
TIBSQOFTT PO UIF GSBDUVSF QSPDFTT TQFDJGJDBMMZ BU DSJUJDBM DPOEJUJPOT GPS DSBDL QSPQBHBUJPO� *O QSBD�
UJDBM UFSNT TIBSQFS UPPMT SFRVJSF MFTT GPSDF UP CF QVTIFE JOUP UIF NBUFSJBM SFEVDF UIF EFGPSNBUJPOT
BOE SFTVMU JO TNPPUIFS DVU TVSGBDFT� 'JSTUMZ XF QSPQPTF B EFGJOJUJPO PG TIBSQOFTT GPS UIF FMMJQ�
UJD XFEHF QSPCMFN XIJDI DPOTJEFST UIF HFPNFUSZ BOE UIF NBUFSJBM QSPQFSUJFT� 8JUI UIF BJE PG
OVNFSJDBM BOBMZTFT XF FYQMPSF UIF JOGMVFODF PG EJGGFSFOU UPPM QSPGJMFT PO UIF DPOEJUJPO GPS DSBDL
QSPQBHBUJPO BOE DPNQBSF UIFN UP UIF SFGFSFODF DBTF PG UIF FMMJQUJD CMBEF� 'JOBMMZ XF TIPX BO
BQQMJDBUJPO PG UIF QSPQPTFE NPEFM UP DVUUJOH PG B HMBTTZ QPMZNFS XIJDI XF BTTVNF UP CFIBWF
BDDPSEJOH UP MJOFBS FMBTUJD GSBDUVSF NFDIBOJDT� 5IF SFTVMUT PCUBJOFE GSPN FYQFSJNFOUT TFFN UP
DPOGJSN UIF SPMF PG TIBSQOFTT JO DSBDL QSPQBHBUJPO EVSJOH UIF TUFBEZ�TUBUF DVUUJOH���

2.2.1. A definition of sharpness
*O B MJOFBS FMBTUJD NBUFSJBM XF DBO FYQSFTT UIF DSJUJDBM DPOEJUJPO GPS DSBDL QSPQBHBUJPO BT ݓ�݁݃ � ݕ݃
XIFSF ݕ݃ JT UIF GSBDUVSF UPVHIOFTT� " TIBSQOFTT QBSBNFUFS DBO CF JOUSPEVDFE JG XF FYQSFTT UIF
DPOEJUJPO GPS QSPQBHBUJPO JO UFSNT PG B DSJUJDBM SBEJVT ৷ݕ UP CF DPNQBSFE XJUI UIF SBEJVT PG
DVSWBUVSF ৷ BU UIF UJQ� *O UIF FMMJQUJD XFEHF XF DBO DPNCJOF &R�	����
 BOE &R�	����
 JO &R�	���

UP PCUBJO ৷ � �৶ ൭݃݊ܽ ൰ � 	����


XIFSF XF IBWF BTTVNFE ܼ � �ݓ 5IF DSJUJDBM SBEJVT ৷ݕ JT DPOTJTUFOUMZ EFGJOFE BT

৷ݕ � �৶ ൭݃ܽݕ ൰ � 	����


5IFO XF DBO JOUSPEVDF B TIBSQOFTT QBSBNFUFS Ī GSPN UIF SBUJP

Ī � ৷৷ݕ � ൭݃݊݃ݕ ൰ � 	����


XJUI Ī � � JEFOUJGZJOH B TIBSQ BOE Ī ̈́ � B CMVOU XFEHF�
5IF DSJUJDBM DPOEJUJPO GPS DSBDL QSPQBHBUJPO JT EJGGFSFOU BDDPSEJOH UP UIJT EJTUJODUJPO BT JMMVT�

USBUFE JO 'JH����C� 8JUI UIF IFMQ PG UIF 4*' QMPUT 	'JH����B
 XF DBO EJTDVTT UIF JNQMJDBUJPOT PG
UIF TIBSQOFTT QBSBNFUFS Ī PO DSBDL QSPQBHBUJPO� "T UIF FMMJQUJD XFEHF JT JOTFSUFE JO UIF DSBDL
UIF 4*' JODSFBTFT XJUI UIF OPSNBMJTFE MFOHUI �ݓ�ܼ EFQFOEJOH PO UIF XFEHF TIBSQOFTT UIFSF BSF
UXP EJGGFSFOU XBZT JO XIJDI DSBDL QSPQBHBUJPO NJHIU IBQQFO� 'PS UIF DBTF PG CMVOU XFEHFT XJUIĪ  � ݓ�݁݃ JODSFBTFT VOUJM UIF MJNJU JNQPTFE CZ UIF NBUFSJBM UPVHIOFTT ݕ݃ JT BUUBJOFE� 5IFO UIF
DSBDL TUBSUT UP QSPQBHBUF JO B TUBCMF NBOOFS TP UIBU UIF EJTUBODF CFUXFFO UIF DVSSFOU DSBDL UJQ BOE
UIF XFEHF UJQ SFNBJOT DPOTUBOU BOE FRVBM UP ݓ ˱ ܼ� $POTFRVFOUMZ UIF XFEHF UJQ OFWFS SFBDIFT
UIF DSBDL UJQ� 'PS Ī � � UIF TIBSQ XFEHF JT JOTFSUFE DPNQMFUFMZ JOUP UIF DSBDL BOE UIF 4*' SJTFT
VQ UP UIF WBMVF ݓ�݁݃ � ݃݊ CVU UIF DSJUJDBM DPOEJUJPO DBOOPU CF BUUBJOFE� *O PSEFS UP QSPQBHBUF UIF
DSBDL BOE DVU UISPVHI UIF NBUFSJBM UIF XFEHF JT QVTIFE BHBJOTU UIF DSBDL UJQ BOE GVSUIFS FOFSHZ
JT SFRVJSFE�
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2. The mechanics of cutting in elastic materials

/FHMFDUJOH GSJDUJPO BOE UIF DPNQSFTTJPO PG UIF NBUFSJBM DBVTFE CZ UIF XFEHF BDDPSEJOH UP
&R�	���
 UIF JODSFNFOU PG DVUUJOH GPSDF UP CF QSPWJEFE UP UIF TZTUFN JT

èܾ � ൫݃ݕ ˱ ݃݊ ൮ܽ �ݥ 	����


2.2.2. Influence of tool geometry
5IF NBKPS PVUDPNF PG UIF QSPQPTFE BOBMZUJDBM NPEFM JT UIF SPMF QMBZFE CZ UIF XFEHF TIBSQOFTT PO
DSBDL QSPQBHBUJPO� 4UJMM UIFSF BSF NBOZ MJNJUBUJPOT UIBU OFFE UP CF BEESFTTFE JG UIF EJTDVTTJPO IBT
UP CF BQQMJFE UP DVUUJOH XJUI DPNNFSDJBM CMBEFT�

0OF PG UIFN JT SFMBUFE UP UIF NBUFSJBM CFIBWJPVS XIJDI VOUJM OPX XF IBWF BTTVNFE MJOFBS
FMBTUJD� *O GBDU UIF SFHJPO XIFSF UIF CMBEF JT JOTFSUFE JT BGGFDUFE CZ IJHI TUSFTTFT BOE JU JT UIFSFGPSF
PCWJPVT UP FYQFDU TPNF NBUFSJBM EBNBHJOH BOE JOFMBTUJDJUZ� 'PS JOTUBODF JU XBT GPVOE UIBU B TNBMM
QMBTUJD [POF OFBS UIF DSBDL UJQ SFTVMUFE JO B WJTJCMF EFDSFBTF PG ݊݃�ݓ�݁݃ UIF NPSF SFMFWBOU UIF NPSF
UIF XFEHF XBT JOTFSUFE JOUP UIF NBUFSJBM J�F� GPS ݓ�ܼ ɱ ���� 0O UIF DPOUSBSZ UIF QPTJUJPO PG
UIF DPOUBDU QPJOU ݓ�ୗݓ XBT OPU TJHOJGJDBOUMZ BMUFSFE CZ QMBTUJDJUZ� 4JODF UIJT NBUFSJBM CFIBWJPVS
JT OPU DPNNPO JO UIF TPGU FMBTUJD UJTTVFT DPOTJEFSFE UISPVHIPVU UIF UIFTJT XF BSF OPU UBLJOH JU
JOUP BDDPVOU IFSF� 3BUIFS JU JT UIF FGGFDU PG MBSHF EFGPSNBUJPOT UIBU OFFET UP CF DPOTJEFSFE JO
TPGU NBUFSJBMT� 5IF SPMF PG CMBEF TIBSQOFTT JO TPGU IZQFSFMBTUJD UJTTVFT JT FYQMPSFE JO UIF DIBQUFS
EFEJDBUFE UP MBSHF EFGPSNBUJPOT 	f���
�

sharp V-blade

blunt V-blade

U-blade

α
ρt

r
ϑ
x

y

Figure 2.5 Blades with different profiles, characterised
by the wedge angle ১ and the tip radius ৷ݥ

"OPUIFS MJNJUBUJPO JO PVS BOBMZUJD NPEFM JT
SFMBUFE UP UIF FMMJQUJD TIBQF PG UIF CMBEF XIJDI
JT GBS GSPN UIF GFBUVSFT PG B DPNNFSDJBM CMBEF�
8F IBWF FYQMPSFE UIF JNQBDU PG UIF UPPM HF�
PNFUSZ PO DSBDL QSPQBHBUJPO XJUI UIF IFMQ PG
GJOJUF FMFNFOU 	'&
 BOBMZTFT� *OTUFBE PG NPE�
FMMJOH UIF XIPMF QSPQBHBUJPO QSPDFTT XF IBWF
DPOTJEFSFE UIF DPOUBDU QSPCMFN CFUXFFO UIF
SJHJE CMBEF BOE B TFNJ�JOGJOJUF CPEZ XJUI BO
FEHF�DSBDL PG MFOHUI �ݓ 5IF NBUFSJBM JT MJO�
FBS FMBTUJD BOE QMBOF TUSFTT DPOEJUJPOT BSF BT�
TVNFE BT JO UIF BOBMZUJDBM NPEFM� 6OJMBUFSBM
DPOUBDU DPOTUSBJOUT BSF FOGPSDFE CZ NFBOT PG
OP�UFOTJPO TQSJOHT 	J�F� TQSJOHT XJUI [FSP TUJGG�
OFTT JG UIF JOUFSGBDF TUSFTTFT BSF UFOTJMF
 BOE BE�
EJUJPOBM CPVOEBSZ DPOEJUJPOT BSF JNQPTFE UP
UBLF BEWBOUBHF PG UIF TZNNFUSZ� 5IF UPPM HF�
PNFUSZ JT EFGJOFE CZ UIF XFEHF PQFOJOH BOHMF১ BOE UIF XFEHF UJQ SBEJVT ৷ݥ� *O QBSUJDVMBS XF IBWF DPOTJEFSFE UISFF HFPNFUSJFT 	'JH ���
� B
TIBSQ 7�CMBEF XJUI BO BOHMF ১ � ��˷ BOE ৷ݥ ̢ � B CMVOU 7�CMBEF XJUI BO BOHMF ১ � ��˷ BOE B
CMVOU 6�CMBEF XJUI B XFEHF BOHMF ১ � �˷� #MVOU CMBEFT BSF DIBSBDUFSJTFE CZ B OPO�[FSP WBMVF PG
UIF UJQ SBEJVT ৷ݥ XIJDI JO DPNNFSDJBM UPPMT JT PGUFO JO UIF PSEFS PG B GFX NJDSPNFUSFT� )PXFWFS
UIF HSBEF PG NFTI SFGJOFNFOU BUUBJOBCMF JO PVS '& NPEFM XBT OPU FOPVHI UP DBQUVSF UIF FGGFDU
PG TVDI B TNBMM SBEJVT� *O UIF BOBMZTFT XF IBWF DPOTJEFSFE ৷ݥ � ���ǽFM XIFSF ǽFM JT UIF TNBMMFTU
FMFNFOU OFBS UIF DSBDL UJQ JO UIF PSEFS PG ��˱NN 	UIF DSBDL MFOHUI JT ݓ � �NN
�

5IF SFTVMUT BSF TIPXO JO 'JH���� JO UFSNT PG ݓ�ܼ�݁݃�ݓ�݁݃ BOE ݓ�ୗݓ BT B GVODUJPO PG UIF SFMBUJWF

2

20



2.2. The role of blade sharpness

JOTFSUJPOܼݓ�� /PUJDF UIBU XF IBWF VTFE ݓ�ܼ�݁݃ UP OPSNBMJTF UIF SFTVMUT XIJDI JT UIF 4*' PCUBJOFE
GSPN UIF OVNFSJDBM BOBMZTFT GPS FBDI QSPGJMF XIFOܼ � �ݓ 'PS UIF FMMJQUJD XFEHF UIJT JT BMTP FRVBM UP݃݊� 5IF TUSFTT JOUFOTJUZ GBDUPST BSF PCUBJOFE GSPN UIF PQFOJOH EJTQMBDFNFOUT ݪݦ PG OPEFT MPDBUFE
CFIJOE UIF DSBDL UJQ UISPVHI UIF GPMMPXJOH SFMBUJPOTIJQ

ݓ�݁݃ � MJNݣɱୖ �ݣ
ݪݦ �ܽ೧�৶ݣ � 	����


XIFSF ݣ JT UIF EJTUBODF NFBTVSFE GSPN UIF DSBDL UJQ� 5P FOTVSF UIF CFTU QPTTJCMF BDDVSBDZ UIF
EJTQMBDFNFOUT XFSF UBLFO GSPN OPEFT BU B DFSUBJO EJTUBODF GSPN UIF UJQ BOE UIFO UIF 4*' XBT
PCUBJOFE UISPVHI B MJOFBS FYUSBQPMBUJPO� " DBSFGVM EFTJHO PG UIF NFTI JO UIF DSBDL�UJQ SFHJPO XBT
BMTP FTTFOUJBM� "EEJUJPOBM EFUBJMT PO GJOJUF FMFNFOUT BOE NFTI TQFDJGJDBUJPOT GPS GSBDUVSF NFDIBOJDT
BOBMZTFT BSF SFQPSUFE JO UIF "QQFOEJY "���
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Figure 2.6 The dimensionless stress intensity factor ݓ�ܼ�݁݃�ݓ�݁݃ (a) and the position of the separation
point ݓ�ୡݓ (b) are plotted as a function of the normalised length .ݓ�ܼ Points are obtained from FE
analyses whereas the black dashed line comes from the analytic solution of an elliptic wedge. The
insets show the initial insertion of blunt blade with tip radius ৷ݥ
5IF CMBDL EBTIFE MJOFT JO 'JH���� DPNF GSPN UIF BOBMZUJDBM TPMVUJPO PG UIF FMMJQUJD XFEHF� 5IF

CMBDL EJBNPOET BSF PCUBJOFE GSPN '& BOBMZTFT UIBU SFQSPEVDFE UIF HFPNFUSZ PG UIF FMMJQUJD XFEHF
BOE TIPX FYDFMMFOU BHSFFNFOU XJUI UIF BOBMZUJD TPMVUJPO� 8JUI SFTQFDU UP UIF JOGMVFODF PG EJGGFSFOU
UPPM HFPNFUSJFT JU NJHIU CF OPUJDFE UIBU UIF NBJO SPMF JT QMBZFE CZ UIF UJQ SBEJVT ৷ݥ XIJMF UIF
FGGFDU PG UIF PQFOJOH BOHMF ১ TFFNT UP CF NPSF MJNJUFE� /PUJDF UIBU ৷ݥ JT B DPOTUBOU SBEJVT PG
DVSWBUVSF XIFSFBT JO UIF FMMJQUJD XFEHF UIF UJQ SBEJVT ৷ DIBOHFT XJUI UIF JOTFSUJPO MFOHUI ܼ�
4JODF UIF BTQFDU SBUJP PG UIF FMMJQTF JT LFQU DPOTUBOU GSPN &R�	���
 XF OPUJDF UIBU UIF SBEJVT HFUT
MBSHFS XIFO ܼ JODSFBTFT�

*O 'JH����B XF PCTFSWF UIBU UIF TUSFTT JOUFOTJUZ GBDUPS QSPEVDFE CZ B TIBSQ 7�CMBEF JT OPUJDFBCMZ
MBSHFS UIBO JO UIF PUIFS CMBEFT GPS UIF TBNF MFOHUI �ݓ�ܼ *O PUIFS UFSNT UIF DPOEJUJPO GPS DSBDL
QSPQBHBUJPO JT BOUJDJQBUFE BOE UIF SFRVJSFE DVUUJOH GPSDF JT TNBMMFS UIBO JO UIF PUIFS CMBEF QSPGJMFT�
*O BEEJUJPO 'JH����C TIPXT UIBU GPS B HJWFO JOTFSUJPO MFOHUI UIF FYUFOTJPO PG UIF USBDUJPO�GSFF
[POF 
ୗݓ ˱ �ݓ JT MBSHFS GPS TIBSQ UIBO GPS CMVOU CMBEFT� 0CTFSWJOH UIF USFOET JO 'JH����B GPS UIF
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2. The mechanics of cutting in elastic materials

CMVOU CMBEFT JU TIPVME CF OPUJDFE UIBU UIF CMBEF TIBQF JT GVMMZ EFTDSJCFE CZ B DJSDVMBS BSD EVSJOH
UIF JOJUJBM QFOFUSBUJPO TUBHF ݓ�ܼ	 ͑ ���
� 0O UIF PUIFS IBOE JO UIF TVCTFRVFOU TUBHF UIF CMBEF
QSPGJMF JT DPNQPTFE CZ B DJSDVMBS BSD BOE B TUSBJHIU TFHNFOU BT TIPXO JO UIF FOMBSHFE GJHVSFT� 5IJT
NJHIU IFMQ UP BQQSFDJBUF UIF QFDVMJBS USFOET PG UIPTF DVSWFT�

2.2.3. Experimental investigation of a glassy polymer

5PPM TIBSQOFTT QMBZT BO JNQPSUBOU SPMF JO DVUUJOH FMBTUJD NBUFSJBMT� 8F IBWF TIPXO IPX TIBSQFS
CMBEFT SFTVMU JO IJHIFS TUSFTT JOUFOTJUZ GBDUPST BOE XIBU UIF EJGGFSFOU OBUVSF PG DSBDL QSPQBHBUJPO
XJUI B TIBSQ UPPM JT� /PX XF BSF SFBEZ UP UFTU UIF QSFEJDUJPOT PG PVS BOBMZUJDBM NPEFM PO B DBTF
PG SFBM DVUUJOH� 5IF DPNCJOFE SFTVMUT PG FYQFSJNFOUT BOE OVNFSJDBM BOBMZTFT BSF JMMVTUSBUFE JO UIJT
QBSBHSBQI�

F

w

b
D

a
2h

t

sx

y

2α

Figure 2.7 Sketch of the specimen used in the cutting
tests, with details of the blade shape. The blade is
inserted in control of displacements for a length ܼ
and the cutting force ܾ is measured. A crack of lengthݓ is propagated in the material following the initial
indentation

5IF NBUFSJBM UIBU XF IBWF DIPTFO JT
QPMZTUZSFOF B UIFSNPQMBTUJD HMBTTZ QPMZNFS
XJUI B SBUIFS TUJGG BOE CSJUUMF CFIBWJPVS XIJDI
XF BTTVNF UP DPOGPSN UP UIF BTTVNQUJPOT PG
UIF NPEFM� 'SBDUVSF PG HMBTTZ QPMZNFST JT DIBS�
BDUFSJTFE CZ UIF GPSNBUJPO PG DSB[FT QMBOBS
DSBDL�MJLF EFGFDUT OFBS UIF DSBDL UJQ XIJDI
NJHIU SFTVMU JO B UPVHIFOJOH FGGFDU BOE BO JO�
DSFBTF JO UIF GSBDUVSF SFTJTUBODF PG UIF NBUF�
SJBM ��� *O PSEFS UP BQQMZ MJOFBS FMBTUJD GSBD�
UVSF NFDIBOJDT XF OFFE UP UBLF UIF NBYJ�
NVN DBSF JO BWPJEJOH UIF GPSNBUJPOT PG TVDI
DSB[FT� 5FOTJMF UFTUT PO B EPH�CPOF TIBQFE
TQFDJNFO BMMPXFE VT UP NFBTVSF UIF NBJO NF�
DIBOJDBM QSPQFSUJFT TVDI BT UIF :PVOH NPEV�
MVT ܽ UIF UFOTJMF TUSFOHUI ৹ݩݓݞ BOE UIF VMUJ�
NBUF TUSBJO �ݩݓݞਁ 1PJTTPO�T SBUJP JT UBLFO GSPN
UIF MJUFSBUVSF��� 5IF GSBDUVSF UPVHIOFTT ݕ݃
XBT NFBTVSFE PO B TJOHMF�FEHF OPUDIFE TQFD�
JNFO DPOUBJOJOH BO JOJUJBM DSBDL NBEF XJUI
B SB[PS CMBEF� 5IF NFDIBOJDBM QSPQFSUJFT PG
QPMZTUZSFOF BSF TVNNBSJTFE JO 5BCMF ����

" TLFUDI PG UIF DVUUJOH UFTU HFPNFUSZ JT
TIPXO JO 'JH� ���� 5IJO QMBUF TQFDJNFOT PG XJEUI ݨ IFJHIU �ǽ BOE UIJDLOFTT ݥ BSF DVU XJUI B
CMBEF IFME PSUIPHPOBMMZ UP UIF QMBUF BOE QVTIFE JOUP JU BMPOH UIF ݩ BYJT JO DPOUSPM PG EJTQMBDF�
NFOUT� 8F IBWF VTFE B DPNNFSDJBM TUBJOMFTT TUFFM DVUUFS CMBEF XIPTF QSPGJMF IBT UIF GPMMPXJOH
NFBTVSFT� UIJDLOFTT ݤ � �� �NN XJEUI ݔ � ��NN PQFOJOH BOHMF ১ � ��˷� 5IF TBNQMFT BSF
DMBNQFE XJUI B QSPQFS TZTUFN UIBU NJOJNJTFT UIF SJTL PG VOXBOUFE TMJQT BOE UIF CMBEF JT DIBOHFE
BGUFS FBDI UFTU JO PSEFS UP BWPJE BOZ BMUFSBUJPO PG UIF UJQ TIBSQOFTT� "MM UIF UFTUT BSF QFSGPSNFE BU
SPPN UFNQFSBUVSF� %JTQMBDFNFOUT BSF JNQPTFE UP UIF CMBEF BU SBUFT SBOHJOH GSPN � UP ��� ৲N�T
XJUI UIF MPXFS SBUFT DPSSFTQPOEJOH UP RVBTJ�TUBUJD UFTUJOH DPOEJUJPOT� 3FDPSET PG UIF DVUUJOH GPSDFܾ BHBJOTU UIF JNQPTFE EJTQMBDFNFOU ܼ BSF BDRVJSFE GPS FBDI UFTU�

*O 'JH����B XF TIPX UIF SFTVMUT PCUBJOFE GSPN B UZQJDBM DVUUJOH UFTU XIFSF UIF GPSDF QFS VOJU
UIJDLOFTT ݥ�ܾ JT QMPUUFE BT B GVODUJPO PG UIF JOTFSUJPO EJTQMBDFNFOU ܼ� 5IF SFMFWBOU EJNFOTJPOT
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2.2. The role of blade sharpness

BSF JODMVEFE JO UIF QMPUT� 5IF GPSDF�EJTQMBDFNFOU DVSWFT BSF DIBSBDUFSJTFE CZ B GJSTU TUBHF 	J
 VQ
UPܼ � ݕܼ ̧ � NN XIJDI DPSSFTQPOET UP UIF JOJUJBM JOEFOUBUJPO� 5IF FYUFSOBM XPSL EPOF CZ UIF
UPPM JT NBJOMZ DPOTVNFE CZ TUSBJO FOFSHZ BDDPSEJOH UP UIF FRVBUJPO PG DVUUJOH TIPXO JO &R�	���
�
" MJOFBS EFQFOEFODF PG UIF QFOFUSBUJPO GPSDF XJUI UIF EJTQMBDFNFOU JT OPUJDFE XJUI B TMPQF PG
ݥ�' WFSTVT ܼ PG BCPVU �� /�NN� *ODSFBTJOH UIF BQQMJFE EJTQMBDFNFOU SFTVMUT JO B TNBMM ESPQ
JO UIF QFOFUSBUJPO GPSDF EVF UP UIF EJTTJQBUJPO PG TUSBJO FOFSHZ JO DSBDL JOJUJBUJPO� 5IF TFDPOE
TUBHF PG UIF DVSWFT 	JJ
 VQ UP B QFOFUSBUJPO EFQUI ܼ ̧ ܼܻ  ݔ EFTDSJCFT UIF QBSU PG TFQBSBUJPO
PDDVSSJOH XJUI JODSFBTJOH GPSDF� " DSBDL PG MFOHUI ݓ QSPQBHBUFT BIFBE PG UIF DVUUJOH UPPM XJUI UIF
GPSDF UIBU JODSFBTFT EVF UP UIF DPOUSJCVUJPO PG GSJDUJPO BMPOH UIF CMBEF TVSGBDFT JO DPOUBDU XJUI UIF
NBUFSJBM� 5IF TMPQF PG UIF QFOFUSBUJPO GPSDF WFSTVT UIF EJTQMBDFNFOU JT BCPVU ��� /�NN� *O UIF
UIJSE TUBHF 	JJJ
 UIF TUFBEZ�TUBUF JT SFBDIFE CFDBVTF UIF CMBEF IBT QFOFUSBUFE DPNQMFUFMZ TP UIBU
UIF GPSDF UFOET UP CFDPNF DPOTUBOU� "MTP TIPXO JO 'JH����B JT UIF DVSWF PCUBJOFE GSPN B CMVOU
CMBEF XIFSF CMVOUJOH XBT BDIJFWFE CZ NBOVBMMZ TDSBUDIJOH UIF UJQ XJUI FNFSZ QBQFS� "MUIPVHI
UIF FGGFDU JT NJOJNBM XF OPUJDF UIBU UIFSF JT OP EJGGFSFODF VOUJM DSBDL QSPQBHBUJPO CFHJOT XIJDI
IBQQFO BU B TMJHIUMZ IJHIFS GPSDF XJUI SFTQFDU UP UIF TIBSQ DBTF�
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Figure 2.8 a Experimental force-displacement curve from cutting tests on the polystyrene specimens,
showing (i) the initial stage of indentation, (ii) the stage of propagation with increasing ܾ and (iii) the
steady-state (iii) (blue points). Points shown in red are related to the same geometry but with a
manually blunted blade tip. b High-definition images of the blade insertion, taken at points
representative of the three different stages of the force-displacement curve. The blade cross-section
is highlighted in red, with the small arrows showing the crack paths. c The relative insertion ݓ�ܼ as a
function of the displacement ܼ, where ݓ identifies the instantaneous position of the crack tip (red
diamonds are those shown in the images)

'PDVTJOH PO UIF TUBUF PG DSBDL QSPQBHBUJPO XJUI JODSFBTJOH GPSDF UIF FOFSHZ CBMBODF PG DVUUJOH
JT HJWFO CZ &R�	���
 XIFSF CPUI UIF DPOUSJCVUJPOT EVF UP UIF TUSBJO FOFSHZ BOE UIF GSJDUJPOBM
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2. The mechanics of cutting in elastic materials

EJTTJQBUJPO DPFYJTU� *O UIF BCTFODF PG BQQMJFE TUSFUDIFT UIF NBUFSJBM JT DPNQSFTTFE EVF UP UIF CMBEF
BOE UIF DMBNQJOH TZTUFN PG UIF UFTU 	'JH����
� 'PMMPXJOH FMFNFOUBSZ DBMDVMBUJPOT XF DPOTJEFS
VOJBYJBM DPNQSFTTJPO CZ UIF CMBEF JO UIF BGGFDUFE SFHJPO PG WPMVNF ݎ � ǽܼݥ� 5IF TUSBJO FOFSHZ
EFOTJUZ EFSJWBUJWF JT JOEFQFOEFOU PG UIF EJTQMBDFNFOU ܼ

Eݤݍ
Eܼ � ݥܽ �ǽݤ � 	����


XIFSF ݤ � ���NN JT UIF CMBEF UIJDLOFTT�
$POTJEFSJOH $PVMPNC GSJDUJPO BMPOH UIF DPOUBDU TVSGBDF PG BSFB ܹ � ݥܼ� UIF EFSJWBUJWF PG

UIF GSJDUJPOBM XPSL JODSFBTFT XJUI ܼ BDDPSEJOH UP

Eݘݍ
Eܼ � ǽݤܽ �ܼݥݘ 	����


8JUI SFTQFDU UP UIF NBUFSJBM QBSBNFUFST 	5BCMF ���
 BOE UIF HFPNFUSZ VTFE JO UIF FYQFSJNFOUT
	ǽ � ��NN ݥ � ���NN BOE ݤ � ���NN
 XF DBO XPSL PVU WBMVFT PG Eݤݍ�Eܼݥ ̢ �/�NN BOE
PG Eݘݍ�Eܼݥ ̢ ��/�NN BTTVNJOH B DPFGGJDJFOU PG GSJDUJPO ݘ � ���� 8F CFMJFWF UIBU UIF TUSBJO
FOFSHZ DPOUSJCVUJPO NJHIU UIFSFGPSF CF OFHMFDUFE XJUI SFBTPOBCMF BQQSPYJNBUJPO�
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Figure 2.9 Results of FE analyses. Normalised stress
intensity factor ݓ�ܼ�݁݃�ܼ�݁݃ for the commercial blade,
compared to the elliptic wedge. The horizontal dashed
line corresponds to the ratio ݓ�ܼ�݁݃�ݕ݃ pertaining to
the polystyrene

*O UIF MJHIU PG UIF EJTDVTTJPO PO UIF SPMF
PG UJQ TIBSQOFTT PO UIF DPOEJUJPO GPS QSPQ�
BHBUJPO XF TIPX JO 'JH����C UISFF IJHI�
EFGJOJUJPO JNBHFT UBLFO EVSJOH UIF UFTUT� "U
UIF TBNF UJNF XF SFQPSU JO 'JH����D UIF SFM�
BUJWF QPTJUJPO ݓ�ܼ BT B GVODUJPO PG UIF CMBEF
JOTFSUJPO ܼ XIFSF ݓ JT UIF MFOHUI PG UIF DSBDL
JOJUJBUFE BOE QSPQBHBUFE CZ UIF CMBEF� "U UIF
WFSZ CFHJOOJOH 	J
 UIFSF JT OP DSBDL QSPQBHB�
UJPO UIFSFGPSF XF GJOE BMM UIF QPJOUT BMJHOFE
BU ݓ�ܼ � �� 'PMMPXJOH GSBDUVSF JOJUJBUJPO B
TVEEFO JODSFBTF JO UIF DSBDL MFOHUI ݓ PDDVST
XIJDI UBLFT B XIJMF UP TUBCJMJTF JO UIF TUFBEZ�
TUBUF DVUUJOH BOE UIF SBUJP ݓ�ܼ ESPQT� 5IJT
NFBOT UIBU UIF DSBDL JT BEWBODJOH BIFBE PG UIF
CMBEF UJQ� *ODSFBTJOH UIF EJTQMBDFNFOU ܼ JU
TFFNT UIBU UIF CMBEF UJQ HFUT B MJUUMF DMPTFS UP UIF
DSBDL XJUIPVU FWFS SFBDIJOH JU� 5IF PCTFSWFE
CFIBWJPVS JT UZQJDBM PG XIBU XF IBWF EFGJOFE BT
CMVOU QSPQBHBUJPO�

#VU DBO XF DPNQVUF B WBMVF PG UIF TIBSQ�
OFTT QBSBNFUFS Ī 4JODF Ī XBT EFSJWFE GPS BO
FMMJQUJDBM XFEHF XF DBO PCUBJO BO FRVJWBMFOU UJQ SBEJVT GPS UIF DPNNFSDJBM CMBEF VTFE JO UIF FY�
QFSJNFOUT GSPN &R�	����
 ৷ݢݗ � �৶൭݃݁�ܼ�ܽݓ ൰� 	����


XIFSF UIF 4*' ݓ�ܼ�݁݃ IBT CFFO DPNQVUFE UISPVHI '& BOBMZTFT XJUI UIF QSPGJMF PG UIF DPNNFSDJBM
CMBEF XIFO ܼ � �ݓ 5IF SFTVMUT BSF JMMVTUSBUFE CZ UIF SFE EBTIFE MJOF JO 'JH���� DPNQBSFE UP UIF
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2.3. Experimental cutting of soft materials

Table 2.1 Mechanical parameters of the polymeric materials used in the cutting experiments

7BSJBCMF 1PMZTUZSFOF 4JMJDPOF

:PVOH�T NPEVMVT ܽ 	1B
 ���� Τ ��ୟ ���� Τ ��ଡ଼
1PJTTPO�T SBUJP ৳ ���� ����
'SBDUVSF UPVHIOFTT 1
ݕ݃B N���� ���� Τ ��ଡ଼ �
'SBDUVSF UPVHIOFTT ç 	1B N
 � ���� Τ ��

FMMJQUJD XFEHF TPMVUJPO� 6TJOH UIF GSBDUVSF UPVHIOFTT ݕ݃ PG QPMZTUZSFOF BOE ৷ݢݗ ̢ � Τ ��˱NN
GPS UIF DPNNFSDJBM CMBEF GSPN &R�	����
 XF GJOE Ī ̢ ����� *OEFFE UIF SBUJP ݓ�ܼ�݁݃�ݕ݃ ̢ ����
DPSSFTQPOET UP ݓ�ܼ MFTT UIBO VOJUZ PO UIF QMPU� 5IJT JT JO HPPE BHSFFNFOU XJUI UIF FYQFSJNFO�
UBM QMPU TIPXO JO 'JH����D XIFSF BO BWFSBHF WBMVF PGܼݓ� JO UIF TUFBEZ�TUBUF JT JO UIF SBOHF ���˱����
2.3. Experimental cutting of soft materials

6OUJM OPX XF IBWF DPOTJEFSFE B MJOFBS FMBTUJD TPMJE QSPWJEJOH BO JEFBM GSBNFXPSL UP EFWFMPQ PVS
NPEFM PG DVUUJOH� *O QBSUJDVMBS XJUIJO UIF IZQPUIFTJT PG TNBMM TDBMF ZJFMEJOH BEPQUFE JO MJOFBS
FMBTUJD GSBDUVSF NFDIBOJDT UIF SFHJPO PG MBSHF TUSBJOT TVSSPVOEJOH UIF DSBDL UJQ JT SFQMBDFE XJUI B
,�EPNJOBUFE SFHJPO JO XIJDI UIF NBUFSJBM FMBTUJD QSPQFSUJFT CFDPNF JSSFMFWBOU� )PXFWFS NPTU
CJPMPHJDBM UJTTVFT DPOTJEFSFE JO UIF UIFTJT BSF TPGU BOE CFIBWF RVJUF EJGGFSFOUMZ GSPN UIJT QJDUVSF�
'PS UIJT SFBTPO XF IBWF PSHBOJTFE B MBSHF FYQFSJNFOUBM DBNQBJHO PO DVUUJOH PG TPGU NBUFSJBMT� 5IF
SFTVMUT BMTP QSPWJEF B HPPE DPNQBSJTPO UP DIFDL UIF JNQMJDBUJPOT BOE MJNJUT PG UIF MJOFBS FMBTUJD
NPEFM�

(JWFO UIF MJNJUBUJPOT JO UIF TVQQMZ PG CJPMPHJDBM UJTTVFT GPS UIF FYQFSJNFOUBM UFTUT XF IBWF
FNQMPZFE TJMJDPOF SVCCFST DIBSBDUFSJTFE CZ B TUSFTT�TUSBJO DVSWF TJNJMBS UP UIBU PG TLJO��� 8F IBWF
DIPTFO B DPNNFSDJBM TJMJDPOF 	&MJUF %PVCMF �� CZ ;IFSNBDL %FOUBM
 BOE QSFQBSFE JO�IPVTF TFWFSBM
TQFDJNFOT� .BUSJY BOE DVSJOH BHFOUT XFSF UIPSPVHIMZ NJYFE BDDPSEJOH UP UIF SBUJPT TVHHFTUFE CZ
UIF QSPEVDFS� 5IF NJYUVSF XBT TQSFBE POUP B DVTUPN�NBEF BMVNJOJVN NPVME XIFSF JU SFTUFE GPS
BU MFBTU �� IPVST� 5IFO UIF TQFDJNFOT XFSF FYUSBDUFE GSPN UIF NPVME BOE DVU JO SFDUBOHVMBS QMBUFT
XJUI SB[PS CMBEFT�

F

F

y

x

Figure 2.10 Pictures taken during the cutting tests on silicone, showing the direction of load
application and the reference system (left, side view; right, top view)
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2. The mechanics of cutting in elastic materials

#FGPSF CFHJOOJOH UIF DVUUJOH UFTUT UIF NBUFSJBM XBT DIBSBDUFSJTFE UISPVHI NFDIBOJDBM UFTUT UP
EFUFSNJOF UIF :PVOH NPEVMVT BOE UIF GSBDUVSF UPVHIOFTT� 5IF JOTUBOUBOFPVT TUSFTT�TUSBJO DVSWF
PCUBJOFE GSPN UFOTJMF UFTUT JT UZQJDBM PG B SVCCFS�MJLF NBUFSJBM XJUI SFEVDFE TUSBJO IBSEFOJOH BOE
BU MPX�UP�NPEFSBUF TUSFUDIFT JU JT GJUUFE FRVJWBMFOUMZ XFMM CZ B OFP�)PPLFBO PS 0HEFO�T IZQFSF�
MBTUJD JODPNQSFTTJCMF MBX 	TFF $IBQUFS �
 GSPN XIJDI UIF :PVOH�T NPEVMVT DBO CF EFSJWFE� 5IF
GSBDUVSF UPVHIOFTT PG TPGU NBUFSJBMT DBOOPU CF NFBTVSFE XJUI UIF USBEJUJPOBM MJOFBS FMBTUJD GSBD�
UVSF NFDIBOJDT BQQSPBDI GPMMPXFE PO QPMZTUZSFOF� *OTUFBE JU JT QPTTJCMF UP EFSJWF UIF UPVHIOFTT
PG SVCCFS�MJLF NBUFSJBMT GSPN UIF UFBSJOH FOFSHZ GPMMPXJOH POF PG UIF BWBJMBCMF NFUIPET BNPOH
UIPTF EFTDSJCFE JO f���� *O UIJT TQFDJGJD DBTF XF IBWF VTFE UIF TP�DBMMFE TJOHMF�FEHF OPUDI UFTU BOE
PCUBJOFE UIF GSBDUVSF FOFSHZ ç PG UIF TJMJDPOF SVCCFS� 5IF NFDIBOJDBM QBSBNFUFST PG UIF NBUFSJBM
BSF TVNNBSJTFE JO 5BCMF ����

5IF DVUUJOH UFTUT IBWF BEPQUFE UIF TBNF FYQFSJNFOUBM TFU�VQ EFTDSJCFE GPS QPMZTUZSFOF BOE
JMMVTUSBUFE JO 'JH���� BOE 'JH������ 4JODF UIF FGGFDU PG SBUF JT TJHOJGJDBOU GPS SVCCFS�MJLF NBUFSJBMT
EJTQMBDFNFOUT XFSF JNQPTFE UP UIF CMBEF BU WBSJPVT SBUFT SBOHJOH GSPN � UP ��� ৲N�T XJUI UIF
MPXFS WBMVFT DPSSFTQPOEJOH UP RVBTJ�TUBUJD UFTUJOH DPOEJUJPOT� 3FDPSET PG UIF DVUUJOH GPSDF ܾ BHBJOTU
UIF JNQPTFE EJTQMBDFNFOU ܼ XFSF BDRVJSFE GPS FBDI UFTU�

'JHVSF ����B JMMVTUSBUFT UIF FYQFSJNFOUBM DVSWFT PCUBJOFE GSPN B HSPVQ PG UFTUT QFSGPSNFE BU
EJGGFSFOU CMBEF JOTFSUJPO WFMPDJUJFT �ݧ 5IF SFMFWBOU EJNFOTJPOT BSF JODMVEFE JO UIF QMPUT� 5IF GPSDF
QFS VOJU UIJDLOFTT ݥ�ܾ JT QMPUUFE BT B GVODUJPO PG UIF JOTFSUJPO EJTQMBDFNFOU ܼ BU UXP EJGGFSFOU
SBUFT PG CMBEF JOTFSUJPO �ݧ 'PS ݧ � ����NN�T XF TIPX UIF BWFSBHF BOE TUBOEBSE EFWJBUJPO GSPN
EJGGFSFOU UFTUT XIFSF UIF EJTQFSTJPO PCTFSWFE JT BTDSJCFE UP TNBMM UFNQFSBUVSF GMVDUVBUJPOT CFUXFFO
UIF UFTUT� 8F IBWF BMTP DPNQVUFE UIF TMPQF PG UIF GPSDF�EJTQMBDFNFOU DVSWF 	EBTIFE MJOF JO UIF
GJHVSF
 BT B NPWJOH BWFSBHF PG UIF UBOHFOU BU FBDI QPJOU� 5IJT VTVBMMZ QSPWJEFT B DMFBSFS WJFX PG
UIF EJGGFSFOU TUBHFT PG DVUUJOH� JO QBSUJDVMBS UIF CFHJOOJOH PG UIF TUFBEZ�TUBUF JT JEFOUJGJFE CZ UIF
TUJGGOFTT DVSWF ESPQQJOH UP [FSP��� 5IF GPSDF�EJTQMBDFNFOU QMPUT BSF RVBMJUBUJWFMZ TJNJMBS UP UIPTF
PCUBJOFE GSPN BOBMPHPVT UFTUT PO QPMZTUZSFOF 	'JH����B
 BMUIPVHI UIF GPSDFT BSF OPUJDFBCMZ MPXFS
EVF UP UIF SFEVDFE TUJGGOFTT PG TJMJDPOF� 5IF UISFF EJGGFSFOU TUBHFT PG JOEFOUBUJPO�DVUUJOH PG TPGU
NBUFSJBMT BSF JMMVTUSBUFE JO UIF TLFUDIFT CFMPX UIF QMPU� 5IF DVSWFT JOJUJBMMZ SJTF JO B OPO�MJOFBS
NBOOFS VQ UP UIF DSJUJDBM EFQUI PG GSBDUVSF JOJUJBUJPOܼݕ DIBSBDUFSJTFE CZ B TJHOJGJDBOU ESPQ JO UIF
TUJGGOFTT� 5IJT QPJOU JT OPU DMFBSMZ WJTJCMF JO UIF DVSWF GPS ݧ � ���NN�T� *O UIF GPMMPXJOH TUBHF UIF
CMBEF BEWBODFT JO UIF NBUFSJBM VOEFS JODSFBTJOH GPSDF XJUI UIF TUJGGOFTT TIPXJOH TPNF GMVDUVBUJPOT
BSPVOE B NFBO WBMVF� 'JOBMMZ GPS B EJTQMBDFNFOU ܼ ̢ ݕܼ  ݔ UIF CMBEF IBT GVMMZ QFOFUSBUFE UIF
TQFDJNFO BOE UIF GPSDF TUBCJMJTFT BU B DPOTUBOU TMJHIUMZ EFDSFBTJOH WBMVF�

8F IBWF BMTP QFSGPSNFE TPNF UFTUT PO TQFDJNFOT DPOUBJOJOH QSF�DSBDLT PG MFOHUI ୖݓ NBEF
XJUI B SB[PS CMBEF 	'JH�����C 
� 5IF GJSTU FWJEFOU EJGGFSFODF JO UIF GPSDF�EJTQMBDFNFOU DVSWF JT UIF
MBDL PG UIF JOJUJBM JOEFOUBUJPO� "DDPSEJOH UP &R�	���
 XIFO UIF CMBEF JT BEWBODFE JOUP BO PQFO DVU
UIF XPSL PG GSBDUVSF ܿݍݖ JT OVMM� .PSFPWFS JO TPGU NBUFSJBMT UIF DVNVMBUFE TUSBJO FOFSHZ JT BMTP
TNBMM BOE UIF POMZ DPOUSJCVUJPO MFGU JT EVF UP GSJDUJPOBM EJTTJQBUJPO� 5IF GPSDF SJTFT BMNPTU MJOFBSMZ
VOUJM UIF UJQ PG UIF QSF�DSBDL JT SFBDIFE XIJDI PDDVST XIFOܼ ̢ ୖݓ XIFSF XF OPUJDF B TVEEFO SJTF
JO UIF DVUUJOH GPSDF� 4JODF UIF UPPM UPVDIFT UIF DSBDL UJQ BO BEEJUJPOBM BNPVOU PG FOFSHZ IBT UP
CF QSPWJEFE JO PSEFS UP GVSUIFS QSPQBHBUF UIF DSBDL� "MUIPVHI XF DBOOPU VTF &R�	����
 GPS MJOFBS
FMBTUJD NBUFSJBMT UP DPNQVUF UIF GPSDF KVNQ XF DBO BTTVNF UIBU UIF FOFSHZ GPS DSBDL QSPQBHBUJPO
JT SFMBUFE UP UIF GSBDUVSF FOFSHZ ç PG UIF NBUFSJBM� 5IF GJOBM TUBHF PG UIF DVSWFT DPSSFTQPOET UP
UIF TUFBEZ TUBUF XIFSF UIF QFOFUSBUJPO GPSDF JT BQQSPYJNBUFMZ DPOTUBOU� $IBOHJOH UIF MFOHUI ୖݓ
PG UIF QSF�DSBDL EPFT OPU NPEJGZ UIF NBJO TUBHFT PCTFSWFE CVU JOWFSUT UIF PSEFS JO XIJDI UIFZ
PDDVS� 8IFO ୖݓ � ݔ 	ZFMMPX MJOF JO UIF QMPU
 UIF CMBEF IJUT UIF UJQ PG UIF QSF�DSBDL CFGPSF CFJOH
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2.3. Experimental cutting of soft materials
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Figure 2.11 Experimental curves from cutting tests on silicone rubber. Average values with standard
deviation are shown for multiple tests with the same parameters. a Force-displacement curves at two
different displacement rates .ݧ The dashed line is the stiffness at the lowest rate. b Results for
specimens with pre-crack of different lengths ,ୠݓ at a displacement rate of 0.03 mm/s

DPNQMFUFMZ QFOFUSBUFE JOUP UIF NBUFSJBM� "GUFS UIF TVEEFO KVNQ UIF GPSDF SFTVNFT UIF JODSFBTJOH
USFOE XJUI UIF TBNF JOJUJBM TMPQF VOUJM JU JT QVTIFE DPNQMFUFMZ JOUP UIF NBUFSJBM� 0O UIF PQQPTJUF
JG ୖݓ ݔ  	HSFFO MJOF JO UIF QMPU
 UIF GPSDF JODSFBTFT DPOTUBOUMZ VOUJM ܼ ̢ ݔ BOE UIFO TFFNT UP
TUBCJMJTF CFDBVTF UIF DPOUBDU BSFB IBT CFDPNF DPOTUBOU� -BUFS DPNFT UIF GPSDF KVNQ XIFOܼ ̢ �ୖݓ
DIC strain and displacement maps
"T BOUJDJQBUFE UIF NPSF SFMFWBOU GFBUVSF PG DVUUJOH TPGU NBUFSJBMT JT UIF MBSHF EFGPSNBUJPO TVS�
SPVOEJOH UIF CMBEF UJQ� #FGPSF DPOTJEFSJOH UIF TUSFTT GJFMET JO IZQFSFMBTUJD NBUFSJBMT NPSF JO EFUBJM
	$IBQUFS �
 XF PGGFS B QSFMJNJOBSZ JOTJHIU UISPVHI UIF TUSBJO BOE EJTQMBDFNFOU NBQT PCUBJOFE
CZ NFBOT PG B %JHJUBM *NBHF $PSSFMBUJPO 	%*$
 UFDIOJRVF� *NBHFT XFSF BDRVJSFE XJUI B IJHI�
SFTPMVUJPO EJHJUBM DBNFSB 	NBYJNVN SFTPMVUJPO PG ���� ¨ ���� QJYFMT
 NPVOUFE PO B USJQPE BOE
MJHIUT XFSF VTFE UP FOTVSF B VOJGPSN JMMVNJOBUJPO PG UIF TQFDJNFOT XIJDI IBWF CFFO DPWFSFE XJUI
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2. The mechanics of cutting in elastic materials
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Figure 2.12 DIC maps of the displacements and strains during cutting of a silicone sample, at three
different insertion lengths ܼ of the blade. a Displacements ݪݦ and b .ݩݦ c Green-Lagrange strains ݪݪܽ
and d ݩݩܽ
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2.3. Experimental cutting of soft materials

TQFDLMF QBUUFSOT CFGPSF CFHJOOJOH UIF UFTUT� 5IF SBX EBUB XFSF UIFO BOBMZTFE CZ NFBOT PG UIF
GSFFXBSF TPGUXBSF /DPSS�� UP FYUSBDU UIF EJTQMBDFNFOU BOE TUSBJO GJFMET XJUIJO UIF TBNQMFT�

5IF SFTVMUT TIPXO JO UIJT TFDUJPO BSF SFMBUFE UP B TQFDJNFO XJUI BO JOJUJBM DSBDL PG MFOHUIୖݓ � ��NN � ݔ BOE BO JOTFSUJPO WFMPDJUZ ݧ � �৲N�T� 5IF GVMM�GJFME NBQT PG UIF EJTQMBDFNFOUTݪݦ BOE ݩݦ BOE UIF (SFFO�-BHSBOHF TUSBJOT ݪݪܽ BOE ݩݩܽ BSF TIPXO JO 'JH������ 'PS FBDI QMPU
XF IBWF DPOTJEFSFE UISFF EJGGFSFOU TUBHFT PG UIF CMBEF JOTFSUJPO� JO QBSUJDVMBS XF BSF TIPXJOH UIF
SFTVMUT GPS ܼ � ���NN � ୖݓ ୖݓ � ܼ � ��NN � ݔ BOE ܼ � ��NN �ݔ  5IF MBUUFS JT UIF
POMZ POF XJUIJO UIF SFHJPO PG TUFBEZ�TUBUF DVUUJOH� 5IF WBMVFT BSF BMTP QMPUUFE BT B GVODUJPO PG UIF
OPSNBMJTFE EJTUBODF ݨ�ݩ JO GPVS EJGGFSFOU DIBSUT EJTQMBZFE JO 'JH������ 5IF SFGFSFODF TZTUFN JT
TIPXO JO 'JH������

a b

c d

D=7.5mm D=15mm D=25mm

1 0.8 0.6 0.4 0.2 0

-0.12

-0.08

-0.04

0

0.04

-0.16

Relative insertion x/w

St
ra

in
 E
xx

 

1 0.8 0.6 0.4 0.2 0

-0.04

0.0

0.04

0.08

0.12

-0.08

Relative insertion x/w

St
ra

in
 E
yy

 

-0.1

0.0

0.1

0.2

0.3

-0.2

D
is

pl
ac

em
en

t u
y 

(m
m

) 

1 0.8 0.6 0.4 0.2 0
Relative insertion x/w

blade tip
(x=D)

1 0.8 0.6 0.4 0.2 0
Relative insertion x/w

0.5

1.0

1.5

2.0

2.5

0.0

D
is

pl
ac

em
en

t u
x 

(m
m

) 

Figure 2.13 Plots of a the displacements ݪݦ and b ,ݩݦ and of c the Green-Lagrange strains ݪݪܽ and dܽݩݩ, as a function of the normalised distance .ݨ�ݩ The curves correspond to three different insertion
lengths ܼ, and the dashed lines mark the position of the blade tip ݩ � ܼ in each case

8IFO UIF CMBEF JT QVTIFE JOUP UIF NBUFSJBM QPJOUT BSF EJTQMBDFE OPSNBMMZ UP JUT USBWFMMJOH
EJSFDUJPO� 5IF EJTQMBDFNFOU ݪݦ JMMVTUSBUFE JO 'JHT����������B TIPXT B NBYJNVN DPSSFTQPOEJOH UP
UIF UIJDLFS QBSU PG UIF CMBEF TFDUJPO XIJDI TIPVME BQQSPYJNBUFMZ CF FRVBM UP IBMG PG UIF UIJDLOFTTݤ � ���NN� $POTJTUFOUMZ UIF TUSBJO ݪݪܽ 	'JHT����������D
 JT OFHBUJWF JO UIF TBNF SFHJPO XIFSFBT
JU JT QPTJUJWF BIFBE PG UIF CMBEF UJQ� 5IF QIFOPNFOPO PG DSBDL�UJQ UPVDIJOH JT PCTFSWBCMF JO UIF
QMPUT SFMBUFE UP ܼ � ��NN BOE ܼ � ��NN� 'JHVSF ����C TIPXT B SFNBSLBCMF JODSFBTF JO UIF
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2. The mechanics of cutting in elastic materials

EJTQMBDFNFOU ݩݦ DBVTFE CZ UIF CMBEF QVTIJOH BHBJOTU UIF UJQ PG UIF QSF�DSBDL XJUI SFTQFDU UP UIF
HSFFO DVSWF GPS ܼ � ��NN XIFO UIF DSBDL UJQ IBT OPU CFFO UPVDIFE ZFU� "U UIF TBNF UJNF B
MPDBMJTFE SFHJPO PG OFHBUJWF TUSBJOT BQQFBST JO UIF TUSBJO NBQT PG ݩݩܽ 	'JH����������E
�

5IF SFTVMUT PG %*$ DPNCJOFE XJUI UIF GPSDF�EJTQMBDFNFOU DVSWFT PGGFS B DPNQFMMJOH QJDUVSF
PG DVUUJOH JO TPGU FMBTUJD NBUFSJBMT XIPTF QFDVMJBSJUJFT NJHIU CF BQQSFDJBUFE JG DPNQBSFE UP UIF
TBNF QSPDFTT JO IBSE NBUFSJBMT 	f�����
� 8IFO B DPNQMJBOU TPMJE JT JOEFOUFE BOE DVU CZ NFBOT
PG B SJHJE CMBEF B SFHJPO PG MBSHF TUSBJO TVSSPVOET UIF UPPM UJQ� )PXFWFS UIJT BSFB JT TNBMM JG
DPNQBSFE UP UIF TJ[F PG UIF TBNQMF XIJDI SFNBJOT MBSHFMZ VOEFGPSNFE� 1SPWJEFE UIBU UIF DVUUJOH
UPPM JT TVGGJDJFOUMZ TIBSQ DSBDL QSPQBHBUJPO EPFT OPU IBQQFO BT BO BVUPOPNPVT QSPDFTT VOEFS
TZNNFUSJD NPEF�* BT JO IBSE BOE CSJUUMF NBUFSJBMT� "O FYUFSOBM BNPVOU PG FOFSHZ JT SFRVJSFE
XIJDI JT EJSFDUMZ JOQVU BU UIF DSBDL UJQ TP UIBU UIF DVUUJOH UPPM JT QVTIFE BHBJOTU UIF NBUFSJBM� 5IF
SFTVMU JT UIF EFWFMPQNFOU PG B DPNQSFTTFE SFHJPO XIJDI NPWFT BT UIF CMBEF DVUT UISPVHI UIF TPMJE� *U
JT BMTP FWJEFOU UIBU B EFGJOJUJPO PG TIBSQOFTT DBOOPU CF NBEF B�QSJPSJ XJUIPVU DPOTJEFSJOH CPUI UIF
GFBUVSFT PG UIF DVUUJOH UPPM BOE UIF NBUFSJBM QSPQFSUJFT� *O QBSUJDVMBS UIF TBNF DPNNFSDJBM CMBEF
UIBU XBT DPOTJEFSFE ACMVOU� JO UIF QPMZTUZSFOF TBNQMFT CFIBWFT MJLF B ATIBSQ� CMBEF XIFO DVUUJOH
TJMJDPOF� 5IJT BSJTFT BO JNQPSUBOU RVFTUJPO� XIBU FYBDUMZ JT UIF NBUFSJBM QBSBNFUFS DPOUSPMMJOH UIF
JOGMVFODF PG TIBSQOFTT PO DSBDL QSPQBHBUJPO 5IF GSBDUVSF NFDIBOJDT BU MBSHF EFGPSNBUJPO BOE
UIF DSBDL�UJQ SFHJPO JO TPGU NBUFSJBMT OFFE UP CF JOWFTUJHBUFE CFGPSF XF DBO BUUFNQU UP BOTXFS UP
UIBU RVFTUJPO�

2.4. On the effect of friction

8IFO B NBUFSJBM JT TFQBSBUFE VOEFS UIF BDUJPO PG B DVUUJOH UPPM UIF TVSGBDFT PG UIF OFXMZ GPSNFE
DSBDL TMJEF BHBJOTU UIF CMBEF EJTTJQBUJOH FOFSHZ UISPVHI GSJDUJPO� 'SJDUJPOBM EJTTJQBUJPO JT PGUFO UIF
NBJO DPOUSJCVUJPO UP UIF FOFSHZ CBMBODF PG DVUUJOH JO TPGU FMBTUJD NBUFSJBMT NBLJOH VQ B MBSHF QBSU
PG UIF DVUUJOH GPSDF� *O UIJT TFDUJPO XF TIPX IPX GSJDUJPOBM FGGFDUT DBO CF NJOJNJTFE UISPVHI UIF
BEEJUJPO PG B GJDUJUJPVT TMJDJOH BDUJPO EVSJOH UIF JOTFSUJPO PCUBJOFE CZ JODMJOJOH UIF DVUUJOH UPPM�
5IF UFDIOJRVF JT DPNNPOMZ LOPXO BT PCMJRVF DVUUJOH�

$VUUJOH XJUI TMJDJOH JT OPUPSJPVTMZ FBTJFS UIBO TJNQMZ QVTIJOH JOUP UIF NBUFSJBM� *O PCMJRVF
DVUUJOH B TMJDF�QVTI FGGFDU JT JOEVDFE CFDBVTF PG B DPNQPOFOU PG UIF UPPM WFMPDJUZ QBSBMMFM UP UIF
FEHF XIJDI SFEVDFT UIF GSJDUJPOBM GPSDF� 0OF DBO GJOE BO PQUJNVN CMBEF BOHMF DPSSFTQPOEJOH
UP UIF NJOJNVN DVUUJOH GPSDF DPOTJEFSJOH UIF SFEVDUJPO PG UIF GSJDUJPOBM GPSDF BOE UIF JODSFBTF
PG UIF XPSL EVF UP UIF PVU�PG�QMBOF EFGMFDUJPO XIJDI PDDVST BU MBSHFS BOHMFT� "EPQUJOH UIF CBTJD
NPEFM PG PCMJRVF DVUUJOH QSPQPTFE CZ "ULJOT FU BM� �� XF IBWF QFSGPSNFE FYQFSJNFOUBM UFTUT PO
TJMJDPOF UIJO TBNQMFT DVU CZ B SJHJE CMBEF XJUI EJGGFSFOU JODMJOBUJPO BOHMFT��� 5IF TBNQMFT BSF
SFDUBOHVMBS QMBUFT DPOUBJOJOH B QSF�DSBDL PG MFOHUI ୖݓ JEFOUJDBM UP UIPTF VTFE JO UIF PUIFS DVUUJOH
FYQFSJNFOUT 	TFF f���
� " TLFUDI PG UIF FYQFSJNFOUBM TFU�VQ TIPXJOH UIF WBSJBCMFT FNQMPZFE JO
UIF BOBMZUJDBM GPSNVMBUJPO JT QSFTFOUFE JO 'JH ����� 5IF NBUFSJBM QSPQFSUJFT IBWF CFFO EFTDSJCFE
QSFWJPVTMZ 	5BCMF ���
 CVU IFSF XF OFFE UP TQFOE B GFX NPSF XPSET PO XIJDI GSJDUJPOBM NPEFM JT
UIF NPTU TVJUBCMF GPS TPGU TPMJET�

$PVMPNC�T GSJDUJPOBM MBX JT UIF NPTU DPNNPO NPEFM PXJOH UP JUT TJNQMJDJUZ� *U JT B QSFTTVSF�
EFQFOEFOU GSJDUJPOBM NPEFM JO UIF TFOTF UIBU UIF GSJDUJPOBM GPSDF JT QSPQPSUJPOBM UP UIF OPSNBM
GPSDF BDUJOH PO UIF DPOUBDU TVSGBDF� *O QSBDUJDF $PVMPNC�T MBX TUBUFT UIBU TMJQT BSF JOJUJBUFE XIFO
UIF UBOHFOUJBM DPOUBDU TUSFTT FYDFFET UIF OPSNBM TUSFTT ৹ݟ NVMUJQMJFE CZ UIF DPFGGJDJFOU PG GSJDUJPO �ݘ
8IFO TPGU TPMJET DPNF JOUP DPOUBDU XJUI IBSE TVSGBDFT TVDI BT UIF TUFFM CMBEF PG UIF FYQFSJNFOUT
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2.4. On the effect of friction

SFMFWBOU GSJDUJPOBM EJTTJQBUJPO JT PCTFSWFE EFTQJUF MJUUMF DPOUBDU TUSFTT BHBJOTU UIF CMBEF� 1SFTTVSF�
EFQFOEFOU MBXT TFFNT UIFSFGPSF JOBQQSPQSJBUF JO UIJT DBTF� *OTUFBE XF DBO SFQSFTFOU GSJDUJPO CZ
B DPOTUBOU BEIFTJWF TUSFTT ৺ݘ BDUJOH PWFS UIF XIPMF DPOUBDU MFOHUI CFUXFFO CMBEF BOE NBUFSJBM�
5IFSFGPSF XF TJNQMZ IBWF ৹ݪݩ � ৺ݘ� 	����


JSSFTQFDUJWF PG UIF DPOUBDU QSFTTVSF�
-FU VT GPDVT PO UIF TUFBEZ�TUBUF XIFO UIF CMBEF JT JOTFSUFE JOUP UIF NBUFSJBM GPS B MFOHUIܼ ̈́ ݔ XIJDI XF BMTP BTTVNF MPOHFS UIBO UIF QSF�DSBDL �ୖݓ 5IF SFBTPO XIZ XF IBWF FNQMPZFE QSF�

DSBDLFE TBNQMFT JT CFDBVTF XF XBOU UP JTPMBUF UIF FGGFDU PG PCMJRVF DVUUJOH EVSJOH DSBDL QSPQBHBUJPO
GSPN UIBU DPOOFDUFE UP UIF JOEFOUBUJPO� 5IF FOFSHZ EJTTJQBUJPO EVF UP GSJDUJPO QFS JODSFNFOU PG
JOTFSUJPO MFOHUI JT

Eݘݍ � �Eܼݘܾ 	����


XIFSF ݘܾ � ݘ৺ݥݔ� JT UIF GSJDUJPOBM GPSDF BOE UIF GBDUPS � JT BEEFE UP BDDPVOU GPS CPUI TJEFT PG UIF
CMBEF�NBUFSJBM DPOUBDU� *OTFSUFE JO UIF FOFSHZ CBMBODF PG DVUUJOH &R�	���
 XF PCUBJOܾEݓ � Eݤݍ  ݓEݘܾ  �ݓEݥܿ 	����


XJUI Eݓ � Eܼ GSPN UIF TUFBEZ�TUBUF DPOEJUJPO�

2.4.1. A model of oblique cutting
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Figure 2.14 a Sketch of oblique cutting of silicone samples. The blade is inclined at an angle ২ with
respect to the normal direction to the sample. b Enlarged view of the blade cross-section, with the
local reference axes and the adhesive shear stress ৺ݘ
*G XF DPOTJEFS BO JODMJOFE CMBEF XIPTF OPSNBM GPSNT BO BOHMF ২ XJUI UIF NPUJPO EJSFDUJPO

UIF DVUUJOH GPSDF ܾ NJHIU CF TQMJU JO UXP DPNQPOFOUT POF OPSNBM BOE POF QBSBMMFM UP UIF FEHF PG
UIF CMBEF� 4VDI DPNQPOFOUT BSF 	'JH�����
ݎ � ܾ DPT ২ BOE ݀ � ܾ TJO ২� 	����


2

31



2. The mechanics of cutting in elastic materials

XIFSF ৴ JT UIF TMJDF�QVTI SBUJP EFGJOFE CZ

৴ � ݎ݀ � UBO ২� 	����


4JNJMBSMZ UIF DPNQPOFOUT PG UIF GSJDUJPOBM GPSDF ݘܾ BSF

ݘݎ � ݘFGG৺ݥݔ� �˹�  ৴ BOE ݘ݀ � ݘFGG৺ݥݔ� ৴˹�  ৴ � 	����


XIFSF FGGݥ � ২ݤݠݕ�ݥ JOEJDBUFT UIF FGGFDUJWF UIJDLOFTT PG UIF TQFDJNFO JO UIF JODMJOFE EJSFDUJPO�
3FXSJUJOH UIF FOFSHZ CBMBODF PG DVUUJOH &R�	����
 JO UFSNT PG UIF GPSDF DPNQPOFOUT BOE

OFHMFDUJOH UIF TUSBJO FOFSHZ DPOUSJCVUJPO XF GJOE
ݎ ˱ ݧE�ݘݎ  
݀ ˱ Eǽ�ݘ݀ � �ݧFGGEݥܿ 	����


XIFSF Eݧ BOE Eǽ EFOPUF SFTQFDUJWFMZ UIF OPSNBM BOE QBSBMMFM EJTQMBDFNFOU DPNQPOFOUT UP UIF
DVUUJOH FEHF� 5IF SFTVMUBOU DVUUJOH GPSDF ܾ BDUJOH BMPOH UIF EJSFDUJPO Eݩ � 
Eݧ  Eǽ�ୗ� DBO
CF XSJUUFO BT ܾçݥFGG � ೦
ݎ ˱ �ݘݎ  
݀ ˱ FGGݥç�ݘ݀ � ݅  �˹�  ৴ � 	����


XIFSF XF IBWF BTTVNFE ܿ � ç UIF GSBDUVSF SFTJTUBODF PG UIF NBUFSJBM� 5IF WBSJBCMF ݅ HJWFO CZ

݅ � çݘ৺ݔ� � 	����


SFQSFTFOUT UIF SBUJP CFUXFFO UIF GSJDUJPOBM GPSDF QFS VOJU UIJDLOFTT BOE UIF GSBDUVSF SFTJTUBODF�
5IF DPNQPOFOUT PG UIF OPSNBMJTFE DVUUJOH GPSDF BSFݎçݥFGG � ݅˹�  ৴  ��  ৴ � 	����B


ç݀ݥFGG � ৴ ൭ ݅˹�  ৴  ��  ৴ ൰ � 	����C


" TMJHIU NPEJGJDBUJPO PG &R�	����
 IBT CFFO QSPQPTFE UP BDDPVOU GPS UIF XFEHF PQFOJOH BOHMF১�� XIJDI EPFT OPU BGGFDU NVDI UIF SFTVMUT PG UIF DPNNFSDJBM CMBEF DPOTJEFSFE JO PVS FYBNQMFT�
5IF DVUUJOH GPSDF NBZ JT XSJUUFO BTܾçݥFGG � �˹�  ৴ ൬� ݅TFD১  ৴൯ � 	����


8IFO݅ � � XF BSF JO UIF DBTF PG GSJDUJPOMFTT DVUUJOH XIFSF UIF CMBEF BOHMF IBT OP FGGFDU PO
UIF DVUUJOH GPSDF� *OEFFE GSPN &R�	����
 XF GJOEܾ � çݥFGG��  ৴ � çݥ� 	����


5IF SBUJP ݅ JODSFBTFT JO DPOUBDUT XJUI IJHIFS GSJDUJPO� UIF SFTVMU JT BO JODSFBTF PG UIF DVUUJOH
GPSDF UIBU JT JU BQQFBST UIBU UIF DVUUJOH SFTJTUBODF PG UIF NBUFSJBM JT FOIBODFE CZ GSJDUJPO�
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2.4. On the effect of friction

Experimental results
8F IBWF DPOTJEFSFE GPVS EJGGFSFOU WBMVFT PG UIF CMBEF JODMJOBUJPO BOHMF TQFDJGJDBMMZ ২ � �� ��� ��� ��˷
XJUI UIF PSUIPHPOBM DPOGJHVSBUJPO ২ � �˷ UBLFO BT UIF SFGFSFODF DBTF� /PUJDF UIBU UIF TJHO PG UIF
JODMJOBUJPO BOHMF IBT OP FGGFDU PO UIF NBHOJUVEF PG UIF GPSDFT� *O PSEFS UP DPNQVUF UIF SBUJP ݅
XF IBE UP NFBTVSF UIF BEIFTJWF TIFBS TUSFTT ৺ݘ� 5P UIJT QVSQPTF XF IBWF QFSGPSNFE B TQFDJGJD
DVUUJOH UFTU XJUI B EPVCMF SVO PG UIF PSUIPHPOBM CMBEF JO BO PSJHJOBMMZ TPVOE TQFDJNFO XIFSF UIF
TFDPOE SVO JT NBEF GPMMPXJOH UIF PQFO DSBDL� "DDPSEJOH UP &R�	���
 BOE OFHMFDUJOH UIF TUSBJO
FOFSHZ DPOUSJCVUJPO Eݤݍ XF GJOE ৺ݘ � ݔݥܾ� � 	����


XIFSF ܾ JT UIF BWFSBHF WBMVF PG UIF TUFBEZ�TUBUF GPSDF XIJDI JT BTTVNFE UP CF EVF UP GSJDUJPO POMZ�
'SPN UIF BWFSBHF PG SFQFBUFE UFTUT XF IBWF GPVOE BO BEIFTJWF TIFBS TUSFTT GBMMJOH XJUIJO UIF SBOHF
����� L1B� 6TJOH UIJT WBMVF BOE UIF GSBDUVSF SFTJTUBODF PG UIF TJMJDPOF SVCCFS ç � ����L1B N
GSPN &R�	����
 XF IBWF PCUBJOFE ݅ ̧ ��
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Figure 2.15 a Cutting force ݥ�ܾ as a function of the displacement ܼ, for different values of the blade
angle ২. b Analytical steady-state cutting forces versus the applied slice-push ratio, Eq.(2.49) and
Eq.(2.51), with݅ ̧ . In the enlarged view, the experimental steady-state force ܾ�ݥFGG is compared
to the analytical curve

5IF SFTVMUT BSF JMMVTUSBUFE JO 'JH�����B XIFSF UIF SFTVMUBOU DVUUJOH GPSDF ݥ�ܾ JT QMPUUFE BHBJOTU
UIF BQQMJFE EJTQMBDFNFOU ܼ� 5IF HFOFSBM USFOET BSF TJNJMBS UP UIPTF BMSFBEZ PCTFSWFE GPS UIF
PSUIPHPOBM DVUUJOH PG B TBNQMF DPOUBJOJOH B QSF�DSBDL ୖݓ �ݔ  5IF FGGFDU PG UIF CMBEF JODMJOBUJPO
JT NPSF FWJEFOU JO UIF TUFBEZ�TUBUF XIFOܼ ̈́ �ୖݓ 'PDVTJOH PO UIF SFTVMUBOU DVUUJOH GPSDF ܾ XF DBO
XPSL PVU UIF BWFSBHF WBMVFT BU UIF TUFBEZ�TUBUF DPSSFTQPOEJOH UP UIF GPVS EJGGFSFOU JODMJOBUJPOT BOE
DPNQBSF UIFN XJUI UIF QSFEJDUJPO PG UIF BOBMZUJDBM NPEFM� 5IJT JT TIPXO JO 'JH�����C BT B GVODUJPO
PG UIF TMJDF�QVTI SBUJP ৴� 5IF CMBDL DVSWF QMPUT UIF BOBMZUJD DVUUJOH GPSDF ܾ &R�	����
 XIJDI TFFNT
UP EFDSFBTF XJUI BO JODSFBTJOH TMJDF�QVTI SBUJP� 5IF PUIFS DVSWFT SFGFS UP UIF OPSNBM�QVTIJOH GPSDFݎ 	EPUUFE CMVF MJOF
 BOE UIF QBSBMMFM�TMJDJOH GPSDF݀ 	EBTIFE SFE MJOF
 &R�	����
� XIJMF UIF GPSNFS
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2. The mechanics of cutting in elastic materials

EFDSFBTFT DPOTUBOUMZ UIF MBUUFS TFFNT UP QFBL BU B DSJUJDBM SBUJP BOE UIFO EFDSFBTFT��� /PUJDF UIBU
UIF SBOHF PG TMJDF�QVTI SBUJPT UIBU BSF BDIJFWBCMF XJUI PCMJRVF DVUUJOH JT MJNJUFE HFOFSBMMZ CFUXFFO৴�� 	DPSSFTQPOEJOH UP ২ � �˷
 BOE ৴�� 	GPS ২ � ��˷
� -BSHFS SBUJPT BSF BUUBJOBCMF CZ BEEJOH
B TMJDJOH NPUJPO PG UIF DVUUJOH UPPM� *O UIF FOMBSHFE QMPU PG 'JH�����C UIF OPSNBMJTFE SFTVMUBOU
GPSDF ܾ�çݥFGG QSFEJDUFE CZ UIF BOBMZUJDBM NPEFM JT DPNQBSFE UP UIF SFTVMUT PG UIF FYQFSJNFOUT�
4QFDJGJDBMMZ UIF GPSDF JT UBLFO BT UIF BWFSBHF PG UIF TUFBEZ�TUBUF DVUUJOH 	XIFO ܼ ̈́ 
ୖݓ GPS UIF
GPVS JODMJOBUJPO BOHMFT DPSSFTQPOEJOH UP ৴ � �� ৴ � ����� ৴ � ���� BOE ৴ � �����

*U TFFNT UIBU JODMJOJOH UIF CMBEF GSPN UIF PSUIPHPOBM QPTJUJPO IBT UIF FGGFDU PG SFEVDJOH UIF
DVUUJOH GPSDF GPS JODMJOBUJPOT CFMPX ২ � �� ˱ ��˷� )PXFWFS BU MBSHFS BOHMFT UIF GPSDF TFFNT UP
JODSFBTF BHBJO QSPCBCMZ EVF UP UIF PVU�PG�QMBOF EFGPSNBUJPO PDDVSSJOH JO UIF TBNQMF� *O GBDU
MBSHF JODMJOBUJPO BOHMFT JOEVDF B OPO�OFHMJHJCMF EFGMFDUJPO PG UIF UIJO TBNQMF TP UIBU B SFMFWBOU
QBSU PG FYUFSOBM XPSL JT DPOTVNFE CZ UIF CFOEJOH FOFSHZ� 5IF FYQFSJNFOUBM SFTVMUT NJHIU CF
DPSSFDUFE UBLJOH JOUP BDDPVOU TVDI DPOUSJCVUJPOT BMUIPVHI BO FYBDU RVBOUJGJDBUJPO JT OPU USJWJBM
EFQFOEJOH OPU POMZ PO UIF FMBTUJD QSPQFSUJFT PG UIF NBUFSJBM CVU BMTP PO UIF HFPNFUSZ BOE UIF
CPVOEBSZ DPOEJUJPOT PG UIF TBNQMF� /PUXJUITUBOEJOH UIF MJNJUBUJPOT NPEFM BOE FYQFSJNFOUBM
SFTVMUT DPNCJOFE UPHFUIFS FGGFDUJWFMZ DBQUVSFE UIF JNQPSUBODF PG GSJDUJPO JO PCMJRVF DVUUJOH BU MFBTU
JO UIF TUFBEZ�TUBUF TUBHF XIFO UIF NBUFSJBM JT CFJOH TFQBSBUFE� 8IJMF UIF JOUFSFTU JO GSJDUJPOBM FGGFDUT
JT PSJFOUFE UPXBSET UIF NJOJNJTBUJPO PG UIF DVUUJOH GPSDF XF TIPVME OPU PWFSMPPL UIF DPOUSJCVUJPO
UP DVUUJOH SFTJTUBODF DPNJOH GSPN GSJDUJPO� *O QBSUJDVMBS JU TFFNT UIBU UIF GSJDUJPOBM GPSDF SFTVMUT
JO B GJDUJUJPVT FOIBODFNFOU PG UIF GSBDUVSF UPVHIOFTT PG UIF NBUFSJBM� 5IF BEWBOUBHFT PG TMJDJOH
JO DVUUJOH BSF OPU MJNJUFE UP UIF TUBHF PG DSBDL QSPQBHBUJPO� JO PVS EBJMZ MJWFT XF FYQFSJFODF UIF
CFOFGJUT PG DVUUJOH GPPE XJUI BO BOHMFE CMBEF PS BEEJOH B TNBMM TMJDJOH BDUJPO FWFO CFGPSF UIF
CFHJOOJOH PG TFQBSBUJPO� *O PUIFS UFSNT UIFSF JT BO FGGFDU EVSJOH UIF JOEFOUBUJPO TUBHF MFBEJOH
UP GBJMVSF XIJDI NJHIU OPU EFQFOE PO GSJDUJPO JG XF BTTVNF BT XF EJE UIBU GSJDUJPOBM FGGFDUT BSF
OFHMJHJCMF CFGPSF TFQBSBUJPO� *O QBSUJDVMBS JOEFOUBUJPO PG BO FMBTUJD TPMJE JOWPMWFT TUSPOH HMPCBM
EFGPSNBUJPO BOE MFBET UP NBUFSJBM EBNBHF FWFOUVBMMZ SFTVMUJOH JO GSBDUVSF JOJUJBUJPO� "EEJOH B
TNBMM TMJDJOH BDUJPO PS DVUUJOH XJUI BO BOHMFE CMBEF DSFBUFT B DSJUJDBM MPDBM UFOTJPO BU UIF TVSGBDF
XIJDI BOUJDJQBUFT GSBDUVSF XJUI B SFEVDFE HMPCBM DPNQSFTTJPO PG UIF NBUFSJBM ���
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3. The crack-tip zone in soft elastic tissues

* O UIF *OUSPEVDUJPO XF IBWF QSPWJEFE B DPODJTF EJTDVTTJPO PG IPX UIF EJGGFSFODFT JO NPMFDVMBS
TUSVDUVSF XJUI SFTQFDU UP IBSE TPMJET NJHIU FYQMBJO UIF QFDVMJBS SVQUVSF QSPDFTT PG TPGU NBUFSJBMT�

$POUSBSZ UP DPNNPO IBSE NBUFSJBMT TVDI BT SPDLT HMBTT PS NFUBMT B TUSFUDIFE TPGU NBUUFS TQFDJNFO
DBO EFGPSN NVMUJQMF UJNFT JUT PSJHJOBM MFOHUI CFGPSF GBJMJOH� .PSFPWFS FWFO JO UIF QSFTFODF PG TNBMM
GMBXT UIFTF NBUFSJBMT QSFTFSWF UIFJS JOUFHSJUZ BOE SFTJTU DBUBTUSPQIJD GBJMVSF� *O PSEFS UP VOEFSTUBOE
UIF PSJHJO PG TVDI VOJRVF GFBUVSFT UIJT DIBQUFS BEPQUT B NBDSPTDPQJD BQQSPBDI UP GSBDUVSF PG TPGU
NBUFSJBMT CPSSPXJOH DPODFQUT GSPN UIF GJFME PG OPO�MJOFBS FMBTUJDJUZ BOE GSBDUVSF NFDIBOJDT BU
MBSHF EFGPSNBUJPOT� 5IF UIFPSFUJDBM CBDLHSPVOE PG UIJT DIBQUFS DPODFSOJOH GJOJUF TUSBJO FMBTUJDJUZ
BOE IZQFSFMBTUJDJUZ JT QSPWJEFE JO UIF "QQFOEJY "���

-JOFBS FMBTUJD GSBDUVSF NFDIBOJDT 	-&'.
 JT FTUBCMJTIFE PO UIF IZQPUIFTJT UIBU BMM EJTTJQBUJWF
NFDIBOJTNT PG SVQUVSF BSF DPOGJOFE UP BO JOGJOJUFTJNBM DSBDL�UJQ QSPDFTT [POF XJUI UIF BEEJUJPOBM
BTTVNQUJPO UIBU UIF MBSHF TUSBJO [POF JT TVGGJDJFOUMZ TNBMM TP UIBU B MJOFBS FMBTUJD CFIBWJPVS JT SFUBJOFE
CPUI JO UIF DSBDL�UJQ SFHJPO BOE JO UIF CVML 	TFF f���
� 8IJMF UIF GPSNFS IZQPUIFTJT SFNBJOT WBMJE
GPS BOZ FMBTUJD NBUFSJBM UIF MBUUFS CSFBLT EPXO GPS WFSZ EFGPSNBCMF CPEJFT JO XIJDI UIF SFHJPO
EPNJOBUFE CZ MBSHF TUSBJOT JT FYUFOTJWF NBLJOH MJOFBS FMBTUJDJUZ JOBQQSPQSJBUF UP EFTDSJCF UIF TUSBJO
BOE TUSFTT GJFMET OFBS UIF DSBDL UJQ����� 5IF FOFSHZ�CBTFE EFTDSJQUJPO PG GSBDUVSF QJPOFFSFE CZ
(SJGGJUI�T GBNPVT DSJUFSJPO�� JT B TUBUFNFOU PG B QMBJO DPOWFSTJPO PG CVML FMBTUJD FOFSHZ UP TVSGBDF
FOFSHZ UP GFFE UIF DSBDL HSPXUI� 8JUIPVU DPOTJEFSJOH UIF TUSFTT TUBUF JO UIF NBUFSJBM JU JT SFBTPOBCMF
UP BTTVNF UIBU TVDI B EFTDSJQUJPO BOE TQFDJGJDBMMZ UIF DPODFQU PG UIF FOFSHZ SFMFBTF SBUF ܿ IPMET
JUT WBMJEJUZ GPS BOZ NBUFSJBM XIFSF EJTTJQBUJPO JT OFHMJHJCMF� &BSMZ TUVEJFT CZ 3JWMJO BOE DP�XPSLFST
JOUSPEVDFE UIF DPODFQU PG B DSJUJDBM FOFSHZ GPS UFBSJOH XIJDI XBT GPSNVMBUFE JO UIF MJOF PG (SJGGJUI�T
UIFPSZ����� 5IFJS FYQFSJNFOUT PO QSF�DVU SVCCFS TQFDJNFOT TIPXFE UIBU UIF SVQUVSF QSPDFTT
DPVME CF DPOTJEFSFE DPNQMFUFMZ FMBTUJD VQ UP UIF QPJOU PG DBUBTUSPQIJD SVQUVSF TBWF GPS UIF TUSBJO
DSZTUBMMJTBUJPO JO B IJHIMZ EFGPSNFE SFHJPO OFBS UP UIF DVU UJQ BOE TPNF OFHMJHJCMF IZTUFSFTJT JO
UIF NBUFSJBM ��� 5IFJS FOFSHFUJD BQQSPBDI QBWFE UIF XBZ UP UIF TUBOEBSEJTBUJPO PG TFWFSBM UFTUJOH
QSPDFEVSFT GPS TPGU NBUFSJBMT�� XIJDI SFQMBDF UIF DPNNPO GSBDUVSF UFTUT PO OPUDIFE TQFDJNFOT
JO IBSE TPMJET� .PSFPWFS UFDIOJRVFT JOWPMWJOH DVUUJOH���� JODMVEJOH QVODUVSF��o�� BOE XJSF
DVUUJOH UFTUT���� BSF PGUFO FNQMPZFE UP NFBTVSF UIF GSBDUVSF UPVHIOFTT PG TPGU NBUFSJBMT� " TVSWFZ
PG UIFTF NFUIPET XJUI B GFX BQQMJDBUJWF FYBNQMFT PO UIF TJMJDPOF SVCCFS VTFE JO UIF FYQFSJNFOUT
JT QSPWJEFE JO f����

5IF GBDU UIBU BO FOFSHFUJD BQQSPBDI UP GSBDUVSF XPSLFE XFMM OPU POMZ GPS USBEJUJPOBM FOHJ�
OFFSJOH NBUFSJBMT CVU BMTP GPS FMBTUPNFST BOE UP TPNF FYUFOU GPS CJPMPHJDBM UJTTVFT IBT BMMPXFE
TDIPMBST UP PWFSMPPL BO FRVJWBMFOU GJFME EFTDSJQUJPO JO UFSNT PG TUSFTTFT GPS NBOZ ZFBST� 8JUIJO
UIF -&'. GSBNFXPSL *SXJO SFDPODJMFE MPOH UJNF BHP UIF UXP BQQSPBDIFT��� TIPXJOH UIBU (SJG�
GJUI�T FOFSHFUJD DSJUFSJPO JT QFSGFDUMZ FRVJWBMFOU UP B TUSFTT�CBTFE POF EFSJWFE GSPN UIF BTZNQUPUJD
TJOHVMBS GJFMET JO UIF OFJHICPVSIPPE PG UIF DSBDL UJQ� 5IF TUSFTT JOUFOTJUZ GBDUPS 	4*'
 JT UIF POMZ
QBSBNFUFS XIJDI DPOUSPMT UIF NBHOJUVEF PG UIF MPDBM GJFMET JO B MJOFBS FMBTUJD NBUFSJBM BT B GVOD�
UJPO PG HFPNFUSZ BOE FYUFSOBM MPBEJOH� 5P SFDPODJMF TUSFTT BOE FOFSHZ�CBTFE DSJUFSJB JO OPO�MJOFBS
FMBTUJD NBUFSJBMT UIF BNQMJUVEFT PG UIF TJOHVMBS UFSNT DBO CF SFMBUFE UP B QBUI�JOEFQFOEFOU JOUF�
HSBM TVSSPVOEJOH UIF DSBDL�UJQ LOPXO BT UIF + �JOUFHSBM���� 'PS QVSFMZ FMBTUJD TPMJET BOE VOEFS
UIF BTTVNQUJPO PG TFMG�TJNJMBS DSBDL QSPQBHBUJPO UIBU JT UIF DSBDL HSPXT BMPOH JUT EJSFDUJPO UIF
+ �JOUFHSBM JT FRVBM UP UIF FOFSHZ SFMFBTF SBUF��� )PXFWFS UIF + �JOUFHSBM XBT JOJUJBMMZ EFGJOFE XJUI�
PVU DPOTJEFSJOH UIF MBSHF EFGPSNBUJPOT� " DPNQMFUF TPMVUJPO PG UIF TUSBJO BOE TUSFTT GJFMET XJUIJO
UIF GSBNFXPSL PG GJOJUF TUSBJO FMBTUJDJUZ BSSJWFE ZFBST MBUFS BOE SFNBJOFE GPS ZFBST DPOGJOFE UP UIF
FYQFSUT PG FMBTUJDJUZ� 5IF GJSTU TZTUFNBUJD BOBMZTJT PG OFBS�UJQ GJFMET EBUFT CBDL UP ,OPXMFT BOE
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3.1. Fracture toughness of soft matter

4UFSOCFSH XIP EFSJWFE BO BOBMZUJD TPMVUJPO PG TUSFTT BOE EJTQMBDFNFOUT GPS B NPEF�* QMBOF TUSBJO
DSBDL JO B IZQFSFMBTUJD DPNQSFTTJCMF NBUFSJBM ������� " GFX ZFBST MBUFS DBNF UIF TPMVUJPO GPS BO
JODPNQSFTTJCMF HFOFSBMJTFE OFP�)PPLFBO TPMJE��� UIFO FYUFOEFE UP NPEF�** DSBDLT��� BOE QMBOF
TUSFTT DPOEJUJPOT������� 5IF QVSQPTF PG f��� JT UP JMMVTUSBUF UIF QFDVMJBSJUJFT PG UIF DSBDL�UJQ GJFMET
JO TPGU CJPMPHJDBM UJTTVFT� "GUFS B SFWJFX PG UIF BOBMZUJDBM TPMVUJPOT XF QSFTFOU B EFUBJMFE OVNFS�
JDBM JOWFTUJHBUJPO PO UIF DSBDL�UJQ TUSFTT TJOHVMBSJUJFT BOE UIF EFGPSNFE DSBDL QSPGJMFT� 5P NPEFM
UIF CFIBWJPVS PG CJPMPHJDBM UJTTVFT XF IBWF DIPTFO TPNF JODPNQSFTTJCMF IZQFSFMBTUJD NPEFMT XJUI
TUSBJO IBSEFOJOH� 8F BMTP BUUFNQU UP SFDPODJMF TUSFTT� BOE FOFSHZ�CBTFE BQQSPBDIFT CZ FYQMPSJOH
UIF NFBOJOH PG B 4*'�MJLF QBSBNFUFS UP JEFOUJGZ UIF DPOEJUJPO PG DSBDL QSPQBHBUJPO�

" EJTUJODUJWF GFBUVSF PG UIF DSBDL�UJQ SFHJPO JO B TPGU NBUFSJBM JT UIF USBOTJUJPO GSPN B TIBSQ
DSBDL UP B CMVOUFE SPVOEFE OPUDI CFGPSF QSPQBHBUJPO� "O JMMVNJOBUJOH TUVEZ CZ )VJ FU BM� ���

JEFOUJGJFE UIF FMBTUJD CMVOUJOH CFGPSF QSPQBHBUJPO BT B DPOTFRVFODF PG MBSHF EFGPSNBUJPOT XIJDI
CFDPNF SFMFWBOU XIFO UIF DPIFTJWF TUSFTT PG UIF NBUFSJBM FYDFFET JUT FMBTUJD NPEVMVT� #MVOUJOH
QMBZT UIF SPMF PG B MJNJUJOH GBDUPS JO UIF TUSFTT DPODFOUSBUJPO DBVTFE CZ DSBDLT UIFSFCZ QSFWFOUJOH
GVSUIFS JODSFBTFT JO UIF NBYJNVN TUSFTT JO GSPOU PG UIF DSBDL UJQ� "T B DPOTFRVFODF SVCCFST
BOE CJPMPHJDBM UJTTVFT TVDI BT TLJO CMPPE WFTTFMT BOE DBSUJMBHF BSF BCMF UP SFTJTU UP DSBDLT VQ UP
B GFX NJMMJNFUSFT MPOH 	JO DPOUSBTU UP UIF UZQJDBM OBOPNFUSF TDBMF GPS IBSE CSJUUMF TPMJET
� 5IJT
SFNBSLBCMF GMBX UPMFSBODF�������� JT POF PG UIF SFBTPO UIBU CSPVHIU UIF TDJFOUJGJD DPNNVOJUZ UP
FNVMBUF UIF TUSVDUVSF PG TPGU UJTTVFT������� 5IF TUSFTT DPODFOUSBUJPO PG B CMVOUFE OPUDI IBT CFFO
LOPXO TJODF UIF TUVEJFT PG *OHMJT BOE $SFBHFS BOE 1BSJT������ XIP EFSJWFE B TJNQMF FYQSFTTJPO PG
UIF TUSFTT DPODFOUSBUJPO GBDUPS JO BO FMMJQUJD OPUDI FNCFEEFE JO B MJOFBS FMBTUJD NBUFSJBM� *O f���
XF QSFTFOU B TJNQMJGJFE NPEFM UP EFTDSJCF FMBTUJD CMVOUJOH CBTFE PO UIF NFBTVSF PG B MPDBM DSBDL�
UJQ SBEJVT� 5IF NPEFM IBT CFFO BQQMJFE UP BOBMZTF UIJO FMBTUPNFSJD TQFDJNFOT DPOUBJOJOH WBSJPVT
DSBDLT BOE TVCKFDUFE UP VOJBYJBM UFOTJPO BOE QSPWJEFE NFBOJOHGVM JOTJHIUT JOUP UIF DPSSFMBUJPO
CFUXFFO CMVOUJOH BOE GMBX UPMFSBODF����

0OF MBTU QPJOU UP DPNQMFUF UIJT DIBQUFS PO UIF FGGFDU PG MBSHF TUSBJOT JT SFMBUFE UP UIF SPMF PG
DSBDL CMVOUJOH EVSJOH DVUUJOH� #BTFE PO UIF EFGJOJUJPO PG BO JOUSJOTJD MFOHUI TDBMF JO GSBDUVSF PG
FMBTUJD NBUFSJBMT UIBU JT UIF OBUVSBM UJQ SBEJVT PG BO FMBTUJDBMMZ CMVOUFE DSBDL�� XF TQFDVMBUF UIBU
QSPQBHBUJOH B DSBDL EVSJOH DVUUJOH BEET BO BEEJUJPOBM MFOHUI DPOOFDUFE UP UIF GJOJUF HFPNFUSZ PG
UIF UPPM� " IJOU DBNF GSPN UIF TUVEZ CZ )VJ FU BM� ��� XIP PCTFSWFE UIBU EVSJOH iDVUUJOH XJUI B
TIBSQ LOJGF UIF FMBTUJD CMVOUJOH FGGFDU NBZ CF MJNJUFE CZ UIF GBDU UIBU UIF DSBDL PQFOJOH EJTQMBDF�
NFOU JT EFUFSNJOFE CZ UIF LOJGF HFPNFUSZ w� *O f��� XF BEESFTT UIJT QPJOU CZ DPOTJEFSJOH SFGJOFE
OVNFSJDBM BOBMZTFT PG XJSF DVUUJOH B XFMM�LOPXO UFDIOJRVF JO XIJDI B SJHJE XJSF JT JOTFSUFE JO B
TBNQMF NBUFSJBM� #Z DPOTJEFSJOH XJSFT PG WBSJPVT EJBNFUFST XF BSF BCMF UP EFUFDU B DSJUJDBM JOUFSBD�
UJPO CFUXFFO UIF JOUSJOTJD GSBDUVSF MFOHUI BOE UIF XJSF EJBNFUFS� .PSF JO HFOFSBM XF DBO EFGJOF B
DSJUJDBM MFOHUI JO UIF DVUUJOH QSPDFTT FTUBCMJTIJOH B USBOTJUJPO GSPN BVUPOPNPVT DSBDL QSPQBHBUJPO
UP B DPOTUSBJOFE NFDIBOJTN� 5IJT JT CFMJFWFE UP HFOFSBMJTF UIF DPODFQU PG UPPM TIBSQOFTT QSFTFOUFE
JO f��� UP OPO�MJOFBS FMBTUJD NBUFSJBMT�

3.1. Fracture toughness of soft matter

"O FTTFOUJBM TUFQ JO UIF DIBSBDUFSJTBUJPO PG UIF GSBDUVSF CFIBWJPVS PG NBUFSJBMT JT UIF FYQFSJNFOUBM
NFBTVSF PG UIFJS UPVHIOFTT EFGJOFE BT UIF BCJMJUZ UP SFTJTU DSBDL HSPXUI� 6MUJNBUFMZ UIF HPBM JT
UP EFSJWF B NBUFSJBM�CBTFE QBSBNFUFS XIJDI DBO CF DPNQBSFE XJUI B RVBOUJUZ DPOOFDUFE UP UIF
DSBDL ESJWJOH GPSDF� *O MJOFBS FMBTUJD NBUFSJBMT TVDI B RVBOUJUZ JT UIF TUSFTT JOUFOTJUZ GBDUPS ݃ XIJDI
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3. The crack-tip zone in soft elastic tissues

DPOUSPMT UIF BNQMJUVEF PG UIF TJOHVMBS GJFMET TVSSPVOEJOH UIF DSBDL UJQ BOE UIF GSBDUVSF DSJUFSJPO
JT HJWFO CZ ݃ � �ݕ݃ 	���


XIFSF ݕ݃ 	EJNFOTJPOT '-˱�
 JT EFGJOFE BT UIF GSBDUVSF UPVHIOFTT JO UFSNT PG UIF DSJUJDBM WBMVF PG
UIF TUSFTT JOUFOTJUZ GBDUPS� 5IF NFBTVSFNFOU PG ݕ݃ UISPVHI TUBOEBSEJTFE NFUIPET JT QFSGPSNFE JO
IBSE NBUFSJBMT TVDI BT SPDLT DPODSFUF HMBTTZ QPMZNFST BOE NFUBMT���

5FTUJOH NFUIPET GPS IJHIMZ EFGPSNBCMF NBUFSJBMT BSF EFSJWFE GPMMPXJOH UIF FOFSHFUJD BQQSPBDI
UP GSBDUVSF� "T MPOH BT UIF [POF PG JOFMBTUJDJUZ SFNBJOT TNBMM UIF FMBTUJD FOFSHZ SFMFBTF SBUF ܿ JT
DPSSFDUMZ EFGJOFE JO MJOFBS BOE OPO�MJOFBS NBUFSJBMT BT XFMM BOE UIF GSBDUVSF DSJUFSJPO JT HJWFO CZܿ � ç� 	���


XIFSF ç 	EJNFOTJPOT '-˱ୗ
 JT UIF GSBDUVSF UPVHIOFTT EFGJOFE BT UIF DSJUJDBM FOFSHZ QFS VOJU BSFB PG
DSBDL HSPXUI�

*O UIJT TFDUJPO XF JMMVTUSBUF UIF NPTU DPNNPO QSPDFEVSFT VTFE UP NFBTVSF UIF GSBDUVSF SFTJT�
UBODF PG TPGU NBUFSJBMT FYQFSJNFOUBMMZ UXP PG XIJDI BSF EFTDSJCFE NPSF JO EFUBJM BOE BQQMJFE UP
NFBTVSF UIF GSBDUVSF UPVHIOFTT PG B DPNNFSDJBM TJMJDPOF SVCCFS� "MM UIF NFUIPET QSPQPTFE XFSF
EFWFMPQFE GPS UFTUJOH SVCCFS BOE PUIFS DPNNPO FMBTUPNFST BCPWF UIF HMBTT USBOTJUJPO UFNQFSBUVSF
XIFSF UIF FOFSHZ SFRVJSFE UP QSPQBHBUF B DSBDL JT DPSSFDUMZ FTUJNBUFE BT UIF TUSBJO FOFSHZ OFFEFE
UP CSFBL UIF DPWBMFOU CPOET PG QPMZNFS DIBJOT BU UIF DSBDL UJQ��� 8IFO QBSU PG UIF FOFSHZ JT
EJTTJQBUFE GPS JOTUBODF CFDBVTF PG WJTDPVT GMPX POMZ B GSBDUJPO PG UIF TUSBJO FOFSHZ JT FGGFDUJWFMZ
DPOWFSUFE JO TVSGBDF FOFSHZ GPS DSBDL QSPQBHBUJPO BOE UFTU SFTVMUT BSF JODPSSFDU���� 'VSUIFSNPSF
TPNF BVUIPST SBJTFE DPODFSOT PWFS UIF BQQMJDBCJMJUZ PG UIF UFTUJOH QSPDFEVSFT UP TPGU FMBTUJD CJPNB�
UFSJBMT XIJDI UZQJDBMMZ TIPX B TUFFQ +�TIBQFE TUSFTT�TUSBJO DVSWF XJUI SFMFWBOU TUSBJO IBSEFOJOH���

Pure shear, simple extension and trousers test
5IF GJSTU BOE QSPCBCMZ NPTU VTFE QSPDFEVSF JT UIF TP�DBMMFE 1VSF 4IFBS 	14
 UFTU XIJDI FNQMPZT
B MPOH UIJO TQFDJNFO PG IFJHIU �ǽ BOE XJEUI ݨ ͊ �ǽ DPOUBJOJOH BO FEHF DSBDL ݓ  �ǽ� 5IF
UPQ BOE CPUUPN FEHFT BSF DMBNQFE BOE QVMMFE BQBSU CZ B VOJGPSN EJTQMBDFNFOU è JO UIF EJSFDUJPO
QBSBMMFM UP UIF TIPSU FEHFT 	TFF 'JH���� CFMPX
� *O B TUBUF PG QVSF TIFBS UIF TQFDJNFO JT TUSFUDIFE
QBSBMMFMMZ UP UIF EJSFDUJPO PG MPBEJOH XIJMF JU JT VOEFGPSNFE BMPOH UIF PUIFS JO�QMBOF QSJODJQBM
EJSFDUJPO 	TFF f"��
� " QVSF TIFBS EFGPSNBUJPO QPTTFTTFT PUIFS BNFOBCMF GFBUVSFT GPS FYQFSJNFOUBM
UFTUJOH� GPS JOTUBODF UIF TUSFTT TUBUF EPFT OPU DIBOHF XJUI SFTQFDU UP B SFGFSFODF TZTUFN DFOUSFE PO
UIF DSBDL UJQ BT UIF UJQ JT TIJGUFE EVSJOH EFGPSNBUJPO� .PSFPWFS SFHJPOT GBS BXBZ GSPN UIF DSBDL
UJQ BSF FJUIFS GVMMZ SFMBYFE PS VOJGPSNMZ TUSFUDIFE JO UIF EJSFDUJPO QBSBMMFM UP UIF EJTQMBDFNFOU
JNQPTFE� $SBDL QSPQBHBUJPO DBO CF SFHBSEFE BT UIF USBOTJUJPO PG B VOJGPSNMZ EFGPSNFE SFHJPO
PG XJEUI Eݓ JOUP B GVMMZ SFMBYFE SFHJPO XJUI UIF TBNF XJEUI��� 5IF DIBOHF JO UIF TUPSFE FMBTUJD
TUSBJO FOFSHZ JT UIFO XSJUUFO BT

Eݤݍ � 
ݏ�˱ৱ�ǽݥ Eݓ� 	���


XIFSF 
ݏৱ� JT UIF TUSBJO FOFSHZ EFOTJUZ PG UIF NBUFSJBM BU UIF DVSSFOU TUSFUDI EFGJOFE CZ ৱ ��  è�ǽ� 5IFSFGPSF UIF FOFSHZ SFMFBTF SBUF JT HJWFO CZ��

ܿ � ˱EݥݤݍEݓ � 
ݏ�ৱ�ǽ� 	���


5ZQJDBM SVQUVSF PG SVCCFS�MJLF NBUFSJBMT VOEFS DPOTUBOU EJTQMBDFNFOU CFHJOT BT B QSPHSFTTJWF
UFBSJOH JO UIF FBSMZ TUBHFT BOE UIFO UVSOT JOUP DBUBTUSPQIJD SVQUVSF PODF UIBU UIF BQQMJFE TUSFUDI
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3.1. Fracture toughness of soft matter

SFBDIFT B DSJUJDBM WBMVF ৱݕ� *O B QVSF TIFBS DPOGJHVSBUJPO UIF FOFSHZ SFMFBTF SBUF BU SVQUVSF JT
JOEFQFOEFOU PG UIF DSBDL MFOHUI BOE UIF TUSBJO FOFSHZ EFOTJUZ 
ݏৱݕ� DBO CF DPNQVUFE GSPN
UIF TUSFTT�TUSBJO DVSWF PG BO VODSBDLFE 14 TBNQMF TUSFUDIFE BU ৱ � ৱݕ� 5IF 14 DPOGJHVSBUJPO JT
BMTP FNQMPZFE BEWBOUBHFPVTMZ JO UFTUT XIFSF UIF SBUF FGGFDU TIPVME CF DPOTJEFSFE CFDBVTF B DSBDL
QSPQBHBUFT BU DPOTUBOU WFMPDJUZ BT B SFTVMU PG ܿ CFJOH JOEFQFOEFOU PG UIF DSBDL MFOHUI���

5IF TJNQMF FYUFOTJPO UFTU FNQMPZT B TQFDJNFO PG IFJHIU �ǽ BOE UIJDLOFTT ݥ XJUI BO FEHF
DSBDL ݓ ͊ ǽ XIJDI JT QFFMFE BQBSU GSPN UIF UXP FOET BU UIF DSBDLFE FEHF� *O UIJT DPOGJHVSBUJPO
OFHMFDUJOH TUSFUDIJOH JO UIF DMBNQFE FOET UIF FOFSHZ SFMFBTF SBUF JT HJWFO BT��ܿ � �ݥ�ܾ� 	���


XIFSF ܾ JT UIF GPSDF BQQMJFE BU UIF DMBNQFE FOET�
5IF USPVTFST UFTU��� BMTP LOPXO BT UFBSJOH UFTU DPOTJTUT PG B TQFDJNFO TJNJMBS UP UIF POF VTFE

JO UIF TJNQMF FYUFOTJPO UFTU DPOUBJOJOH BO FEHF DSBDL ݓ QBSBMMFM UP JUT MPOHJUVEJOBM EJNFOTJPO� 5IF
DSBDL JT EFGPSNFE PVU�PG�QMBOF CZ JNQPTJOH PQQPTJUF GPSDFT BU UIF UXP DMBNQFE MFHT CFOU BU ��˷
XJUI SFTQFDU UP UIF MPOHJUVEJOBM QMBOF� /FHMFDUJOH UISFF�EJNFOTJPOBM FGGFDUT UIF FOFSHZ SFMFBTF
SBUF JT HJWFO CZ UIF TBNF FYQSFTTJPO PG &R�	���
 QSPWJEFE UIBU UIF TUSBJO JO UIF MFHT JT TNBMM�

3.1.1. The single edge notch test
5IF 4JOHMF &EHF /PUDI 	4&/
 UFTU DPOTJTUT PG B MPOH UIJO TUSJQ PG IFJHIU �ǽ BOE XJEUI ݨ � ǽ
XJUI BO FEHF�DSBDL PG MFOHUI ݓ ͉ ݨ TVCKFDUFE UP VOJBYJBM UFOTJPO 	'JH����B
� #FDBVTF UIF DSBDL JT
TIPSU UIF TQFDJNFO JT VOEFS VOJBYJBM TUSBJO FYDFQU GPS B [POF DMPTF UP UIF DSBDL UJQ BOE UIF TUSFTT�
TUSBJO DVSWF JT BMNPTU VOJOGMVFODFE CZ UIF OPUDI� 3JWMJO�T BOBMZTJT GPS QVSF TIFBS DPOGJHVSBUJPO��

OFFET UP CF NPEJGJFE BDDPSEJOHMZ ZJFMEJOH UIF GPMMPXJOH FYQSFTTJPO PG UIF FOFSHZ SFMFBTF SBUF���ܿ � 
ݏݓ�ৱ�ݜ
ৱ�� 	���


XIFSF 
ݜৱ� EFSJWFE CZ FYQFSJNFOUBM XPSL JT BQQSPYJNBUFMZ FRVBM UP 
ݜৱ� � ��˹ৱ� %JGGFSFOUMZ
GSPN UIF 14 UFTU UIF FOFSHZ SFMFBTF SBUF JO B 4&/ UFTU JODSFBTFT MJOFBSMZ XJUI UIF DSBDL MFOHUI
CFGPSF UIF DBUBTUSPQIJD SVQUVSF� "MUIPVHI XJEFMZ FNQMPZFE CFDBVTF PG JUT FBTZ JNQMFNFOUBUJPO
UIJT NFUIPE IBT CFFO WBMJEBUFE GPS WVMDBOJTFE SVCCFST BOE JUT BQQMJDBCJMJUZ UP DPOEJUJPOT PUIFS
UIBO QMBOF TUSFTT TUBUF JT RVFTUJPOBCMF����

Fracture toughness of silicone rubber
8F IBWF FNQMPZFE UIF 4&/ UFTU UP NFBTVSF UIF GSBDUVSF SFTJTUBODF PG UIF DPNNFSDJBM TJMJDPOF
SVCCFS VTFE JO UIF FYQFSJNFOUT QSFTFOUFE JO $IBQUFS �� 4JMJDPOF XBT NPVMEFE JO UIJO TUSJQFT PG
IFJHIU �ǽ ̢ ��NN XJEUI ݨ ̢ ��NN BOE UIJDLOFTT ݥ ͉ �ݨ 4QFDJNFOT DPOUBJOJOH FEHF OPUDIFT
PG WBSJPVT MFOHUIT ݓ DVU XJUI B TIBSQ SB[PS CMBEF XFSF UFTUFE VOEFS EJTQMBDFNFOU DPOUSPM VQ UP
DPNQMFUF SVQUVSF NFBTVSJOH UIF SFBDUJPO GPSDF UISPVHI B MPBE DFMM� " TPVOE TQFDJNFO XBT BMTP
UFTUFE UP PCUBJO UIF MPBE�EJTQMBDFNFOU DVSWF XIPTF BSFB JT BMTP FRVBM UP UIF TUSBJO FOFSHZ EFOTJUZݏ� "DDPSEJOH UP &R�	���
 UIF GSBDUVSF FOFSHZ JT PCUBJOFE GSPN UIF TUSBJO FOFSHZ EFOTJUZ PG UIF
VODSBDLFE TBNQMF BU B TUSFUDI FRVBM UP UIF TUSFUDI BU SVQUVSF ৱݕç � 
ݏݓ�ৱݕ�˹ৱݕ � 	���


*O HFOFSBM ৱݕ EFDSFBTFT XJUI UIF MFOHUI PG UIF JOJUJBM OPUDI GPMMPXJOH B USFOE XIJDI JT BQQSPY�
JNBUFMZ MJOFBS� *O 'JH����C XF TIPX UIF WBSJBUJPO PG UIF OPNJOBM TUSFTT BHBJOTU UIF BQQMJFE TUSFUDI
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3. The crack-tip zone in soft elastic tissues
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Figure 3.1 a Schematic representation of the SEN test. b Experimental curves of nominal
stress-stretch, and strain energy densityݏ (dashed line) versus stretch in the sound specimen.
Circles mark the point of rupture of specimens with different initial cut lengths ݓ (in mm), at the
critical stretch ৱݕ reported in the plot

ৱ XJUI DJSDMFT NBSLJOH UIF QPJOUT PG DBUBTUSPQIJD SVQUVSF� 5IF WBMVFT PCUBJOFE GSPN FBDI UFTU BSF
DPOTJTUFOU BOE ZJFMEFE GSBDUVSF FOFSHJFT JO UIF PSEFS PG �L1B N�

3.1.2. Toughness measures from indentation and cutting
"MUFSOBUJWF NFUIPET UP NFBTVSF UIF GSBDUVSF UPVHIOFTT IBWF CFFO TPVHIU NBJOMZ CFDBVTF PG UIF
MJNJUBUJPOT DPOOFDUFE UP USBEJUJPOBM GSBDUVSF UFTUT XIFO EFBMJOH XJUI FYUSFNFMZ EFGPSNBCMF NBUFSJ�
BMT PS CJPMPHJDBM UJTTVFT� $VUUJOH BOE JOEFOUBUJPO UFTUT IBWF CFFO QSPQPTFE BOE BQQMJFE FYUFOTJWFMZ
UP UFTU UIF UPVHIOFTT PG CJPMPHJDBM NBUFSJBMT BOE GPPETUVGGT� #FTJEF PWFSDPNJOH JOUSJOTJD MJNJUBUJPOT
PG USBEJUJPOBM QSPDFEVSFT TVDI BT UIF EJGGJDVMUJFT JO SFBMJTJOH B DPSSFDU DMBNQJOH PG UIF TQFDJNFO
EVSJOH DVUUJOH UIF XPSL PG MPBEJOH JT USBOTGFSSFE JOUP DSBDL HSPXUI EJSFDUMZ TP UIBU NBUFSJBM EF�
GPSNBUJPO JT NPSF MPDBMJTFE JO UIF WJDJOJUZ PG UIF CMBEFT BOE IJHI TUSBJOT BSF BWPJEFE� )PXFWFS
GSJDUJPOBM EJTTJQBUJPO CFUXFFO CMBEFT BOE NBUFSJBM TIPVME CF BDDPVOUFE GPS UP PCUBJO UIF OFU XPSL
EPOF CZ UIF GPSDF JO FYUFOEJOH UIF DVU�

0OF PG UIF QSPQPTFE QSPDFEVSFT JT UIF TP�DBMMFE TDJTTPST UFTU��� XIJDI JT QBSUJDVMBSMZ TVJUBCMF
UP UFTU TUSBJO IBSEFOJOH UJTTVFT TVDI BT UIF NBNNBMJBO TLJO� " UIJO TPVOE TQFDJNFO NPVOUFE
CFUXFFO UIF PQFO CMBEFT PG B QBJS PG TDJTTPST JT DVU CZ BQQMZJOH B DPOTUBOU EJTQMBDFNFOU UP UIF
CMBEFT JO UIF OPSNBM QMBOF� 5IF GSBDUVSF FOFSHZ JT PCUBJOFE GSPN UIF OFU XPSL EPOF CZ UIF DVUUJOH
GPSDF BGUFS B DPNQFOTBUJPO GPS GSJDUJPOBM FGGFDUT UISPVHI B TFDPOE QBTT JO UIF PQFO DVU� 4JNJMBS
BQQSPBDIFT VTF B TVSHJDBM DVUUJOH CMBEF�� PS B OFFEMF�� JOTFSUFE BOE BEWBODFE VOEFS TUFBEZ�TUBUF
DPOEJUJPOT JO B UIJO TUSJQ PG NBUFSJBM� 'SPN UIF FOFSHFUJD CBMBODF PG TUFBEZ�TUBUF DVUUJOH &R�	���

UIF GSBDUVSF UPVHIOFTT JT HJWFO CZ

ç � ܾEݓ ˱ Eݤݍ ˱ Eݘݍ
Eܹ � 	���


XIFSF ܾ JT UIF GPSDF BDUJOH PO UIF CMBEF Eܼ JT UIF JODSFNFOU PG EJTQMBDFNFOU Eݤݍ JT UIF TUSBJO
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3.1. Fracture toughness of soft matter

FOFSHZ WBSJBUJPO JO UIF TPMJE BOE Eݘݍ JT UIF FOFSHZ EJTTJQBUFE EVF UP GSJDUJPO� 6OEFS TUFBEZ�TUBUF
DPOEJUJPOT XF BTTVNF UIBU UIF JODSFNFOU JO DSBDL BSFB JT HJWFO CZ Eܹ � �Eܼݥ

5IF CMBEF JT GJSTUMZ JOTFSUFE JO UIF TPVOE TQFDJNFO BOE UIF DVUUJOH GPSDF ܾ JT NFBTVSFE BOE
QMPUUFE BHBJOTU UIF CMBEF EJTQMBDFNFOU ܼ� " TFDPOE QBTT JO UIF PQFO DVU JT DBSSJFE PVU XIFSF UIF
NFBTVSFE GPSDF ݘܾ JT EVF UP GSJDUJPO BMPOF JG XF OFHMFDU UIF DPOUSJCVUJPO PG UIF TUSBJO FOFSHZ BGUFS
DSBDL JOJUJBUJPO� 3FXSJUJOH &R�	���
 BT

ç � 
ܾ ˱ Eܼ�ݘܾ
Eܹ � 	���


UIF UFSNT JO CSBDLFUT DBO CF EFUFSNJOFE CZ JOUFHSBUJOH OVNFSJDBMMZ UIF MPBEoEJTQMBDFNFOU DVSWF
PCUBJOFE GSPN UIF EJGGFSFODF PG UIF DVUUJOH GPSDF CFUXFFO UIF UXP QBTTFT PG UIF CMBEF� 5IF GSBDUVSF
UPVHIOFTT ç JT PCUBJOFE GSPN UIF TMPQF PG UIF CFTU�GJU MJOF UP UIF DVSWF 
ܾ ˱ Eܼ�ݘܾ WT Eܹ JO UIF
SFHJPO PG TUFBEZ�TUBUF DVUUJOH��� "O BQQMJDBUJPO PG UIF NFUIPE JT JMMVTUSBUFE JO 'JH���� GSPN BO
FYQFSJNFOUBM UFTU PO UIF DPNNFSDJBM TJMJDPOF SVCCFS VTFE JO PUIFS FYQFSJNFOUT� 5IF WBMVF PCUBJOFE
JT ç ̢ ����L1B N XIJDI JT BQQSPYJNBUFMZ IBMG UIF GSBDUVSF UPVHIOFTT EFUFSNJOFE GSPN UIF 4&/
UFTU� 5IF EJTDSFQBODZ TBWF GPS VOQSFEJDUBCMF EJGGFSFODFT JO UIF TQFDJNFOT BOE TNBMM UFNQFSBUVSF
GMVDUVBUJPOT CFUXFFO UIF UFTUT DBO CF BTDSJCFE UP UIF PNJTTJPO PG UIF TUSBJO FOFSHZ DPOUSJCVUJPO�
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Figure 3.2 a Load-displacement curves for the cutting pass, the free pass and the difference 
ܾ ˱ .�ݘܾ
b The term 
ܾ ˱ Eܼ�ݘܾ as a function of the area Eܹ, with  obtained from the slope of the linear fit in
the steady-state stage

Wire cutting test
8JSF DVUUJOH JT B SFDVSSJOH UFDIOJRVF JO UIF GPPE QSPDFTTJOH JOEVTUSZ BOE JU IBT CFFO BMTP QSPQPTFE
UP NFBTVSF UIF NFDIBOJDBM QBSBNFUFST PG TPGU NBUFSJBMT� )FSF XF EFTDSJCF UIF PSJHJOBM NPEFM GPS
DVUUJOH PG DIFFTF�� BOE UIF NBJO WBSJBCMFT UIBU BSF VTFE UISPVHIPVU UIJT UIFTJT 	TFF f��� BOE f���
�

-FU VT DPOTJEFS B SJHJE XJSF PG EJBNFUFS ݨݖ JOTFSUFE JO B TBNQMF PG UIJDLOFTT ݥ 	'JH����B
�
'PDVTJOH PO UIF TUFBEZ�TUBUF PG DVU QSPQBHBUJPO XF BTTVNF UIBU UIFSF JT B GMPX [POF BSPVOE UIF
CPUUPN IBMG PG UIF XJSF XIJDI BMTP QSPEVDFT B DJSDVNGFSFOUJBM GSJDUJPOBM TUSFTT 	XIFSFBT GSJDUJPO
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3. The crack-tip zone in soft elastic tissues

BSPVOE UIF XJSF JT OFHMFDUFE
� 'SPN UIF FOFSHFUJD CBMBODF PG TUFBEZ�TUBUF DVUUJOH &R�	���
 XF
NBZ XSJUF ܾEܼ � çݥEܼ  E݈ݍ 	����


XIFSF ܾ JT UIF TUFBEZ�TUBUF GPSDF Eܼ JT UIF JODSFNFOU PG EJTQMBDFNFOU BOE PG DVU MFOHUI BOE E݈ݍ
JT UIF FOFSHZ EJTTJQBUFE JO UIF GMPX [POF CZ ZJFMEJOH BOE GSJDUJPO� 'SPN UIF FRVJMJCSJVN JO UIF
EJSFDUJPO PG XJSF QFOFUSBUJPO XF GJOE UIBU��

E݈ݍ � ഐ৶�ݨݖݥ
ୖ ൫৹NBY DPTਂ  ৹NBYݘ TJOਂ൮ Eਂ Eܼ 	����


XIFSF ৹NBY JT B DIBSBDUFSJTUJD TUSFTT PG UIF NBUFSJBM BOE ݘ JT UIF DPFGGJDJFOU PG GSJDUJPO� 5IFO UIF
GPSDF QFS VOJU UIJDLOFTT JT ݥܾ � ç  ൫�  ൮ݘ ৹ݨݖݕ 	����


&RVBUJPO 	����
 TIPXT UIBU UIF DVUUJOH GPSDF JODSFBTFT MJOFBSMZ XJUI UIF XJSF EJBNFUFS ݨݖ
BOE DBO CF VTFE UP EFSJWF UIF GSBDUVSF UPVHIOFTT ç GSPN FYQFSJNFOUBM SFTVMUT� 5IF UZQJDBM GPSDF�
EJTQMBDFNFOU DVSWF PG B XJSF DVUUJOH UFTU JT TIPXO JO 'JH����C� *O PSEFS UP DPNQVUF ç TFWFSBM
UFTUT XJUI EJGGFSFOU XJSF EJBNFUFST BSF QFSGPSNFE TP UIBU UIF TUFBEZ�TUBUF GPSDF DBO CF QMPUUFE BT B
GVODUJPO PG UIF XJSF EJBNFUFS� " MJOFBS FYUSBQPMBUJPO BU [FSP EJBNFUFS HJWFT UIF WBMVF PG ç�
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Figure 3.3 a Schematic of the wire-cutting tests with an enlarged view of the rupture process. b
Typical force-displacement curve in wire cutting of soft materials

3.2. Crack-tip singularities in strain-hardening soft materials

"T NFOUJPOFE JO UIF *OUSPEVDUJPO NBOZ CJPMPHJDBM UJTTVFT BSF LOPXO UP VOEFSHP TUSBJO IBSEFOJOH
XIFO TUSFUDIFE PGUFO NVDI FBSMJFS UIBO SVCCFS�MJLF TPMJET� 4JODF UIJT TFDUJPO JT DFOUSFE PO UIF
DSBDL�UJQ [POF JO TUSBJO IBSEFOJOH NBUFSJBMT XF OFFE UP CFHJO XJUI B TIPSU TVNNBSZ PG UIF NPTU
DPNNPO TUSBJO IBSEFOJOH NPEFMT CFGPSF NPWJOH PO UP UIF BOBMZTJT PG UIF DSBDL�UJQ GJFMET� 0UIFS
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3.2. Crack-tip singularities in strain-hardening soft materials

CBTJD IZQFSFMBTUJD NPEFMT BSF QSFTFOUFE JO UIF "QQFOEJY "��� *O UIJT TFDUJPO XF IBWF BEPQUFE
B TMJHIUMZ EJGGFSFOU OPUBUJPO XJUI SFTQFDU UP UIF SFDUBOHVMBS DPPSEJOBUFT� TQFDJGJDBMMZ XF VTF UIF
JOEFY ݚ � �� �� � JO QMBDF PG �ݩ �ݪ ݫ BEPQUFE JO UIF SFTU PG UIF UIFTJT�

3.2.1. Strain hardening models for soft tissues
4VJUBCMF 4USBJO &OFSHZ %FOTJUZ 	4&%
 GVODUJPOT UP EFTDSJCF UIF TUSBJO IBSEFOJOH CFIBWJPVS NJHIU
CF UIPTF QSFTFOUJOH BO FYQPOFOUJBM EFQFOEFODF PO UIF TUSBJO JOWBSJBOUT��� 8JEFMZ VTFE JO CJPNF�
DIBOJDT GPS TLJO BOE TJNJMBS NBUFSJBMT JT UIF FYQPOFOUJBM 'VOH�%FNJSBZ 	'%
 NPEFM������


ݏ݁ୗ� � ݔ�৲ ݔݗ
݁ୡ˱� ˱ �൨ � 	����


XIFSF ݁ୗ JT UIF GJSTU TUSBJO JOWBSJBOU BOE UIF OPO�EJNFOTJPOBM DPOTUBOU ݔ JT UIF TUSBJO IBSEFOJOH QB�
SBNFUFS 	JO UIF MJNJU PG ݔ ɱ � UIF OFP�)PPLFBO NPEFM JT SFDPWFSFE
� " TVCTFRVFOU EFWFMPQNFOU
JODMVEJOH UIF EFQFOEFODF PO UIF TFDPOE JOWBSJBOU ݁ JT UIF UISFF�QBSBNFUFS 7JUP NPEFM���


ݏ݁ୗ� ݁� � ݔ�৲ ݔݗ=১
݁ୡ˱�
ୗ˱১�
݁ୢ˱�? ˱ �൨ � 	����


XIFSF ݔ BOE ১ BSF UIF TUSBJO�IBSEFOJOH QBSBNFUFST� 5IF QBSBNFUFS ১ ̓ � BDDPVOUT GPS UIF JOGMV�
FODF PG UIF TFDPOE JOWBSJBOU� TNBMMFS WBMVFT PG ১ DPSSFTQPOE UP B HSFBUFS EFQFOEFODF PO ݁ 	JO UIF
MJNJU PG ১ � � POF SFDPWFST UIF '% NPEFM
�

'VSUIFS NPEFMT IBWF CFFO QSPQPTFE UP EFBM XJUI UIF BOJTPUSPQJD OBUVSF PG CJPMPHJDBM UJTTVFT� *U
JT PVU PG UIF TDPQF PG UIJT XPSL UP EJSFDUMZ DPOTJEFS BOJTPUSPQZ JO UIF GPSNVMBUJPO PG UIF DPOTUJUVUJWF
NPEFM� IPXFWFS BO BDDVSBUF JTPUSPQJD GPSNVMBUJPO XIJDI GJUT FYDFMMFOUMZ UP FYQFSJNFOUBM EBUB PO
IVNBO TLJO IBT CFFO QSPQPTFE CZ (BNCBSPUUB FU BM� ��� CBTFE PO UIF BOJTPUSPQJD 5POH�'VOH
NPEFM���� 5IF 4&% GVODUJPO QSFTFOUT CPUI B MJOFBS BOE BO FYQPOFOUJBM EFQFOEFODF PO UIF (SFFO�
-BHSBOHF TUSBJO JOWBSJBOUT Ê݁ୗ
��܉ Ê݁

ݏ�܉ Ê݁ୗ
��܉ Ê݁
��܉ � 
ୗݙ৩ୗ� ৲ୗ� Ê݁ୗ� Ê݁�  
ୢݙݗݕ৩ୢ�৲ୢ� Ê݁ୡ� Ê݁ୢ�� 	����


XIFSF ৩ୗ� ৲ୗ� ৩� ৲� ݕ BSF GJWF NBUFSJBM DPOTUBOUT UP CF EFUFSNJOFE FYQFSJNFOUBMMZ BOE UIF GVOD�
UJPOT ݚݙ BSF HJWFO CZ ݚݙ � ৩ݚ� 
US܉�  ��܉
USݚ৲ ݚ � �� �� 	����


3FXSJUJOH &R�	����
 JO UFSNT PG UIF JOWBSJBOUT PG UIF MFGU $BVDIZ�(SFFO TUSBJO UFOTPS C UIF
FYQSFTTJPO JT 
ݚݙ݁ୗ
��ܠ ݁
��ܠ � ৩ݚ� 
݁ୗ ˱ ��  �ݚ৲ 
݁ୗ ˱ �
݁ୗ  ݁�  ��� 	����


5IF EJGGFSFODF CFUXFFO IZQFSFMBTUJD NPEFMT GPS SVCCFST BOE TUSBJO IBSEFOJOH NBUFSJBMT DBO
CF BQQSFDJBUFE JO 'JH���� XIFSF UIF $BVDIZ TUSFTT JT QMPUUFE BT B GVODUJPO PG TUSFUDI JO VOJBYJBM
FYUFOTJPO� *O 'JH����B UIF EPUT BSF SFMBUFE UP UIF TJMJDPOF SVCCFS DPOTJEFSFE JO f����� BOE JO UIF
FYQFSJNFOUT PG $IBQUFS �� %JGGFSFOU IZQFSFMBTUJD 4&% GVODUJPOT OBNFMZ UIF OFP�)PPLFBO 	/)

UIF .PPOFZ�3JWMJO 	.3
 BOE UIF 0HEFO GVODUJPOT BSF DPOTJEFSFE 	SFGFS UP UIF "QQFOEJY "���� GPS
UIF GPSNVMBUJPO PG TVDI NPEFMT
� 8JUIJO UIF MJNJUFE TUSFUDI SBOHF DPOTJEFSFE EJGGFSFOU NPEFMT
QSPWJEF B TJNJMBS BQQSPYJNBUJPO TVHHFTUJOH UIBU GPS TUSFUDIFT CFMPX BQQSPYJNBUFMZ ��� TJNQMF
TUSBJO FOFSHZ GVODUJPOT UIBU SFRVJSF GFXFS DBMJCSBUJPO QBSBNFUFST DBO CF VTFE� *ODMVEFE JT BMTP UIF
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3. The crack-tip zone in soft elastic tissues

0HEFO DVSWF GPS B WVMDBOJTFE SVCCFS XJUI TJNJMBS JOJUJBM TIFBS NPEVMVT 	UIF GJUUJOH QBSBNFUFST BSF
UBLFO GSPN UIF MJUFSBUVSF���
 XIJDI JT BO FYBNQMF PG UIF TP�DBMMFE 4�TIBQFE TUSFTT�TUSBJO SFTQPOTF�
0O UIF DPOUSBSZ TJMJDPOF IBT B EJGGFSFOU CFIBWJPVS SFTFNCMJOH UIF +�TIBQFE TUSFTT�TUSBJO DVSWFT PG
CJPMPHJDBM FMBTUJD UJTTVFT BMUIPVHI XJUI SFEVDFE TUSBJO IBSEFOJOH� 5IF EJGGFSFODF JO UIF TIBQF PG
UIF TUSFTT�TUSBJO DVSWF JT GVOEBNFOUBM� BT FYQMBJOFE CZ (PSEPO JO IJT CSJMMJBOU CPPL�� CJPMPHJDBM
UJTTVFT TVDI BT CMPPE WFTTFMT XPVME GBJM DBUBTUSPQIJDBMMZ JG UIFZ IBE UIF 4�TIBQF PG OBUVSBM SVCCFS�

*O 'JH����C XF JMMVTUSBUF TPNF PG UIF TUSBJO�IBSEFOJOH NPEFMT GPS TPGU UJTTVFT� 5IF DBMJCSBUJPO
QBSBNFUFST BSF BWFSBHF WBMVFT GPS IVNBO TLJO UBLFO GSPN UIF MJUFSBUVSF�� XJUI UIF JOJUJBM TIFBS
NPEVMVT BQQSPYJNBUFMZ FRVBM UP ৲ � ����.1B� 8JUI SFTQFDU UP UIF DMBTTJDBM NPEFMT GPS SVCCFS�
MJLF NBUFSJBMT 	'JH����B
 UIF TUSJLJOH EJGGFSFODF JT UIF NVDI MBSHFS TUSBJO IBSEFOJOH EJTQMBZFE BU
SFMBUJWFMZ MPX TUSFUDIFT� *O UIF UXP�QBSBNFUFS NPEFM CZ 'VOH�%FNJSBZ ݔ DPOUSPMT UIF EFHSFF PG
TUSBJO�IBSEFOJOH XJUI UZQJDBM WBMVFT DPNQSJTFE JO UIF SBOHF ݔ � � ˱ � SFGMFDUJOH UIF WBSJBCJMJUZ
BNPOH JOEJWJEVBMT BOE BHF���� 5IF FGGFDU PG UIF TFDPOE JOWBSJBOU JO UIF GPSNVMBUJPO PG 7JUP�T
NPEFM CFDPNFT MBSHFS JO QSPCMFNT JOWPMWJOH NVMUJBYJBM TUBUFT PG EFGPSNBUJPO���� 8F IBWF BMTP JO�
DMVEFE UIF (FOFSBMJTFE /FP�)PPLFBO NPEFM 	(/)
 XIJDI PGGFST B SFBTPOBCMF BQQSPYJNBUJPO PG
UIF FYQPOFOUJBM NPEFMT CZ UBLJOH B TQFDJGJD DPNCJOBUJPO PG UIF QBSBNFUFST 	JO QBSUJDVMBS DIPPTJOH
B IJHI WBMVF PG UIF TUSBJO IBSEFOJOH FYQPOFOU 
ݟ�

1 1.5 2 2.5 3
0

2

4

6

8

10 Exp
NH
MR
Ogden
Ogden (Rubber)

Stretch λ Stretch λ

Ca
uc

hy
 s

tr
es

s 
σ/
µ

Ca
uc

hy
 s

tr
es

s 
σ/
µ

1 1.5 2 2.5 3
0

100

200

300

400

500 GNH
FD (b=1.5)
FD (b=5)
Vito

a b

Figure 3.4 Comparison of uniaxial stress-strain response in different hyperelastic materials. a
Experimental data from a silicone rubber. Fitting models parameters: NH: ৲ � ୖL1B; MR:৲ � ୟୖL1B, ১ � ୖ�ଢ଼; Ogden: ৲ୡ � ৲ୢ � L1B, ৲ୣ � 1B� ১ୡ � ১ୢ � ୗ�, ১ୣ � ୖ�ୖୟ. Dashed line is
related to a vulcanised rubber (Ogden: ৲ୡ � ୗଡ଼ୗ1B, ৲ୢ � ˱ୗ�L1B, ৲ୣ � ଢ଼ୗL1B, ১ୡ � ଢ଼�, ১ୢ � ˱�ଢ଼,১ୣ � ୗ�ୗ). b Exponential strain-hardening functions for soft biological tissues. Model parameters:
GNH: ৲ � ୗୗୖL1B� ݔ � � ݟ � ୖ; FD: ৲ � ୗୗୖL1B, ݔ �  and ݔ � ୗ� (dashed line); Vito: ৲ � ୗୗୖL1B,ݔ � � ১ � ୖ�

3.2.2. Analytical solution of the crack-tip fields
*O UIJT TFDUJPO XF CSJFGMZ SFWJFX UIF BOBMZUJD NFUIPE UP EFSJWF UIF BTZNQUPUJD TUSFTT BOE EJTQMBDF�
NFOU BU UIF UJQ PG B DSBDL JO BO JODPNQSFTTJCMF IZQFSFMBTUJD NBUFSJBM� 5IF DMBTTJDBM TPMVUJPO PG
MJOFBS FMBTUJD GSBDUVSF NFDIBOJDT JT JOUSPEVDFE BT B DPNQBSJTPO�

The K-fields in linear elastic materials
5IF DSBDL UJQ GJFMET JO MJOFBS FMBTUJD NBUFSJBMT BSF EFSJWFE XJUI UIF BTTVNQUJPO PG JOGJOJUFTJNBM TUSBJO
TP UIBU UIF SFGFSFODF BOE EFGPSNFE DPOGJHVSBUJPOT BSF JOUFSDIBOHFBCMF������� *O UIF WJDJOJUZ PG
UIF DSBDL UJQ UIF MFBEJOH PSEFS UFSNT PG UIF TUSFTT DPNQPOFOUT IBWF UIF GPMMPXJOH TFQBSBCMF GPSN
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3.2. Crack-tip singularities in strain-hardening soft materials

XJUI SFTQFDU UP UIF SBEJBM EJTUBODF GSPN UIF UJQ ݣ BOE UIF BOHMF ਂ 	SFGFS UP 'JH���� GPS UIF TZNCPMT


৹JK � ݃݁˹�৶ݣ˱ୗ�ݘJK 
ਂ� � 	����


XIFSF݃݁ JT UIF TUSFTT JOUFOTJUZ GBDUPS JO NPEF�* MPBEJOH DPOEJUJPOT XIJDI JT B GVODUJPO PG HFPNFUSZ
BOE SFNPUF MPBET BOE JKݘ 
ਂ� BSF UIF BOHVMBS GVODUJPOT� 5IF DPNQMFUF FYQSFTTJPOT DBO CF XSJUUFO
BT ϴϵϵϵϵϵ϶ ৹ୗୗ৹৹ୗ

ϷϸϸϸϸϸϹ � ݃݁˹�৶ݣ˱ୗ� DPT 
৮��� ЀЃЃЁЃЃЂ � ˱ TJO
ਂ��� TJO
�ਂ����  TJO
ਂ��� TJO
�ਂ���
TJO
ਂ��� DPT
�ਂ���

ЄЃЃЅЃЃІ � 	����


XIJDI BSF WBMJE CPUI JO QMBOF TUSBJO BOE QMBOF TUSFTT� 4JNJMBS FRVBUJPOT BSF BMTP PCUBJOBCMF GPS
NPEF�** BOE NPEF�*** MPBEJOH�

*U DBO CF OPUJDFE UIBU FBDI DPNQPOFOU TIPXT UIF TBNF ���� TJOHVMBSJUZ XJUI SFTQFDU UP UIF
EJTUBODF GSPN UIF UJQ ݣ JNQMZJOH UIBU B QPJOU DMPTF UP UIF UJQ JT JO B TUBUF PG IZESPTUBUJD UFOTJPO�
5IF OFBS�UJQ EJTQMBDFNFOUT QSFTFOU UIF GPMMPXJOH TFQBSBCMF GPSN

ݚݦ � ݃݁�৲˹�৶ݣୗ�ݚݙ
ਂ�� 	����


XIFSF 
ݚݙਂ� BSF UIF BOHVMBS GVODUJPOT XIJDI BSF EJGGFSFOU JO QMBOF TUSFTT PS QMBOF TUSBJO� 0O UIF
DSBDL TVSGBDFT J�F� GPS ਂ � p৶ UIF BOHVMBS GVODUJPOT BSF 
ୗݙp৶� � �� 
ݙp৶� � p� TP UIBU UIF
QSPGJMF PG UIF DSBDL JT QBSBCPMJD�

Plane stress solution in GNH materials
5IF BOBMZUJD TPMVUJPO PG TUSFTT BOE EJTQMBDFNFOUT BU UIF UJQ PG B DSBDL JO B IZQFSFMBTUJD JODPNQSFTT�
JCMF NBUFSJBM JT CBTFE PO BO BTZNQUPUJD NFUIPE TJNJMBS UP 8JMMJBN�T FYQBOTJPO JO MJOFBS NBUFSJBMT�
)FSF XF GPDVT PO B QMBOF TUSFTT DSBDL JO NPEF�* TZNNFUSJD DPOEJUJPOT GPMMPXJOH UIF TPMVUJPO EF�
SJWFE CZ (FVCFMMF BOE ,OBVTT��� BOE SFDFOUMZ SFWJTFE CZ -POH BOE DP�XPSLFST���o���� 5IJT HFPN�
FUSZ DPSSFDUMZ BQQSPYJNBUFT UIF DPOGJHVSBUJPO UIBU XF IBWF BEPQUFE JO UIF FYQFSJNFOUBM DBNQBJHO
PO TJMJDPOF SVCCFST�

5IF BTZNQUPUJD NFUIPE QSFTFOUFE IFSF JT GVMMZ DPOTJTUFOU XJUI UIF OPO�MJOFBS UIFPSZ TVN�
NBSJTFE JO UIF "QQFOEJY "��� 8F TUBSU CZ DPOTJEFSJOH B UXP�EJNFOTJPOBM DPOGJHVSBUJPO XJUI B
DSBDL FNCFEEFE JO B MBSHF TIFFU PG IZQFSFMBTUJD NBUFSJBM BOE B SFGFSFODF TZTUFN ݐ�ୗݐ DFOUSFE BU
UIF UJQ TP UIBU UIF DSBDL GBDFT BSF DPJODJEFOU XJUI UIF MJOF ୗݐ � �� ݐ � � JO UIF JOJUJBM DPOGJH�
VSBUJPO 	'JH����B
� 6QPO UIF BQQMJDBUJPO PG MPBE UIF DSBDL PQFOT BOE UIF QPJOUT JO UIF EFGPSNFE
DPOGJHVSBUJPO DBO CF JEFOUJGJFE XJUI SFTQFDU UP UIF DVSSFOU DPPSEJOBUFT PG UIF USBOTMBUFE DSBDL UJQ
	'JH����C
 EFGJOFE BT �ܜ
ݚݪ � �ܜ
ݚݩ ˱ ܜ
ݚݩ � ��� ݚ � �� �� 	����


XIFSF �ܜ
ݚݩ BSF UIF DPPSEJOBUFT JO UIF DVSSFOU DPOGJHVSBUJPO� 'VSUIFSNPSF XF BTTVNF UIBU UIF
NBUFSJBM JT EFTDSJCFE CZ BO FMBTUJD QPUFOUJBM UIBU JT B TNPPUI GVODUJPO PG UIF GJSTU TUSBJO JOWBSJBOUݏ
݁ୗ� � ܹ
݁ୗ ˱ ݟ��  ܺ
݁ୗ ˱ ��
��ୗ˱ݟ 	����


XIFSFܹ ܺ BOE ݟ BSF NBUFSJBM DPOTUBOUT� )FSF XF GPDVT PO UIF (FOFSBMJTFE /FP�)PPLFBO 	(/)

TUSBJO FOFSHZ EFOTJUZ GVODUJPO XIJDI JT B QBSUJDVMBS DBTF PG &R�	����
� 5IF TUSBJO FOFSHZ EFOTJUZ
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3. The crack-tip zone in soft elastic tissues

GVODUJPO PG B (/) NBUFSJBM JT HJWFO CZ


ݏ݁ୗ� � ݔ�৲ ЀЃЁЃЂ൧�  
ݟݔ݁ୗ ˱ ��൪ݟ ˱ �ЄЃЅЃІ � 	����


XIFSF ৲ JT UIF JOJUJBM TIFBS NPEVMVT BOE ݔ BOE ݟ BSF TUSBJO IBSEFOJOH QBSBNFUFST�
*O IZQFSFMBTUJD NBUFSJBMT UIF OPNJOBM GJSTU 1JPMB�,JSDIPGG TUSFTT UFOTPS 1 JT PCUBJOBCMF CZ

EFSJWBUJPO BDDPSEJOH UP ܔ � ݏ
܊�܊ � 	����


XIFSF ݛݚܾ � ݚݩ�ݛݐ JT UIF EFGPSNBUJPO HSBEJFOU UFOTPS� *O UIF EFGPSNFE DPOGJHVSBUJPO UIF
$BVDIZ USVF TUSFTT UFOTPS ਲ਼ JT PCUBJOFE BTਲ਼ � ݂˱ୗ1܊� 	����


XIFSF ݂ ̀ EFU' � � JT UIF WPMVNF SBUJP JO JODPNQSFTTJCMF NBUFSJBMT�
5IF IZQPUIFTJT PG B TZNNFUSJD PQFOJOH DSBDL 	NPEF�*
 JT FYQSFTTFE CZݪୗ
�ୗݐ �ݐ � �ୗݐ
ୗݪ ��ݐ˱ �ୗݐ
ݪ �ݐ � �ୗݐ
ݪ˱ ��ݐ˱ 	����


crack
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Figure 3.5 Sketch of the crack geometry. a Undeformed and b deformed configuration with local axes
centred at the crack tip

5IF BOBMZUJDBM TPMVUJPO BTTVNFT UIBU UIF OFBS�UJQ EJTQMBDFNFOU GJFME JT HJWFO CZݚݪ � ݚܻ 
ݚݘݚݡݣਂ�� 	����


XIFSF ݚܻ BSF VOLOPXO DPOTUBOUT EFQFOEJOH PO UIF HFPNFUSZ BOE MPBEJOH DPOEJUJPOT ݚݡ JT UIF
PSEFS PG UIF TJOHVMBSJUZ BOE 
ݚݘ৮� BSF BOHVMBS GVODUJPOT� $POEJUJPOT PG TZNNFUSZ SFRVJSF UIBUݘୗ
ਂ � �� � � BOE 
ݘਂ � �� � �� /PUF UIBU 
�ݣ ਂ� EFTJHOBUF B QPMBS DPPSEJOBUF TZTUFN JO UIF
JOJUJBM DPOGJHVSBUJPO XJUI ݣ � �ݚݐݚݐ˹ UIF DPSSFTQPOEJOH TZTUFN JO UIF EFGPSNFE DPOGJHVSBUJPO JT
EFGJOFE CZ 
৷� ৼ�� 5IF MJOFBS FMBTUJD TPMVUJPO JT BMTP B QBSUJDVMBS DBTF PG &R�	����
 XJUI ୗݡ � ݡ ���� BOE 
ୗݘਂ� � TJO
ਂ���DPT
ਂ���� 
ݘਂ� � TJO
ਂ���TJO
ਂ����
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3.2. Crack-tip singularities in strain-hardening soft materials

'SPN UIF TPMVUJPO PG UIF DSBDL CPVOEBSZ WBMVF QSPCMFN UIF MFBEJOH PSEFS CFIBWJPVS JO UIF
OFBS�UJQ [POF JT EFUFSNJOFE� *O UIF (/) DBTF XF IBWF���

ୗݪ � ЀЃЁЃЂܻୗݘݕݣୗ 
ਂ� �ݟ JG ݟ � ����ܻୗݣ
ୗୗ�ݟ�ݘୗ 
ਂ� �ݟ JG ݟ ̈́ ���� � 	����B
ݪ � ܻݣ
ୗ˱ୗ�ݟ�ݘ 
ਂ� �ݟ � 	����C


XIFSF UIF FYQPOFOU ݕ � �  ݟ��� XBT EFSJWFE BOBMZUJDBMMZ CZ (FVCFMMF BOE ,OBVTT���� 5IF TPMV�
UJPO EFQFOET PO UIF TUSBJO�IBSEFOJOH FYQPOFOU ݟ XIPTF JNQMJDBUJPOT PO UIF EJTQMBDFNFOU GJFME
DBO CF BQQSFDJBUFE GSPN UIF BOBMZTJT PG UIF SFTVMUT PCUBJOFE GSPN OVNFSJDBM TJNVMBUJPOT� 5IF FY�
QSFTTJPO PG ୗݪ IBT B CJGVSDBUJPO QPJOU GPS ݟ � ̧˶ݟ ���� XIJDI JO UIF PSJHJOBM TPMVUJPO XBT UIF
MJNJU UP BMMPX UIF TFQBSBCMF GPSN PG &R�	����
���� .PSFPWFS ݟ NVTU BMXBZT TBUJTGZ UIF SFRVJSF�
NFOU ݟ  ��� XIJDI FOTVSFT UIF FMMJQUJDJUZ PG UIF FRVJMJCSJVN FRVBUJPOT PG UIF FMBTUJD QSPCMFN�
4JUVBUJPOT XJUI ݟ ̓ ��� XIJMF OPU DPNNPO VOEFS PSEJOBSZ EFGPSNBUJPOT NJHIU BSJTF JO QBSUJD�
VMBS TJUVBUJPOT MFBEJOH UP BO VOTUBCMF CFIBWJPVS 	GPS JOTUBODF UIF OPNJOBM TUSFTT EVSJOH VOJBYJBM
FYUFOTJPO EFDSFBTFT XJUI UIF TUSFUDI SBUJP JODSFBTJOH
 BOE UIF TP�DBMMFE FRVJMJCSJVN TIPDLT����

5IF TPMVUJPO GPS B /FP�)PPLFBO 	/)
 NBUFSJBM JT EFSJWFE BT B TQFDJBM DBTF PG UIF QSFWJPVT
UBLJOH ݟ � �� 5IF OFBS�UJQ EJTQMBDFNFOU GJFME JT QBSBCPMJD BOE JT HJWFO CZݪୗ � ܻୗݣ DPTਂ� ݪ � ܻݣୗ� TJO 
ਂ��� � 	����


/PX XF UVSO PVS BUUFOUJPO UP UIF TUSFTT GJFMET JO UIF WJDJOJUZ PG UIF DSBDL UJQ XIJDI BSF TJOHVMBS
BT FYQFDUFE� *O QBSUJDVMBS UIF $BVDIZ TUSFTT DPNQPOFOUT JO B (/) NBUFSJBM BSF

JG ݟ � ���� ЀЃЃЃЁЃЃЃЂ৹ୗୗ ̛ 
ݣݕ˱ୗݟ��৹ ̛ ୗ৹ୗ˱ݣ ̛ ˱ݕ
ݣୗ�ݟ� � 	����


JG ݟ ̈́ ���� ЀЃЃЃЁЃЃЃЂ৹ୗୗ ̛ 
ݣ˱ୗ�ݟ�৹ ̛ ୗ৹ୗ˱ݣ ̛ 
ݣ˱ୗ�ݟ� � 	����


*O B /) NBUFSJBM XF DBO XSJUF UIF DMPTFE GPSN FYQSFTTJPO GPS UIF USVF TUSFTTFT BT GPMMPXT৹ୗୗ � ৲ܻୗ�৹ � ৲�ܻݣ˱ୗ� 	����


৹ୗ � ˱৲�ܻୗܻݣ˱ୗ� TJO ൭ �ਂ ൰ �
XIFSF ܻ JT TPNFIPX BOBMPHPVT UP UIF TUSFTT JOUFOTJUZ GBDUPS PG -&'. 	TFF f�����
�

$PNQBSJOH UIFTF TJOHVMBSJUJFT XJUI UIPTF PG UIF MJOFBS FMBTUJD TPMVUJPO POF DBO BQQSFDJBUF B
GJSTU GVOEBNFOUBM EJGGFSFODF� UIF TUSFTT DPNQPOFOUT IBWF EJGGFSFOU TJOHVMBSJUJFT XIFSFBT JO -&'.
UIFZ BMM IBWF UIF TBNF JOWFSTF TRVBSF SPPU EFQFOEFODF XJUI UIF DSBDL�UJQ EJTUBODF� 'PS B (/)
NBUFSJBM UIF TJOHVMBSJUZ EFQFOET PO UIF TUSBJO IBSEFOJOH FYQPOFOU ݟ BMUIPVHI UIF NPTU TFWFSF
JT UIF �� TJOHVMBSJUZ EJTQMBZFE CZ UIF OPSNBM TUSFTT� 4JODF UIF OFBS�UJQ TUSFTT GJFME JT EPNJOBUFE
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3. The crack-tip zone in soft elastic tissues

CZ UIF TUSPOHFTU TJOHVMBS DPNQPOFOU B NBUFSJBM FMFNFOU JO B IZQFSFMBTUJD NBUFSJBMT FYQFSJFODFT B
DPOEJUJPO PG VOJBYJBM UFOTJPO� 4PNF BVUIPST IBWF TVHHFTUFE UIBU UIJT TIPVME CF DPOTJEFSFE XIFO
TUVEZJOH UIF EBNBHF NFDIBOJTNT JO UIF DSBDL�UJQ [POF GPS JOTUBODF UIF QIFOPNFOPO PG DBWJUB�
UJPO����

*O B /) NBUFSJBM XF BSF BCMF UP XSJUF UIF TUSFTT DPNQPOFOUT JO UIF EFGPSNFE DPPSEJOBUFT
৷� ৼ� CZ FYQSFTTJOH UIF VOEFGPSNFE DPPSEJOBUFT 
�ݣ ਂ� JO UFSNT PG ୗݪ BOE �ݪ 5IF TBNF NFUIPE
DBOOPU CF GPMMPXFE JO B (/) NBUFSJBM CFDBVTF UIF BOHVMBS GVODUJPOT ݚݘ 
ਂ� �ݟ IBWF OP DMPTFE
FYQSFTTJPO����

'PS ݟ � � GSPN &R�	����
 XF GJOE���

ݣ � �ܻ ୗݪ  ୗܻୗݪ � DPTਂ � ܻݪୗ�ܻୗݪ  ܻݪୗ 	����


BOE ୗݪ � ৷DPTৼ� ݪ � ৷TJOৼ� 'PS � ̓ ^ৼ^ � ৶�� UIF TUSFTT IBWF UIF GPMMPXJOH GPSN৹ୗୗ � ৲ܻୗ�৹ � ৲�ܻୗܻ৷˱ୗݘ
৷� ৼ�� 	����
৹ୗ � ৲ܻୗ�ܻ৷˱ୗ�ݘୗ
৷� ৼ��
XIJDI TIPXT UIBU BIFBE PG UIF DSBDL UJQ GPS ਂ � ৼ � � UIF TUSFTT IBT UIF TBNF TJOHVMBSJUZ XJUI
SFTQFDU UP UIF VOEFGPSNFE PS EFGPSNFE DSBDL UJQ TFF &R�	����
� 'PS ৼ � ৶�� XF IBWF JOTUFBE

৹ � ৲ܻ� ৷˱� ৹ୗ � ˱৲ܻୗܻ� ৷˱ୗ� 	����


5IF OPUJDFBCMF GFBUVSF JT UIBU UIF TJOHVMBSJUZ BMPOH UIF EFGPSNFE DSBDL GBDF JT EJGGFSFOU BOE
MBSHFS UIBO UIBU BIFBE PG UIF DSBDL UJQ� JO QBSUJDVMBS UIF �� FYQPOFOU JO UIF OPSNBM PQFOJOH
TUSFTT JNQMJFT UIBU BMPOH UIF EFGPSNFE DSBDL UIFSF BSF TFWFSF TUSFTT HSBEJFOUT XIJDI NJHIU SFTVMU JO
TFDPOEBSZ DSBDL JOJUJBUJPO GSPN UIF CMVOUFE TVSGBDF����

3.2.3. Results of numerical analyses
/PX XF UVSO PVS BUUFOUJPO UP NPSF DPNQMFY TUSBJO IBSEFOJOH GPSNVMBUJPOT TVDI BT UIPTF QSF�
TFOUFE JO f����� GPS TPGU CJPMPHJDBM UJTTVFT� 6OGPSUVOBUFMZ BTZNQUPUJD TPMVUJPOT CFZPOE UIF (/)
NPEFM BSF OPU FBTJMZ PCUBJOBCMF EVF UP UIF EJGGJDVMUJFT BSJTJOH JO UIF EFUFSNJOBUJPO PG UIF MFBEJOH
PSEFS CFIBWJPVS PG ୗݪ BOE �ݪ 'PS UIJT SFBTPO XF IBWF FNQMPZFE EFUBJMFE GJOJUF FMFNFOU 	'&

BOBMZTFT UP DPNQVUF UIF USVF TUSFTT GJFMET JO UIF DSBDL UJQ SFHJPO BOE EFUFSNJOF UIF TJOHVMBSJUZ PG
UIF WBSJPVT TUSFTT DPNQPOFOUT� 8F IBWF DPOTJEFSFE B QVSF TIFBS TQFDJNFO DPOTJTUJOH PG B UIJO MPOH
TUSJQ PG IFJHIU �ǽ BOE XJEUI ݨ � ��ǽ XJUI BO FEHF DSBDL ݓ � ���ǽ 	'JH����B
� 5IF TQFDJNFO
UIJDLOFTT ݥ JT BTTVNFE UP CF NVDI TNBMMFS UIBO PUIFS EJNFOTJPOT TP UIBU B DPOEJUJPO PG QMBOF
TUSFTT JT FOGPSDFE� " VOJGPSN EJTQMBDFNFOU JT JNQPTFE JO UIF EJSFDUJPO QBSBMMFM UP UIF TIPSU FEHFT�

Crack-tip stress singularities
5IF NPEFM JT JNQMFNFOUFE JO UIF DPNNFSDJBM GJOJUF FMFNFOU TPGUXBSF 4*.6-*" "CBRVT ����
	%BTTBVMU 4ZTUÒNFT���
 VTJOH FJHIU�OPEF QMBOF TUSFTT FMFNFOUT XJUI DPMMBQTFE UJQ FMFNFOUT� 5IF
UJQ OPEFT XFSF MFGU GSFF UP NPWF JOEFQFOEFOUMZ TP UIBU UIF UZQJDBM CMVOUJOH VOEFS MPBE DPVME
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3.2. Crack-tip singularities in strain-hardening soft materials
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Figure 3.6 Schematic view of the specimen with an edge crack of length ݓ  ǽ. Due to the applied
displacements ம on the top and bottom edges, a point ܹ far ahead from the crack tip is in a state of
pure shear, with principal stretches ৱୡ � ୗ� ৱୢ � ৱ and ৱୣ � ৱ˱ୡ. a Undeformed symmetric
configuration. The enlarged view shows a detailed view of the finite element mesh in the crack tip
region (not in scale). b Deformed configuration and detail of the finite element mesh

CF NPEFMMFE BOE UIF NJE�TJEF OPEFT XFSF OPU TIJGUFE UP RVBSUFS�QPJOUT� 5IJT DIPJDF XBT UBLFO
CFDBVTF UIF OBUVSF PG UIF TJOHVMBSJUZ JT OPU PG UIF SFHVMBS UZQFT GPS MJOFBS FMBTUJD BOE FMBTUJD�QMBTUJD
NBUFSJBMT� 'PS NPSF EFUBJMT PO UIF DPSSFDU NFTIJOH JO GSBDUVSF NFDIBOJDT SFGFS UP UIF "QQFOEJY
"��� %VF UP TZNNFUSZ POMZ IBMG TQFDJNFO XBT NPEFMMFE BOE QFSUJOFOU DPOTUSBJOUT XFSF BEEFE
UP UIF MPXFS FEHF PG UIF TQFDJNFO� " SFGJOFE SBEJBM [POF DFOUSFE BU UIF DSBDL UJQ BOE XJUI SBEJVTݣSFG � ���ǽ XBT BEEFE XIFSF UIF TNBMMFTU FMFNFOU TJ[F JT ǽFM � ��˱ǽ BOE UIF BOHVMBS TQBO JTèਂ � �o 	'JH����B
� 5IF TUSFTTFT BSF FYUSBDUFE GSPN UIF JOUFHSBUJPO QPJOUT PG FMFNFOUT BIFBE
PG UIF DSBDL UJQ FODMPTFE JO UIF SFGJOFE SFHJPO FYUSBQPMBUFE UP UIF OPEFT BOE QMPUUFE PO B EPVCMF
MPHBSJUINJD QMPU BT B GVODUJPO PG UIF EJTUBODF ৷ GSPN UIF DVSSFOU QPTJUJPO PG UIF DSBDL UJQ 	'JH����C
�

*O 'JH���� XF TIPX UIF OPSNBMJTFE $BVDIZ USVF TUSFTT ৹ୗୗ BOE ৹ BIFBE PG UIF DSBDL UJQ J�F� GPSৼ � � BT B GVODUJPO PG UIF EFGPSNFE EJTUBODF ৷ GSPN UIF UJQ EJWJEFE CZ UIF TQFDJNFO IBMG�IFJHIUǽ� 'PVS EJGGFSFOU WBMVFT PG UIF TUSBJO IBSEFOJOH FYQPOFOU ݟ BSF DPOTJEFSFE TQFDJGJDBMMZ UXP DBTFT
XIFSF ݟ � ˶ݟ BOE UXP XJUI ݟ ˶ݟ  CFJOH ̧˶ݟ ���� UIF WBMVF GPS XIJDI UIF BTZNQUPUJD TPMVUJPO
IBT B EJTDPOUJOVJUZ� *O PSEFS UP QVU JO FWJEFODF UIF QPXFS PG UIF TJOHVMBSJUZ SFTVMUT PCUBJOFE
GSPN '& BOBMZTFT BSF QMPUUFE PO B MPH�MPH QMPU XJUI UIF TMPQF PG UIF MJOFBS USFOET JODMVEFE JO UIF
GJHVSF� $PNQBSJOH UIFTF SFTVMUT XJUI UIF UIFPSFUJDBM WBMVFT XF BMTP IBWF B NFBO UP FWBMVBUF UIF
BDDVSBDZ PG UIF OVNFSJDBM NPEFM� /PUF UIBU UIF UIFPSFUJDBM TMPQFT TIPXO JO 'JH���� BSF SFGFSSFE UP
UIF VOEFGPSNFE DPPSEJOBUF ݣ FYDFQU GPS UIF OFP�)PPLFBO DBTF XIFSF EFGPSNFE BOE VOEFGPSNFE
DPOGJHVSBUJPOT BSF UIF TBNF� 5IF EPNJOBOU TJOHVMBS UFSN JT BMXBZT UIF PQFOJOH TUSFTT ৹�� XIPTF
TJOHVMBSJUZ EPFT OPU EFQFOE PO UIF IBSEFOJOH QBSBNFUFS� *O BEEJUJPO PVS SFTVMUT DPOGJSN UIBU GPS
JODSFBTJOH TUSBJO IBSEFOJOH UIF TJOHVMBSJUZ PG ৹�� TUSFTT DPNQPOFOU CFDPNFT MBSHFS BOE UIF DSBDL UJQ
GJFMET UFOE UP SFTVNF B CJBYJBM TUSFTT TUBUF BT JO UIF MJOFBS FMBTUJD TPMVUJPO� *G UIF IBSEFOJOH FYQPOFOU
JT GVSUIFS JODSFBTFE CFZPOE UIF WBMVFT DPOTJEFSFE JO 'JH���� UIF TUSFTT�TUSBJO DVSWF JT B SFBTPOBCMF
BQQSPYJNBUJPO PG FYQPOFOUJBM IBSEFOJOH NPEFMT BOE UIF TUSFTT ৹ୗୗ UFOET UP UIF TBNF TJOHVMBSJUZ
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Figure 3.7 Cauchy stress ৹�� and ৹�� ahead of the crack tip in a GNH material, at an applied stretchৱ �  (logarithmic plot). Power of the singularities with respect to the deformed radial coordinate ৷
is compared with the values predicted by the analytical solution (dashed lines). a ݟ � ୖ�ଡ଼, b ݟ � ୗ
(neo-Hookean), c ݟ �  and d ݟ � 

PG UIF OPSNBM TUSFTT 	GPS JOTUBODF XIFO ݟ � �� UIF TJOHVMBS FYQPOFOU QSFEJDUFE CZ &R�	����
 JT̛ ˱���
� 8F BMTP PCTFSWF UIBU GPS ݟ � � BOE ݟ � � 	'JH����D�E
 UIF SFHJPO EPNJOBUFE CZ UIF
TJOHVMBS UFSN TFFNT UP CF SFEVDFE XJUI SFTQFDU UP UIF OFP�)PPLFBO DBTF 	'JH����B
 B GBDU UIBU
DPOGJSNT UIF TISJOLJOH PG UIF MBSHF TUSBJO [POF XJUI JODSFBTJOH TUSBJO IBSEFOJOH� 5IF PQQPTJUF
TJUVBUJPO PDDVST GPS ݟ � ��� XIJDI JT DMPTF UP UIF MPXFS CPVOE ݟ � ��� CFMPX XIJDI UIF TPMVUJPO
JT VOTUBCMF�

5IF SFTVMUT TVNNBSJTFE JO 'JH���� BSF SFMBUFE UP UIF TBNF QVSF TIFBS HFPNFUSZ DPOTJEFSFE
CFGPSF XIFSF 7JUP�T IZQFSFMBTUJD NPEFM &R�	����
 JT DIPTFO BT SFQSFTFOUBUJWF PG UIF FYQPOFOUJBM
TUSBJO�IBSEFOJOH 4&% GVODUJPOT� #Z BTTVNJOH EJGGFSFOU WBMVFT PG UIF DBMJCSBUJPO QBSBNFUFS ১ XF
IBWF FYQMPSFE UIF JOGMVFODF PG UIF TFDPOE TUSBJO JOWBSJBOU PO UIF OFBS�UJQ TUSFTT GJFMET XJUI UIF
OPUBCMF DBTF PG ১ � � DPSSFTQPOEJOH UP UIF 'VOH�%FNJSBZ NPEFM &R�	����
� 5IF DVSWFT TFFN UP
TVHHFTU UIBU UIF FGGFDU PG UIJT QBSBNFUFS PO UIF QPXFS PG UIF TJOHVMBSJUJFT JT TPNFIPX MJNJUFE� .PSF
JNQPSUBOUMZ UIF USFOE BMSFBEZ BOUJDJQBUFE JO (/) NBUFSJBMT XJUI MBSHF TUSBJO IBSEFOJOH JT IFSF
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Figure 3.8 Cauchy stress ৹�� and ৹�� ahead of the crack tip in a hyperelastic soft tissue described by
Vito’s model, at an applied stretch ৱ �  (logarithmic plot). Power of the singularity with respect to
the deformed radial coordinate ৷ is indicated on the plots. a ১ � ୖ, b ১ � ୗ (Fung) and c ১ � ୖ�

DPOGJSNFE� 5IF TJOHVMBSJUZ FYQPOFOU PG UIF OPSNBM TUSFTT BIFBE PG UIF DSBDL UJQ JT̛ ˱��� XIJDI JT
DMPTF UP UIF WBMVF PG UIF OFP�)PPLFBO NBUFSJBM CVU IFSF BMTP ৹ୗୗ IBT B TJNJMBS TJOHVMBS CFIBWJPVS�
*O BEEJUJPO XF OPUJDF UIBU UIF QPXFS MBX USFOE 	MJOFBS JO UIF MPHBSJUINJD QMPUT
 POMZ GJUT B TNBMM
EJTUBODF GSPN UIF UJQ BQQSPYJNBUFMZ GPS ৷�ǽ ̓ ��˱ DPOGJSNJOH UIBU JO TUSBJO IBSEFOJOH NBUFSJBMT
UIF DSBDL UJQ SFHJPO DPOTJTUT PG B MPDBMJ[FE [POF PG IJHI TUSFTT HSBEJFOUT�

Deformed crack profile
8F IBWF BMSFBEZ BOUJDJQBUFE IPX UIF TJ[F PG UIF MBSHF EFGPSNBUJPO [POF BOE IFODF UIF FMBTUJD
CMVOUJOH PG UIF DSBDL UJQ JT JOGMVFODFE CZ UIF EFHSFF PG TUSBJO IBSEFOJOH PG UIF NBUFSJBM� /PX
XF UBLF B DMPTFS MPPL BU UIF EFGPSNFE DSBDL QSPGJMFT GPS UIF QSFWJPVTMZ DPOTJEFSFE DBTFT BOE PGGFS B
MPDBM NFBTVSF PG FMBTUJD CMVOUJOH CZ NFBOT PG B SBEJVT PG DVSWBUVSF BU UIF DSBDL UJQ� 5IF HFPNFUSZ
JT FYBDUMZ BT BCPWF XJUI UIF POMZ EJGGFSFODF JO UIF NFTI PG UIF DSBDL�UJQ SFHJPO� TJODF UIF EJTQMBDF�
NFOU GJFME XF BSF JOUFSFTUFE JO JT OPU TJOHVMBS UIF UJQ JT NPEFMMFE BT B CMVOUFE OPUDI UP PCUBJO
CFUUFS EFGPSNFE QSPGJMFT� 5IF JOJUJBM SBEJVT PG UIF CMVOUFE OPUDI XBT TFU UP ��˱ǽ BOE IBT CFFO
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3. The crack-tip zone in soft elastic tissues
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Figure 3.9 Deformed crack profiles at an applied stretch ৱ � , in GNH materials at various strain
hardening (a), and in Vito’s materials at different ১ (b). c-d Tip radius variation with the remote
stretch in the same materials. Also shown is the increase at ৱ � ୗ� with respect to the tip radius at
small deformations ৱ � ୗ�ୗ
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3.2. Crack-tip singularities in strain-hardening soft materials

UFTUFE UP CF JSSFMFWBOU PO UIF SFTVMUJOH DVSWBUVSF VQPO EFGPSNBUJPO�
'JHVSF ��� JMMVTUSBUFT UIF EFGPSNFE QSPGJMFT PG UIF OFBS�UJQ SFHJPO GPS UIF DBTFT DPOTJEFSFE CF�

GPSF� 'SPN 'JH����B XF DBO BQQSFDJBUF UIF SFNBSLBCMF JOGMVFODF PG UIF TUSBJO IBSEFOJOH QBSBNFUFS
JO (/) NBUFSJBMT� JO QBSUJDVMBS GPS ݟ ɱ ��� UIF QIFOPNFOPO PG DSBDL CMVOUJOH JT HSFBUMZ FO�
IBODFE��� BOE QSPHSFTTJWFMZ NJUJHBUFT BU IJHIFS WBMVFT� 7JUP�T FYQPOFOUJBM IBSEFOJOH NPEFM JT
TIPXO JO 'JH����C� 5IF OPSNBMJTFE EJTQMBDFNFOU �ǽݪ JT OPUBCMZ EJGGFSFOU GSPN UIBU JO (/)
NBUFSJBMT BQQSPYJNBUFMZ POF PSEFS PG NBHOJUVEF MPXFS DPOGJSNJOH UIBU TUSBJO IBSEFOJOH IBT UIF
FGGFDU PG SFEVDJOH UIF EFGPSNBUJPO JO UIF DSBDL�UJQ SFHJPO� "T JO UIF TUSFTT DVSWFT UIF WBSJBUJPO PG১ TFFNT UP CF PG NBSHJOBM JNQPSUBODF�

&MBTUJD CMVOUJOH PG UIF DSBDL UJQ VOEFS MPBEJOH DBO CF RVBOUJGJFE JO UFSNT PG B MPDBM DVSWBUVSF�
'SPN UIF EFGPSNFE DPPSEJOBUFT �ୗݪ ݪ PG UIF DSBDL QSPGJMF 	'JH����C
 XF EFGJOF UIF SBEJVT PG
DVSWBUVSF ৷ BT UIF SBEJVT PG UIF CFTU GJUUJOH DJSDMF FTUJNBUFE VTJOH UIF IZQFS�DJSDMF BMHPSJUIN����
5IJT NFUIPE BTTVNFT UIBU UIF DVSWBUVSF PG UIF DSBDL GMBOL JT DPOTUBOU BU MFBTU XJUIJO B DFSUBJO
EJTUBODF GSPN UIF UJQ XIJDI XF IBWF UBLFO BQQSPYJNBUFMZ FRVBM UP ��˱ǽ� 5IF SFTVMUT TVNNBSJTFE
JO 'JH����D�E DPOGJSN UIF SPMF PG TUSBJO IBSEFOJOH JO EJNJOJTIJOH UIF MPDBM EFGPSNBUJPO XJUI
CMVOUJOH NBSLFEMZ SFEVDFE JO (/) NBUFSJBMT XJUI ݟ  � BOE JO 7JUP�T NPEFM 	QMFBTF OPUF UIF
EJGGFSFOU TDBMF JO 'JH����E
� 5IF NBHOJUVEF PG DSBDL CMVOUJOH JT QVU JO FWJEFODF CZ DPOTJEFSJOH
UIF SBUJP CFUXFFO UIF UJQ SBEJVT ৷ୗ� VOEFS SFNPUF MBSHF TUSFUDI EFGJOFE BT UIF SBEJVT GPS ৱ � ���
BOE UIF SBEJVT ৷ୗ�ୗ GPS TNBMM EFGPSNBUJPO 	JMMVTUSBUFE JO UIF JOTFUT PG 'JH����D�E
� 5IJT SBUJP
BQQSPYJNBUFMZ FRVBM UP � JO TUSBJO IBSEFOJOH NBUFSJBMT SJTFT VQ UP ̛ �� JO B /) NBUFSJBM BOE
QFBLT BU ̛ �� XIFO ݟ � ���� "MTP QMPUUFE JO 'JH����D JT UIF TPMVUJPO GPS -&'. XIJDI JT PCUBJOFE
CZ FNQMPZJOH UIF HFOFSBMJTFE MJOFBS FMBTUJD NPEFM 	BMTP LOPXO BT 4BJOU 7FOBOU�,JSDIIPGG NPEFM

BOE EJTQMBZT CMVOUJOH TJNJMBS UP UIF /) DBTF�

" GVSUIFS QSPPG DPNFT GSPN UIF DPOUPVST PG UIF OPNJOBM PQFOJOH TUSBJO ৫ JO UIF DSBDL�UJQ
SFHJPO JMMVTUSBUFE JO 'JH������ 'PS ݟ ̓ � UIF [POF PG IJHI TUSBJOT EFGJOFE BT UIF SFHJPO XIFSF
UIF MPDBM TUSBJO FYDFFET UIF SFNPUF OPNJOBM TUSBJO ৫ CZ B GBDUPS PG UISFF JT MBSHF XIFSFBT JO 7JUP�T
NBUFSJBM JU TFFNT UP CF WFSZ DPODFOUSBUFE BSPVOE UIF DSBDL UJQ� 4QFDJGJDBMMZ GPS O � ��� UIF DSBDL
BQQFBST TFWFSFMZ CMVOUFE BOE UIF SFHJPO XJUI IJHI TUSBJOT DPWFST B MBSHF BSFB 	JO UIF SFE [POF TIPXO
UIF MPDBM TUSBJOT BSF VQ UP �� ৫
�
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3. The crack-tip zone in soft elastic tissues

Figure 3.10 Contours of the opening strain ৫ୢୢ in the crack-tip region, as a function of the remote
nominal strain ৫. GNH materials at various strain hardening and Vito’s material are compared

3.2.4. Characterisation of the crack-tip fields
#BTFE PO UIF SFTVMUT PG UIF OVNFSJDBM BOBMZTFT XF IBWF TIPXO UIBU TUSBJO IBSEFOJOH BGGFDUT CPUI
UIF TJOHVMBS TUSFTT BOE UIF DSBDL DPOGPSNBUJPO DPOTQJDVPVTMZ� #VU XIBU BSF UIF JNQMJDBUJPOT 5IF
VMUJNBUF HPBM PG DIBSBDUFSJTJOH UIF DSBDL�UJQ GJFMET JO IZQFSFMBTUJD NBUFSJBMT JT UP VOEFSTUBOE JG B
TUSFTT�CBTFE QBSBNFUFS TJNJMBS UP UIF TUSFTT JOUFOTJUZ GBDUPS ݃ PG -&'. FYJTUT BOE DBO CF VTFE
UP JOWFTUJHBUF UIF DSJUJDBM DPOEJUJPO GPS QSPQBHBUJPO� *O PUIFS UFSNT XJUI UIF FOFSHFUJD BQQSPBDI
CFJOH B WBMJE DSJUFSJPO GPS GSBDUVSF JO BOZ FMBTUJD NBUFSJBM XIFO EJTTJQBUJWF QSPDFTTFT BSF OPU SFMFWBOU
XF MPPL GPS B DPSSFTQPOEJOH 4*'�MJLF TUSFTT QBSBNFUFS�

*O IZQFSFMBTUJD NBUFSJBMT UIF FOFSHZ SFMFBTF SBUF ܿ EFQFOET PO UIF TUSBJO FOFSHZ EFOTJUZݏ
ৱ��
*O QBSUJDVMBS GPS B QVSF TIFBS DPOGJHVSBUJPO &R�	���
 ܿ JT JOEFQFOEFOU PG UIF DSBDL MFOHUI BOE
IFODF TIPXT BO JODSFBTJOH USFOE XJUI UIF TUSFUDI ৱ JO UIF TBNF NFBTVSF PG ݏ 	'JH�����B
� 8F
OPUJDF UIBU 7JUP�T TUSBJO FOFSHZ JT TJNJMBS UP UIF (/) NPEFM GPS UIF DBMJCSBUJPO QBSBNFUFST IFSF
BEPQUFE BOE JT JOEFQFOEFOU PG UIF QBSBNFUFS ১� 5IJT GFBUVSF JT QFDVMJBS PG UIF QVSF TIFBS DPOGJH�
VSBUJPO CFDBVTF UIF GJSTU BOE TFDPOE TUSBJO JOWBSJBOUT UVSO PVU UP CF FRVBM�

-FU VT CFHJO CZ DPOTJEFSJOH UIF /) NBUFSJBM 	J�F� UBLJOH ݟ � � JO UIF (/) TUSBJO FOFSHZ
EFOTJUZ
� 5IF DSBDL�UJQ TUSFTT GJFME JO UIF DVSSFOU DPOGJHVSBUJPO &R�	����
 JT EPNJOBUFE CZ UIF
OPSNBM DPNQPOFOU ৹� 0O UIF DSBDL�MJOF UIF BOHVMBS GVODUJPO 
ݘ৷� ৼ� JT FRVBM UP VOJUZ TP UIBU
XF DBO XSJUF ৹ � ৲�ܻୗܻ৷˱ୗ� 	����
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Figure 3.11 a Normalised energy release rate ܿ�ܽǽ as a function of the applied stretch ৱ for different
strain hardening materials. b The elastic parameter ܻ. c The SIF-like stress parameter .ݡܻܿ The
dashed lines refer to the corresponding quantities in LEFM. Diamonds on the plots are obtained at
constant strain energy

XIFSF ܻୗ BOE ܻ BSF UXP JOEFQFOEFOU QBSBNFUFST HPWFSOJOH UIF BNQMJUVEF PG UIF TJOHVMBS GJFME�
3FDBMMJOH UIBU UIF FOFSHZ SFMFBTF SBUF JT FRVBM UP ܿ � ৶��৲ܻ ��� XF SFXSJUF &R�	����
 UP PCUBJO৹ � ܻܿ৷˱ୗ� 	����


XJUI ܻ � ܻୗ�৶� 8F OPX HFOFSBMJTF UP PUIFS IZQFSFMBTUJD NPEFMT BOE BSSJWF BU UIF GPMMPXJOH GSPN
PG UIF TJOHVMBS OPSNBM TUSFTT ৹ � �ݡ˱৷ݡܻܿ 	����


XIFSF ݡ JT UIF QPXFS PG UIF TJOHVMBSJUZ� ݡܻܿ JT B 4*'�MJLF TUSFTT QBSBNFUFS XIJDI DIBSBDUFSJTFT UIF
NBHOJUVEF PG UIF TJOHVMBS TUSFTT GJFME JO BOZ IZQFSFMBTUJD NBUFSJBM� /PUF UIBU OPXܻ IBT EJNFOTJPOTܾ
ୗ˱ݡ��݄
˱ݡ�� " CFUUFS VOEFSTUBOEJOH PG UIF QSFWJPVT FYQSFTTJPO DPNFT GSPN DPOTJEFSJOH UIF DBTF
PG -&'.� )FSF UIF TJOHVMBS OPSNBM TUSFTT BIFBE PG UIF DSBDL UJQ &R�	����
 JT HJWFO CZ

৹-&'. � ݃݁˹
�৶�৷˱ୗ�� 	����
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3. The crack-tip zone in soft elastic tissues

XIFSF UIF 4*' JT SFMBUFE UP UIF FOFSHZ SFMFBTF SBUF PG -&'. UISPVHI ܿ�݃݁�ܽ� .PSFPWFS JO UIF
QVSF TIFBS DPOGJHVSBUJPO XF DBO EFSJWF ܿ GSPN UIF TUSBJO FOFSHZ JO B MJOFBS FMBTUJD NBUFSJBM BOE
PCUBJO ܿ-&'. � ǽܽ
ৱ ˱ ��� 	����


"EPQUJOH UIF TBNF GPSNBMJTN JOUSPEVDFE BCPWF ݡ � ��� BOEܻ-&'. � 
ܽ��৶�ୗ�� 	����


XIJDI TIPXT UIBU JO MJOFBS FMBTUJD NBUFSJBMT ܻ JT DPOTUBOU BOE QSPQPSUJPOBM UP UIF :PVOH�T NPEV�
MVT� 0O UIF DPOUSBSZ JO IZQFSFMBTUJD NBUFSJBMT UIF QBSBNFUFSܻ DIBOHFT XJUI UIF BQQMJFE TUSFUDI BT
TIPXO JO 'JH�����C� 5IF QBSBNFUFS ܻ XBT PCUBJOFE GSPN '& BOBMZTFT UISPVHI B MJOFBS SFHSFTTJPO
BU [FSP JOUFSDFQU PO UIF MPHBSJUINJD QMPUT PG UIF TUSFTT ৹ WFSTVT UIF USVF EJTUBODF GSPN UIF UJQ�
*U BQQFBST UIBU SFHBSEMFTT PG UIF TUSBJO IBSEFOJOH CFIBWJPVS UIF DVSWFT GPMMPX B QPXFS�MBX EF�
DSFBTJOH USFOE XJUI UIF BQQMJFE TUSFUDI UFOEJOH UPXBSET B IPSJ[POUBM BTZNQUPUF GPS MBSHF TUSFUDIFT�
*O 'JH�����D XF TIPX UIF QMPUT PG UIF 4*'�MJLF TUSFTT QBSBNFUFS ݡܻܿ JODSFBTJOH XJUI TUSFUDI XJUI
EJGGFSFOU USFOET EFQFOEJOH PO UIF TUSBJO�IBSEFOJOH QBSBNFUFS �ݟ 5IF SFGFSFODF DBTF PG B MJOFBS
FMBTUJD NBUFSJBM JT JMMVTUSBUFE CZ UIF EBTIFE MJOFBS USFOE PG UIF TUSFTT JOUFOTJUZ GBDUPS ݃݁��৶ XIFSF݃݁ JT B MJOFBS GVODUJPO PG UIF TUSFUDI BDDPSEJOH UP

݃݁ � ܽ˹ǽ
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Figure 3.12 Effect of strain-hardening in GNH
materials, on the stretch ৱ and the crack-tip radius ৷�ǽ
at constant strain energy release rate

*O PSEFS UP FYQMPSF UIF JNQMJDBUJPOT PO
GSBDUVSF XF DPOTJEFS BO BOBMZTJT BU DPOTUBOUܿ�
5IJT DPVME CF UIF GSBDUVSF UPVHIOFTT PG B HJWFO
NBUFSJBM NFBTVSFE FYQFSJNFOUBMMZ CVU UP SF�
UBJO HFOFSBM WBMJEJUZ XF QSFGFS UP EFOPUF JU BT B
DPOTUBOU WBMVF PG UIF FOFSHZ SFMFBTF SBUF� #F�
TJEFT XF PCTFSWF UIBU DPOTUBOU WBMVFT PG ܿ BSF
SFMBUFE UP FRVBM BSFBT JO UIF TUSFTT�TUSFUDI QMPUT
CFJOH ܿ QSPQPSUJPOBM UP UIF TUSBJO FOFSHZ EFO�
TJUZݏ
ৱ� JO UIF QVSF TIFBS DPOGJHVSBUJPO� 8F
DBO DPNQBSF NBUFSJBMT XJUI EJGGFSFOU TUSBJO�
IBSEFOJOH CFIBWJPVS CZ FYUSBDUJOH UIF DPSSF�
TQPOEJOH TUSFUDI ৱ GSPN UIF DVSWFT PG ܿ� 5IF
SFTVMUT BSF JMMVTUSBUFE CZ DPMPVSFE EJBNPOET PO
UIF QMPUT JO 'JH������ 5IF LFZ UP SFBE UIJT BOBM�
ZTJT JT UIF GPMMPXJOH� XIJMF JO -&'. BOZ WBMVF
PG ܿ IBT B VOJWPDBM DPSSFTQPOEFODF XJUI ݃݁  XIJDI JT BMTP JOEFQFOEFOU PG UIF NBUFSJBM QSPQFSUJFT
JO IZQFSFMBTUJD NBUFSJBMT XF IBWF B EJGGFSFOU TDFOBSJP� 0CTFSWJOH 'JH�����D XF OPUJDF UIBU UIF TBNF
TUSBJO FOFSHZ SFMFBTF SBUF SFTVMUT JO EJGGFSFOU WBMVFT PG UIF 4*'�MJLF QBSBNFUFS �ݡܻܿ #BTFE PO UIJT
PCTFSWBUJPO BOE PO UIF QSFWJPVT OVNFSJDBM BOBMZTFT PO UIF TUSFTT TJOHVMBSJUJFT XF BSF OPX BCMF UP
TLFUDI B VOJGZJOH QJDUVSF PG DSBDL�UJQ GJFMET BOE GSBDUVSF JO IZQFSFMBTUJD TUSBJO�IBSEFOJOH NBUFSJBMT�
8IJMF UIF FOFSHFUJD BQQSPBDI JT B WBMJE DSJUFSJPO GPS GSBDUVSF JO BOZ FMBTUJD NBUFSJBM UIF FRVJWB�
MFOU GJFME BQQSPBDI XIJDI FNQMPZT B TUSFTT�CBTFE QBSBNFUFS JT MJNJUFE UP TNBMM TDBMF ZJFMEJOH BOE
IFODF UP -&'.� *O IZQFSFMBTUJD NBUFSJBMT UIF TUSFTT QBSBNFUFS ݡܻܿ EFGJOFT UIF BNQMJUVEF PG UIF
OPSNBM TUSFTT CVU EPFT OPU QSPWJEF BO FRVJWBMFOU QBSBNFUFS UP EFGJOF B DSJUJDBM DPOEJUJPO GPS DSBDL
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3.3. The strength of soft solids: crack blunting and flaw tolerance

QSPQBHBUJPO� .PSFPWFS UIF OPSNBM TUSFTT EPNJOBUFT UIF DSBDL�UJQ TPMVUJPO POMZ BU SFEVDFE TUSBJO
IBSEFOJOH CFDBVTF GPS JODSFBTJOH WBMVFT PG ݟ UIF QBSBMMFM TUSFTT ৹ୗୗ BMTP JODSFBTFT JUT TJOHVMBSJUZ�

0OF MBTU BTQFDU XIJDI XF IBWF TIPXO UP CF FTTFOUJBM JO DIBSBDUFSJTJOH UIF DSBDL�UJQ [POF JO
TUSBJO IBSEFOJOH NBUFSJBMT JT FMBTUJD CMVOUJOH� *O EJGGFSFOU TUSBJO�IBSEFOJOH NBUFSJBMT FRVJWBMFOU
WBMVFT PG ܿ NJHIU PDDVS BU TJNJMBS TUSFUDIFT CVU XJUI ESBTUJDBMMZ EJGGFSFOU CMVOUJOH� 5IJT JT JMMVT�
USBUFE JO 'JH����� XIFSF XF IBWF QMPUUFE UIF WBSJBUJPO PG UIF TUSFUDI ৱ BOE UIF DSBDL�UJQ SBEJVT৷�ǽ BT B GVODUJPO PG UIF TUSBJO�IBSEFOJOH QBSBNFUFS ݟ PG (/) NBUFSJBMT DPNQVUFE BU DPOTUBOU
TUSBJO FOFSHZ� 'PS ݟ  � CPUI UIF DVSWFT UFOE UP B DPOTUBOU WBMVF CVU CFMPX UIJT MJNJU XF PCTFSWF
UIBU NPEFSBUF DIBOHFT JO UIF TUSFUDI 	JO UIF SBOHF ৱ � ���˱ ���
 DPSSFTQPOE UP B UFO�GPME JODSFBTF
JO UIF UJQ SBEJVT GSPN ৷�ǽ ̢ ���� UP ৷�ǽ ̢ ���� 5IJT JT PG OP MFTT JNQPSUBODF CFDBVTF DSBDL QSPQ�
BHBUJPO NFDIBOJTNT DBO CF JOGMVFODFE CZ UIF EFHSFF PG CMVOUJOH� "MUIPVHI UIFTF NFDIBOJTNT BSF
VOJRVF UP B TQFDJGJD NBUFSJBM BOE B EFUBJMFE BOBMZTFT XBT CFZPOE UIF TDPQF PG UIF QSFTFOU UIFTJT XF
DBO USZ UP TVHHFTU QPTTJCMF CFIBWJPVST� 5IF UZQJDBM GBJMVSF NFDIBOJTN PG FMBTUPNFST JT CZ HSPXUI
PG DBWJUJFT JOTJEF UIF CMVOUFE SFHJPO XIJDI PDDVS XIFO UIF IZESPTUBUJD UFOTJPO JT PG UIF PSEFS PG
UIF FMBTUJD NPEVMVT���� "T PCTFSWFE EVSJOH UIF BOBMZTJT PG UIF TJOHVMBS TUSFTT GJFMET B QPJOU DMPTF
UP UIF DSBDL�UJQ JT TVCKFDUFE UP VOJBYJBM UFOTJPO JO B OFP�)PPLFBO NBUFSJBM CVU UFOET UP SFDPWFS
UIF IZESPTUBUJD TUBUF XJUI JODSFBTJOH TUSBJO IBSEFOJOH� "OPUIFS QPTTJCMF NFDIBOJTN DPOTJTUT JO
UIF GPSNBUJPO PG NJDSP�DSBDLT GSPN UIF CMVOUFE DSBDL�UJQ XIFSF UIF MPDBM FMBTUJD NPEVMVT DBO CF
TFWFSBM PSEFS PG NBHOJUVEFT MBSHFS UIBO UIF JOJUJBM NPEVMVT���� 'VUVSF FYQFSJNFOUBM PCTFSWBUJPOT
PO FMBTUPNFST BOE CJPMPHJDBM UJTTVFT XPVME BMMPX VT UP CFUUFS VOEFSTUBOE IPX UIF GBJMVSF QSPDFTT
JT BGGFDUFE CZ TUSBJO IBSEFOJOH�

3.3. The strength of soft solids: crack blunting and flaw tol-
erance

$SBDL CMVOUJOH JT BNPOH UIF NPTU QFDVMJBS GFBUVSFT PG GSBDUVSF JO TPGU NBUFSJBMT BOE BEET B GVO�
EBNFOUBM DPOUSJCVUJPO UP UIFJS SFNBSLBCMF UPVHIOFTT� .PUJWBUFE CZ BO FYUFOTJWF FYQFSJNFOUBM
DBNQBJHO PO UIJO TJMJDPOF TQFDJNFOT���o��� XF IBWF JOWFTUJHBUFE UIF JNQBDU PG DSBDL CMVOUJOH
PO UIF NBDSPTDPQJD NFDIBOJDBM SFTQPOTF JO SFMBUJPO UP GMBXT PG WBSJPVT TFWFSJUZ BOE TIBQF� *O
UIJT TFDUJPO XF DPMMFDU TPNF PG UIF FYQFSJNFOUBM SFTVMUT BOE QSPQPTF BO BOBMZUJDBM NPEFM PG DSBDL
CMVOUJOH CBTFE PO B SFGJOFNFOU PG UIF GPSNVMBUJPO QSFTFOUFE CZ 4QBHOPMJ FU BM� ����

3.3.1. Experimental tests on thin flawed specimens
)FSF XF GPDVT PO FYQFSJNFOUBM UFTUT DBSSJFE PVU PO UIJO QMBUFT DPOUBJOJOH DSBDLT PG EJGGFSFOU
MFOHUIT XIJDI XFSF TUSFUDIFE VOEFS EJTQMBDFNFOU DPOUSPM VQ UP DPNQMFUF GBJMVSF 	'JH�����
� 5IF
QMBUFT XFSF TVCKFDUFE UP UFOTJMF MPBEJOH BMPOH UIF Z�BYJT BQQMJFE BU B DPOTUBOU TUSBJO SBUF Ï৫ ���� ˱ ��� Τ ��˱T˱�� 5IF TBNQMFT NBUFSJBM DPOTJTUT PG DPNNFSDJBM TJMJDPOF SVCCFST TJNJMBS UP UIPTF
VTFE JO $IBQUFS � XJUI :PVOH�T NPEVMVT ܽ � ����˱����.1B BOE 1PJTTPO�T SBUJP ৳ � ����˱�����
" TVNNBSZ PG UIF UFTUT JT QSFTFOUFE JO 5BCMF ��� SFQPSUJOH BO JEFOUJGJDBUJPO DPEF UIF SFMFWBOU HF�
PNFUSZ PG UIF TQFDJNFO BOE UIF VMUJNBUF TUSFUDI ৱݕ�

5IF SFTQPOTF PG UIF TQFDJNFOT EVSJOH UIF FYQFSJNFOUBM UFTUT JT NPOJUPSFE CZ NFBTVSJOH EJT�
QMBDFNFOUT BOE BQQMJFE GPSDFT XJUI B MPBE DFMM BOE VTJOH B %JHJUBM *NBHF $PSSFMBUJPO 	%*$
 UFDI�
OJRVF UP HFU GVMM�GJFME EJTQMBDFNFOU BOE TUSBJO NBQT VOEFS MPBE� %JTQMBDFNFOU BOE TUSBJO GJFMET
XJUIJO UIF TQFDJNFOT XFSF BDRVJSFE UISPVHI UIF GSFFXBSF TPGUXBSF /DPSS���
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3. The crack-tip zone in soft elastic tissues
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Figure 3.13 a Sketch of the sample containing a centred internal crack of length .ݓ b Elliptic
deformed configuration in curvilinear coordinates. c Sketch of the edge-cracked plates

6QPO BQQMZJOH UIF UFOTJMF MPBE UIF JOJUJBM DSBDL�MJLF EFGFDUT UFOE UP CMVOU QSPHSFTTJWFMZ FY�
IJCJUJOH B SFNBSLBCMF EFGFDU SFNPEFMMJOH� *O 'JH�����B�C UXP TQFDJNFOT DPOUBJOJOH B DFOUSFE
DSBDL BSF TIPXO BU JODSFBTJOH MPBET� *O BO JOUFSNFEJBUF TUSFUDI SBOHF UIF %*$ NBQT DMFBSMZ TIPX
B TUSBJO DPODFOUSBUJPO UZQJDBM PG BO FMMJQUJDBM OPUDI XIFSF UIF NBYJNVN TUSBJO WBMVFT PDDVS JO UIF
MPDBUJPOT DPSSFTQPOEJOH UP UIF PSJHJOBM DSBDL UJQT� "U JODJQJFOU GBJMVSF 	ৱ � ৱݕ
 UIF TUSBJO NBQT
FYIJCJU B NPSF DPNQMFY EJTUSJCVUJPO EVF UP UIF GBJMVSF NFDIBOJTNT EFWFMPQJOH JO UIF WJDJOJUZ PG
UIF OPUDI SPPUT� "U UIF TBNF UJNF B DPNQSFTTFE SFHJPO DBO CF OPUJDFE DMPTF UP UIF DSBDL GMBOLT
EVF UP UIF DPOUSBDUJPO FGGFDU BSJTJOH JO UIF EJSFDUJPO OPSNBM UP UIF BQQMJFE EJTQMBDFNFOU� 'JHVSFT
����D�F BSF SFMBUFE UP FYQFSJNFOUT PO FEHF�DSBDLFE TQFDJNFOT XIJDI GBJMFE OPUJDFBCMZ FBSMJFS UIBO
DFOUSF�DSBDLFE TBNQMFT BOE XJUI MJNJUFE DSBDL UJQ CMVOUJOH� 5IF CFIBWJPVS NJHIU EFQFOE PO UIF
EJGGFSFOU DPOGJHVSBUJPO XIJDI DBVTFT BO FOIBODFE TUSFTT JOUFOTJGJDBUJPO UIBU MFBET UP B QSFNBUVSF
GBJMVSF PG UIF QPMZNFS OFUXPSL DIBJOT DMPTF UP UIF DSBDL UJQ�

"O JOTJHIUGVM SFQSFTFOUBUJPO PG UIF FYQFSJNFOUBM SFTVMUT JT QSPWJEFE JO 'JH����� XIJDI DBO CF
JOUFSQSFUFE BT B GMBX�TFOTJUJWJUZ NBQ� FBDI UFTU JT JEFOUJGJFE CZ B WBMVF PG UIF VMUJNBUF TUSFUDI ৱݕ
BT B GVODUJPO PG UIF DIBSBDUFSJTUJD MFOHUI ݓ PG UIF JOJUJBM DSBDL�MJLF EFGFDU� "DDPSEJOH UP -&'.
UIF TUSFUDI BU GBJMVSF TIPXT B EFDSFBTJOH QPXFS�MBX EFQFOEFODF PO UIF DSBDL MFOHUI HJWFO CZ UIF
GPMMPXJOH FRVBUJPO ৱݕ ̛ ೧ ç৶ܽݓ˱ୗ�� 	����


XIFSF ç JT UIF GSBDUVSF UPVHIOFTT� 5IJT FRVBUJPO JT PCUBJOFE JG XF BTTVNF UIF DPOEJUJPO PG GBJM�
VSF XIFO ܿ � ç BOE SFDBMMJOH UIBU UIF SFNPUF TUSFTT ৹ ̛ ˹ܿܽ�৶ݓ� 8IJMF UIF FYQFSJNFOUBM
SFTVMUT PG FEHF�DSBDLFE TQFDJNFOT TFFN UP BHSFF XFMM XJUI UIF -&'. QSFEJDUJPO 	EBTIFE MJOFT JO
'JH�����
 DFOUSF�DSBDLFE TBNQMFT CFIBWF EJGGFSFOUMZ� 8F TQFDVMBUF UIBU UIF SFBTPO MJFT JO UIF NPSF
QSPOPVODFE CMVOUJOH PG UIF DSBDL UJQ XIJDI JT OPU QSFEJDUFE CZ UIF MJOFBS FMBTUJD TPMVUJPO�
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3.3. The strength of soft solids: crack blunting and flaw tolerance
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Figure 3.14 DIC maps of the Green-Lagrange strain ݪݪܽ in the pre-cracked specimens, at different
loading (the applied stretch ৱ is shown below each plot). a-b Centre-cracked specimens CC1 and
CC4. c-e Edge-cracked specimens EC2, EC3 and EC4
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3. The crack-tip zone in soft elastic tissues

Table 3.1 Geometric characteristics of cracked specimens

4QFDJNFO *% ݨ 
NN� ݓ 
NN� ݥ 
NN� ݨ�ݓ ৱݕ
$$� �� �� ���� ����� ����
$$� �� �� � ����� ����
$$� �� �� ���� ����� ����
$$� �� �� ���� ����� ����
&$� ���� � ��� ����� ����
&$� �� � ��� ����� ����
&$� �� � ��� ����� ����
&$� �� � ��� ����� ����
&$� �� ��� ��� ����� ����
&$� ���� � ��� ����� ����
&$� �� � ��� ����� ����
&$� �� � ��� ����� ����
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Figure 3.15 Ultimate remote stretches at failure ৱݕ as a function of the initial crack length .ݓ The
dashed lines correspond to best-fit curves with a the power law dependence of LEFM (Eq.3.43)
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3.3. The strength of soft solids: crack blunting and flaw tolerance

3.3.2. An analytical model for crack blunting
5IF %*$ JNBHFT PG UIF TJMJDPOF TBNQMFT DPOGJSNFE UIBU DSBDL�MJLF EFGFDUT CFDPNF EJTUPSUFE VOEFS
MPBEJOH BOE BTTVNF BO FMMJQUJD DPOGPSNBUJPO� *O UFSNT PG UIF DSBDL�UJQ GJFMET UIJT QSPDFTT DBVTFT
B QSPHSFTTJWF NJUJHBUJPO PG UIF TUSFTT DPODFOUSBUJPO XIJDI KVTUJGJFT UIF IJHIFS VMUJNBUF TUSFUDIFT
PCTFSWFE JO UIF TBNQMFT XJUI JODSFBTFE CMVOUJOH� *O QBSUJDVMBS DFOUSF�DSBDLFE TQFDJNFOT GBJMFE BU
MBSHFS TUSBJOT UIBO UIPTF QSFEJDUFE CZ -&'.� 8F QSPQPTF B TJNQMJGJFE NPEFM PG DSBDL CMVOUJOH JO
B MJOFBS FMBTUJD NBUFSJBM UP RVBOUJGZ UIF NBHOJUVEF PG CMVOUJOH BOE TIPX JUT JNQBDU PO UIF GBJMVSF
NFDIBOJTN�

*O B HFOFSJD OPUDIFE DPNQPOFOU TVCKFDUFE UP VOJGPSN TUSFTT XF DBO EFGJOF UIF TUSFTT DPODFO�
USBUJPO GBDUPS ݥ݃ BT ݥ݃ � ৹NBY�৹� 	����


XIFSF ৹NBY JT UIF NBYJNVN TUSFTT BU UIF OPUDI SPPU BOE ৹ JT UIF BQQMJFE TUSFTT NFBTVSFE XJUI
SFTQFDU UP B VOJGPSNMZ TUSFTTFE TFDUJPO PG UIF TBNQMF�

8F BTTVNF UIBU UIF EFGPSNFE DSBDL FWPMWFT JOUP BO FMMJQUJD TIBQF XIPTF NBKPS BOE NJOPS
TFNJ�BYFT BSF EFOPUFE CZ ݓ BOE ݔ BOE PCUBJO UIF MPDBM TUSFTT BOE EJTQMBDFNFOUT GSPN UIF HFOFSBM
TPMVUJPO PG BO FMMJQUJDBM IPMF JO BO JOGJOJUF FMBTUJD QMBUF 	'JH�����C
���� *O UIF DVSWJMJOFBS FMMJQUJDBM
DPPSEJOBUFT 
৴�৭� UIF TFNJ�BYFT BSF HJWFO CZݓ � ݕ DPTI৴ୖ� ݔ � ݕ TJOI৴ୖ� 	����


XIFSF ݕ � ݓ˹ ˱ ݔ JT UIF GPDBM EJTUBODF BOE ৴ � ৴ୖ � BSDDPTI
�ݕ�ݓ JT UIF FRVBUJPO PG UIF
FMMJQTF CPVOEBSZ� 5IFTF FYQSFTTJPOT IPME GPS BO FMMJQTF XJUI ݓ ݔ  PUIFSXJTF ݓ BOE ݔ OFFE UP CF
FYDIBOHFE� 5IF DPNQMFUF TPMVUJPO JT BWBJMBCMF JO UIF MJUFSBUVSF����

5IF TUSFTT DPODFOUSBUJPO GBDUPS ݥ݃ GPS BO FMMJQUJDBM OPUDI JO BO JOGJOJUF QMBUF JT���

ݥ݃ � ൭�  �೧ݓ৷൰ � 	����


XJUI ৷ � ݓ�ݔ CFJOH UIF NJOJNVN SBEJVT PG DVSWBUVSF PG UIF FMMJQTF�
-FU VT DPOTJEFS UIF TLFUDI PG UIF FMMJQUJD DSBDL TIPXO JO 'JH�����C� *O PSEFS UP EFTDSJCF UIF

DIBOHF PG ݥ݃ XJUI JODSFBTJOH EFGPSNBUJPO XF OFFE UP DPOTJEFS UIF WBSJBUJPO PG UIF SBEJVT PG
DVSWBUVSF ৷ VOEFS MPBE� "EPQUJOH B TUFQ�CZ�TUFQ TPMVUJPO FYUFSOBM MPBEJOH JT BQQMJFE JO JODSFNFOUT
E৹ݚ BOE TUSFTT BOE EJTQMBDFNFOUT BSF DPNQVUFE JO UIF QPJOUT PG JOUFSTFDUJPO XJUI UIF SFGFSFODF BYFT
�ݩ �ݪ EFOPUFE BT ݈NBY � ݈
ݩ � �ݓ ݪ � �� � ݈
৴ୖ� �� BOE ݈NJO � ݈
ݩ � �� ݪ � �ݔ � ݈
৴ୖ� ৶����
5IF EFGPSNFE DPOGJHVSBUJPO PG UIF FMMJQTF JT PCUBJOFE CZ VQEBUJOH UIF TFNJ�BYFT BDDPSEJOH UP UIF
EJTQMBDFNFOU JODSFNFOUT ݚݓ � ୗ˱ݚݓ  EݚݦNBY� ݚݔ � ୗ˱ݚݔ  EݚݦNJO� 	����


XIFSF EݚݦNBY BOE EݚݦNJO BSF SFTQFDUJWFMZ UIF JODSFNFOU PG EJTQMBDFNFOUT PCUBJOFE GSPN UIF TPMV�
UJPO PG UIF FMMJQUJDBM IPMF JO UIF QPJOUT ݈NBY BOE ݈NJO� 5IF TPMVUJPO JT UIFO VQEBUFE XJUI ݕ BOE৴ୖ VTJOH &R�	����
� 5IF UJQ SBEJVT BOE UIF TUSFTT DPODFOUSBUJPO GBDUPS BSF PCUBJOFE GSPN

৷ݚ � 
ݚݓ�ݚݔ BOE ݥݚ݃ � ৹ݚNBY৹ݚ � �  �೨ݚݓ৷ݚ � 	����
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3. The crack-tip zone in soft elastic tissues

5IF SFTVMUT BSF TIPXO JO 'JH�����B� )FSF XF DPNQBSF PVS TJNQMJGJFE BOBMZUJD TPMVUJPO XJUI
OVNFSJDBM SFTVMUT PCUBJOFE GSPN B MBSHF TUSBJO '& BOBMZTFT PG UIF TQFDJNFO $$� XIFSF UIF UJQ
SBEJVT JT FYUSBDUFE BT UIF SBEJVT PG UIF CFTU GJUUJOH DJSDMF UP UIF EFGPSNFE DSBDL� &YDFMMFOU BHSFF�
NFOU JT PCUBJOFE XJUI UIF BOBMZUJD NPEFM QSPQPTFE XIJDI JT CBTFE PO B MJOFBS FMBTUJD NBUFSJBM CVU
DPOTJEFST UIF HFPNFUSJD OPO�MJOFBSJUZ UISPVHI UIF DPOGJHVSBUJPO VQEBUF PG UIF FMMJQTF� "MTP BEEFE
UP UIF QMPU JT UIF NPEFM GPS FMBTUJD CMVOUJOH QSPQPTFE CZ )VJ FU BM� ���� *U JT CBTFE PO B %VHEBMF
DPIFTJWF [POF OFBS UP UIF FMMJQTF UJQ DIBSBDUFSJTFE CZ B DPIFTJWF TUSFTT ৹ݕ BOE GSBDUVSF UPVHIOFTTç� 5IF NBYJNVN OPUDI SPPU TUSFTT ৹NBY BT B GVODUJPO PG UIF BQQMJFE TUSFTT ৹ JT HJWFO CZ

৹NBYܽ � � ৹ܽ৹ܽ  ܺ � 	����


XIFSF ܺ � ç�
৹NBYݓ�� 5IF UJQ SBEJVT ৷ XBT UIFO PCUBJOFE SFQMBDJOH ৹NBY JO &R�	����
 BOE JOWFSU�
JOH &R�	����
�
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Figure 3.16 a Variation of the tip radius with the applied stretch: comparison between numerical
results and analytical models. b Normalised notch root true stress at incipient failure. The effect of
crack blunting is enhanced in specimens CC1–CC4, with the failure stress being approximately
constant (dashed line)

Application to experimental data
8F IBWF BQQMJFE UIF NPEFM QSPQPTFE UP UIF HFPNFUSJFT UFTUFE EVSJOH UIF FYQFSJNFOUT UP FWBMV�
BUF UIF NBHOJUVEF PG TUSFTT DPODFOUSBUJPO DPSSFTQPOEJOH UP GBJMVSF� *G DSBDL CMVOUJOH BOUJDJQBUFT
SVQUVSF BOE NJUJHBUFT UIF MPDBM DSBDL UJQ TUSFTT JU JT QPTTJCMF UIBU GBJMVSF DPVME CF QSFEJDUFE CZ B
MPDBM TUSFTT SBUIFS UIBO CZ B GSBDUVSF NFDIBOJDT SFMBUFE QBSBNFUFS� 8JUI UIJT TQFDVMBUJPO XF IBWF
PCUBJOFE UIF RVBOUJUZ ݥ݃ 
ৱݕ ˱ �� XIJDI SFQSFTFOUT UIF OPSNBMJTFE USVF TUSFTT BU UIF OPUDI SPPU
BU JODJQJFOU GBJMVSF BOE DBO UIFSFGPSF CF DPOTJEFSFE B NBUFSJBM QSPQFSUZ� *O QBSUJDVMBS ৱݕ JT UIF
VMUJNBUF TUSFUDI EFSJWFE GSPN UIF FYQFSJNFOUT 	5BCMF ���
 BOE ݥ݃ JT UIF TUSFTT DPODFOUSBUJPO GBD�
UPS DPSSFTQPOEJOH ৱݕ DPNQVUFE GSPN UIF BOBMZUJDBM NPEFM &R�	����
� 5IF SFTVMUT BSF TIPXO JO
'JH�����C BT B GVODUJPO PG UIF JOJUJBM MFOHUI ݓ PG UIF DSBDL�MJLF EFGFDUT� *U BQQFBST UIBU GBJMVSF JO UIF
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3.4. Crack blunting and sharpness in cutting

DFOUSF�DSBDLFE TQFDJNFOT $$��$$� XIFSF CMVOUJOH JT FOIBODFE PDDVST BU B DPOTUBOU OPNJOBM
TUSFTT JOEFQFOEFOU PO UIF MFOHUI ݓ EJGGFSFOUMZ GSPN UIF PUIFS DBTFT�

8F XJTI UP QPJOU PVU UIBU UIF BJN PG PVS BOBMZTFT XBT OPU UP QSPWJEF B DIBSU PG GMBX TFOTJUJWJUZ
JO UIF DBOPOJDBM GPSN� SBUIFS XF IBWF GPDVTTFE PO UIF FGGFDU PG CMVOUJOH� 0VS SFTVMUT TVHHFTU UIBU
FMBTUJD DSBDL CMVOUJOH NJUJHBUFT UIF TUSFTT JOUFOTJGJDBUJPO BOE QSPNPUFT B GMBX�UPMFSBOU GBJMVSF JO
TPGU NBUFSJBMT�

*O UIF BOBMZTFT XF IBWF OPU DPOTJEFSFE UIF FGGFDU PG SBUF� *U JT LOPXO UIBU WJTDPFMBTUJD EJTTJQBUJPO
NBZ BGGFDU UIF EFGPSNFE DSBDL QSPGJMF BOE JNQBDU PO UIF FMBTUJD CMVOUJOH PG QPMZNFSJD NBUFSJBMT�
4QFDJGJDBMMZ BU MPXFS TUSBJO SBUFT UIF NBUFSJBM DBO CF BTTVNFE JO B SFMBYFE TUBUF XJUI UIF FMBTUJD
NPEVMVT UIBU JT UIF NPEVMVT BU [FSP SBUF� *ODSFBTJOH UIF SBUF UIF EFGPSNBUJPO JT HPWFSOFE CZ
UIF JOTUBOUBOFPVT NPEVMVT XIJDI JT NVDI MBSHFS IFODF FMBTUJD CMVOUJOH DPVME CF SFEVDFE���� 5P
HFOFSBMJTF UIF PCTFSWFE CFIBWJPVS UP CJPMPHJDBM UJTTVFT XF XPVME OFFE UP FYQMPSF UIF SPMF PG TUSBJO
IBSEFOJOH XIJDI JT FYQFDUFE UP SFEVDF UIF FMBTUJD CMVOUJOH� 'VSUIFS BOBMZTFT BSF SFRVJSFE UP TIFE
MJHIU PO UIFTF QPJOUT�

3.4. Crack blunting and sharpness in cutting

8IFO QSPQBHBUJOH B DSBDL XJUI BO FYUFSOBM UPPM GPS JOTUBODF EVSJOH DVUUJOH XJUI B CMBEF PS B XJSF
UIF JOUFSBDUJPO CFUXFFO UIF GJOJUF TJ[F PG UIF UPPM BOE UIF DSBDL UJQ NVTU CF BDDPVOUFE GPS� )VJ
FU BM� ��� TVHHFTUFE UIBU B TIBSQ LOJGF FYFSUT TPNF TPSU PG DPOTUSBJOU PO UIF FMBTUJD CMVOUJOH PG UIF
DSBDL XIJDI NJHIU CF MJNJUFE CZ UIF GBDU UIBU UIF DSBDL PQFOJOH EJTQMBDFNFOU JT EFUFSNJOFE CZ
UIF LOJGF HFPNFUSZ� "EPQUJOH B DPIFTJWF DSBDL NPEFM UIFZ TQFDVMBUFE UIBU TVDI MJNJUJOH FGGFDU
PDDVST XIFOFWFS UIF UJQ SBEJVT PG UIF UPPM JT TNBMMFS UIBO UIF DSJUJDBM PQFOJOH EJTQMBDFNFOU PG
UIF DSBDL� 'PMMPXJOH UIFJS JEFB XF IBWF JOWFTUJHBUFE UIF JOUFSBDUJPO CFUXFFO B SJHJE XJSF BOE B
CMVOUFE DSBDL CVU JOTUFBE PG VTJOH UIF DSJUJDBM EJTQMBDFNFOU PG UIF DPIFTJWF MBX XF IBWF DPNQVUFE
B DSJUJDBM SBEJVT BU UIF UJQ PG UIF CMVOUFE DSBDL� 5IJT JT EFGJOFE BT UIF MPDBM SBEJVT PG DVSWBUVSF XIFO
B QSF�FYJTUJOH NPEF�* DSBDL JT JO UIF DPOEJUJPO PG JODJQJFOU QSPQBHBUJPO৷ݕ � ৷
ܿ � ç�� 	����


XIFSF ç JT UIF GSBDUVSF UPVHIOFTT PG UIF NBUFSJBM�
8F IBWF BOBMZTFE CZ NFBOT PG MBSHF TUSBJO '& BOBMZTFT WBSJPVT DPOGJHVSBUJPOT PG B TQFDJNFO

DPOUBJOJOH BO PQFO FEHF�DSBDL PG MFOHUI ݓ 	'JH�����B
� 5IF NBUFSJBM JT BO FMBTUJD TPGU BOE CSJUUMF
DPNQPVOE EFTDSJCFE CZ 0HEFO�T JODPNQSFTTJCMF IZQFSFMBTUJD NPEFM &R�	"���
 XIFSF UIF FMBTUJD
NPEVMVT ܽ JT JO UIF PSEFS PG �� ,1B� %VF UP TZNNFUSZ POMZ IBMG TQFDJNFO JT NPEFMMFE XJUI
��OPEF QMBOF TUSBJO FMFNFOUT TVJUBCMZ SFGJOFE BSPVOE UIF DSBDL UJQ XIJDI JT BSUJGJDJBMMZ CMVOUFE CZ
UBLJOH BO JOJUJBM TNBMM SBEJVT PG DVSWBUVSF� 5IF HFPNFUSZ EPFT OPU DPSSFTQPOE UP UIF QVSF�TIFBS
UZQF DPOTJEFSFE JO QSFWJPVT BOBMZTFT� 5IFSFGPSF JO PSEFS UP DPNQVUF UIF TUSBJO FOFSHZ SFMFBTF SBUFܿ XF DBOOPU FNQMPZ &R�	���
� *O B DPOUPVS TVSSPVOEJOH UIF DSBDL UJQ XF IBWF DPNQVUFE UIF
+ �JOUFHSBM XJUI SFTQFDU UP UIF VOEFGPSNFE DPOGJHVSBUJPO EFGJOFE BT���

݂ � ഐܻ ൭݆ݏୗ ˱ ݚݦݐୗ ൰ݛ݆ݛݚ݈ Eݤ� 	����


XIFSFݏ JT UIF FMBTUJD TUSBJO FOFSHZ EFOTJUZ GVODUJPO݆ୗ JT UIF VOJU WFDUPS JO UIF EJSFDUJPO PG DSBDL
QSPQBHBUJPO BOE ݛݚ݈ JT UIF GJSTU 1JPMB�,JSDIPGG TUSFTT� *O FMBTUJD NBUFSJBMT UIF + �JOUFHSBM JT QBUI�
JOEFQFOEFOU BOE FRVBM UP UIF FOFSHZ SFMFBTF SBUF ܿ TP UIBU UIF DPOEJUJPO PG DSBDL QSPQBHBUJPO JT
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3. The crack-tip zone in soft elastic tissues

Figure 3.17 a Sketch of the edge-crack and wire-cutting. Contours of the in-plane maximum principal
strain ৫NBY in the crack-tip region, as a function of the remote nominal strain ৫ݕ at incipient
propagation: b edge-crack configuration with remote mode-I loading; c-e wire cutting at different
diameters ݨݖ

BUUBJOFE XIFO ݂ ̀ ܿ � ç� 5IF QBSBNFUFS ç JT UIF GSBDUVSF UPVHIOFTT PG UIF NBUFSJBM PCUBJOFE
GSPN FYQFSJNFOUBM NFBTVSFT JO UIJT TQFDJGJD DBTF BQQSPYJNBUFMZ FRVBM UP ��� 1B N�

'JSTUMZ UIF DBTF PG BO FEHF�DSBDL TVCKFDUFE UP GBS�GJFME NPEF�* MPBEJOH CZ NFBOT PG BQQMJFE
EJTQMBDFNFOU JO UIF EJSFDUJPO QFSQFOEJDVMBS UP UIF DSBDL JT DPOTJEFSFE� 4VCTFRVFOUMZ XF IBWF
BOBMZTFE UIF TBNF DPOGJHVSBUJPO XJUI B SJHJE DJSDVMBS XJSF UIBU JT JOTFSUFE BOE QVTIFE GPSXBSE JO
UIF EJSFDUJPO QBSBMMFM UP UIF DSBDL VOUJM UIF GVMM MFOHUI PG UIF DSBDL JT DPWFSFE� 5IF DSJUJDBM DPOEJUJPO
JT UIF TBNF BT CFGPSF IBWJOH IZQPUIFTJ[FE UIBU UIF SFTJTUBODF UP DVUUJOH JT FRVBMMZ EFGJOFE CZ ç�
5IF SFMBUJPOTIJQ CFUXFFO UIF GJOJUF TJ[F PG UIF UPPM BOE UIF DSBDL UJQ JT FYQSFTTFE JO UFSNT PG UIF
XJSF EJBNFUFS ݨݖ WFSTVT UIF DSJUJDBM SBEJVT ৷ BU UIF UJQ PG UIF CMVOUFE DSBDL� 'SPN UIF EFGPSNFE
DPPSEJOBUFT 
�ୗݪ �ݪ PG UIF DSBDL QSPGJMF ৷ JT EFUFSNJOFE BT UIF SBEJVT PG UIF DJSDMF GJUUJOH UIF QSPGJMF
XJUIJO B EJTUBODF FRVBM UP ��˱ݓ GSPN UIF DSBDL UJQ�

3FTVMUT PG UIF BOBMZTFT BSF QSFTFOUFE JO 'JHT����������� *O 'JH����� FBDI GSBNF TIPXT UIF
DPOUPVST PG UIF NBYJNVN QSJODJQBM TUSBJO ৫NBY BU UIF DPOEJUJPO PG JODJQJFOU QSPQBHBUJPO UIBU
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3.4. Crack blunting and sharpness in cutting

JT XIFO ݂ � ç� 5IF FGGFDU PG TUSBJO MPDBMJTBUJPO BSPVOE UIF DSBDL UJQ JT JMMVTUSBUFE CZ TDBMJOH UIF
DPOUPVST XJUI SFTQFDU UP ৫ݕ EFGJOFE BT UIF SFNPUF OPNJOBM TUSBJO JO UIF FEHF�DSBDL DPOGJHVSBUJPO৫ݕ � ৱݕ ˱ �� 5IF FEHF�DSBDL DPOGJHVSBUJPO JT TIPXO JO 'JH�����C XJUI UJQ SBEJVT PG UIF CMVOUFE
DSBDL ৷ݕ� #Z DPOTJEFSJOH WBSJPVT XJSFT XJUI EFDSFBTJOH EJBNFUFST XF BSF BCMF UP MPDBUF B USBOTJUJPO
UP DPOTUSBJOFE CMVOUJOH XIFSF UIF DSJUJDBM DPOEJUJPO JT NFU XIFO UIF XJSF UPVDIFT UIF DSBDL UJQ
	'JH�����E
� 'VSUIFS FWJEFODFT PG TVDI B USBOTJUJPO DPNF GSPN UIF QMPUT PG UIF EFGPSNFE DSBDL
QSPGJMF JO B SFHJPO XJUIJO B EJTUBODF FRVBM UP ݓ��� GSPN UIF DSBDL UJQ 	'JH�����B
� 5IF DVSWFT
PCUBJOFE GSPN UIF JOTFSUJPO PG XJSFT XJUI EJGGFSFOU EJBNFUFST BSF BMNPTU FRVJWBMFOU BOE TJNJMBS
UP UIF QSPGJMF PG BO FEHF�DSBDL TVCKFDUFE UP SFNPUF MPBEJOH XJUI UIF FYDFQUJPO PG UIF EJBNFUFSݨݖ � �����NN�

0VS BOBMZTFT DPOUSJCVUF UP TIFE MJHIU PO UIF NFDIBOJTN ESJWJOH DSBDL QSPQBHBUJPO EVSJOH
DVUUJOH XIJDI JT IFSF USFBUFE BT B UXP�EJNFOTJPOBM TUFBEZ TUBUF QSPDFTT� *O HFOFSBM UFSNT DVUUJOH
XJUI B XJSF PS B UIJO CMBEF JT DPOTJEFSFE BOBMPHPVT UP QSPQBHBUF B DSBDL JO TZNNFUSJD MPBEJOH
DPOEJUJPOT XIFSF UIF DSBDL ESJWJOH FOFSHZ DPNFT QSJNBSJMZ GSPN UIF FYUFSOBM XPSL QFSGPSNFE
CZ UIF XJSF� %JGGFSFOUMZ GSPN QSPQBHBUJPO PG B DSBDL VOEFS SFNPUF MPBEJOH UIF GJOJUF TJ[F PG
DVUUJOH UPPMT BEET BO BEEJUJPOBM MFOHUI TDBMF UP UIF GSBDUVSF QSPDFTT� *O UIF DBTF PG XJSF DVUUJOH
IFSF DPOTJEFSFE JU JT UIF XJSF EJBNFUFS ݨݖ UIF SFMFWBOU EJNFOTJPO UIBU OFFET UP CF DPNQBSFE XJUI
B DIBSBDUFSJTUJD MFOHUI PG UIF GSBDUVSF QSPDFTT� *O BO FMBTUJD NBUFSJBM TVDI MFOHUI JT EFGJOFE BT UIF
OBUVSBM UJQ SBEJVT PG UIF CMVOUFE DSBDL ৷ݕ ̛ ç�ܽ� #Z DPNQBSJOH BOBMZTFT XJUI XJSFT PG WBSJPVT
EJBNFUFST XF OPUJDF UIBU UIF UJQ SBEJVT ৷ JT BQQSPYJNBUFMZ FRVBM UP ৷ݕ XIFO ݨݖ ̈́ �৷ݕ 	'JH�����C
�
#FMPX UIJT MJNJU XF IZQPUIFTJTF UIBU UIF UJQ SBEJVT TDBMFT XJUI UIF XJSF EJBNFUFS 	IFODF UIF TMPQF
��� TIPXO JO UIF QMPUT
� 5IF BOBMZTFT IFSF QSFTFOUFE BSF DPOTJTUFOU XJUI UIF TJNQMJGJFE NPEFM PG
DVUUJOH QSPQPTFE JO $IBQUFS � XIFSF B TIBSQOFTT QBSBNFUFS XBT JOUSPEVDFE BT QPJOU PG USBOTJUJPO
CFUXFFO UXP EJGGFSFOU NFDIBOJTNT PG QSPQBHBUJPO GPS CMVOU BOE TIBSQ UPPMT� )FSF XF JMMVTUSBUF B
DBTF XIFSF UIBU TJNQMJGJFE GSBNFXPSL JT EJTDVTTFE JO SFMBUJPO UP WFSZ TPGU FMBTUJD NBUFSJBMT� $POUSBSZ
UP IBSE TPMJET UIF OBUVSBM DSJUJDBM UJQ SBEJVT ৷ JT JO UIF PSEFS PG NJMMJNFUSFT IFODF UIF USBOTJUJPO
MJNJU CFDPNFT BUUBJOBCMF XJUI DPNNFSDJBM UPPMT� 5IF SBUJP CFUXFFO UIF XJSF EJBNFUFS ݨݖ BOE
OBUVSBM DSJUJDBM UJQ SBEJVT ৷ݕ JT OPUIJOH FMTF UIBU B EJGGFSFOU GPSN PG UIF UJQ TIBSQOFTT HJWFO JO
&R�	����
 BOE XF DBO NBLF BOBMPHPVT DPOTJEFSBUJPOT CZ PCTFSWJOH 'JHT�����C�E BOE 'JH������

t GPS ݨݖ ̈́ �৷ݕ QSPQBHBUJPO PG UIF DVU IBQQFOT BT BO BVUPOPNPVT QSPDFTT VOEFS TZNNFUSJD
NPEF�* DPOEJUJPOT XJUI B DFSUBJO EJTUBODF CFUXFFO UIF XJSF BOE UIF DSBDL UJQ� 5IF DSBDL
UJQ SBEJVT JT EFUFSNJOFE CZ JUT OBUVSBM WBMVF ç�ܽ� 5IJT TJUVBUJPO DPSSFTQPOET UP XIBU XF
IBWF QSFWJPVTMZ EFGJOFE BT DVUUJOH XJUI ACMVOU� UPPMT�

t GPS ݨݖ � �৷ݕ UIF TIBQF PG UIF CMVOUFE DSBDL JT DPOTUSBJOFE CZ UIF XJSF XIJDI UPVDIFT UIF
DSBDL�UJQ� *O UIJT TJUVBUJPO UIF NFDIBOJTN PG QSPQBHBUJPO JT EJGGFSFOU BOE SFRVJSFT B GVSUIFS
JOQVU PG FYUFSOBM FOFSHZ TJODF UIF DPOEJUJPO ݂ � ç DBOOPU CF BUUBJOFE 	'JH�����E
� 5IJT JT
UIF DBTF PG DVUUJOH XJUI ATIBSQ� UPPMT�

8IBU XF IBWF OPU DPOTJEFSFE JO UIF BOBMZTFT JT UIF FGGFDU PG GSJDUJPO XIJDI JT LOPXO UP BEE
B SFMFWBOU DPOUSJCVUJPO UP UIF BQQMJFE GPSDF JO DVUUJOH TPGU TPMJET� )PXFWFS UIFSF BSF UXP SFBTPOT
XIJDI NPUJWBUFE PVS DIPJDF� GJSTUMZ UIF GBDU UIBU DVUUJOH XJUI XJSF NJOJNJTFT GSJDUJPOBM EJTTJQBUJPO
CFDBVTF PG UIF SFEVDFE DPOUBDU BSFB EVSJOH UIF JOTFSUJPO� TFDPOEMZ UIF BTTVNQUJPO UIBU GSJDUJPO
EPFT OPU JOGMVFODF UIF NFDIBOJTN PG QSPQBHBUJPO CFMPX UIF USBOTJUJPO MJNJU� 8JUI UIF MBUUFS
TUBUFNFOU XF NFBO UIBU XIFO B XJSF PS B TUSBJHIU CMBEF JT BEWBODFE TUFBEJMZ BOE SFDUJMJOFBSMZ JO
UIF NBUFSJBM GSJDUJPOBM UBOHFOUJBM TUSFTTFT BSJTF TZNNFUSJDBMMZ BMPOH UIF FEHF SFTJTUJOH NPUJPO CVU
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3. The crack-tip zone in soft elastic tissues
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Figure 3.18 a Deformed crack profiles at incipient propagation, for an edge-crack (dashed line) and
various wire diameters .ݨݖ b Crack tip radius at incipient propagation ৷ versus the wire diameter. The
horizontal line is the natural crack tip radius ৷ݕ ̛ �ܽ

OPU HJWJOH SJTF UP BOZ NPEF�** DPOUSJCVUJPO UP UIF DSBDL ESJWJOH FOFSHZ� #FMPX UIF MJNJU ݨݖ � �৷ݕ
UIF QJDUVSF JT MJLFMZ UP DIBOHF XJUI UIF DVUUJOH GPSDF EJSFDUMZ QVTIJOH UIF DSBDL UJQ BOE HFOFSBUJOH
BEEJUJPOBM GSJDUJPOBM GPSDF XIJDI NJHIU BMUFS JO BO VOLOPXO GBTIJPO UIF DSBDL ESJWJOH FOFSHZ� "O
FYBNQMF PG B NJYFE�NPEF QSPQBHBUJPO EVSJOH UIF JOTFSUJPO PG CFWFM�UJQQFE OFFEMFT JT DPOTJEFSFE
JO f��� PG UIF QSFTFOU UIFTJT�
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4
Fracture in rate-dependent porous

biomaterials

8F TIPVME OPU PWFSMPPL UIF JNQPSUBODF PG TJNQMJDJUZ DPNCJOFE XJUI EFQUI PG VOEFSTUBOEJOH OPU POMZ
GPS JUT DVMUVSBM WBMVF CVU BT B UFDIOPMPHJDBM UPPM� %FFQFS QIZTJDBM JOTJHIU DPNCJOFE XJUI UIFPSFUJDBM

TJNQMJDJUZ QSPWJEFT UIF TIPSU DVUT MFBEJOH JNNFEJBUFMZ UP UIF DPSF PG FYUSFNFMZ DPNQMFY QSPCMFNT BOE UP
TUSBJHIUGPSXBSE TPMVUJPOT� 0G DPVSTF GPSNBM LOPXMFEHF JT FTTFOUJBM CVU BT GPS FWFSZUIJOH JO MJGF UIF

USVUI JOWPMWFT B NBUUFS PG CBMBODF�

.BVSJDF "� #JPU
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4. Fracture in rate-dependent porous biomaterials

.BOZ CJPMPHJDBM NBUFSJBMT DPNCJOF UIFJS TPGU FMBTUJD OBUVSF XJUI B NJDSPTUSVDUVSF UIBU SFTFNCMFT
B TPGU TQPOHF XIFSF TNBMM QPSFT DBO CF QFSNFBUFE CZ GMVJET� 5IF CFIBWJPVS TIPXO CZ

TVDI NBUFSJBMT JT DPNQMJDBUFE CZ UIF GBDU UIBU JO BEEJUJPO UP B OPO�MJOFBS FMBTUJD SFTQPOTF UIFZ
VTVBMMZ TIPX SBUF�EFQFOEFOU QSPQFSUJFT� )VNBO CSBJO JT POF SFMFWBOU FYBNQMF� 3FTVMUT GSPN
MBCPSBUPSZ UFTUT SFWFBM B OPO�MJOFBS TUSFTT�TUSBJO SFMBUJPOTIJQ BOE B DPNQMFY SBUF�EFQFOEFOU OBUVSF
BTDSJCBCMF CPUI UP WJTDPFMBTUJDJUZ BOE UP UIF GMPX PG DFSFCSPTQJOBM GMVJE EVSJOH EFGPSNBUJPO��� -FTT
JT LOPXO FYQFSJNFOUBMMZ BCPVU UIF GSBDUVSF CFIBWJPVS QBSUMZ CFDBVTF PG UIF UFDIOJDBM EJGGJDVMUJFT
JO SFBMJTJOH QSPQFS GSBDUVSF UFTUT� *O UIJT DIBQUFS XF BEESFTT UIF UPQJD PG CSBJO GSBDUVSF JOEJSFDUMZ
DPNCJOJOH TPNF BWBJMBCMF FYQFSJNFOUBM SFTVMUT XJUI OVNFSJDBM NPEFMT PG UIF GSBDUVSF QSPDFTT JO
QPSPVT NBUFSJBMT� %VF UP UIF DPNQMJDBUJPOT JO IBWJOH SFMJBCMF GSBDUVSF EBUB XF IBWF BMTP DPOTJEFSFE
QIBOUPN UJTTVFT XIJDI BSF FNQMPZFE UP NJNJD UIF CFIBWJPVS PG UIF IVNBO CSBJO JO QBSUJDVMBS
B CJPQPMZNFSJD HFMBUJOF BOE B WJTDPFMBTUJD TPGU IZESPHFM��o��� .PSFPWFS XF DBO UBLF BEWBOUBHF
PG UIF LOPXO NJDSPTUSVDUVSF BOE QSFEJDUBCMF GBJMVSF NFDIBOJTNT PG QIBOUPNT UP JOWFTUJHBUF UIF
SBUF�EFQFOEFOU CFIBWJPVS PG IVNBO CSBJO NPSF JO EFUBJM� 5IF DPOUFOU QSFTFOUFE JO UIJT DIBQUFS JT
QBSUMZ PCUBJOFE UISPVHI TJNQMJGZJOH BTTVNQUJPOT UIBU NJHIU SFRVJSF UP CF WFSJGJFE FYQFSJNFOUBMMZ
JO UIF GVUVSF BOE JO UIJT TFOTF JU PGGFST B HMPCBM WJFX PO UIF UPQJD PG GSBDUVSF JO SBUF�EFQFOEFOU
NBUFSJBMT SBUIFS UIBO B EJSFDU NFBOT PG DPNQBSJTPO XJUI UIF FYQFSJNFOUBM EBUB�

5IF SBUF�EFQFOEFOU CFIBWJPVS PCTFSWFE JO GSBDUVSF UFTUT JT EVF UP UIF FGGFDU PG FOFSHZ EJTTJQB�
UJPO� *O QPSPVT NBUFSJBMT XF OFFE UP DPOTJEFS UXP TPVSDFT PG EJTTJQBUJPO POF DPOOFDUFE UP UIF
WJTDPFMBTUJD SFMBYBUJPO PG UIF TPMJE OFUXPSL BOE UIF PUIFS POF BSJTJOH GSPN UIF GMPX PG GMVJE JO UIF
QPSFT���� 'PS UIF TBLF PG DPNQMFUFOFTT XF TIBMM NFOUJPO UIBU SBUF�JOEFQFOEFOU NFDIBOJTNT TVDI
BT UIF XFMM�LOPXO .VMMJOT FGGFDU JO SVCCFS�MJLF NBUFSJBMT��� IBWF BMTP CFFO PCTFSWFE JO CJPMPH�
JDBM UJTTVFT����� BOE IZESPHFMT���o���� )PXFWFS IFSF XF SFTUSJDU PVS BOBMZTJT UP SBUF�EFQFOEFOU
QIFOPNFOB UIBU BSF QSFEPNJOBOU JO QPSPVT CJPNBUFSJBMT� *O PSEFS UP DPSSFDUMZ EFTDSJCF UIF SBUF�
EFQFOEFOU GSBDUVSF XF OFFE UP MJOL UIF TPVSDFT PG EJTTJQBUJPO UP UIF BWBJMBCMF FOFSHZ GPS DSBDL
QSPQBHBUJPO� 5IJT UPQJD JT EJTDVTTFE JO f��� XIFSF XF JOUSPEVDF UIF SFMFWBOU UJNF BOE MFOHUI
TDBMFT PG FOFSHZ EJTTJQBUJPO JO TPGU QPSPVT NBUFSJBMT BOE QSFTFOU UIF NPEFM FNQMPZFE JO UIF OV�
NFSJDBM BOBMZTFT PG GSBDUVSF�

8IFO B QPSPVT OFUXPSL JT TXPMMFO CZ GMVJE NFDIBOJDBM BOE IZESBVMJD SFTQPOTFT BSF DPVQMFE
SFTVMUJOH JO B DPNQMFY OPO�MJOFBS CFIBWJPVS� %VSJOH GSBDUVSF GMVJE GMPXT JOTJEF UIF DSBDL TVSGBDF
XJUI NFDIBOJDBM EFGPSNBUJPOT BOE BU UIF TBNF UJNF GMVJE JT FYDIBOHFE CFUXFFO UIF GSBDUVSF [POF
BOE UIF CVML NBUFSJBM� &YQFSJNFOUBM FWJEFODFT PO QIZTJDBM IZESPHFMT TIPXFE UIBU UIF GSBDUVSF
FOFSHZ JT JODSFBTFE CZ UIF ESBJOBHF PG GMVJE JO UIF DSBDL�UJQ [POF������ *O BEEJUJPO QPMZNFSJD
IZESPHFMT TXPMMFO XJUI GMVJE BOE TVCKFDUFE UP TVCDSJUJDBM MPBEJOH J�F� TVDI UIBU UIF FMBTUJD TUSBJO
FOFSHZ JT OPU FOPVHI UP DBVTF JOTUBOU GBJMVSF GBJM XJUI B EFMBZ CFDBVTF GMVJE ESBJOBHF JODSFBTFT UIF
BWBJMBCMF FOFSHZ GPS GSBDUVSF���� " TJNJMBS EFMBZFE NFDIBOJTN IBT BMTP CFFO PCTFSWFE BU TMPX MPBE�
JOH SBUFT JO NJDSP�JOEFOUBUJPO PG DBSUJMBHF��� 1PSPFMBTUJD UIFPSJFT EFSJWFE GSPN UIF DPOTPMJEBUJPO
PG TPJMT CZ #JPU������ BOE NJYUVSF CJQIBTJD UIFPSJFT IBWF CFFO FNQMPZFE UP TUVEZ CJPMPHJDBM NB�
UFSJBMT�� BOE XFSF TIPXO UP PGGFS BO FRVBM EFTDSJQUJPO���� .PSF DPNQMFY BQQSPBDIFT BSF SFRVJSFE
JO DBTF PG MBSHF EFGPSNBUJPOT XIFSF UIF OPO�MJOFBS SFTQPOTF PG UIF TPMJE NBUSJY BT XFMM BT UIF FG�
GFDU PG TXFMMJOH OFFE UP CF DPOTJEFSFE� " GFX NPEFMT IBWF CFFO QSPQPTFE UP TUVEZ UIF FGGFDU PG
TPMWFOU EJGGVTJPO JO GSBDUVSF PG IZESPHFMT������� 8JUI SFTQFDU UP UIF IVNBO CSBJO DPOGJOFE BOE
VODPOGJOFE DPNQSFTTJPO IBWF CFFO JOWFTUJHBUFE BEPQUJOH UIF CBTJD UIFPSZ PG DPOTPMJEBUJPO��� "
DPVQMFE QPSP�IZQFSFMBTUJD NPEFM IBT CFFO QSPQPTFE UP NPEFM DPNQSFTTJPO UFTUT JO CJPQPMZNFSJD
HFMBUJOFT�� BOE SFDFOUMZ BQQMJFE PO IVNBO CSBJO UP TJNVMBUF UIF DPNQMFY QIFOPNFOPO PG CSBJO
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4.1. Toughness and energy dissipation

TIJGU��� *O 4FDUJPO f��� XF QSFTFOU UIF QPSP�IZQFSFMBTUJD NPEFM BOE TIPX UIF NBJO SFTVMUT PG
OVNFSJDBM TJNVMBUJPOT PO UIF FGGFDU PG GMVJE�

0GUFO UIF GMPX�EFQFOEFOU EJTTJQBUJPO JT DPVQMFE XJUI WJTDPFMBTUJD SFMBYBUJPO� 'SBDUVSF JO
WJTDPFMBTUJD NBUFSJBMT JT SFBTPOBCMZ XFMM VOEFSTUPPE XJUI SFTQFDU UP SVCCFS�MJLF NBUFSJBMT���o���
XIFSF FYQFSJNFOUBM FWJEFODFT TIPXFE B SFNBSLBCMF JODSFBTF PG GSBDUVSF FOFSHZ XJUI SBUF EVF UP
UIF NPMFDVMBS GSJDUJPO���o���� 5IF TBNF NFDIBOJTNT BMTP BQQMJFT UP UIF GBJMVSF PG UPVHI IZESPHFMT
XJUI DIFNJDBM DSPTT�MJOLT������ BMUIPVHI PUIFS TUVEJFT PO EVBM DSPTT�MJOLFE IZESPHFMT XJUI QIZT�
JDBM CPOET TIPXFE B SFWFSTFE CFIBWJPVS���� " EJGGFSFOU NFDIBOJTN PG WJTDPVT GSBDUVSF IBT CFFO
PCTFSWFE JO QIZTJDBM IZESPHFMT VTFE GPS CJPFOHJOFFSJOH BQQMJDBUJPOT���������� 8JUI SFTQFDU UP
UIF IVNBO CSBJO FYQFSJNFOUBM FWJEFODFT GSPN DPNQSFTTJPO BOE UFOTJMF UFTUT TIPXFE DMFBS TJHOT PG
GSFRVFODZ�EFQFOEFOU TUJGGOFTT XJUI UIF CSBJO EFGPSNJOH EJGGFSFOUMZ BU GBTU BOE TMPX SBUFT� #SBJO
UJTTVF IBT CFFO TUVEJFE BDDPSEJOH CPUI UP MJOFBS BOE OPO�MJOFBS WJTDPFMBTUJD UIFPSZ������� CVU UIF
SFTVMUJOH QJDUVSF JT GBS GSPN CFJOH FYIBVTUJWFMZ JOWFTUJHBUFE BOE UIFSF BSF PGUFO DPOUSPWFSTJBM SF�
TVMUT DPNJOH GSPN FYQFSJNFOUT� 'PS IZESPHFMT GSBDUVSF SFDFOU UIFPSJFT IBWF CFFO QSPQPTFE XIJDI
BDDPVOU GPS UIF DPVQMFE FGGFDUT PG WJTDPFMBTUJDJUZ GMVJE EJGGVTJPO BOE MBSHF EFGPSNBUJPOT������� *O
4FDUJPO f��� XF BUUFNQU UP DPOTJEFS UIF FGGFDU PG WJTDPFMBTUJDJUZ EVSJOH GSBDUVSF PG CSBJO UJTTVF BOE
NJNJDLJOH IZESPHFMT� " WJTDP�IZQFSFMBTUJD NPEFM QSPQPTFE UP NPEFM UIF VODPOGJOFE DPNQSFT�
TJPO PG IVNBO CSBJO�� JT VTFE� #BTFE PO QIZTJDBM SFBTPOJOH XF BSF BMTP BCMF UP TLFUDI B RVBMJUBUJWF
WJFX PG UIF QPTTJCMF JOUFSBDUJPO PG WJTDPFMBTUJDJUZ BOE GMVJE ESBJOJOH PO DSBDL QSPQBHBUJPO�

4.1. Toughness and energy dissipation

"T BOUJDJQBUFE EJTTJQBUJWF NFDIBOJTNT PDDVSSJOH JO UIF NBUFSJBM EVSJOH DSBDL QSPQBHBUJPO NJHIU
BGGFDU UIF BWBJMBCMF FOFSHZ GPS GSBDUVSF� 8F OFFE UP JEFOUJGZ OPU POMZ UIF EJGGFSFOU TPVSDFT PG
EJTTJQBUJPO CVU BMTP JG BOE JO XIJDI NFBTVSF UIFZ BDUVBMMZ JNQBDU PO DSBDL QSPQBHBUJPO VOEFS
DVUUJOH� "GUFS DPOTJEFSJOH UIF QPTTJCMF TPVSDFT PG EJTTJQBUJPO JO TPGU QPSPVT NBUFSJBMT XF QSFTFOU
UIF BQQSPBDI BEPQUFE JO UIF BOBMZTFT PG SBUF�EFQFOEFOU GSBDUVSF JODMVEFE JO UIJT DIBQUFS�

4.1.1. Sources of rate-dependent fracture
*O HFOFSBM XF DBO BTTVNF UIBU BOZ NBUFSJBM DPOUBJOJOH B DSBDL FYQFSJFODFT FOFSHZ EJTTJQBUJPO XIFO
MPBEFE� /PUJDF UIBU UIJT JT SFMFWBOU OPU POMZ UP DZDMJD MPBEJOH CVU BMTP UP NPOPUPOJD MPBET CFDBVTF
UIF TUSFTT TUBUF OFBS UIF DSBDL UJQ JT JOIPNPHFOFPVT� 4QFDJGJDBMMZ QPJOUT BIFBE PG UIF DSBDL BSF GJSTU
MPBEFE BOE UIFO VOMPBEFE BT UIF DSBDL FYUFOET MFBWJOH CFIJOE UXP MBZFST PG UIF NBUFSJBM HPJOH
UISPVHI IZTUFSFTJT���� "MUIPVHI B DFSUBJO BNPVOU PG EJTTJQBUJPO JT JOFWJUBCMF JU JT JNQPSUBOU UP
RVBOUJGZ UIF TJ[F PG UIF SFHJPOT BGGFDUFE BOE DPNQBSF UIFN XJUI UIF GJOJUF EJNFOTJPOT PG SFBM CPEJFT�
4JNJMBSMZ UP UIF TDIFNBUJD QSFTFOUFE JO $IBQUFS � 'JH���� JMMVTUSBUFT UIF SFHJPO TVSSPVOEJOH B
QSPQBHBUJOH DSBDL JO B TPGU QPSPVT NBUFSJBM� 8JUI SFTQFDU UP FOFSHZ EJTTJQBUJPO XF DBO JEFOUJGZ
UIF GPMMPXJOH UISFF TPVSDFT���

t SBUF�EFQFOEFOU EBNBHF QIFOPNFOB XJUIJO UIF QSPDFTT [POF 	"
�

t GMPX�JOEFQFOEFOU EJTTJQBUJPO EVF UP UIF WJTDPVT SFMBYBUJPO JO UIF NBUFSJBM TVSSPVOEJOH UIF
DSBDL UJQ 	#
�

t GMPX�EFQFOEFOU EJTTJQBUJPO EVF UP UIF ESBJOBHF PG GMVJE JO UIF DSBDL�UJQ SFHJPO 	#
�
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4. Fracture in rate-dependent porous biomaterials

x

x

A - process zone
B - crack-tip dissipative zone

crack tip

cross-link
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fluid flowlp
R

Figure 4.1 Illustrative sketch of a crack in a porous viscoelastic material. Shown in figure are the
process zone (A) with radius ,ݡݝ and the crack-tip dissipative zone (B) with radius ݊. The enlarged
view shows the chain scission mechanism typical of rubber-like polymers and chemical hydrogels

5IF QSPDFTT [POF DPNQSJTFT SVQUVSF QSPDFTTFT PDDVSSJOH BU UIF NPMFDVMBS TDBMF XIJDI BSF QF�
DVMJBS PG FBDI NBUFSJBM BOE BDDPVOU GPS BO JOUSJOTJD UPVHIOFTT çୖ� %JTTJQBUJWF QSPDFTTFT PDDVS�
SJOH XJUIJO UIJT IJHIMZ MPDBMJTFE SFHJPO PG SBEJVT ݡݝ NJHIU SFTVMU JO B UPVHIFOJOH FGGFDU PO çୖ�
*O SBUF�EFQFOEFOU NBUFSJBMT TVDI JODSFBTF JT QSPQPSUJPOBM UP UIF WFMPDJUZ PG DSBDL QSPQBHBUJPO�
'PS JOTUBODF #BVNCFSHFS FU BM� �� PCTFSWFE B MJOFBS JODSFBTF XJUI DSBDL WFMPDJUZ JO HFMBUJOF QVSF�
TIFBS TQFDJNFOT BOE MJOLFE TVDI FGGFDU UP B MPDBM QSPDFTT PG WJTDPQMBTUJD EJTFOUBOHMFNFOU� 4JNJ�
MBSMZ 'PSUF FU BM� �� OPUJDFE B SBUF�EFQFOEFOU UPVHIFOJOH EVSJOH XJSF DVUUJOH UFTUT PG CJPQPMZNFSJD
HFMBUJOFT� 5IFZ QSPQPTFE B NFDIBOJTN PG GMVJE ESBJOJOH JO UIF QPSFT XJUIJO UIF QSPDFTT [POF UP
FYQMBJO UIF QIFOPNFOPO� 5IFJS NPEFM JT DPOTJEFSFE NPSF JO EFUBJM JO 4FDUJPO f����

5IF PUIFS EJTTJQBUJWF UFSNT BSF PSJHJOBUFE GSPN UIF SFMBYBUJPO JO UIF CVML NBUFSJBM CVU NJHIU
CFDPNF SFMFWBOU UP DSBDL QSPQBHBUJPO POMZ JG UIFZ BGGFDU UIF DSBDL�UJQ SFHJPO PG SBEJVT݊� 7JTDPFMBT�
UJDJUZ SFTVMUT GSPN DPOGPSNBUJPOBM DIBOHFT PG UIF NPMFDVMBS OFUXPSL BOE EPNJOBUFT UIF TIPSU�UJNF
SBOHF CFIBWJPVS XIJMF QPSPFMBTUJDJUZ SFTVMUT GSPN MPOH�SBOHF NPUJPO PG UIF GMVJE NPMFDVMFT IFODF
JU SFRVJSFT MPOHFS UJNFT� 6TVBMMZ UIFZ NJHIU BGGFDU GSBDUVSF CZ QSFWFOUJOH UIF FYUFSOBM GPSDF GSPN
CFJOH GVMMZ EFMJWFSFE UP UIF DSBDL���� 5IF FGGFDUJWFOFTT PG FBDI NFDIBOJTN EFQFOET OPU POMZ PO UIF
NBUFSJBM QSPQFSUJFT CVU BMTP PO UIF MPBEJOH DPOEJUJPOT� .PSFPWFS JO TPGU NBUFSJBMT UIFTF NFDI�
BOJTNT BSF DPVQMFE XJUI MBSHF EFGPSNBUJPOT� *O TVDI DPOEJUJPOT CPBSEFST CFUXFFO UIF SFHJPOT
GBEF PVU BOE UIF WFSZ EFGJOJUJPO PG UZQJDBM GSBDUVSF QBSBNFUFST TVDI BT ܿ JT RVFTUJPOBCMF� 8IJMF
UIF SFTVMUJOH QJDUVSF NJHIU BQQFBS EBVOUJOH XF DBO GPSNVMBUF B GFX BTTVNQUJPOT XIJDI NBLF UIF
GPVOEBUJPO PG PVS BQQSPBDI UP GSBDUVSF JO TPGU QPSPVT NBUFSJBMT BT FYQMBJOFE JO UIF OFYU QBSBHSBQI�

4.1.2. Analytical approach to rate-dependent fracture
8F BTTVNF UP TQMJU UIF GSBDUVSF FOFSHZ PG B EJTTJQBUJWF NBUFSJBM JO UXP UFSNT� UIF JOUSJOTJD UFSNçୖ PSJHJOBUJOH GSPN UIF QSPDFTT [POF BOE BO BEEJUJPOBM UFSN çܼ EVF UP FOFSHZ EJTTJQBUJPO JO UIF
DSBDL�UJQ SFHJPO BGGFDUFE CZ QSPQBHBUJPO�� TP UIBU XF IBWFç � çୖ  çܼ 	���
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4.1. Toughness and energy dissipation

5IF QVSQPTF PG UIJT EJTUJODUJPO JT UP JEFOUJGZ UIBU QBSU PG GSBDUVSF FOFSHZ UIBU DBO VOBNCJHV�
PVTMZ CF SFMBUFE UP DSBDL QSPQBHBUJPO BOE TFQBSBUF JU GSPN UIF TPVSDF PG CVML EJTTJQBUJPO SFTVMUJOH
GSPN UIF EFGPSNBUJPO GJFME TVSSPVOEJOH UIF DSBDL UJQ����

6OMJLF UIF JOUSJOTJD UPVHIOFTT çୖ çܼ DBOOPU CF USFBUFE BT B QSPQFSUZ PG UIF NBUFSJBM CFDBVTF
JU JT BGGFDUFE CZ SBUF� 'PS JOTUBODF JO FMBTUPNFST UIF EJTTJQBUJWF UFSN JT SFMBUFE UP UIF DSBDL WFMPDJUZݧ BDDPSEJOH UP��� çܼ � çୖݘ
��ݧݓ 	���


XIFSF ݘ JT B NPOPUPOJDBMMZ JODSFBTJOH GVODUJPO XIJDI UBLFT [FSP WBMVF XIFO ݧ ɱ � BOE ݓ JT B
UFNQFSBUVSF EFQFOEFOU FNQJSJDBM QBSBNFUFS�

4JNJMBS SFMBUJPOTIJQT IBWF BMTP CFFO QSPQPTFE GPS IZESPHFMT EFSJWFE GSPN FYQFSJNFOUBM GSBDUVSF
UFTUT� )PXFWFS UP EFWFMPQ BO BQQSPBDI XIJDI XF DBO VTF JO DPNQVUBUJPOBM BOBMZTFT JT OPU USJWJBM
BT JU SFRVJSFT UP SFMBUF DSBDL QSPQBHBUJPO WFMPDJUZ BOE FOFSHZ EJTTJQBUJPO BOE DPNQVUF UIF QBSU PG
FOFSHZ BWBJMBCMF GPS GSBDUVSF� 8JUI SFTQFDU UP UIF MBUUFS XF SFDBMM UIBU UIF FOFSHZ SFMFBTF SBUF ܿ JT
OPU PCUBJOBCMF GSPN UIF TUSBJO FOFSHZ EFOTJUZ BT UIJT JODMVEFT EJTTJQBUJWF UFSNT� 5IF + �JOUFHSBM
EFGJOJUJPO IBT CFFO NPEJGJFE JO PSEFS UP JODMVEF UIF DPOUSJCVUJPO GSPN WJTDPFMBTUJD EJTTJQBUJPO���
CVU XF DBOOPU BTTVNF UIBU JU QSPWJEFT UIF FOFSHZ SFMFBTF SBUF ܿ� .PSFPWFS UIF + �JOUFHSBM JT QBUI�
EFQFOEFOU CFDBVTF UIF MPDBM TUSBJO SBUFT BSF BNQMJGJFE JO UIF DSBDL�UJQ [POF OPO�VOJGPSNMZ TP UIBU
EJGGFSFOU QPJOUT XJUIJO UIJT [POF EP OPU GPMMPX B TJOHMF TUSFTT�TUSBJO SFMBUJPOTIJQ���

5IF BQQSPBDI XF GPMMPX TJNJMBS UP UIBU QSPQPTFE CZ 8BOH BOE )POH��� GPS UIF BOBMZTJT
PG EFMBZFE GSBDUVSF JO IZESPHFMT JT CBTFE PO UIF TFQBSBUJPO PG UIF GSBDUVSF FOFSHJFT BDDPSEJOH UP
&R�	���
� 8F UIFO DPOTJEFS B DPIFTJWF QSPDFTT [POF GPS UIF JOUSJOTJD UPVHIOFTT çୖ XIPTF TJ[F JT
BTTVNFE NVDI TNBMMFS UIBO UIBU JOUFSFTUFE CZ EJTTJQBUJPO DPNJOH GSPN UIF CVML UIBU JT XF BTTVNFݡݝ ͉ ݊ 	'JH����
� 'VSUIFSNPSF XF BTTVNF UIBU UIF MBSHF TUSBJO [POF BOE UIF DSBDL�UJQ EJTTJQBUJWF
[POF IBWF UIF TBNF MFOHUI TDBMFT BOE EFGJOF TVDI MFOHUI BT݊ ̀ ৷ୖ � çୖ�ܽ� 	���


XIFSF ܽ JT UIF JOTUBOUBOFPVT FMBTUJD NPEVMVT PG UIF NBUFSJBM� 8F BSF BXBSF PG UIF GBDU UIBU BO
BMUFSOBUJWF EFGJOJUJPO CBTFE PO UIF SBUJP CFUXFFO UIF UPVHIOFTT ç BOE UIF TUSBJO FOFSHZݏ XPVME
BMMPX UP BDDPVOU GPS EJTTJQBUJWF DPOUSJCVUJPOT PO UIF MFOHUI ݊� )PXFWFS MBDLJOH FYQFSJNFOUBM
WBMVFT PG UIF UPVHIOFTT ç XF CFMJFWF UIBU UIF MFOHUI JO &R�	���
 JT TUJMM B QFSUJOFOU EFGJOJUJPO GPS
UIF DSBDL�UJQ [POF�

1PUFOUJBM EJTTJQBUJWF NFDIBOJTNT XIJDI NJHIU BGGFDU DSBDL QSPQBHBUJPO TVDI BT WJTDPFMBTUJD
SFMBYBUJPO PS GMVJE ESBJOJOH BSF DPOEFOTFE JO UIF DSBDL ESJWJOH FOFSHZ� %JGGFSFOUMZ GSPN BO FMBTUJD
NBUFSJBM ܿ BMTP EFQFOET PO UIF TUSBJO SBUF Ï৫� 5IFO DSBDL QSPQBHBUJPO PDDVST XIFOܿ
 Ï৫� � çୖ� 	���


XIFSF UIF GSBDUVSF UPVHIOFTT çୖ JT QSPWJEFE CZ UIF DPIFTJWF FOFSHZ J�F� UIF BSFB CFMPX UIF DPIFTJWF
TUSFTT�EJTQMBDFNFOU MBX� /PUJDF UIBU UIJT DPSSFTQPOET UP UIF FOFSHZ UIBU XF DPVME PCUBJO GSPN B
QBUI JOUFHSBM TVSSPVOEJOH UIF DPIFTJWF [POF TP UIBU EJTTJQBUJPO JT FYDMVEFE����

5IF QSBDUJDF UP BEPQU B DPIFTJWF NPEFM GPS SBUF�EFQFOEFOU GSBDUVSF QSPDFTTFT JT QPQVMBS JO
QBSUJDVMBS XJUI QPMZNFSJD NBUFSJBMT� "T B NBUUFS PG GBDU UIF SVQUVSF PG QPMZNFST JT BDDPNQBOJFE
CZ WPJE HSPXUI BIFBE PG B QSPQBHBUJOH DSBDL MFBEJOH UP TUSBJO TPGUFOJOH BOE FWFOUVBMMZ NBUFSJBM
EJTJOUFHSBUJPO���� *O UIF BOBMZTFT QSFTFOUFE JO UIJT DIBQUFS UIF JOUSJOTJD UPVHIOFTT JT DPOTJEFSFE
SBUF�JOEFQFOEFOU� *NQMJDJU JO UIJT GPSNVMBUJPO JT UIF BTTVNQUJPO UIBU UIF SBUF EFQFOEFODF PG
UIF GSBDUVSF QSPDFTT JT EFSJWFE QSJNBSJMZ GSPN UIF CVML���� )PXFWFS UIF FGGFDU PG SBUF XJUIJO
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4. Fracture in rate-dependent porous biomaterials

UIF QSPDFTT [POF DPVME CF BEEFE UP UIF NPEFM CZ DPOTJEFSJOH B NPEJGJDBUJPO PG UIF DPIFTJWF MBX
BDDPSEJOH UP UIF SBUF PG MPBEJOH� 3FMFWBOU FYBNQMFT DBO CF GPVOE JO UIF MJUFSBUVSF GPS WJTDPFMBTUJD
NBUFSJBMT���o��� BOE QPSPFMBTUJD HFMT����

Intrinsic toughness in hydrogels
5IF JOUSJOTJD UPVHIOFTT çୖ EFSJWFT GSPN NPMFDVMBS SVQUVSF NFDIBOJTNT XIJDI UBLF QMBDF SJHIU
BIFBE PG B QSPQBHBUJOH DSBDL� *O SVCCFSZ OFUXPSLT -BLF BOE 5IPNBT�� DBMDVMBUFE UIF JOUSJOTJD
GSBDUVSF FOFSHZ BTTVNJOH UIBU BU B MPBE BQQSPBDIJOH UIF UISFTIPME UIF FYUFOTJPO PG B DSBDL POMZ
CSFBLT QPMZNFS DIBJOT BIFBE PG UIF DSBDL UJQ 	TFF UIF JOTFU JO 'JH����
� $POTFRVFOUMZ UIF FOFSHZ
JT QSPQPSUJPOBM UP UIF BSFBM EFOTJUZ PG UIF DIBJOT DSPTTJOH UIF JOUFSGBDF BOE UIF CPOE FOFSHZ ݔݍ PG
B TJOHMF DPWBMFOU CPOE� 8F PCUBJO UIF GPMMPXJOH FYQSFTTJPO��

çୖ � ݝ݆ �ୖݟ �ݔݍ 	���


XIFSF ݆ JT UIF OVNCFS PG DSPTT�MJOLFE DIBJOT QFS VOJU WPMVNF ݝ JT UIF MFOHUI PG FBDI NPOPNFS
BOE ୖݟ JT UIF BWFSBHF OVNCFS PG NPOPNFST QFS DIBJO� $VSJPVTMZ UIF BQQSPBDI JT BOBMPHPVT UP
UIF GBNPVT GSBDUVSF NFDIBOJTN JO NFUBMT QSPQPTFE CZ (SJGGJUI XIFSF UIF FOFSHZ JT UIBU SFRVJSFE
UP CSFBL B TJOHMF MBZFS PG BUPNJD CPOET���� 4JODF UIF GPSDF UP CSFBL DPWBMFOU CPOET EPFT OPU WBSZ
NVDI XJUI SBUF JO NBOZ DBTFT UIF JOUSJOTJD UPVHIOFTT JT BTTVNFE DPOTUBOU XIJMF EJTTJQBUJPO JT
SFMBUFE UP XIBU IBQQFOT JO UIF CVML���

5IF TBNF NFDIBOJTN IBT BMTP CFFO DPOTJEFSFE GPS IZESPHFMT XJUI DPWBMFOU DSPTT�MJOLT XIFSF
UIF BSFBM EFOTJUZ PG UIF DIBJOT JT QSPQPSUJPOBM UP UIF WPMVNF GSBDUJPO PG UIF QPMZNFS���� 5IJT
FYQMBJOT XIZ FMBTUJD IZESPHFMT XJUI UIF TBNF OVNCFS PG NPOPNFST QFS DIBJO BSF NPSF CSJUUMF UIBO
FMBTUPNFST� .PSFPWFS JU DBO CF TIPXO UIBU UIF :PVOH�T NPEVMVT JT JOWFSTFMZ SFMBUFE UP UIF GSBDUVSF
UPVHIOFTT��� 5P PWFSDPNF UIF DPNQMFYJUZ JO EFSJWJOH B DPSSFDU WBMVF PG UPVHIOFTT GSPN NPMFDVMBS
NPEFMT TPNF BVUIPST TVHHFTUFE UP FNQMPZ EJSFDU FYQFSJNFOUBM NFBTVSFT JO XIJDI EJTTJQBUJPO JT
QSFWFOUFE���� 5ZQJDBMMZ UIJT NFBOT QFSGPSNJOH B GSBDUVSF UFTU BU WFSZ MPX MPBEJOH SBUFT TP UIBU
RVBTJ�TUBUJD DPOEJUJPOT BSF BTTVNFE� 3FTVMUT GSPN XJSF DVUUJOH UFTUT BU MPX MPBEJOH SBUFT BSF BWBJM�
BCMF GPS UIF CJPQPMZNFSJD HFMBUJOF�� GSPN XIJDI XF IBWF EFSJWFE UIF UPVHIOFTT GPMMPXJOH UIF
NPEFM QSFTFOUFE JO f������

4.2. Fluid diffusion in brain tissue and mimicking hydrogels

4.2.1. Time and length scales in poroelastic fracture
8IFO MPBET BSF BQQMJFE UP B TBUVSBUFE QPSPVT TPMJE GMVJE JT USBQQFE JO UIF QPSFT BOE UIF NBUFSJBM
JT JO BO VOESBJOFE TUBUF XIFSF BO FYDFTT QSFTTVSF JT HFOFSBUFE JO UIF QPSFT� "T UJNF HPFT CZ GMVJE
JT FYQFMMFE GSPN UIF TPMJE 	BTTVNJOH UIBU UIFSF JT BU MFBTU POF GSFF TVSGBDF JO DPOUBDU XJUI BJS
 BOE
QSFTTVSF EFDSFBTFT VOUJM FWFOUVBMMZ JU FRVJMJCSBUFT UIF BUNPTQIFSJD� 5IJT TJUVBUJPO JT SFGFSSFE UP BT
B ESBJOFE TUBUF� 5IF NBUIFNBUJDBM FYQSFTTJPOT PG TVDI DPOEJUJPOT BSF৬ � � 
VOESBJOFE�ܾݡ� � � 
ESBJOFE�� 	���


XIFSF ܾݡ JT UIF GMVJE QSFTTVSF BOE ৬ UIF WBSJBUJPO PG �GMVJE DPOUFOU�
5IF QSPDFTT PG GMVJE ESBJOJOH JT BU UIF PSJHJO PG UIF UJNF�EFQFOEFODF PCTFSWFE JO SFMBYBUJPO

UFTUT PG QPSPVT NBUFSJBM� GSPN UIF JOJUJBM VOESBJOFE TUBUF UIF NBUFSJBM FRVJWBMFOU TUJGGOFTT EFDSFBTFT

4

72



4.2. Fluid diffusion in brain tissue and mimicking hydrogels

XJUI UJNF BT ESBJOJOH QSPHSFTTFT� 8F DBO EFGJOF B DIBSBDUFSJTUJD UJNF PG QPSPFMBTUJD SFMBYBUJPO BT

ݖݥ � ܼܾ݊ � 	���


XIFSF ݊ JT B DIBSBDUFSJTUJD MFOHUI TDBMF GVODUJPO PG UIF HFPNFUSZ PG UIF TQFDJGJD QSPCMFN BOE ܼܾ
JT B NBUFSJBM QBSBNFUFS LOPXO BT UIF EJGGVTJPO DPFGGJDJFOU XJUI EJNFOTJPOT -��5� 3BUIFS UIBO B
NBUFSJBM QSPQFSUZ UIF QPSPFMBTUJD UJNF SFQSFTFOUT UIF BDUVBM UJNF OFFEFE UP DPNQMFUF UIF ESBJOJOH
QSPDFTT� $PNQBSJOH UIF QPSPFMBTUJD UJNF XJUI B UZQJDBM PCTFSWBUJPO UJNF ݥ XF DBO BTTVNF UIBU UIF
NBUFSJBM JT JO VOESBJOFE DPOEJUJPOT JG ݥ ͉ ݖݥ BOE JO B ESBJOFE TUBUF JG ݥ ͊ �ݖݥ 8IFO BSSBOHJOH
FYQFSJNFOUT UP FWBMVBUF UIF NFDIBOJDBM QBSBNFUFST PG GMVJE EJGGVTJPO JU JT QSFGFSBCMF UP SFEVDF UIF
DIBSBDUFSJTUJD MFOHUI NBLJOH VTF PG NJDSPO�TJ[F JOEFOUFST BOE BUPNJD GPSDF NJDSPTDPQZ JO PSEFS
UP TIPSUFO UIF UJNF SFRVJSFE�������

" TVCUMF EJGGFSFODF BSJTFT JO QSPCMFNT XJUI NPWJOH CPVOEBSJFT BT GPS JOTUBODF JO DSBDL QSPQ�
BHBUJPO� "TTVNJOH UIBU UIFSF JT BMXBZT B SFHJPO DMPTF UP UIF DSBDL�UJQ XIJDI JT ESBJOFE XF DBO
SFMBUF UIF TJ[F ݖ݊ PG UIJT SFHJPO UP UIF DSBDL QSPQBHBUJPO WFMPDJUZ ݖ݊ݧ � ݧܾܼ 	���


BOE DPNQBSF JU XJUI B UZQJDBM PCTFSWBUJPO MFOHUI ݊� 5IFO XF DBO DPOTJEFS UIF SFHJPO PG TJ[F ݊ UP
CF JO VOESBJOFE DPOEJUJPOT JG ݖ݊ ͉ ݊ BOE JO B ESBJOFE TUBUF JG ݖ݊ ͊ ݊�

4.2.2. Numerical analysis of poroelastic fracture
/VNFSJDBM BOBMZTFT XFSF QFSGPSNFE JO PSEFS UP VOEFSTUBOE UIF TPVSDF PG SBUF�EFQFOEFODF PC�
TFSWFE EVSJOH GSBDUVSF PG IVNBO CSBJO BOE NJNJDLJOH NBUFSJBMT� *O QBSUJDVMBS SFTVMUT GSPN XJSF
DVUUJOH FYQFSJNFOUT BU EJGGFSFOU JOTFSUJPO WFMPDJUJFT TIPXFE UIBU UIF TUFBEZ�TUBUF GPSDF JT BGGFDUFE
CZ SBUF����� *O 'JH���� XF SFQPSU TPNF SFTVMUT GSPN XJSF DVUUJOH PO HFMBUJOF 	'JH����B
 BOE CSBJO
UJTTVF 	'JH����C
� #PUI NBUFSJBMT TIPX BO JODSFBTJOH GPSDF XJUI SBUF BMUIPVHI UIF FWPMVUJPO UP
TUFBEZ�TUBUF DVUUJOH 	ZFMMPX SFHJPOT JO UIF GJHVSFT
 JT EJGGFSFOU� 5IF USBOTJUJPO UP B DPOTUBOU GPSDF JT
OPU XFMM NBSLFE JO UIF CSBJO UJTTVF QSPCBCMZ EVF UP UIF FYUSFNF TPGUOFTT BOE UIF JOIPNPHFOFPVT
TUSVDUVSF PG UIF TBNQMF�

5IF QSFTFODF PG GMVJE JO UIF SFHJPO TVSSPVOEJOH UIF DSBDL UJQ NJHIU CF POF PG UIF SFBTPOT
CFIJOE UIF CFIBWJPVS PCTFSWFE� 4JODF UIF SBUF�EFQFOEFOU FGGFDU JT QSFEPNJOBOU JO UIF TUFBEZ�TUBUF
XIFO UIF FYUFSOBM XPSL JT DPOWFSUFE JOUP GSBDUVSF FOFSHZ GPS DSBDL QSPQBHBUJPO XF IBWF EFDJEFE UP
GPDVT PO UIF DSBDL�UJQ [POF POMZ MFBWJOH BTJEF UIF XIPMF QSPDFTT PG DPOUBDU BOE JOEFOUBUJPO� *O UIJT
XBZ XF DBO FYQMPSF UIF JOGMVFODF PG SBUF PO GSBDUVSF PG QPSPVT NBUFSJBMT XJUIPVU UIF DPNQMFYJUZ
PG DPOUBDU JOUFSBDUJPOT� )PXFWFS XF TIPVME SFDBMM UIBU DSBDL QSPQBHBUJPO JO TUFBEZ�TUBUF DVUUJOH
DBO CF USFBUFE BT BO FRVJWBMFOU GSBDUVSF QSPCMFN POMZ JO UIF DBTF PG BVUPOPNPVT QSPQBHBUJPO
XIJDI FYJTUT JG UIF XJSF EJBNFUFS JT BCPWF B MJNJU WBMVF� 5IJT BTQFDU XBT FYQMBJOFE BOE TIPXO
RVBOUJUBUJWFMZ JO UIF RVBTJ�TUBUJD DPOEJUJPO 	FMBTUJD NBUFSJBM
 JO f��� BOE IFSF XF DPOTJEFS UIBU
UIF TBNF BSHVNFOUT BQQMZ XJUI FOFSHZ EJTTJQBUJPO BT XFMM� 5IF HFPNFUSZ JT JMMVTUSBUFE JO 'JH�����
JU DPOTJTUT PG B MBSHF SFDUBOHVMBS QMBUF PG IFJHIU �ǽ � ��NN BOE XJEUI ݨ � ��NN DPOUBJOJOH
BO FEHF�DSBDL PG MFOHUI ݓ � �NN� 5IF OPSNBM EJTQMBDFNFOU BQQMJFE UP UIF QMBUF CPVOEBSJFT XBT
EFGJOFE TVDI UIBU UIF TUSBJO SBUF Ï৫ JT DPOTUBOUè � ൫ݗ Ï৫ݥ ˱ �൮ ǽ� 	���


XIFSF ৫ � MO=
ǽ  è��ǽ? JT UIF USVF TUSBJO JO UIF EJSFDUJPO OPSNBM UP UIF DSBDL MJOF�
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4. Fracture in rate-dependent porous biomaterials
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Figure 4.2 Experimental wire cutting force-displacement profiles, at different rates. a Results for a
10% w/w gelatine with a 0.05mm wire diameter (adapted from Forte et al. [Ref.45]) and b for human
brain tissue with a 0.16mm wire diameter

The poro-hyperelastic model
#PUI UIF CSBJO UJTTVF BOE UIF CJPQPMZNFSJD HFMBUJOF BSF DPOTJEFSFE BT TPGU QPSPVT TPMJET XJUI GMVJE
XIPTF DPOTUJUVUJWF CFIBWJPVS JT EFTDSJCFE CZ BO IZQFSFMBTUJD NPEFM GPS UIF TPMJE TLFMFUPO BOE
GMVJE JOUFSBDUJPO JT JODMVEFE CZ NFBOT PG B MBX PG GMVJE GMPX� 5IF NBJO JOHSFEJFOUT PG UIF QPSP�
IZQFSFMBTUJD NPEFM BSF JOUSPEVDFE CFMPX MJNJUFE UP UIF BTQFDUT PG JOUFSFTU GPS UIF OVNFSJDBM JN�
QMFNFOUBUJPO� 'PS B NPSF EFUBJMFE GPSNVMBUJPO PG UIF QPSPFMBTUJD UIFPSZ UIF SFBEFS JT SFGFSSFE UP
UIF "QQFOEJY "���

'PMMPXJOH #JPU�T UIFPSZ PG QPSPFMBTUJDJUZ BU GJOJUF TUSBJOT��� UIF TUSFTT TUBUF JO B QPSPVT TPMJE JO
UIF SFGFSFODF DPOGJHVSBUJPO DBO CF DIBSBDUFSJTFE CZ UIF TFDPOE 1JPMB�,JSDIPGG TUSFTT UFOTPS 4 BOE
UIF GMVJE QSFTTVSF �ܾݡ 5IFTF BSF XPSL DPOKVHBUF XJUI UIF (SFFO�-BHSBOHF TUSBJO UFOTPS & BOE UIF
WBSJBUJPO PG �GMVJE DPOUFOU ৬� *O UIJT GSBNFXPSL JU JT DPNNPO QSBDUJDF UP JOUSPEVDF UIF OPUJPO PG
BO FGGFDUJWF TUSFTT UFOTPS 4Ɯ SFMBUFE UP UIF FMBTUJD TPMJE TLFMFUPO EFGJOFE CZ���

4Ɯ � 4  �ୗ˱$ܾݡ݂ 	����


XIFSF B QPTJUJWF TJHO JT JODMVEFE CFDBVTF UIF QSFTTVSF ܾݡ JT USFBUFE BT B DPNQSFTTJWF TUSFTT J�Fܾݡ� ̓ ��
" IZQFSFMBTUJD TUSBJO FOFSHZ EFOTJUZ GVODUJPO Ɯݏ DBO CF EFGJOFE GPS UIF TPMJE QBSU TVDI UIBU

UIF FGGFDUJWF TUSFTT 4Ɯ JT PCUBJOFE CZ EFSJWBUJPO� *U TIPVME CF OPUJDFE UIBU BOZ IZQFSFMBTUJD NBUFSJBM
GPSNVMBUJPO DBO CF JODMVEFE FJUIFS HJWFO JO UFSNT PG TUSBJO JOWBSJBOUT PS QSJODJQBM TUSFUDIFT QSP�
WJEFE UIBU JU BMMPXT DPNQSFTTJCJMJUZ� *OEFFE FWFO JG XF DPOTJEFS CPUI GMVJE BOE TPMJE UP CF JODPN�
QSFTTJCMF WPMVNFUSJD EFGPSNBUJPO XJMM EFSJWF GSPN UIF QSPDFTT PG GMVJE ESBJOJOH EVSJOH TUSVDUVSBM
EFGPSNBUJPO� 0OF PG UIF NPTU VTFE GPSNVMBUJPO UP GJU FYQFSJNFOUBM EBUB JT UIF GSBDUJPOBM 0HEFO
NPEFM��� QSPQPTFE GPS IZQFSFMBTUJD DPNQSFTTJCMF NBUFSJBMT� 8F SFDBMM IFSF UIF FYQSFTTJPO PG UIF
TUSBJO FOFSHZ EFOTJUZ GVODUJPO

Ɯݏ � ഓ݆ݚ�ୗ ݚ১ݚ৲� ൫ Ìৱ১ݚୗ  Ìৱ১ݚ  Ìৱ১ݚ ˱ �൮  ഓ݆ݚ�ୗ ݚܼ� 
݂ ˱ ��ݚ� 	����


4

74



4.2. Fluid diffusion in brain tissue and mimicking hydrogels
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Figure 4.3 Sketch of the model employed to investigate the rate-dependent fracture process
observed in wire cutting of a porous material. The equivalent geometry has an initial edge crack of
length ݓ and is subjected to an opening remote displacement ம

XIFSF Ìৱݚ BSF UIF EFWJBUPSJD QSJODJQBM TUSFUDIFT ݚ৲ ১ݚ BOE ݚܼ BSF NBUFSJBM QBSBNFUFST�
5IF GMVJE GMPX XJUIJO UIF JOUFSTUJUJBM QPSFT JT HPWFSOFE CZ %BSDZ�T MBX XIJDI EFTDSJCFT UIF

NPUJPO PG �GMVJE SFMBUJWF UP UIF TPMJE� *O BO JTPUSPQJD QPSPVT NBUFSJBM BOE DPOEJUJPOT PG GMVJE
TBUVSBUJPO JU JT GPSNVMBUFE BT GPMMPXT

X � ˱ ৩ܾݜ ൫˦ܾݡ  ৩ܾ˦ݫ൮ � 	����


XIFSF X JT UIF TQFDJGJD EJTDIBSHF WFDUPS EFGJOFE BT UIF WPMVNF PG GMVJE DSPTTJOH B VOJU BSFB PG QPSPVT
NFEJVN QFS VOJU UJNF� ݜ JT UIF IZESBVMJD DPOEVDUJWJUZ 	EJNFOTJPOT -5˱�
 ৩ܾ JT UIF GMVJE TQFDJGJD
XFJHIU ܾݡ JT UIF GMVJE QSFTTVSF BOE ݫ JT UIF FMFWBUJPO IFBE� /PUJDF UIBU UIF IZESBVMJD DPOEVDUJWJUZݜ JT SFMBUFE UP UIF GMVJE QFSNFBCJMJUZ ܾ݃ 	EJNFOTJPO -�
 UISPVHIݜ � ܾ݃ ৩ܾ৭ܾ � 	����


XIFSF ৭ܾ JT UIF GMVJE WJTDPTJUZ 	EJNFOTJPOT '-˱�5
�
5IF NBUFSJBM QBSBNFUFST FNQMPZFE JO UIF BOBMZTFT BSF TVNNBSJTFE JO 5BCMF ���� *O QBSUJDVMBS

UIPTF GPS UIF HFMBUJOF BSF SFMBUFE UP B CJPQPMZNFS DPODFOUSBUJPO PG ��� PO UIF UPUBM XFJHIU�

Finite element model
5IF OVNFSJDBM BOBMZTFT XFSF QFSGPSNFE VTJOH UIF DPNNFSDJBM GJOJUF FMFNFOU 	'&
 TPGUXBSF 4*.6�
-*" "CBRVT ���� 	%BTTBVMU 4ZTUÒNFT���
� "CBRVT BEPQUT BO FGGFDUJWF TUSFTT QSJODJQMF UP EFTDSJCF
UIF CFIBWJPVS PG B QPSPVT NFEJVN JO XIJDI UIF QPSF QSFTTVSF ܾݡ JT USFBUFE BT BO BEEJUJPOBM OPEBM
WBSJBCMF� " POF�UFSN IZQFSFMBTUJD 0HEFO NPEFM &R�	����
 JT VTFE GPS UIF FMBTUJD SFTQPOTF PG UIF
CVML NBUFSJBM� *O TVDI B DBTF ৲ EFGJOFT UIF TIFBS NPEVMVT BOE UIF CVML NPEVMVT ݃ JT SFMBUFE UP
UIF QBSBNFUFS ܼ CZ ݃ � �ܼ � �৲
�  ৳��
� ˱ �৳� 	����


XIFSF ৳ JT UIF 1PJTTPO SBUJP�

4

75



4. Fracture in rate-dependent porous biomaterials

Table 4.1 Mechanical parameters of the poro-hyperelastic model

7BSJBCMF (FMBUJOF 	��� X�X
�� #SBJO��

4IFBS NPEVMVT 	1B
 ���� Τ �� ���� Τ ��
0HEFO QBSBNFUFS ১ ���� ����
1PJTTPO SBUJP ���� ����
0HEFO QBSBNFUFS ܼ 	��1B
 �� ��� Τ ��
)ZESBVMJD DPOEVDUJWJUZ ݜ 	N�T
 ���� Τ ��˱ଡ଼ ���� Τ ��˱ୟ
'MVJE TQFDJGJD XFJHIU ৩ܾ 	L/�N�
 ���� ����
*OJUJBM WPJE SBUJP ݗ 	�
 � �

5IF GMVJE GMPX JT DIBSBDUFSJTFE CZ UIF IZESBVMJD DPOEVDUJWJUZ ݜ GMVJE TQFDJGJD XFJHIU ৩ܾ BOE
QPSPTJUZ �ܾݟ 5IF QPSPTJUZ ܾݟ DBO CF TQFDJGJFE BT BO JOJUJBM DPOEJUJPO JO UIF BOBMZTFT UISPVHI UIF
WPJE SBUJP ݗ XIJDI JT SFMBUFE UP UIF QPSPTJUZ CZ

ܾݟ � �ݗ  ݗ 	����


8F IBWF BTTVNFE JOJUJBM DPOEJUJPOT PG TBUVSBUJPO BOE JTPUSPQJD QFSNFBCJMJUZ� " USBOTJFOU GMVJE�
TUSFTT EJGGVTJPO BOBMZTJT JT SFRVJSFE UP TJNVMBUF GMVJE GMPX UISPVHI UIF QPSPVT NBUFSJBM XIFSF UIF
BDDVSBDZ PG UIF TPMVUJPO JT HPWFSOFE CZ UIF NBYJNVN QPSF QSFTTVSF DIBOHF BMMPXFE JO BO JO�
DSFNFOU� %JGGFSFOU WBMVFT IBWF CFFO DPOTJEFSFE GPS UIF CFTU DPNQSPNJTF CFUXFFO BDDVSBDZ BOE
FGGJDJFODZ� ��OPEF RVBESJMBUFSBM QMBOF TUSBJO IZCSJE FMFNFOUT XIJDI JODMVEF QPSF QSFTTVSF XFSF
FNQMPZFE GPS UIF CVML NBUFSJBM� #PVOEBSZ DPOEJUJPOT XFSF TQFDJGJFE JO UFSNT PG EJTQMBDFNFOUT
	UPQ BOE CPUUPN GPSDFT BSF QSFWFOUFE GSPN MBUFSBM NPUJPO
 BOE JO BEEJUJPO PO UIF QPSF QSFTTVSF
EFHSFF PG GSFFEPN� " DPOEJUJPO PG ESBJOJOH FOGPSDFE CZ TFUUJOH UIF QPSF QSFTTVSF FRVBM UP [FSP
JT TQFDJGJFE GPS UIF WFSUJDBM GSFF FEHFT BOE UIF FEHF�DSBDL TVSGBDFT JO DPOUBDU XJUI BUNPTQIFSJD
QSFTTVSF� 5IF '& NPEFM JT JMMVTUSBUFE JO 'JH����B�

Fluid draining in the crack-tip region
5IF NBJO QVSQPTF PG UIF BOBMZTFT JT UP VOEFSTUBOE JG GMVJE ESBJOJOH BGGFDUT UIF DSBDL�UJQ SFHJPO
XIFO UIF DSJUJDBM DPOEJUJPO DPSSFTQPOEJOH UP UIF POTFU PG DSBDL QSPQBHBUJPO JT SFBDIFE� 8JUI
SFTQFDU UP UIF BTTVNQUJPOT PO FOFSHZ EJTTJQBUJPO BOE UPVHIOFTT JOUSPEVDFE BCPWF 	f�����
 XF
BTTVNF UIBU UIF SBUF�EFQFOEFODF JT EVF UP GMVJE QBSUJDMFT NJHSBUJOH GSPN UIF CVML NBUFSJBM UPXBSET
UIF DSBDL�UJQ� *O PUIFS XPSET XF BSF DPOTJEFSJOH UIF FGGFDU PG EJTTJQBUJPO BOE PG UIF MPBEJOH SBUF PO
UIF DSBDL ESJWJOH FOFSHZ ܿ
 Ï৫� XIFSFBT UIF GSBDUVSF UPVHIOFTT JT BTTVNFE FRVBM UP çୖ� 5IF DSJUJDBM
DPOEJUJPO PG JODJQJFOU QSPQBHBUJPO JT UIFO FYQSFTTFE CZ &R�	���
� " QSFMJNJOBSZ BOBMZTJT PO UIF
FMBTUJD NBUFSJBM JT FNQMPZFE UP JOWFTUJHBUF UIF DSJUJDBM DPOEJUJPO GPS DSBDL QSPQBHBUJPO� *O TVDI B
DBTF UIF FOFSHZ SFMFBTF SBUF DBO CF FWBMVBUFE UISPVHI UIF + �JOUFHSBM JO B DPOUPVS TVSSPVOEJOH UIF
DSBDL UJQ BOE UIF DSJUJDBM DPOEJUJPO JT BUUBJOFE XIFO ݂ � çୖ� "U UIJT QPJOU XF DBO BMTP FYUSBDU UIF
DSJUJDBM TUSFUDI ৱୖ�

5IF SFTVMUT BSF JMMVTUSBUFE JO 'JH����C�D XIFSF XF TIPX UIF DPOUPVST PG UIF GMVJE QSFTTVSF ܾݡ
JO UIF HFMBUJOF BOE JO UIF CSBJO UJTTVF GPS UISFF EJGGFSFOU TUSBJO SBUFT Ï৫ FYUSBDUFE BU UIF TUSFUDI ৱୖ�
5IF SFHJPO DPOTJEFSFE JT UIF DSBDL�UJQ EJTTJQBUJWF [POF XIPTF SBEJVT GSPN &R�	���
 JT JO UIF PSEFS
PG ��˱N JO CPUI NBUFSJBMT� 5P UIJT QVSQPTF XF NVTU DMBSJGZ UIBU UIF HFMBUJOF JOUSJOTJD UPVHIOFTTçୖ XBT PCUBJOFE GSPN UIF XJSF DVUUJOH UFTUT BU RVBTJ�TUBUJD SBUF 	TFF f�����
 XIJDI ZJFMEFE B WBMVF
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4.2. Fluid diffusion in brain tissue and mimicking hydrogels

PG çୖ ̢ ���1B N� 6OGPSUVOBUFMZ XF EJE OPU IBWF FOPVHI FYQFSJNFOUBM EBUB UP PCUBJO B SFMJBCMF
WBMVF PG UIF TBNF QBSBNFUFS JO UIF CSBJO UJTTVF� *O UIF BOBMZTFT çୖ PG IVNBO CSBJO XBT GJYFE
BSCJUSBSJMZ TVDI UIBU UIF DSBDL�UJQ EJTTJQBUJWF SFHJPOT JO CPUI NBUFSJBMT IBE BQQSPYJNBUFMZ UIF TBNF
FYUFOTJPO�

Figure 4.4 a Model of an edge-crack in a poroelastic solid. The blue edges are those with drained
boundary conditions. Contours of the pore pressure ܾݡ at constant stretch ৱ � ৱୠ for different strain
rates, in the gelatine (b) and the brain tissue (c)

5IF SFE SFHJPOT DPSSFTQPOE UP UIF ESBJOFE PS SFMBYFE DPOEJUJPO ܾݡ	 � �
 XIFSFBT UIF CMVF
SFHJPOT BSF BGGFDUFE CZ GMVJE GMPXJOH JO UIF QPSFT� 8IFO MPBEJOH JT BQQMJFE JO CPUI DBTFT UIF TPMJE
JT TBUVSBUFE BOE UIFSF JT POMZ BO JOGJOJUFTJNBM [POF DMPTF UP UIF UJQ PG UIF FYJTUJOH DSBDL XIFSF UIF
GMVJE QSFTTVSF JT [FSP� "T UJNF HPFT CZ UIJT SFHJPO JODSFBTFT JO FYUFOU VOUJM UIF DSJUJDBM DPOEJUJPO
JT BUUBJOFE� *U DBO CF TFFO UIBU JOEFQFOEFOUMZ GSPN UIF SBUF UIF HSFBUFS QFSNFBCJMJUZ PG HFMBUJOFT
BMMPXT GPS B SBQJE ESBJOJOH PG UIF XIPMF DSBDL�UJQ SFHJPO� 0O UIF DPOUSBSZ JU BQQFBST UIBU GMVJE
UBLFT B MPOHFS UJNF UP ESBJO UIF TBNF BSFB JO UIF CSBJO UJTTVF XIFSF QFSNFBCJMJUZ JT NVDI MPXFS�

5P EJTDVTT UIF JNQMJDBUJPOT PG EJTTJQBUJPO EVF UP GMVJE ESBJOJOH XF DBO BTTVNF UIBU GSBDUVSF
JT BGGFDUFE POMZ JG TVDI QSPDFTT PDDVST XJUIJO UIF DSBDL�UJQ SFHJPO JO UJNFT DPNQBSBCMF UP UIPTF
SFRVJSFE GPS DSBDL QSPQBHBUJPO� -FU ݥ EFOPUF UIF UJNF NFBTVSFE GSPN UIF JOTUBOU PG MPBE BQQMJDBUJPO
UP UIF POTFU PG DSBDL QSPQBHBUJPO� #Z DPNQBSJOH JU XJUI UIF UJNF PG QPSPFMBTUJD SFMBYBUJPO ݖݥ
&R�	���
 XF BSF BCMF UP EJTUJOHVJTI UIF GPMMPXJOH DBTFT�

t ݥ ͉ �ݖݥ UIJT TJUVBUJPO PDDVST BU WFSZ GBTU TUSBJO SBUFT PS SFEVDFE QFSNFBCJMJUZ XIFO GMVJE
EJGGVTJPO JT UPP TMPX UP CF FGGFDUJWF� 8F IBWF VOESBJOFE DPOEJUJPOT JO UIF DSBDL�UJQ SFHJPO
TP UIBU UIF NBUFSJBM CFIBWFT BT BO JODPNQSFTTJCMF TPMJE� *U BQQMJFT UP UIF CSBJO UJTTVF BU IJHI
TUSBJO SBUFT�
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4. Fracture in rate-dependent porous biomaterials

t ݥ ̢ �ݖݥ UIJT DBTF DPSSFTQPOET UP JOUFSNFEJBUF TJUVBUJPOT XIFO GMVJE ESBJOT UIF DSBDL�UJQ
SFHJPO JO B UJNF SBOHF DPNQBSBCMF UP UIBU MFBEJOH UP DSBDL QSPQBHBUJPO� *U BQQMJFT UP UIF
CSBJO UJTTVF BU NPEFSBUF TUSBJO SBUFT�

t ݥ ͊ �ݖݥ GJOBMMZ XF IBWF UIF MJNJU DBTF PG TMPX TUSBJO SBUFT PS WFSZ QFSNFBCMF NBUFSJBMT� "T
ESBJOJOH JT GBTU UIF ESBJOFE SFHJPO JT MBSHF DPNQBSFE UP UIF DSBDL�UJQ [POF TP UIBU SFMBYBUJPO
JT JOFGGFDUJWF XJUI SFTQFDU UP GSBDUVSF� 8F DBO BTTVNF UIBU UIF NBUFSJBM CFIBWFT BT BO FMBTUJD
TPMJE� 5IJT JT UIF DPOEJUJPO UIBU XF GJOE JO UIF HFMBUJOF�

*O &R�	���
 UIF NBUFSJBM QFSNFBCJMJUZ FOUFST JOEJSFDUMZ UISPVHI UIF EJGGVTJPO DPFGGJDJFOU ܼܾ
XIJDI JO IZESPHFMT JT VTVBMMZ WFSZ TNBMM���� *O UIF BCTFODF PG FYQFSJNFOUBM NFBTVSFT XF DBO VTF
UIF GPMMPXJOH EFGJOJUJPO EFSJWFE GSPN UIF MJOFBS UIFPSZ PG QPSPFMBTUJDJUZ���

ܼܾ � �৲
� ˱ ৳�
� ˱ �৳� ܾ݃৭ܾ � 	����


XIFSFܼܾ SFQSFTFOUT B HFOFSBMJTFE DPOTPMJEBUJPO DPFGGJDJFOU JO UIF TQJSJU PG 5FS[BHIJ�T GPSNVMBUJPO
UIBU JT JO UIF DBTF PG VOJBYJBM TUSBJO XJUI UIF BTTVNQUJPO PG CPUI GMVJE BOE TPMJE JODPNQSFTTJCJMJUZ�
"QQSPYJNBUF WBMVFT BSF ܼܾ ̛ ��˱ଡ଼N��T JO UIF HFMBUJOF BOE ܼܾ ̛ ��˱ୗୖN��T JO UIF CSBJO UJTTVF�

4JODF GMVJE ESBJOJOH JT B EJTTJQBUJWF QSPDFTT JU JT SFBTPOBCMF UP BTTVNF UIBU DSBDL QSPQBHBUJPO
JT BGGFDUFE CZ UIF QIFOPNFOPO BU MFBTU JO UIF CSBJO UJTTVF� 5IF LOPXO FGGFDU PG EJTTJQBUJPO JT BO
FOIBODFNFOU PG UIF NBUFSJBM UPVHIOFTT XIJDI JT SFGMFDUFE GPS JOTUBODF JO BO JODSFBTFE WBMVF PG UIF
TUSFUDI DPSSFTQPOEJOH UP GSBDUVSF��� 8JUI SFTQFDU UP UIF QPSPFMBTUJD NPEFM DPOTJEFSFE JO SFHJPOT
XJUI GMVJE UIF FGGFDUJWF TUSFTT JT TNBMMFS UIBO UIF TBNF BSFBT JO ESBJOFE DPOEJUJPOT &R�	����
� "U
UIF POTFU PG DSBDL QSPQBHBUJPO UIJT SFTVMUT JO B MPXFS WBMVF PG UIF DSBDL�ESJWJOH FOFSHZ XIJDI JT
UIFSFGPSF BMTP BGGFDUFE CZ SBUF� 5IFSF JT B GVSUIFS TUFQ UIPVHI UIBU JT GBS GSPN USJWJBM� FWFO JG XF
DBO DPNQVUF UIF TUSBJO FOFSHZ QFS VOJU BSFB XJUIJO UIF DSBDL�UJQ SFHJPO 	GPS JOTUBODF UISPVHI UIF
+ �JOUFHSBM
 UIJT EPFT OPU SFQSFTFOU UIF SFBM GSBDUVSF FOFSHZ CFDBVTF PG UIF EJTTJQBUJPO��� 0OF XBZ
UP PWFSDPNF UIJT QSPCMFN XPVME CF UP JODMVEF DSBDL QSPQBHBUJPO BOBMZTJT XJUIJO UIF '& NPEFM
UISPVHI DPIFTJWF FMFNFOUT EFQMPZFE BIFBE PG UIF FYJTUJOH DSBDL TP UIBU UIF DSJUJDBM DPOEJUJPO HJWFO
CZ &R�	���
 JT BVUPNBUJDBMMZ WFSJGJFE CZ UIF DPIFTJWF MBX� 6OGPSUVOBUFMZ XIFO XF IBWF USJFE UP
FNQMPZ DPIFTJWF FMFNFOUT XJUI DPVQMFE GMVJE�TUSFTT BOBMZTFT XF DPVME OPU PCUBJO BOZ BDDFQUBCMF
SFTVMU QSPCBCMZ EVF UP UIF MBDL PG B QPSF QSFTTVSF WBSJBCMF JO UIF GPSNVMBUJPO PG UIF DPIFTJWF
FMFNFOUT BEPQUFE� *OUFSGBDF FMFNFOUT XJUI B EFEJDBUFE QSFTTVSF EFHSFF PG GSFFEPN��� NJHIU CF
DPOTJEFSFE JO GVUVSF BOBMZTFT PG QPSPFMBTUJD GSBDUVSF�

8JUI UIFTF MJNJUBUJPOT XIBU XF QSFTFOU CFMPX BSF UIF SFTVMUT PCUBJOFE GSPN UIF '& BOBMZTFT
XIFSF UIF TUSBJO FOFSHZ QFS VOJU PG DSBDL TVSGBDF JT DPNQVUFE GSPN UIF + �JOUFHSBM JO B DPOUPVS
TVSSPVOEJOH UIF DSBDL�UJQ SFHJPO BOE IFODF JODMVEFT EJTTJQBUJPO� *O 'JH����B UIF OPSNBMJTFE
+ �JOUFHSBM JO UIF DSBDL�UJQ SFHJPO JT PCUBJOFE BU UIF DPOTUBOU TUSFUDI ৱୖ GPS EJGGFSFOU TUSBJO SBUFT�
*O 'JH����C XF IBWF DPOTJEFSFE UIF TJUVBUJPO XIFO ݂ � çୖ BOE QMPUUFE UIF DSJUJDBM TUSFUDI ৱ
OPSNBMJTFE XJUI SFTQFDU UP UIF RVBTJ�TUBUJD WBMVF ৱୖ� "T FYQFDUFE OP EJGGFSFODF XJUI SFTQFDU UP
UIF FMBTUJD RVBTJ�TUBUJD TJUVBUJPO JT PCTFSWFE JO UIF HFMBUJOF XIJDI UIFSFGPSF CFIBWFT BT BO FMBTUJD
SFMBYFE NBUFSJBM� 5IF TJUVBUJPO MPPLT EJGGFSFOU JO UIF CSBJO UJTTVF XIFSF CPUI UIF TUSBJO FOFSHZ
BOE UIF DSJUJDBM TUSFUDI BSF BGGFDUFE CZ SBUF� 4JODF ݂ EPFT OPU QSPWJEF UIF DPSSFDU WBMVF PG UIF
FOFSHZ SFMFBTF SBUF ܿ
 Ï৫� XF DBOOPU DPOTJEFS UIFTF TUSFUDIFT BT UIF SFBM VMUJNBUF TUSFUDIFT PG UIF
NBUFSJBM� )PXFWFS PVS SFTVMUT QPJOU PVU UIF FGGFDU PG GMVJE ESBJOJOH JO UIF DSBDL�UJQ SFHJPO PG
QPSPVT NBUFSJBMT XJUI SFEVDFE QFSNFBCJMJUZ�
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4.3. Process zone model for biopolymeric gelatines
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Figure 4.5 Fracture in a poro-hyperelastic material. a Strain energy per unit area in the crack-tip
region, normalised by the fracture toughness ୠ, and b applied stretch, normalised by the critical
stretch in quasi-static conditions ৱୠ. Both are plotted as a function of the strain rate Ï৫ (logarithmic
plot)

" EJSFDU DPOGSPOUBUJPO XJUI UIF FYQFSJNFOUBM XJSF DVUUJOH JT OPU WJBCMF� 'JSTUMZ CSBJO UJT�
TVF TIPXFE FWJEFOU TJHOT PG WJTDPFMBTUJD CFIBWJPVS EVSJOH DPNQSFTTJPO BOE JOEFOUBUJPO�SFMBYBUJPO
UFTUT���� TP UIBU B DPOUSJCVUJPO PO UIF DSBDL�SFMBUFE EJTTJQBUJWF SFHJPO DPNJOH GSPN CVML WJTDPFMBT�
UJDJUZ NJHIU BMTP FYJTU� 5IJT QPJOU JT BEESFTTFE JO f���� .PSFPWFS PVS BOBMZTFT IBWF DPOTJEFSFE
UIF FGGFDU PG UIF TUSBJO SBUF PO UIF POTFU PG DSBDL QSPQBHBUJPO BOE OPU UIF SFMBUJPOTIJQ CFUXFFO UIF
NFBTVSFE GSBDUVSF UPVHIOFTT BOE UIF DSBDL WFMPDJUZ EVSJOH QSPQBHBUJPO XIJDI JT XIBU JU JT OPS�
NBMMZ NFBTVSFE JO FYQFSJNFOUT��� *U JT SFBTPOBCMF UP BTTVNF UIBU UIF CVML CFIBWJPVS JT UIF TBNF
BU UIF POTFU BOE EVSJOH DSBDL QSPQBHBUJPO 	UZQJDBMMZ PODF B DSBDL JT JOJUJBUFE JU UBLFT GSBDUJPOT PG
B TFDPOE GPS UFBSJOH UP DPNQMFUF���
 QBSUJDVMBSMZ JO QVSF TIFBS TQFDJNFOT XIFSF UIF SFTVMUT BSF
JOEFQFOEFOU PO UIF DSBDL MFOHUI� 4UJMM XF IBWF OP NFBOT PG FTUBCMJTIJOH BO BOBMZUJDBM SFMBUJPOTIJQ
CFUXFFO UIF TUSBJO SBUF BOE UIF DSBDL QSPQBHBUJPO WFMPDJUZ� "T UIF NFDIBOJTN PG QSPQBHBUJPO JT
HPWFSOFE MPDBMMZ CZ UIF OVNCFS PG DSPTT�MJOLT UIBU GBJM JO GSPOU PG UIF DSBDL UJQ UIF PCWJPVT FGGFDU
JT UIBU IJHIFS TUSBJO SBUFT SFTVMU JO B GBTUFS QSPQBHBUJPO� )PXFWFS UIJT IPMET USVF CFMPX B DFSUBJO
MJNJU BCPWF XIJDI UIF DSBDL WFMPDJUZ TUBZT DPOTUBOU JSSFTQFDUJWFMZ PG UIF TUSBJO SBUF���� *U TIPVME
BMTP CF OPUJDFE UIBU UIF DSBDL QSPQBHBUJPO WFMPDJUZ JT OPU DPOTUBOU JO B TQFDJNFO PG UIF UZQF VTFE
JO PVS BOBMZTJT XIFSFBT EVSJOH TUFBEZ�TUBUF DVUUJOH UIF DSBDL WFMPDJUZ JT DPOUSPMMFE CZ UIF SBUF PG
JOTFSUJPO BOE DBO CF USFBUFE BT DPOTUBOU�

4.3. Process zone model for biopolymeric gelatines

"MUIPVHI UIF OVNFSJDBM BOBMZTFT FNQMPZJOH UIF QPSP�IZQFSFMBTUJD NPEFM DPVME OPU EJSFDUMZ MJOL
GSBDUVSF UPVHIFOJOH UP UIF DSBDL QSPQBHBUJPO WFMPDJUZ UIFZ TFFN UP TVHHFTU UIBU GSBDUVSF PG HFMBUJOFT
JT OPU BGGFDUFE CZ SBUF� 5IF SFBEFS NJHIU PCKFDU UIBU UIJT JT OPU DPOTJTUFOU XJUI UIF FYQFSJNFOUBM
XJSF DVUUJOH 	'JH����B
 XIFSF UIF TUFBEZ�TUBUF GPSDF 	IFODF UIF GSBDUVSF UPVHIOFTT
 TFFNFE UP
JODSFBTF XJUI UIF JOTFSUJPO SBUF� "NPOH UIF TPVSDFT PG FOFSHZ EJTTJQBUJPO JO QPSPVT NBUFSJBMT
	f�����
 CVML WJTDPFMBTUJDJUZ DBOOPU CF DPOTJEFSFE GPS HFMBUJOFT XIJDI TIPX BMNPTU OP TJHO PG
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4. Fracture in rate-dependent porous biomaterials

WJTDPFMBTUJD SFMBYBUJPO JO DPNQSFTTJPO BOE JOEFOUBUJPO UFTUT BOE MPTT BOHMFT NFBTVSFE GSPN UIF
SIFPNFUSJD DVSWFT BSF CFMPX ������ 5IF POMZ QPTTJCJMJUZ JT UIBU SBUF�EFQFOEFODF JT JOTJEF UIF MPDBM
QSPDFTT [POF� )FSF XF SFDBMM B NPEFM PG GMVJE ESBJOJOH PG UIF QSPDFTT [POF XIJDI XBT QSFTFOUFE JO
'PSUF FU BM� ��� 8IJMF UIF FYJTUFODF PG B TJNJMBS NFDIBOJTN JO UIF CSBJO UJTTVF BOE QPTTJCMZ JO PUIFS
NJNJDLJOH IZESPHFMT DBOOPU CF SVMFE PVU UIJT NPEFM JT SFMBUFE UP UIF TQFDJGJD SBUF�EFQFOEFODF
PCTFSWFE JO HFMBUJOFT� "O JMMVTUSBUJWF TLFUDI JT QSPWJEFE JO 'JH�����

y

x lp
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lp
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Figure 4.6 Sketch of the process zone model showing the rate-dependent cohesive zone .ݡݝ During
crack propagation, fluid flows through the circular pores of diameter ৴ with a pressure gradient which
is equal to ৹NBYݡݝ�. The enlarged microstructure of a 10% w/w gelatine is adapted from Djabourov ୣ୦
5IF NPEFM JT CBTFE PO UIF GPMMPXJOH BTTVNQUJPOT�

t UIF QSPDFTT [POF JT ESBJOFE CZ GMVJE GMPX JO UIF QPSFT PG UIF TPMJE NBUSJY XIJDI BSF DPOTJEFSFE
BT DJSDVMBS QJQFT PG EJBNFUFS ৴�

t UIF ESBJOJOH SFHJPO JT SFQSFTFOUFE CZ B TJOHMF QJQF BOE BTTVNFE FRVBM UP B DPIFTJWF [POF PG
MFOHUI �ݡݝ

t UIF GMPX PG GMVJE JT ESJWFO UPXBSET UIF DSBDL�UJQ CZ UIF QSFTTVSF HSBEJFOU ˱Eܾݡ�Eݩ�
t TUFBEZ�TUBUF DPOEJUJPOT BSF BTTVNFE TP UIBU UIF DSBDL WFMPDJUZ ݧ BOE UIF GMVJE BWFSBHF WFMPDJUZÌÏܾݦ BSF FRVBM�

t UIF DPIFTJWF TUSFTT ৹NBY BOE UIF GSBDUVSF FOFSHZ ç DIBOHF XJUI SBUF CVU UIF DSBDL�UJQ PQFOJOH
EJTQMBDFNFOU ৪ݕ JT DPOTUBOU�

6OEFS UIF BTTVNQUJPO PG QMBOF TUSBJO DPOEJUJPOT UIF NPUJPO PG GMVJE XJUIJO UIF QSPDFTT [POF
JT BQQSPYJNBUFE XJUI B POF�EJNFOTJPOBM MBNJOBS GMPX UISPVHI B DJSDVMBS QJQF PG EJBNFUFS ৴� 5IF
NFBO GMVJE WFMPDJUZ JT ÌÏܾݦ � ˱ ৴��৭ܾ ൭EܾݡEݩ ൰ � 	����


5IF GSBDUVSF QSPDFTT JT HPWFSOFE CZ B MJOFBS DPIFTJWF MBX XJUIJO UIF QSPDFTT [POF SFMBUJOH UIF
GSBDUVSF FOFSHZ ç
�ݧ UP UIF DPIFTJWF TUSFTT ৹NBY
�ݧ

ç
�ݧ � ��৹NBY
�ݕ৪�ݧ 	����
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4.3. Process zone model for biopolymeric gelatines

Table 4.2 Parameters of the cohesive zone model in quasi-static conditions

7BSJBCMF (FMBUJOF 	��� X�X
��

$PIFTJWF TUSFTT ৹NBY 	1B
 ��� Τ ��
'SBDUVSF UPVHIOFTT çୖ 	1B N
 ���
$PIFTJWF DSJUJDBM EJTQMBDFNFOU ৪ݕ 	NN
 ����
'MVJE WJTDPTJUZ ৭ܾ 	1B T
 � Τ ��˱
"WFSBHF QPSF TJ[F ৴ 	ON
 ��

XIJMF UIF MFOHUI PG UIF DPIFTJWF QSPDFTT [POF JT HJWFO CZ���

�ݧ
ݡݝ � ��৶ ç
�ݧ
৹NBYܽ�ݧ � 	����


*O TUFBEZ�TUBUF DSBDL QSPQBHBUJPO XF BTTVNF UIBU UIF UPUBM TUSFTT XJUIJO UIF QSPDFTT [POF JT
DPOTUBOU ৹NBY  ܾݡ � DPOTU TP UIBU UIF QSFTTVSF HSBEJFOU ESJWJOH UIF GMVJE GMPX BOE UIF DPIFTJWF
TUSFTT HSBEJFOU BSF FRVBM BOE PQQPTJUF ৹NBYݡݝ � ˱Eܾݡ

Eݩ � 	����


$PNCJOJOH &RT�	����
�	����
 BOE BTTVNJOH UIBU UIF DSBDL QSPQBHBUJPO WFMPDJUZ ݧ JT UIF TBNF
BT UIF GMVJE NFBO WFMPDJUZ ÌÏܾݦ XF PCUBJO UIF FYQSFTTJPO PG UIF SBUF�EFQFOEFOU GSBDUVSF FOFSHZ

ç
�ݧ � �৴ϴϵϵϵϵ϶ܽ৪ݕ৭ܾ�৶ ϷϸϸϸϸϹୖ�ୖݧ�� 	����


5IF QSFWJPVT FRVBUJPO EFTDSJCFT B UPVHIFOJOH QPXFS�MBX XJUI UIF DSBDL WFMPDJUZ UIF WBMVF PG
UIF QPXFS CFJOH ��� XIJDI BHSFFT XJUI UIF FYQFSJNFOUBM GJOEJOHT��� 'JHVSF ��� TIPXT UIF GSBDUVSF
FOFSHZ ç
�ݧ JO UIF HFMBUJOF ��� X�X UPHFUIFS XJUI UIF TJ[F PG UIF DPIFTJWF QSPDFTT [POF ��ݧ
ݡݝ
5IF SFMFWBOU QBSBNFUFST BSF SFQPSUFE JO 5BCMF ��� XIJMF UIF SFTVMUT BSF TIPXO JO 'JH����

*U JT FWJEFOU UIBU UIJT NPEFM JT JODPSSFDU CFMPX DFSUBJO WFMPDJUJFT 	JO UIF MJNJU PG ݧ ɱ � POF
OFFET UP SFDPWFS UIF RVBTJ�TUBUJD UPVHIOFTT çୖ
� "DDPSEJOH UP UIF QPSPFMBTUJD UIFPSZ BU MPX DSBDL
WFMPDJUJFT UIF TJ[F PG UIF ESBJOFE SFHJPO ݖ݊ &R�	���
 HFUT MBSHFS BOE DPNQMFUFMZ TVSSPVOET UIF
QSPDFTT [POF TP UIBU UIF GMVJE GMPX EPFT OPU BGGFDU GSBDUVSF 	SFHJPO " JO 'JH����
� 8F QSPQPTF UP
DPSSFDU UIF DVSWFT CZ DPOTJEFSJOH UIF DSBDL WFMPDJUZ BU XIJDI ç
�ݧ � çୖ XIJDI GPS UIJT NBUFSJBM
DPSSFTQPOET BQQSPYJNBUFMZ UP ୖݧ � ���NN�NJO� #FMPX UIJT WBMVF UIF NBUFSJBM JT BTTVNFE UP
CF JO B ESBJOFE TUBUF BOE UIF DPIFTJWF QSPQFSUJFT BSF UIPTF PG UIF FMBTUJD NBUFSJBM JO RVBTJ�TUBUJD
DPOEJUJPOT� "DDPSEJOH UP &R�	����
 JODSFBTJOH UIF WFMPDJUZ PG DSBDL QSPQBHBUJPO SFEVDFT UIF TJ[F
PG UIF DPIFTJWF QSPDFTT [POF XJUI SFTQFDU UP UIF RVBTJ�TUBUJD WBMVF ୖݡݝ 	EBTIFE MJOF JO 'JH����
� *O
UIJT SBOHF PG QSPQBHBUJPO WFMPDJUJFT UIF GMPX PG GMVJE JO UIF QPSFT FYQMBJOT UIF FOIBODFE GSBDUVSF
UPVHIOFTT 	SFHJPO # JO 'JH����
� 5IF QIFOPNFOPO CFDPNFT JOFGGJDJFOU XIFO UIF TJ[F PG UIF QSPDFTT
[POF JT TNBMMFS UIBO UIF DIBSBDUFSJTUJD TJ[F ৴ PG UIF QPMZNFSJD NBUFSJBM ��� 	DIBJO TQBDJOH
 XIJDI
TFUT BO VQQFS MJNJU UP UIF DSBDL WFMPDJUZ�
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4. Fracture in rate-dependent porous biomaterials
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Figure 4.7 Rate-dependent fracture toughness 
�ݧ (thick line) and cohesive process zone length �ݧ
ݡݝ
(dashed line). The continuous black line is obtained from Eq.(4.21) when ݧ ̓ .ୠݧ The shaded region
in the plot shows the quasi-static condition (a) whereas the remaining part (b) is for velocities ݧ ୠݧ 
when the fluid draining mechanism is effective

4.4. On the effect of viscoelasticity

*O UIF QSFWJPVT TFDUJPOT XF IBWF QSPWJEFE B UIFPSFUJDBM BOE OVNFSJDBM FYQMBOBUJPO UP UIF FGGFDU
PG GMVJE ESBJOJOH BT B EJTTJQBUJWF QIFOPNFOPO JO GSBDUVSF PG TPGU QPSPVT NBUFSJBMT� 8F TUJMM OFFE
UP EJTDVTT UIF SPMF QMBZFE CZ CVML WJTDPFMBTUJDJUZ� *O QBSUJDVMBS IVNBO CSBJO EJTQMBZT FWJEFODFT PG
WJTDPFMBTUJD SFMBYBUJPO EVSJOH DPNQSFTTJPO UFTUT BOE IZTUFSFTJT XIFO MPBEFE BOE VOMPBEFE��� 5IF
DPOUSJCVUJPO PG WJTDPFMBTUJD SFMBYBUJPO EVSJOH GSBDUVSF NJHIU UIFSFGPSF CF SFMFWBOU�

4.4.1. Numerical analysis of viscoelastic fracture
8F IBWF QFSGPSNFE '& BOBMZTFT PO UIF CSBJO UJTTVF VTJOH UIF TBNF NPEFM TIPXO JO 'JH���� BOE EF�
TDSJCFE JO 4FDUJPO f������ "MUIPVHI WJTDPFMBTUJD SFMBYBUJPO NJHIU CF DPVQMFE XJUI GMVJE EJGGVTJPO
XF IBWF DPOTJEFSFE UIFN TFQBSBUFMZ JO UIF OVNFSJDBM BOBMZTFT� 5IJT DIPJDF XBT QBSUMZ NPUJWBUFE
CZ UIF XJMM UP TFQBSBUF UIF FGGFDU PG EJGGFSFOU EJTTJQBUJWF NFDIBOJTNT PO UIF GSBDUVSF FOFSHZ�

The visco-hyperelastic model
5IF NPEFM IFS FNQMPZFE JT EFSJWFE GSPN UIF UIFPSZ PG WJTDPFMBTUJDJUZ BU GJOJUF TUSBJOT 	TFF UIF
"QQFOEJY "��
� 5IF JOTUBOUBOFPVT FMBTUJD SFTQPOTF JT BTTVNFE UP GPMMPX UIF 0HEFO IZQFSFMBTUJD
DPNQSFTTJCMF NPEFM &R�	����
� 4USFTT SFMBYBUJPO JT EFTDSJCFE CZ B HFOFSBMJTFE .BYXFMM NPEFM
HJWFO JO UFSNT PG B OPSNBMJTFE 1SPOZ TFSJFT

�ݥ
ݙ � ˽ݙ  ഓ݆ݚ�ୗ ݚݥ�ݥ˱ݗݚݙ � 	����


XIFSF ݚݙ BSF UIF 1SPOZ DPOTUBOUT XJUI ˽ݙ SFQSFTFOUJOH UIF MPOH�UFSN OPSNBMJTFE TIFBS NPEVMVT
BOE ݚݥ BSF UIF SFMBYBUJPO UJNFT�

4

82



4.4. On the effect of viscoelasticity

Table 4.3 Parameters of viscoelastic relaxation of human brain

)VNBO CSBJO UJTTVFݙ��ୗ ݙ ݙ ୗݥ 	T
 ݥ 	T
 ݥ 	T


��� ��� ���� ��� �� ���

'VSUIFSNPSF XF BTTVNF UIBU POMZ UIF EFWJBUPSJD QBSU PG UIF TUSFTT JT BGGFDUFE CZ SFMBYBUJPO�
8JUI SFTQFDU UP UIF SFGFSFODF DPOGJHVSBUJPO UIF TFDPOE 1JPMB�,JSDIPGG TUSFTT UFOTPS 4 JT TQMJU BD�
DPSEJOH UP

4 � ୗ˱$ݡ݂  Ì4� 	����


XIFSF ݡ JT UIF IZESPTUBUJD QSFTTVSF BOE Ì4 JT UIF EFWJBUPSJD TUSFTT EFGJOFE JO &R�	"���
�
5IF EFWJBUPSJD TUSFTT DIBOHFT JO UJNF BDDPSEJOH UP

Ì4
�ݥ � ˽ݙ Ì4
�ݥ  ഓ݆ݚ�ୗ ݚݙ Ì4ݚ
��ݥ 	����


XIFSF Ì4ݚ
�ݥ JT UIF EFWJBUPSJD WJTDPVT TUSFTT JO FBDI UFSN PG UIF 1SPOZ TFSJFT BDDPSEJOH UP &R�	"���
�

Numerical results
5IF OVNFSJDBM BOBMZTFT XFSF QFSGPSNFE VTJOH UIF DPNNFSDJBM GJOJUF FMFNFOU TPGUXBSF 4*.6-*"
"CBRVT ���� 	%BTTBVMU 4ZTUÒNFT���
�
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Figure 4.8 Relaxation of the shear modulus ৲
�ݥ with
respect to the instantaneous modulus ৲ୠ. The
coloured squares are related to the brain tissue, with
different strain rates Ï৫ (in NJO˱�). The characteristic
times correspond to crack propagation in the FE
analyses

" USBOTJFOU RVBTJ�TUBUJD BOBMZTJT JT SF�
RVJSFE UP TJNVMBUF UJNF�EFQFOEFOU NBUFSJBM
CFIBWJPVS OFHMFDUJOH JOFSUJB FGGFDUT� ��OPEF
RVBESJMBUFSBM QMBOF TUSBJO IZCSJE FMFNFOUT XFSF
FNQMPZFE GPS UIF CVML NBUFSJBM� #PVOEBSZ
DPOEJUJPOT XFSF TQFDJGJFE JO UFSNT PG EJTQMBDF�
NFOUT 	UPQ BOE CPUUPN GPSDFT BSF QSFWFOUFE
GSPN MBUFSBM NPUJPO
� 5IF WJTDPFMBTUJD QSPQFS�
UJFT PG UIF NBUFSJBM BSF UBLFO GSPN UIF FYQFSJ�
NFOUBM NFBTVSFT PO IVNBO CSBJO SFQPSUFE JO
'PSUF FU BM� ��� 5IF SFMBYBUJPO DPOTUBOUT ݚݙ BOEݚݥ PCUBJOFE CZ B UIJSE�PSEFS 1SPOZ TFSJFT GVOD�
UJPO GJUUJOH UIF SIFPMPHJDBM EBUB BSF TIPXO JO
5BCMF ���� 5IF SFTVMUJOH WBSJBUJPO PG UIF TIFBS
NPEVMVT ৲
�ݥ JT JMMVTUSBUFE CZ UIF CMBDL MJOF JO
'JH�����

'PMMPXJOH UIF TBNF MPHJD PG UIF QSFWJPVT
BOBMZTFT XJUI UIF QPSP�IZQFSFMBTUJD NBUFSJBM
XF IBWF DPNQVUFE UIF + �JOUFHSBM JO B DPO�
UPVS TVSSPVOEJOH UIF DSBDL�UJQ EJTTJQBUJWF SF�
HJPO� 5IF SFTVMUT BSF TIPXO JO 'JH����B BOE JO
'JH����C JO UFSNT PG UIF SBUJPT ݂�çୖ BOE ৱ�ৱୖ�

"U MPXFS TUSBJO SBUFT JU TFFNT UIBU UIF TUSBJO FOFSHZ XJUIJO UIF DSBDL�UJQ SFHJPO JT NPEJGJFE XJUI
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4. Fracture in rate-dependent porous biomaterials

SFTQFDU UP UIF FMBTUJD SFGFSFODF DBTF CVU TVSQSJTJOHMZ UIJT EPFT OPU SFTVMU JO B TVCTUBOUJBM FGGFDU JO
UFSNT PG UIF DSJUJDBM TUSFUDI XIFO ݂ � çୖ� 8F NJHIU OFFE UP FYQMPSF UIF SPMF QMBZFE CZ TUSFTT
SFMBYBUJPO BOE UP UIJT QVSQPTF XF IBWF DPNQVUFE UIF UJNFT SFRVJSFE UP BDIJFWF UIF DPOEJUJPO݂ � çୖ JO UIF '& BOBMZTFT� #Z QMPUUJOH UIFN PO UIF SFMBYBUJPO DVSWF PG 'JH���� XF DBO BQQSFDJBUF
UIBU UIF DPMPVSFE TRVBSFT DPSSFTQPOEJOH UP MPX TUSBJO SBUFT 	 Ï৫ � ��NJO˱�
 GBMM JO UIF SFHJPO XJUI৲�৲ୖ � ���� *O PUIFS UFSNT UIF NBUFSJBM IBT B DPOTJEFSBCMZ MPXFS TIFBS NPEVMVT XJUI SFTQFDU UP
UIF FMBTUJD SFTQPOTF� 0O UIF DPOUSBSZ BU IJHIFS TUSBJO SBUFT UIF NBUFSJBM DPNQMJFT UP JUT JOTUBOUB�
OFPVT FMBTUJD CFIBWJPVS BOE JU JT SFBTPOBCMF UP BTTVNF UIBU UIF POTFU PG DSBDL QSPQBHBUJPO JT OPU
BMUFSFE XJUI SFTQFDU UP UIF FMBTUJD DBTF�
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Figure 4.9 Fracture in a visco-hyperelastic material. a Strain energy per unit area in the crack-tip
region, normalised by the fracture toughness ୠ, and b applied stretch, normalised by the critical
stretch in quasi-static conditions ৱୠ. Both are plotted as a function of the strain rate Ï৫ (logarithmic
plot)

4.4.2. Interaction of viscoelastic and poroelastic relaxation
8F IBWF OPU QFSGPSNFE '& BOBMZTFT VTJOH B DPVQMFE QPSP� BOE WJTDP�IZQFSFMBTUJD NBUFSJBM NPEFM�
*OTUFBE XF QSFGFS UP CSJOH GPSXBSE B QIZTJDBMMZ CBTFE SFBTPOJOH UP FYQMPSF UIF JOUFSBDUJPO PG WJT�
DPFMBTUJD SFMBYBUJPO BOE GMVJE ESBJOJOH JO UIF GSBDUVSF QSPDFTT FBDI DPOUSJCVUJPO CFJOH JEFOUJGJFE CZ
B DIBSBDUFSJTUJD UJNF� 7JTDPFMBTUJD SFMBYBUJPO SFTVMUT GSPN DPOGPSNBUJPOBM DIBOHFT PG UIF NBUFSJBM
OFUXPSL BOE JT DIBSBDUFSJTFE CZ B UJNF ݧݥ XIJDI DPOUSBSZ UP UIF DIBSBDUFSJTUJD UJNF PG QPSPFMBTUJD
SFMBYBUJPO ݡݥ JT B NBUFSJBM QBSBNFUFS� 'PS JOTUBODF JO B TJNQMF .BYXFMM NPEFM UIF UJNF PG WJT�
DPFMBTUJD SFMBYBUJPO JT HJWFO BT UIF SBUJP CFUXFFO UIF WJTDPTJUZ DPFGGJDJFOU BOE UIF FMBTUJD NPEVMVT�
$PNQBSJOH UIF WJTDPFMBTUJD UJNF XJUI B UZQJDBM PCTFSWBUJPO UJNF ݥ XF DBO EJTUJOHVJTI UXP MJNJU
DPOEJUJPOT� XIFO ݥ ͉ ݧݥ UIF NBUFSJBM JT VOSFMBYFE XIFSFBT GPS ݥ ͊ ݧݥ SFMBYBUJPO JT DPNQMFUFE�
*O CPUI DBTFT UIF NBUFSJBM JT FMBTUJD BMUIPVHI JO UIF MBUUFS DBTF UIF MPOH�UFSN NPEVMVT NJHIU CF
NVDI TNBMMFS UIBO UIF JOTUBOUBOFPVT NPEVMVT�

-FU VT JOUSPEVDF BO PCTFSWBUJPO UJNF ݥ BOE B DIBSBDUFSJTUJD MFOHUI݊� 8F TUJMM EFGJOF ݥ BT UIF UJNF
NFBTVSFE GSPN UIF JOTUBOU PG MPBE BQQMJDBUJPO UP UIF POTFU PG DSBDL QSPQBHBUJPO� 5IF DIBSBDUFSJTUJD
MFOHUI ݊ JT UIF SBEJVT PG UIF DSBDL�UJQ EJTTJQBUJWF SFHJPO &R�	���
 	'JH����
� *G XF DPNQBSF UIF
PCTFSWBUJPO UJNF XJUI UIF WJTDPFMBTUJD SFMBYBUJPO UJNF ݧݥ BOE UIF QPSPFMBTUJD SFMBYBUJPO UJNF ݡݥ
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4.4. On the effect of viscoelasticity

&R�	���
 XF DBO EFSJWF B RVBMJUBUJWF DIBSU PG UIF JOUFSBDUJPO JO DSBDL QSPQBHBUJPO� 5IF SFTVMUT BSF
TIPXO JO 'JH������ " TJNJMBS DIBSU XBT EFWFMPQFE CZ )V BOE 4VP��� GPS HFOFSBM QSPDFTTFT OPU
SFMBUFE UP DSBDL QSPQBHBUJPO� 5IF PCTFSWBUJPO UJNF ݥ JT DPNQBSFE XJUI UIF WJTDPFMBTUJD SFMBYBUJPO
UJNF PO UIF IPSJ[POUBM BYJT BOE XJUI UIF QPSPFMBTUJD SFMBYBUJPO UJNF PO UIF WFSUJDBM BYJT� "DDPSEJOH
UP PVS EFGJOJUJPO ݡݥ JT UIF UJNF OFFEFE UP ESBJO UIF DSBDL�UJQ [POF� 5IF DPMPVSFE CBOET BSF UIPTF
XIFSF EJTTJQBUJPO NJHIU BGGFDU UIF QSPDFTT PG DSBDL QSPQBHBUJPO XIFSFBT JO UIF DPSOFST XF IBWF
UIF MJNJUJOH DPOEJUJPOT� *O QBSUJDVMBS XF DBO EJTUJOHVJTI�

t ݥ ͊ ݧݥ BOE ݥ ͊ ݡݥ 	7��1� JO UIF DIBSU
� CPUI UIF WJTDPFMBTUJD BOE QPSPFMBTUJD SFMBYBUJPO
BSF DPNQMFUFE XIFO DSBDL QSPQBHBUJPO CFHJOT� 5IF NBUFSJBM CFIBWJPVS JT FMBTUJD XJUI UIF
MPOH�UFSN NPEVMVT BOE ESBJOFE DPOEJUJPOT�

t ݥ ͊ ݧݥ BOE ݥ ͉ ݡݥ 	7��1� JO UIF DIBSU
� UIF WJTDPFMBTUJD SFMBYBUJPO JT DPNQMFUFE CVU
QPSPFMBTUJD SFMBYBUJPO IBT OPU ZFU TUBSUFE XIFO DSBDL QSPQBHBUJPO CFHJOT� 5IF NBUFSJBM
CFIBWJPVS JT FMBTUJD XJUI UIF MPOH�UFSN NPEVMVT BOE VOESBJOFE DPOEJUJPOT�

t ݥ ͉ ݧݥ BOE ݥ ͉ ݡݥ 	7��1� JO UIF DIBSU
� CPUI UIF WJTDPFMBTUJD SFMBYBUJPO BOE QPSPFMBTUJD
SFMBYBUJPO IBWF OPU ZFU TUBSUFE XIFO DSBDL QSPQBHBUJPO CFHJOT� 5IF NBUFSJBM CFIBWJPVS JT
FMBTUJD XJUI UIF JOTUBOUBOFPVT NPEVMVT BOE VOESBJOFE DPOEJUJPOT�

t ݥ ͉ ݧݥ BOE ݥ ͊ ݡݥ 	7��1� JO UIF DIBSU
� UIF WJTDPFMBTUJD SFMBYBUJPO IBT OPU ZFU TUBSUFE CVU
QPSPFMBTUJD SFMBYBUJPO JT DPNQMFUFE XIFO DSBDL QSPQBHBUJPO CFHJOT� 5IF NBUFSJBM CFIBWJPVS
JT FMBTUJD XJUI UIF JOTUBOUBOFPVT NPEVMVT BOE ESBJOFE DPOEJUJPOT�

4PNF PG UIF MJNJUJOH DPOEJUJPOT NJHIU CF QVSFMZ UIFPSFUJDBM� 5P DIFDL UIF JNQMJDBUJPOT PO
SFBM TJUVBUJPOT XF IBWF FYQMPSFE UIF TDFOBSJP JO UIF CSBJO UJTTVF BOE JO UIF CJPQPMZNFSJD HFMB�
UJOF� 5P UIJT QVSQPTF XF IBWF PCUBJOFE UIF PCTFSWBUJPO UJNF ݥ GSPN UIF GJOJUF FMFNFOU BOBMZTFT
SFQPSUFE JO UIF QSFWJPVT TFDUJPOT� 5IF DIBSBDUFSJTUJD UJNF PG QPSPFMBTUJD SFMBYBUJPO ݡݥ JT PCUBJOFE
UISPVHI &R�	���
 XIFSF ݊ JT DPNQVUFE JO UIF FMBTUJD NBUFSJBM UISPVHI &R�	���
 BOE ܼܾ JT HJWFO
CZ &R�	����
� *O UIF CSBJO UJTTVF UIF DIBSBDUFSJTUJD UJNF PG WJTDPFMBTUJD SFMBYBUJPO ݧݥ JT UBLFO GSPN
UIF SFMBYBUJPO DVSWF BT UIBU DPSSFTQPOEJOH UP B SFEVDUJPO PG �� � PG UIF JOJUJBM NPEVMVT� 'SPN
UIF 1SPOZ TFSJFT 	'JH����
 XF GJOE ݧݥ ̢ �T� 8F IBWF OPU DIBSBDUFSJTFE UIF WJTDPFMBTUJD CFIBWJPVS PG
UIF HFMBUJOF CVU JU JT SFBTPOBCMF UP BTTVNF JUT SFMBYBUJPO UJNF ݧݥ UISFF PSEFST PG NBHOJUVEF MBSHFS
UIBO UIBU PG UIF CSBJO TP UIBU UIF SFTQPOTF JT BMXBZT FMBTUJD�

4JY QPJOUT BSF TIPXO JO 'JH����� PCUBJOFE BU EJGGFSFOU MPBEJOH SBUFT� 'JSTUMZ XF PCTFSWF UIBU
POMZ POF JT SFMBUFE UP UIF HFMBUJOF� (FMBUJOFT EJTQMBZ BO FMBTUJD CFIBWJPVS XJUI OFHMJHJCMF WJTDPFMBT�
UJD FGGFDUT� 5IF SBUF�EFQFOEFOU GBJMVSF PCTFSWFE JO UIF FYQFSJNFOUT JT EVF UP UIF MPDBM QSPDFTT
[POF XIFSFBT XJUI SFTQFDU UP UIF CVML EJTTJQBUJPO IFSF DPOTJEFSFE UIFZ TIPXFE OP FGGFDU� .PSF
TQFDJGJDBMMZ UIFZ SFBTPOBCMZ CFIBWF BT FMBTUJD NBUFSJBMT JO ESBJOFE DPOEJUJPOT� 8JUI SFTQFDU UP UIF
CSBJO UJTTVF XF GJOE GJWF QPJOUT BU WBSJPVT TUSBJO SBUFT GBMMJOH XJUIJO UIF QMPU� "U MPX TUSBJO SBUFT
	HSFFO EPU JO UIF VQQFS�SJHIU DPSOFS
 UIF CFIBWJPVS JT FMBTUJD XJUI CPUI WJTDPFMBTUJD BOE QPSPFMBTUJD
SFMBYBUJPOT DPNQMFUFE BU UIF POTFU PG DSBDL QSPQBHBUJPO� *ODSFBTJOH UIF SBUF PG MPBEJOH DSBDL QSPQ�
BHBUJPO CFHJOT XIFO CPUI UIF SFMBYBUJPO QSPDFTTFT BSF IBQQFOJOH BOE JU JT SFBTPOBCMF UP BTTVNF
UIBU CPUI SFTVMU JO FOFSHZ EJTTJQBUJPO BGGFDUJOH UIF DSBDL�UJQ SFHJPO�

5IF BCPWF EJTDVTTJPO JT HSPVOEFE PO UIF BTTVNQUJPO UIBU SBUF�EFQFOEFODF PSJHJOBUFT GSPN
CVML EJTTJQBUJPO BOE UIBU B TJOHMF SFMBYBUJPO UJNF NJHIU EFTDSJCF UIF WJTDPFMBTUJD SFTQPOTF� "
NPSF SFGJOFE RVBOUJUBUJWF FWBMVBUJPO PG UIF JOUFSBDUJPO PG WJTDPFMBTUJDJUZ BOE GMVJE ESBJOJOH JT OPU
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4. Fracture in rate-dependent porous biomaterials
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Figure 4.10 Graphic representation of limiting conditions and interaction in crack propagation of
viscoelastic porous biomaterials, where both the time ݡݥ for poroelastic relaxation of the
crack-related zone and the time ݧݥ of viscous relaxation are shown. The coloured dots are related to
numerical results in the gelatine and the brain tissue. The strain rate Ï৫ (NJO˱ୡ) is displayed below
each dot

USJWJBM� 8JUI SFTQFDU UP UIF SPMF PG GMVJE PO UIF GSBDUVSF QSPDFTT XF BSF DPOGJEFOU UIBU UIF QPSP�
IZQFSFMBTUJD NPEFM JNQMFNFOUFE JO UIF GJOJUF FMFNFOU BOBMZTFT 	4FDUJPO f�����
 QSPWJEFT B SFMJBCMF
FYQMBOBUJPO PG UIF GMVJE�JOEVDFE UPVHIFOJOH� 5IF GBDU UIBU QPSPFMBTUJD SFMBYBUJPO SFRVJSFT MPOHFS
UJNFT XJUI SFTQFDU UP WJTDPFMBTUJD SFMBYBUJPO IBT TPNFUJNFT MFE UP UIF DPODMVTJPO UIBU GMVJE ESBJOJOH
DBO CF OFHMFDUFE BU MFBTU GPS NFEJVN�IJHI MPBEJOH SBUFT� 8IJMF UIJT IPMET USVF XIFO DPOTJEFS�
JOH UIF SFTQPOTF PG B NBUFSJBM JO DPNQSFTTJPO UIF DIBSBDUFSJTUJD MFOHUI PG UIF QPSPFMBTUJD QSPDFTT
EVSJOH GSBDUVSF JT NVDI TNBMMFS� "T B DPOTFRVFODF GMVJE ESBJOJOH NJHIU PDDVS JO UJNFT XIJDI BSF
DPNQBSBCMF UP UIPTF UZQJDBM PG WJTDPFMBTUJD SFMBYBUJPO� 8JUI SFTQFDU UP UIF SPMF QMBZFE CZ WJTDPFMBT�
UJDJUZ JU JT OPU DMFBS JG OFHMFDUJOH UIF SBUF�TFOTJUJWJUZ PG UIF QSPDFTT [POF JT UIF NPSF BQQSPQSJBUF
EFTDSJQUJPO PG UIF WJTDPFMBTUJD CFIBWJPVS EVSJOH GSBDUVSF� *O PUIFS UFSNT XIJMF UIF SFMBYBUJPO PC�
TFSWFE JO DPNQSFTTJPO UFTUT PO IVNBO CSBJO BOE TJNJMBS NJNJDLJOH IZESPHFMT�� JT UIF SFTVMU PG
CVML EJTTJQBUJPO DSBDL QSPQBHBUJPO NJHIU SFRVJSF UP DPOTJEFS BE�IPD NPEFMT GPS UIF EJTJOUFHSBUJOH
NBUFSJBM BIFBE PG UIF DSBDL UJQ���� 5IJT NJHIU IFMQ UP FYQMBJO XIJMF UIF OVNFSJDBM BOBMZTFT EJE
OPU QSPWJEF BOZ NFBOJOHGVM SFTVMU XJUI SFTQFDU UP UIF WJTDPFMBTUJD EJTTJQBUJPO�
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5
Detailed numerical analyses of

cutting

* IBWF CFFO MFE UP TPNF FMFNFOUBSZ DPODMVTJPOT BCPVU SFTFBSDI JUTFMG� 'JSTUMZ UIF GBDU UIBU B UIFPSZ
BQQFBST UP XPSL EPFT OPU NFBO UIBU JU JT USVF� 4FDPOEMZ FWFO TJNQMF DBSFGVMMZ�TFMFDUFE TZTUFNT BSF

PGUFO EJGGJDVMU UP VOEFSTUBOE�
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5. Detailed numerical analyses of cutting

$VUUJOH TJNVMBUJPOT JO DPNQMFY NBUFSJBMT TVDI BT UIF CJPMPHJDBM UJTTVFT BOE NJNJDLJOH DPN�
QPVOET BOBMZTFE JO UIJT UIFTJT SFRVJSFT SFGJOFE OVNFSJDBM NPEFMT DBQBCMF PG EFTDSJCJOH UIF

NBUFSJBM CFIBWJPVS BOE UIF JOUFSBDUJPOT XJUI HSFBU BDDVSBDZ���o���� "NPOH TFWFSBM BMUFSOBUJWFT
IJHI SFTPMVUJPO GJOJUF FMFNFOU BOBMZTFT DBO QSPWJEF B SFMJBCMF NFBOT UP VOEFSTUBOE BOBMZTF BOE
QSFEJDU UIF QSPDFTTFT PDDVSSJOH EVSJOH JOEFOUBUJPO BOE DVUUJOH� *O UIJT DIBQUFS XF DPOTJEFS UXP
EJGGFSFOU QSPCMFNT CPUI PG JOUFSFTU JO UIF GJFME PG CJPFOHJOFFSJOH NBUFSJBMT TDJFODF BOE SPCPUJDT�
XJSF DVUUJOH BOE OFFEMF JOTFSUJPO JO TPGU CJPMPHJDBM UJTTVFT� 5IF SFTVMUT QSFTFOUFE JO UIJT DIBQ�
UFS BSF MJNJUFE UP UIF OPO�MJOFBS FMBTUJD CFIBWJPVS XJUIPVU SBUF�EFQFOEFODF EVF UP UIF JOIFSFOU
DPNQMFYJUJFT PG OVNFSJDBM JNQMFNFOUBUJPO�

" QSPNJTJOH BQQSPBDI GPS BDDVSBUF TJNVMBUJPOT PG EBNBHJOH BOE GBJMVSF PG NBUFSJBMT JODMVE�
JOH CJPMPHJDBM UJTTVFT JT UIF DPIFTJWF [POF NPEFM VTFE JO DPNCJOBUJPO XJUI UIF GJOJUF FMFNFOU
NFUIPE������� 5IFSF BSF UXP NBKPS UFDIOJRVFT PG JNQMFNFOUJOH B DPIFTJWF [POF JO B OVNFSJDBM
GJOJUF FMFNFOU NPEFM� B TNFBSFE BQQSPBDI BOE B EJTDSFUF FMFNFOU�CBTFE POF� 5IF MBUUFS XIJDI
JT BEPQUFE JO UIJT UIFTJT DPOTJTUT PG JOTFSUJOH DPIFTJWF JOUFSGBDF FMFNFOUT CFUXFFO UIF TUBOEBSE
DPOUJOVVN FMFNFOUT� 4JODF DPIFTJWF BOE SFHVMBS CVML FMFNFOUT TIBSF DPNNPO OPEFT UIF EBN�
BHF QSPDFTT EFTDSJCFE CZ UIF DPIFTJWF NPEFM JT DPVQMFE UP EFGPSNBUJPO PDDVSSJOH JO UIF CVML
NBUFSJBM���� $PIFTJWF FMFNFOUT IBWF CFFO VTFE FYUFOTJWFMZ JO EFMBNJOBUJPO BOE DSBDL QSPQBHB�
UJPO BOBMZTFT XJUI TQFDJGJD UFDIOJRVFT UP BMMPX GPS SBOEPN QSPQBHBUJPO QBUIT���o��� BOE MFTT
GSFRVFOUMZ BQQMJFE UP DVUUJOH���o���� 5IF QVSQPTF PG f��� JT UP EFMJOFBUF UIF NBJO GFBUVSFT PG
UIF DPIFTJWF [POF NPEFM XJUI FNQIBTJT PO JUT BQQMJDBUJPO UP DVUUJOH� 8F TIPVME BMTP NFOUJPO
UIBU NBOZ PUIFS DPNQVUBUJPOBM UFDIOJRVFT EFBMJOH XJUI EBNBHF BOE SVQUVSF PG TPGU UJTTVFT BSF
BWBJMBCMF���� BNPOH UIFN UIF FYUFOEFE GJOJUF FMFNFOU NFUIPE 	9'&.
������ NFTIMFTT NFUI�
PET��� $VU'&.��� BOE DSBDL QIBTF�GJFME BQQSPBDIFT 	$1'"
���� -JNJUBUJPOT FYJTU XIFO DPOUBDU
DPOTUSBJOUT JO UIF GPSN PG QSFTDSJCFE EJTQMBDFNFOUT BSF FOGPSDFE PO UIF DSBDL TVSGBDF BT BDUVBMMZ
IBQQFOT JO DVUUJOH TJNVMBUJPOT�

*O f��� XF DPOTJEFS UIF QSPCMFN PG XJSF DVUUJOH JO B TPGU FMBTUJD NBUFSJBM� $VUUJOH XJUI B XJSF
JT QBSU PG UIF NFUIPET EFWJTFE UP SFEVDF DVUUJOH GPSDFT BOE HMPCBM EFGPSNBUJPO JO UIF NBUFSJBM
BOE JT XFMM�FTUBCMJTIFE JO UIF GPPE QSPDFTTJOH JOEVTUSZ BOE UP NFBTVSF NBUFSJBM QBSBNFUFST JO
TPGU NBUFSJBMT��� BOE CJPMPHJDBM UJTTVFT� %VF UP UIF SFEVDFE DPOUBDU BSFB PGGFSFE CZ UIF XJSF
B TJHOJGJDBOU ESPQ PG UIF DVUUJOH GPSDFT JT PCUBJOBCMF XJUI SFTQFDU UP UIF USBEJUJPOBM UFDIOJRVFT�
5IF NFDIBOJDT PG XJSF DVUUJOH JT TJNQMFS XJUI SFTQFDU UP PUIFS UFDIOJRVFT UIFSFGPSF JU JT UIF CFTU
DBOEJEBUF UP BOBMZTF BOE NPEFM UIF WBSJPVT TUBHFT PDDVSSJOH JO UIF JOEFOUBUJPO BOE QFOFUSBUJPO PG B
TPGU NBUFSJBM� 8PSLJOH XJUIJO B UXP�EJNFOTJPOBM GSBNFXPSL UIF JOJUJBM EFGPSNBUJPO JT GPMMPXFE CZ
DSBDL QSPQBHBUJPO ESJWFO CZ B TZNNFUSJD PQFOJOH NPEF XJUI MJNJUFE FGGFDUT PG GSJDUJPO� .PUJWBUFE
CZ TPNF FYQFSJNFOUBM SFTVMUT PG XJSF DVUUJOH PO CSBJO UJTTVF BOE NJNJDLJOH IZESPHFMT���� XF IBWF
QFSGPSNFE EFUBJMFE '& BOBMZTFT PG UIF XIPMF QSPDFTT� 'JSTUMZ XF DPOTJEFS UIF JOEFOUBUJPO TUBHF
BEPQUJOH B DPOUBDU NFDIBOJDT BQQSPBDI EFSJWFE GSPN UIF TPMVUJPO PG B IBMG�TQBDF XJUI OPSNBM
MJOF MPBEJOH���� 5IF FGGFDUT PG MBSHF TUSBJO BSF PCTFSWFE JO UIJT BOE PUIFS JOEFOUBUJPO QSPCMFNT PG
IJHIMZ DPNQMJBOU TPMJET���������� BOE BSF EJTDVTTFE XJUI SFTQFDU UP UIFJS SPMF PO DSBDL JOJUJBUJPO�
5IF TVCTFRVFOU TUBHF PG DSBDL QSPQBHBUJPO JT USFBUFE XJUI UIF DPIFTJWF [POF NPEFM BQQSPBDI�

*O f��� XF DPOTJEFS UIF QSPCMFN PG EFFQ OFFEMF QFOFUSBUJPO JO B TPGU FMBTUJD NBUFSJBM� /FF�
EMF JOTFSUJPO JT B DPNNPO QSPDFTT JO TFWFSBM GJFMET PG CJPMPHZ BOE NFEJDJOF� .JOJNBMMZ JOWBTJWF
QSPDFEVSFT BSF HBJOJOH XJEFTQSFBE VTF JO TVSHJDBM BQQMJDBUJPOT TVDI BT FOEPTDPQZ MBQBSPTDPQZ
QFSDVUBOFPVT TVSHFSZ BOE SPCPU�BTTJTUFE TVSHFSZ� 5IF TNBMM TJ[F PG UIF JODJTJPOT JT QPTTJCMF UIBOLT
UP UIF VTF PG OFFEMFT BOE DBUIFUFST XIJDI BSF JOTFSUFE JO TPGU UJTTVFT� 5IJT IBT TJHOJGJDBOU CFOFGJUT
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5.1. Modelling crack propagation with the cohesive zone model

JO UFSNT PG B SFEVDUJPO JO UIF IFBMJOH UJNFT SFEVDFE SJTL PG JOGFDUJPO BOE B HMPCBM DPOUBJONFOU
PG UIF PWFSBMM DPTU PG USFBUNFOU BOE DBSF� )PXFWFS OFFEMF JOTFSUJPOT JO EFMJDBUF PSHBOT OFFE UP CF
QSFDJTF BOE BDDVSBUF BOE SFBDIJOH B TQFDJGJD MPDBUJPO NBZ JOWPMWF DPNQMFY USBKFDUPSJFT JOTUFBE PG
TUSBJHIU QBUIT� 5IF TPMVUJPO DPNFT GSPN OFFEMF TUFFSJOH XIJDI DBO CF BDIJFWFE UISPVHI EJGGFS�
FOU UFDIOJRVFT JODMVEJOH NBHOFUJD DPOUSPM IFBUJOH VTJOH PQUJDBM GJCSFT FYUFSOBM NBOJQVMBUJPO
QSF�DVSWFE BOE OFTUFE DBOOVMBT GMFYJCMF EFWJDFT XJUI BTZNNFUSJD UJQT���� " SFDFOU BMUFSOBUJWF
DPOTJTUT JO UIF TP�DBMMFE 1SPHSBNNBCMF #FWFM�UJQ /FFEMFT 	1#/T
 GMFYJCMF QSPCFT QPTTFTTJOH GPVS
JOUFSMPDLFE TFHNFOUT BOE B CFWFM UJQ� 5IBOLT UP UIF BTZNNFUSJD UJQ BOE B QSPHSBNNBCMF PGGTFU
CFUXFFO UIF TFHNFOUT 1#/T BSF DBQBCMF PG �% TUFFSJOH JO CSBJO BOE TJNJMBS NJNJDLJOH NBUFSJ�
BMT���o���� 0VS QVSQPTF XBT UP EFWFMPQ B SFGJOFE BMHPSJUIN UP NPEFM UIF UXP�EJNFOTJPOBM JOTFS�
UJPO PG OFFEMFT JO TPGU NBUFSJBMT XJUI BO BDDVSBUF EFTDSJQUJPO PG UIF DPOUBDU JOUFSBDUJPO BOE UIF
EBNBHJOH QSPDFTT� 5IF NBJO OPWFMUZ JT SFMBUFE UP BO JUFSBUJWF QSPDFEVSF UP TJNVMBUF DSBDL QSPQB�
HBUJPO BMPOH VOLOPXO QBUIT XIJDI IBT BMMPXFE VT UP DPOTJEFS JO EFUBJM UIF TUFFSJOH DBQBCJMJUZ PG
1#/T� *O BEEJUJPO UIF UFDIOJRVF QSPWJEFT BO BMUFSOBUJWF UP MPX SFTPMVUJPO NPEFMT PG UPPM�UJTTVF
JOUFSBDUJPO���o��� XJUI DPIFTJWF FMFNFOUT VTFE UP NPEFM EBNBHJOH BOE QSPQBHBUJPO JO UIF TPGU
UJTTVF���o����

5.1. Modelling crack propagationwith the cohesive zonemodel

5IF DPOEJUJPO GPS DSBDL QSPQBHBUJPO JO DVUUJOH PG FMBTUJD NBUFSJBMT JT GPSNVMBUFE GPMMPXJOH UIF
FOFSHFUJD BQQSPBDI QSFTFOUFE JO $IBQUFS f�� "T MPOH BT PUIFS TPVSDFT PG EJTTJQBUJPO BSF OFHMFDUFE
DVUUJOH BOE DSBDL QSPQBHBUJPO JO GSBDUVSF NFDIBOJDT BSF FOFSHFUJDBMMZ FRVJWBMFOU� 5IF FOFSHZ
SFRVJSFE GPS DSBDL QSPQBHBUJPO JO FMBTUJD NBUFSJBMT JT EFGJOFE CZ UIF TUSBJO FOFSHZ SFMFBTF SBUF ܿ
UIBU JO UIF TUFBEZ�TUBUF DVUUJOH JT QSPWJEFE CZ &R�	���
�

%JGGFSFOUMZ GSPN TUBOEBSE GSBDUVSF NFDIBOJDT QSPCMFNT DVUUJOH SFRVJSFT NBUFSJBM GBJMVSF UP CF
DBQUVSFE JO B XBZ UIBU FOBCMFT UPPM�NBUFSJBM JOUFSBDUJPOT UBLJOH JOUP BDDPVOU OPU POMZ UIF QSPQ�
FSUJFT PG UIF TVCTUSBUF CVU BMTP UIF UPPM HFPNFUSZ� 8JUI SFTQFDU UP UIF NFDIBOJTN PG QSPQBHBUJPO
XF IBWF BTTVNFE UIBU B GVOEBNFOUBM SPMF JT QMBZFE CZ UIF UJQ TIBSQOFTT SFMBUFE UP B DIBSBDUFSJT�
UJD TJ[F PG UIF UPPM� 'PDVTJOH PO UIF BVUPOPNPVT DSBDL QSPQBHBUJPO XIJDI IBQQFOT JO XIBU XF
IBWF EFGJOFE CMVOU DPOEJUJPOT 	f���
 B DSBDL JT QSPQBHBUFE JO GSPOU PG UIF UPPM VOEFS B TZNNFUSJD
PQFOJOH NPEF� "NPOH UIF BWBJMBCMF OVNFSJDBM NFUIPET UP TJNVMBUF DSBDL QSPQBHBUJPO XF GPDVT
PO UIF $PIFTJWF ;POF .PEFM 	$;.
 XIJDI JT TVJUBCMF GPS MJOFBS BOE OPO�MJOFBS NBUFSJBMT BOE DBO
CF VTFE JO DPNCJOBUJPO XJUI UIF DPOUBDU DPOTUSBJOUT JNQPTFE EVSJOH DVUUJOH� " UXP�EJNFOTJPOBM
JMMVTUSBUJPO PG UIF $;. JO B DVUUJOH QSPCMFN JT QSFTFOUFE JO 'JH���� XIFSF 
�ݟ �ݥ DIBSBDUFSJTF B
MPDBM SFGFSFODF TZTUFN DFOUSFE BU UIF DSBDL UJQ�

"DDPSEJOH UP DPIFTJWF NPEFMT UIF QSPDFTT [POF JT MVNQFE JOUP B MJOF BIFBE PG UIF DSBDL UJQ BOE
JODMVEFT UIF EBNBHJOH NFDIBOJTNT UISPVHI B TUSFTT�EJTQMBDFNFOU SFMBUJPOTIJQ 	'JH����C
� 5IF TJ[F
PG UIF DPIFTJWF QSPDFTT [POF DPIݝ JO RVBTJ�CSJUUMF NBUFSJBMT JT HJWFO CZ���

DPIݝ � ܽç৹NBY
� 	���


XIFSF ܽ ৹NBY BOE ç BSF SFTQFDUJWFMZ UIF :PVOH�T NPEVMVT UIF NBYJNVN DPIFTJWF TUSFTT BOE
UIF GSBDUVSF UPVHIOFTT PG UIF NBUFSJBM� "O BEEJUJPOBM MFOHUI BEEݝ JT FNCFEEFE JO UIF OVNFSJDBM
GPSNVMBUJPO PG $;.T CFDBVTF B GJOJUF TUJGGOFTT ݃ QSJPS UP UIF POTFU PG DSBDLJOH JT SFRVJSFE GPS
NBUIFNBUJDBM DPOWFSHFODF� 8IJMF PG OP QIZTJDBM NFBOJOH BO JOJUJBM GJOJUF TUJGGOFTT HJWFT SJTF UP
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FMBTUJD EFGPSNBUJPOT XIJDI NPEJGZ UIF TZTUFN DPNQMJBODF����
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Figure 5.1 a The cohesive zone model applied to cutting. A single point on the crack line is shown in
three consecutive stages of insertion. b Sketch of the CZM concept. The cohesive stress ৹ decreases
from ৹NBY to zero along the process zone length ,DPIݝ with the crack opening displacement ৪ݟ rising
from ৪NBY to ৪ݕ, at which the crack opens. The initial length BEEݝ corresponds to an additional
compliance introduced in numerical implementations of the cohesive model. c Bilinear cohesive
stress-displacement relationship for quasi-brittle materials, which is assumed equal in both normal
and tangential directions

5IF TUSFTT�EJTQMBDFNFOU MBX SFMBUFT UIF USBDUJPO ৹ݟ UP UIF SFMBUJWF PQFOJOH EJTQMBDFNFOU ৪ݟ
CFUXFFO UIF VQQFS BOE UIF MPXFS DSBDL TVSGBDF 	'JH� ���C
� " TJNJMBS SFMBUJPOTIJQ DPVME BMTP
CF FNQMPZFE GPS UIF UBOHFOUJBM EJSFDUJPO JO DBTF UIBU UIF NBUFSJBM GBJMVSF PDDVST XJUI B TIFBSJOH
NFDIBOJTN� 5IF DIPJDF PG B QSPQFS TUSFTT�EJTQMBDFNFOU MBX EFQFOET PO UIF UZQF PG EBNBHJOH
NFDIBOJTN PDDVSSJOH JO UIF NBUFSJBM� *O RVBTJ�CSJUUMF NBUFSJBMT POF PG UIF NPTU DPNNPO JT UIF
CJMJOFBS NPEFM XIFSF UIF POTFU PG EBNBHF JT GPMMPXFE CZ B MJOFBS TPGUFOJOH EPXO UP DPNQMFUF
GBJMVSF 	'JH� ���D
� 5IF TUSFTT�EJTQMBDFNFOU SFMBUJPOTIJQ PG UIF CJMJOFBS NPEFM JO CPUI OPSNBM BOE
UBOHFOUJBM EJSFDUJPOT JT XSJUUFO BT���

৹ݚ �
ЀЃЃЃЃЁЃЃЃЃЂ
݃JK ৪ݛ ৪ݛ ̓ ৪NBY৹NBY


৪ݕ˱৪ݛ�
৪ݕ˱৪NBY� ৪NBY � ৪ݛ ̓ ৪ݕ �ݚ ݛ � �ݥ ݟ �� ৪ݛ  ৪ݕ 	���


5IF CJMJOFBS DPIFTJWF MBX IBT UISFF JOEFQFOEFOU QBSBNFUFST� #PUI UIF GSBDUVSF FOFSHZ ç BOE
UIF DPIFTJWF TUSFTT ৹NBY TIPVME CF PCUBJOFE GSPN QSPQFS GSBDUVSF FYQFSJNFOUT� 5IF UIJSE QBSBNFUFS
JT UIF JOJUJBM FMBTUJD TUJGGOFTT ݃ XIJDI JO QSJODJQMF TIPVME CF LFQU BT IJHI BT QPTTJCMF JO PSEFS UP
NJOJNJTF UIF FGGFDUT PG UIF BEEJUJPOBM DPNQMJBODF� 5IF GSBDUVSF SFTJTUBODF ç SFQSFTFOUT UIF DPIFTJWF
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5.1. Modelling crack propagation with the cohesive zone model

FOFSHZ PG UIF NBUFSJBM BOE JO UIF CJMJOFBS NPEFM JU JT HJWFO CZ

ç � ��৹NBY৪ݕ� 	���


8JUI SFTQFDU UP B QPJOU BIFBE PG UIF DVUUJOH UPPM JMMVTUSBUFE JO 'JH� ��� JOJUJBMMZ UIF DSBDL JT
DMPTFE BOE UIF SFMBUJWF EJTQMBDFNFOU JT OVMM PS MJNJUFE UP UIF GJDUJUJPVT FMBTUJD QBSU 	QPJOU "
� 0ODF
UIBU UIF TUSFTT SFBDIFT UIF UFOTJMF TUSFOHUI ৹NBY UIF DSBDL JT JOJUJBUFE BOE UIF TPGUFOJOH QBSU PG
UIF DPIFTJWF MBX EFTDSJCFT UIF QSPHSFTTJWF EBNBHJOH PG UIF NBUFSJBM 	QPJOU #
� 'JOBMMZ XIFO UIF
DSJUJDBM EJTQMBDFNFOU ৪ݕ JT SFBDIFE UIF EBNBHF QSPDFTT JT DPNQMFUFE BOE UIF DSBDL JT GVMMZ PQFO
	QPJOU $
� /PUJDF UIBU XIFO XF SFGFS UP UIF DSBDL UJQ XF NFBO UIF QPJOU XIFSF ৪ݚ ɱ � OPU UIF
QPJOU DPSSFTQPOEJOH UP ৪ݕ�
5.1.1. Cohesive elements in finite element simulations of cutting
8JUI SFTQFDU UP PUIFS BWBJMBCMF NFUIPET UP TJNVMBUF DSBDL QSPQBHBUJPO DPIFTJWF FMFNFOUT BSF WFS�
TBUJMF BOE FBTZ UP JNQMFNFOU TJODF JU JT TVGGJDJFOU UP EFGJOF UIF TUSFTT�EJTQMBDFNFOU MBX XJUIPVU BOZ
BEEJUJPOBM GSBDUVSF DSJUFSJPO� 5IFSF BSF IPXFWFS TPNF TQFDJGJD BTQFDUT UP DPOTJEFS XIFO JNQMF�
NFOUJOH UIF DPIFTJWF [POF NPEFM UP TJNVMBUF B DVUUJOH QSPDFTT� %JGGFSFOUMZ GSPN B DPOWFOUJPOBM
DSBDL QSPQBHBUJPO QSPCMFN DVUUJOH JNQPTFT BEEJUJPOBM DPOTUSBJOUT PO UIF DPIFTJWF QBSBNFUFST�
4QFDJGJDBMMZ UIF DSJUJDBM EJTQMBDFNFOU ৪ݕ JT MJNJUFE CZ B NBYJNVN EJNFOTJPO PG UIF UPPM GPS JO�
TUBODF UIF EJBNFUFS JO XJSF DVUUJOH PS OFFEMF QFOFUSBUJPO� -BDLJOH UIJT DPOEJUJPO POF XPVME TJN�
VMBUF UIF VOSFBMJTUJD TJUVBUJPO PG QFOFUSBUJOH JOUP UIF NBUFSJBM XJUIPVU BDIJFWJOH B DPNQMFUF DVU�
.PSFPWFS UIFSF JT POF JNQPSUBOU MJNJUBUJPO DPOOFDUFE UP UIF NFDIBOJDT PG JOEFOUBUJPO� 8IFO B
UPPM JT CSPVHIU JOUP DPOUBDU BOE EFGPSNT UIF TVCTUSBUF NBUFSJBM B TUBUF PG DPNQSFTTJPO HFOFSBMMZ
FYJTUT JO UIF SFHJPO JNNFEJBUFMZ CFMPX� 4UBOEBSE OPSNBM DPIFTJWF MBXT EFTDSJCF B SFMBUJPOTIJQ CF�
UXFFO UFOTJMF TUSFTTFT ৹ݟ BOE PQFOJOH EJTQMBDFNFOUT ৪ݔ UIFSFGPSF JU JT FTTFOUJBM UP FOTVSF UIBU UIF
TUSFTT TUBUF JT OPU DPNQSFTTJWF JO GSPOU PG UIF DSBDL UJQ� 'PS UIJT SFBTPO DPIFTJWF NPEFMT DBOOPU CF
VTFE UP TJNVMBUF GSBDUVSF JOJUJBUJPO BGUFS UIF TUBHF PG JOEFOUBUJPO VOMFTT BO BSUJGJDJBM UFOTJMF TUBUF JT
DSFBUFE JO UIF NBUFSJBM� *O UIF BOBMZTFT QSFTFOUFE JO UIJT DIBQUFS UIJT JT BDIJFWFE UISPVHI B TNBMM
OPUDI JOTFSUFE BU UIF QPJOU PG DPOUBDU PG UIF UPPM XJUI UIF NBUFSJBM�

'PS B SFBMJTUJD TJNVMBUJPO PG DSBDL QSPQBHBUJPO DPIFTJWF FMFNFOUT OFFE UP CF EFQMPZFE BMPOH
UIF FYQFDUFE QBUI� 8IFO TVDI QBUI JT QSFEJDUBCMF BT GPS JOTUBODF JO TJNQMF HFPNFUSJFT PS JO EFMBN�
JOBUJPO QSPCMFNT DPIFTJWF FMFNFOUT DBO CF QSF�JOTFSUFE CFUXFFO UIF CVML NFTI FMFNFOUT� 5IJT
TPMVUJPO JT BEPQUFE JO XJSF DVUUJOH TJNVMBUJPOT 	f���
� 8IFO UIF DSBDL QBUI JT VOLOPXO B QSJPSJ
B EJGGFSFOU TUSBUFHZ JT SFRVJSFE� $PIFTJWF FMFNFOUT DBO CF QMBDFE FWFSZXIFSF JO UIF NPEFM TP UIBU
UIF DSBDL NJHIU GPMMPX UIF QSPQFS QBUI PG QSPQBHBUJPO� %PXOUVSOT PG UIJT NFUIPE BSF JODSFBTFE
DPNQVUBUJPOBM UJNFT QPPS RVBMJUZ PG UIF SFTVMUJOH DSBDL DPOTUSBJOFE CZ UIF NFTI CPVOEBSJFT BOE
B SFNBSLBCMF SFEVDUJPO PG UIF TZTUFN TUJGGOFTT���� "MUFSOBUJWFMZ DPIFTJWF FMFNFOUT BSF JOTFSUFE
BEBQUJWFMZ CBTFE PO B QSPQFS DSJUFSJPO���� UIJT JT UIF BQQSPBDI BEPQUFE JO UIF TJNVMBUJPO PG OFFEMF
JOTFSUJPO QSFTFOUFE JO f����

0OF MBTU QPJOU JT SFMBUFE UP UIF JOUFSBDUJPO CFUXFFO UIF DPIFTJWF FMFNFOUT BOE UIF DVUUJOH UPPM
JO TJNVMBUJPOT XJUI WFSZ EFGPSNBCMF NBUFSJBMT� *O QBSUJDVMBS XIFO UIF DSJUJDBM DPIFTJWF PQFOJOH
EJTQMBDFNFOU ৪ݕ JT DPNQBSBCMF UP UIF DIBSBDUFSJTUJD TJ[F PG UIF UPPM UJQ UIF QSFTFODF PG UIF UPPM DBO
JOUFSGFSF XJUI UIF DPIFTJWF FMFNFOU BOE MFBE UP JNQSFDJTJPOT���� 8IJMF UIJT BTQFDU IBT OPU CFFO
EJSFDUMZ BEESFTTFE IFSF XF FOTVSF UIBU UIF NJOJNVN TJ[F PG UIF UPPM UJQ JT TVGGJDJFOUMZ MBSHF UP LFFQ
UIF JOUFSBDUJPO NJOJNBM�
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5. Detailed numerical analyses of cutting

Table 5.1 Parameters of the hyperelastic model in the gelatine and the brain tissue/CH

7BSJBCMF (FMBUJOF 	��� X�X
�� #SBJO��

4IFBS NPEVMVT 	1B
 ���� Τ �� ���� Τ ��
0HEFO QBSBNFUFS ১ ���� ����
1PJTTPO SBUJP ���� ����
0HEFO QBSBNFUFS ܼ 	��1B
 �� ��� Τ ��

5.2. Wire cutting in soft elastic materials

5.2.1. Numerical model of wire cutting
5IF BOBMZTJT PG XJSF DVUUJOH JOWPMWJOH EFGPSNBUJPO GSJDUJPO BOE GSBDUVSF DBO CF TQMJU JO BO JOJ�
UJBM TUBHF PG JOEFOUBUJPO GPMMPXFE CZ DSBDL JOJUJBUJPO BOE TFQBSBUJPO� " UZQJDBM GPSDF�EJTQMBDFNFOU
QSPGJMF CFHJOT XJUI UIF GPSDF SJTJOH XJUI JODSFBTJOH EFGPSNBUJPO VOUJM UIF QPJOU PG GBJMVSF XIJDI
DPSSFTQPOET UP B QFBL GPMMPXFE CZ B TVEEFO ESPQ� 5ZQJDBM FYQFSJNFOUBM DVSWFT XFSF SFQPSUFE JO
'JH���� PO TBNQMFT NBEF PG CSBJO UJTTVF BOE HFMBUJOF� 'PMMPXJOH UIF QPJOU PG GBJMVSF XF PCTFSWF
UIBU UIF GPSDF UFOET UP TUBCJMJTF BU B DPOTUBOU WBMVF� 5IF MBUUFS TUBHF EFOPUFE BT TUFBEZ�TUBUF DVU�
UJOH JOWPMWFT DSBDL QSPQBHBUJPO BOE JT FNQMPZFE UP EFSJWF UIF FYQFSJNFOUBM NFBTVSFT PG GSBDUVSF
UPVHIOFTT� *O BEEJUJPO UP OVNFSJDBM NPEFMT PG TUFBEZ�TUBUF DSBDL QSPQBHBUJPO XF IBWF BMTP DPO�
TJEFSFE UIF JOJUJBM JOEFOUBUJPO JO UIF TPVOE NBUFSJBM� 8F IBWF CVJMU UXP EJGGFSFOU '& NPEFMT UP
TJNVMBUF UIF JOJUJBM JOEFOUBUJPO 	f�����
 BOE UIF TVCTFRVFOU TUBHF PG DSBDL QSPQBHBUJPO 	f�����
�
0OMZ B SBUF�JOEFQFOEFOU BOBMZTJT PG FMBTUJD XJSF DVUUJOH JT DPOTJEFSFE�

"O JMMVTUSBUJWF TLFUDI PG UIF NPEFM HFPNFUSZ JT TIPXO JO 'JH����B� 5IF TBNQMF JT B SFDUBOHVMBS
CMPDL PG IFJHIU ǽ � ��NN XJEUI ݨ � ��NN BOE UIJDLOFTT ݥ � ��NN� 3JHJE XJSFT PG WBSJPVT
EJBNFUFST ݨݖ BSF JOTFSUFE BU MPX WFMPDJUJFT TP UIBU RVBTJ�TUBUJD DPOEJUJPOT DBO CF BTTVNFE� 5IF
EFQUI PG JOTFSUJPO JT BU MFBTU FRVBM UP ܼ � ݨݖ�� BOE JO BOZ DBTF FOPVHI GPS UIF BDIJFWFNFOU PG
UIF TUFBEZ�TUBUF� 5XP EJGGFSFOU NBUFSJBMT IBWF CFFO DPOTJEFSFE� BO FMBTUJD HFMBUJOF BOE B TBNQMF
PG IVNBO CSBJO UJTTVF CPUI NPEFMMFE BT IZQFSFMBTUJD DPNQSFTTJCMF TPMJET� 5IF NPEFM BEPQUFE JT
B POF�UFSN 0HEFO TUSBJO FOFSHZ EFOTJUZ XIPTF QBSBNFUFST XFSF UVOFE PO UIF SFTVMUT GSPN DPN�
QSFTTJPO UFTUT PO HFMBUJOF BOE IVNBO CSBJO 	TFF 5BCMF ���
� 5IF TUSBJO FOFSHZ EFOTJUZ GVODUJPO JT
HJWFO CZ��� ݏ � �৲১ ൫ Ìৱ১ୗ  Ìৱ১  Ìৱ১ ˱ �൮  �ܼ 
݂ ˱ ��� 	���


XIFSF Ìৱݚ BSF UIF EFWJBUPSJD QSJODJQBM TUSFUDIFT ৲ JT UIF JOJUJBM TIFBS NPEVMVT ১ BOEܼ BSF NBUFSJBM
QBSBNFUFST�

Finite element implementation
"MM UIF TJNVMBUJPOT BSF QFSGPSNFE XJUI UIF DPNNFSDJBM '& TPGUXBSF 4*.6-*" "CBRVT ���� 	%BT�
TBVMU 4ZTUÒNFT���
� 8F IBWF DPOTJEFSFE B TZNNFUSJD PQFOJOH NPEF PG DSBDL QSPQBHBUJPO BOE QMBOF
TUSBJO DPOEJUJPOT XIJDI BSF KVTUJGJFE JG XF UBLF UIF XJSF MFOHUI NVDI MBSHFS UIBO JUT EJBNFUFS BOE
UIF NBUFSJBM USBOTWFSTBM EJNFOTJPO� 'PVS�OPEF QMBOF TUSBJO FMFNFOUT XJUI SFEVDFE JOUFHSBUJPO BSF
FNQMPZFE GPS UIF CVML NBUFSJBM XIFSFBT UIF XJSF JT NPEFMMFE BT B SJHJE TVSGBDF� 5IF JOEFOUBUJPO
NPEFM JT FTTFOUJBMMZ B QMBOF DPOUBDU BOBMZTJT BU MBSHF TUSBJOT XIFSF XF TJNVMBUF UIF FMBTUJD EFGPS�
NBUJPO BOE TUSFTT DPODFOUSBUJPO MFBEJOH VQ UP GBJMVSF� $POUBDU JOUFSBDUJPO JT NPEFMMFE XJUI UIF
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5.2. Wire cutting in soft elastic materials

JNQMJDJU GJOJUF�TMJEJOH TVSGBDF�UP�TVSGBDF GPSNVMBUJPO CBTFE PO DPOUBDU QBJST EFGJOJUJPO� 'SJDUJPOBM
JOUFSBDUJPO CFUXFFO UIF XJSF BOE UIF NBUFSJBM JT EFGJOFE XJUI B TUBOEBSE $PVMPNC MBX BOE JNQMF�
NFOUFE XJUI B TUJGGOFTT QFOBMUZ NFUIPE� 5IF DSBDL QSPQBHBUJPO NPEFM FNQMPZT GPVS�OPEF DPIFTJWF
FMFNFOUT XIJDI BSF QSF�JOTFSUFE BMPOH UIF QSPQBHBUJPO QBUI GPS UIF XIPMF EFQUI PG XJSF JOTFSUJPO�
"T QPJOUFE PVU JO f����� UIF DPIFTJWF NPEFM SFRVJSFT UFOTJMF PQFOJOH TUSFTTFT BOE GPS UIJT SFBTPO
XF IBE UP DSFBUF BO BSUJGJDJBM OPUDI PO UIF UPQ TVSGBDF XJUIPVU XIJDI UIF TUSFTT TUBUF CFMPX UIF
XJSF JT DPNQSFTTJWF 	'JH����C�D
� 8F IBWF UFTUFE EJGGFSFOU TIBQFT BOE OPUDI BOHMFT BOE GPVOE PVU
UIBU UIFZ POMZ NBSHJOBMMZ BGGFDU UIF TUFBEZ�TUBUF GPSDF� 0O UIF DPOUSBSZ UIF GPSDF�EJTQMBDFNFOU
QSPGJMF CFGPSF DSBDL JOJUJBUJPO JT JOFWJUBCMZ BMUFSFE�

$POWFSHFODF PG UIF DPNCJOFE DPOUBDU�DSBDL QSPQBHBUJPO QSPCMFN XBT UIF NPTU DSJUJDBM JTTVF
EVSJOH UIF BOBMZTFT� 5IF JOJUJBM MBSHF TUSBJO DPOUBDU SFRVJSFT B SFHVMBS BOE XFMM SFGJOFE NFTI PO UIF
UPQ TVSGBDF XIFSF UIF XJSF JT FYQFDUFE UP JOEFOU UIF NBUFSJBM� 5IF NJOJNVN TJ[F PG UIF FMFNFOUT
XJUI SFTQFDU UP UIF XJSF EJBNFUFS JO UIF SBOHF ǽFMݨݖ� � ���� ˱ ��� XBT DIPTFO BT B DPNQSPNJTF
CFUXFFO BDDVSBDZ BOE FGGJDJFODZ� *O QBSUJDVMBS UIJT TJ[F JT LFQU DPOTUBOU BMPOH UIF XIPMF DPIFTJWF
JOUFSGBDF GPS TNPPUIFS QSPQBHBUJPO TP UIBU GVSUIFS JODSFBTJOH UIF NFTI SFGJOFNFOU MFE UP QSP�
IJCJUJWF DPNQVUBUJPOBM DPTUT� $PIFTJWF FMFNFOUT BEE BEEJUJPOBM DPNQMFYJUZ UP UIF DPOWFSHFODF
EVF UP UIF TPGUFOJOH QBSU PG UIF TUSFTT�EJTQMBDFNFOU DVSWF� *O PSEFS UP TQFFE�VQ DPOWFSHFODF UJNF
JODSFNFOUBUJPO XBT UVOFE NBOVBMMZ BOE MBSHFS�UIBO�EFGBVMU UPMFSBODFT PO UIF GPSDF BOE EJTQMBDF�
NFOU OPSNT XFSF SFRVJSFE� 8F IBWF USJFE TNBMM NPEJGJDBUJPOT PG UIFTF QBSBNFUFST UP DIFDL UIF
SFMJBCJMJUZ PG UIF SFTVMUT�

w
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Figure 5.2 a Sketch of the plane model of wire cutting employed in the FE analyses. b Deformed
configuration in the indentation model and (c) in the model for crack propagation. The normal
opening stress contours are also shown (a blue region corresponds to compressive opening stresses৹ݩݩ)

5.2.2. Wire indentation

-FU VT DPOTJEFS UIF JOJUJBM QBSU PG XJSF DVUUJOH XIFO UIF SJHJE XJSF JOEFOUT UIF NBUFSJBM� *G XF
BTTVNF UIBU GSJDUJPOBM GPSDFT EFWFMPQ POMZ EVSJOH UIF TUBHF PG TFQBSBUJPO UIJT JOJUJBM TUBHF PG JO�
EFOUBUJPO DBO CF TFFO BT B QSPDFTT PG TUSBJO FOFSHZ DVNVMBUJPO XIJDI FWFOUVBMMZ MFBET UP GBJMVSF�
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5. Detailed numerical analyses of cutting

*O QBSUJDVMBS GSPN UIF FOFSHFUJD CBMBODF PG DVUUJOH &R�	���
 XF IBWFܾEܼ � Eݤݍ� 	���


XIFSF UIF UFSN PO UIF MFGU JT UIF XPSL PG UIF DVUUJOH GPSDF GPS BO JODSFNFOU Eܼ PG XJSF JOTFSUJPO
EFQUI BOE Eݤݍ JT UIF TUSBJO FOFSHZ WBSJBUJPO JO UIF FMBTUJD TPMJE�

5IFSF BSF UXP LFZ BTQFDUT UP DPOTJEFS� GJSTUMZ XIBU JT UIF MPDBM TUSFTT TUBUF JO UIF NBUFSJBM EVSJOH
JOEFOUBUJPO JG XF BTTVNF BO FMBTUJD CFIBWJPVS VOUJM UIF PDDVSSFODF PG GBJMVSF� 4FDPOEMZ XF OFFE
UP EJTDVTT UIF NFDIBOJTN UIBU HFOFSBUFT GSBDUVSF BOE IPX JU JT JOGMVFODFE CZ UIF UPPM HFPNFUSZ�
#PUI UIFTF QPJOUT BSF EJTDVTTFE IFSF XJUI SFTQFDU UP UIF TQFDJGJD HFPNFUSZ PG XJSF DVUUJOH CVU UIF
SFTVMUT DPVME CF HFOFSBMJTFE UP PUIFS QMBOF QSPCMFNT�

Plane contact problem
8F TUBSU CZ DPOTJEFSJOH UIF QSPCMFN PG B UIJO XJSF XIJDI JT QSFTTFE BHBJOTU B MBSHF FMBTUJD CMPDL
VOEFS UIF BDUJPO PG B OPSNBM GPSDF BQQMJFE TMPXMZ FOPVHI TP UIBU RVBTJ�TUBUJD DPOEJUJPOT BSF SF�
UBJOFE� -FU UIF XJSF EJBNFUFS ݨݖ CF UIF SFMFWBOU TJ[F JO UIJT QSPCMFN XIJDI JT NVDI TNBMMFS UIBO
UIF XJSF MFOHUI BOE UIF TBNQMF TJ[F� 5IFO XF DBO USFBU UIF CMPDL BT BO FMBTUJD IBMG�TQBDF BOE BTTVNF
QMBOF TNBMM TUSBJO DPOEJUJPOT TP UIBU UIF TPMVUJPO JT QSPWJEFE CZ UIF DMBTTJDBM 'MBNBOU�T QSPCMFN���

	'JH����
�
5IF TUSFTT BU UIF QPJOU PG MPBE BQQMJDBUJPO JT TJOHVMBS TP UIBU B QSPQFS TUSFTT GVODUJPO GPS UIJT

QSPCMFN JT HJWFO JO QPMBS DPPSEJOBUFT 
�ݣ ਂ� BT

 
�ݣ ਂ� � ˱৶݈ਂݣ TJO৮� 	���


XIFSF ݈ � ݥ�ܾ JT UIF MPBE QFS VOJU XJSF MFOHUI�
6TJOH QBSUJBM EFSJWBUJWFT JO QPMBS DPPSEJOBUFT XF PCUBJO UIF TUSFTT TUBUF PG B HFOFSJD QPJOU JO

UIF IBMG TQBDF� *O QBSUJDVMBS UIF POMZ OPO�[FSP TUSFTT DPNQPOFOU JT

৹ݣݣ � ݣ� ݣ  ݣ� ਂ � ˱�݈ DPTਂ৶ݣ � 	���


*OUP SFDUBOHVMBS DPPSEJOBUFT 
�ݩ �ݪ UIF TUSFTT TUBUF BU B QPJOU MPDBUFE BU B EFQUI ݕ GSPN UIF GSFF
TVSGBDF JT ৹ݩݩ � ৹ݣݣTJOਂ � ˱�৶݈ݕ TJOਂDPTਂ� 	���B


৹ݪݪ � ৹ݣݣDPTਂ � ˱�৶݈ݕ DPTਂ� 	���C


৹ݪݩ � ৹ݣݣ TJOਂ DPTਂ � ˱�৶݈ݕ TJOਂDPTਂ� 	���D


BOE UIF OPO�[FSP QSJODJQBM TUSFTT JT

৹ୗ � ˱�৶݈ݕ DPTਂ� 	���


8F DBO TFF UIBU UIF QSJODJQBM TUSFTT JT DPNQSFTTJWF FWFSZXIFSF BOE NPSFPWFS UIF TUSFTT TUBUF JT
DPODFOUSBUFE CFMPX UIF BYJT PG MPBEJOH BOE CFDPNFT WBOJTIJOHMZ TNBMM NPWJOH BXBZ GSPN UIF QPJOU
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Figure 5.3 Schematic of the plane indentation of a rigid wire into an elastic material, which is treated
as the line loading on an half-space, where ݈ � ݥ�ܾ

PG MPBE BQQMJDBUJPO� 5IJT TVHHFTUT UIBU GBJMVSF PDDVST XJUI B DPNQSFTTJPO NFDIBOJTN UIBU JT IJHIMZ
MPDBMJTFE XIJMF UIF CVML NBUFSJBM SFNBJOT FMBTUJD BOE SFMBUJWFMZ MJUUMF EFGPSNFE� )PXFWFS UIF FGGFDU
PG MBSHF EFGPSNBUJPO JT OPU DPOTJEFSFE BOE UIF DPOUBDU NFDIBOJDT TPMVUJPO SFRVJSFT UIF SBEJJ PG
UIF DPOUBDUJOH CPEJFT UP CF SFMBUJWFMZ XFMM TFQBSBUFE� 5IFTF DPOEJUJPOT GBJM XIFO UIF QFOFUSBUJPO
EFQUI BQQSPYJNBUFMZ FYDFFET UIF XJSF EJBNFUFS �ݨݖ *O TVDI B DBTF UIF QSJODJQBM TUSFTT CFDPNFT
QPTJUJWF TUBSUJOH GSPN UIF XJSF FEHFT BOE TIJGUJOH UPXBSET UIF NJEEMF XJUI JODSFBTJOH MPBET��� 5IJT
JT DPOGJSNFE GSPN UIF SFTVMUT MBSHF TUSBJO OVNFSJDBM BOBMZTFT BT TIPXO JO 'JH�����
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Figure 5.4 Indentation of a wire ݨݖ) � ୗNN) into a compliant elastic solid. a Maximum principal
stress right below the wire at different indentation depths. The dashed line is the analytical Flamant
solution, Eq.(5.9), for ݕ � ୖ�ୖୗݨݖ. b Contours from the large strain FE model (shown on the
undeformed configuration)

8IBU XF OPUJDF GSPN UIF OVNFSJDBM SFTVMUT JT UIBU UIF XJSF JT SFRVJSFE UP JOEFOU EFFQMZ UP
SFBDI B MBSHF UFOTJMF TUSFTT UIBU DBO JOJUJBUF B DSBDL� 5IJT JT DPOTJEFSFE UP CF B UZQJDBM GFBUVSF PG UIF
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5. Detailed numerical analyses of cutting

JOEFOUBUJPO PG NBUFSJBMT XJUI MPX FMBTUJD NPEVMVT� 4PNF BVUIPST IBWF BMTP NPEFMMFE BO BEEJUJPOBM
BDUJPO PG TMJDJOH XIJDI BMMPXT UP SFBDI UIF TBNF DSJUJDBM TUSFTT BU SFEVDFE JOEFOUBUJPO EFQUIT���

Initial indentation and the role of wire diameter
%VSJOH UIF JOEFOUBUJPO TUBHF UIF EFGPSNBUJPO CFMPX UIF XJSF DPOUJOVFT UP JODSFBTF VOUJM FWFOUV�
BMMZ B DSJUJDBM CBSSJFS JT SFBDIFE� "U UIJT QPJOU B DSBDL JT JOJUJBUFE BOE UIF XJSF TUBSUT UP DVU UISPVHI
UIF NBUFSJBM� *O UIF FYQFSJNFOUT UIJT NPNFOU DPSSFTQPOET UP B QFBL JO UIF DVUUJOH GPSDF XIJDI JT
SFGFSSFE UP BT UIF DSJUJDBM GPSDF GPS QVODUVSJOH �ݕ݈ *O DVUUJOH PG FMBTUJD NBUFSJBMT GBJMVSF JT B QSPDFTT
XIFSF UIF POMZ SFMFWBOU EJNFOTJPO JT B DIBSBDUFSJTUJD TJ[F PG UIF UJQ� *O UIF DBTF PG XJSF DVUUJOH IFSF
DPOTJEFSFE TVDI B EJNFOTJPO JT UIF XJSF EJBNFUFS �ݨݖ 8F EJTDVTT IFSF UIF SFTVMUT PG MBSHF TUSBJO
'& BOBMZTFT XIFSF XF IBWF DIBOHFE UIF XJSF EJBNFUFS PWFS B XJEF SBOHF BOE PCTFSWFE IPX UIF
GPSDF QSPGJMF BOE UIF MPDBM SFHJPO CFMPX UIF XJSF XFSF BGGFDUFE�

*O 'JH���� XF TIPX UIF DVUUJOH GPSDF ݥ�ܾ XJUI XJSFT PG WBSJPVT EJBNFUFST BT B GVODUJPO PG UIF
SFMBUJWF JOEFOUBUJPO EFQUIܼݨݖ�� 5IF SFTVMUT EFSJWF GSPN UIF NPEFM PG JOEFOUBUJPO BU MBSHF TUSBJOT
XJUIPVU BOZ GBJMVSF NFDIBOJTN DPOTJEFSFE� 8JUI SFTQFDU UP UIF JOEFOUBUJPO EFQUI JU TFFNT UIBU
UIF GPSDF JODSFBTFT MJOFBSMZ JO TNBMMFS XJSFT CVU UFOET UP GPMMPX B TUFFQFS HSBEJFOU GPS MBSHFS EJ�
BNFUFST� 5IJT NJHIU CF DPOOFDUFE UP UIF JOGMVFODF PG UIF EJBNFUFS PO UIF FMBTUJD TUSBJO FOFSHZ
DVNVMBUFE EVSJOH UIF EFGPSNBUJPO� *O UIF QMPUT XF IBWF BMTP JODMVEFE UIF WBMVF PG UIF GPSDF XIFO
UIF XJSF JOEFOUT UIF NBUFSJBM GPS B EFQUI ܼ � ݨݖ�� XIJDI WBSJFT BMNPTU MJOFBSMZ XJUI UIF XJSF
EJBNFUFS� 5IF USFOE JT DPOGJSNFE JO CPUI NBUFSJBMT BMUIPVHI UIF DVUUJOH GPSDF JT BMNPTU POF PS�
EFS PG NBHOJUVEF MPXFS JO UIF CSBJO XJUI SFTQFDU UP UIF HFMBUJOF� 5IJT BHSFFT XJUI UIF EJGGFSFODF
CFUXFFO UIF :PVOH�T NPEVMJ PG UIF NBUFSJBMT�
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Figure 5.5 Indentation of a wire into a compliant elastic solid: cutting force ݥ�ܾ as a function of the
indentation depth, in the gelatine (a) and the brain tissue (b). Also shown is the force when ܼ � ୗୖݨݖ
with different wire diameters

*O PSEFS UP VOEFSTUBOE UIF SFBM JOGMVFODF PG UIF XJSF EJBNFUFS XF OFFE UP JOWFTUJHBUF GBJM�
VSF� $SBDL JOJUJBUJPO SFMJFT PO UIF TUSFTT�DPODFOUSBUJOH DBQBCJMJUZ PG UIF JOEFOUFS UIBU JT UIF MPDBM
TUSFTT EJTUSJCVUJPO JO UIF NBUFSJBM SJHIU CFMPX UIF XJSF� 8F IBWF TFFO UIBU JU JT RVJUF DPNQMJDBUFE
UP QSFEJDU UIF TUSFTT TUBUF JO B WFSZ DPNQMJBOU NBUFSJBM UIFSFGPSF XF EP OPU JOWFTUJHBUF UIF TUSFTT
EJTUSJCVUJPO JO EFUBJM� *OTUFBE XF GPDVT PO UIF DVNVMBUJPO PG TUSBJO FOFSHZ MFBEJOH UP DSBDL JOJUJB�
UJPO XIJDI BMTP EFQFOET PO UIF XJSF EJBNFUFS��� 8F DBO BEPQU BO BQQSPBDI TJNJMBS UP UIPTF VTFE
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5.2. Wire cutting in soft elastic materials

GPS DSBDL QSPQBHBUJPO BTTVNJOH UIBU UIF WPMVNF PG NBUFSJBM XIPTF TUSBJO FOFSHZ QBSUJDJQBUFT JO
DSBDL JOJUJBUJPO JT DPOUBJOFE JO B GSBDUVSF QSPDFTT [POF CFMPX UIF XJSF PG MFOHUI DPIݝ &R�	���
� *O
UIF DSJUJDBM DPOEJUJPO UIF GSBDUVSF JOJUJBUJPO FOFSHZ çJO JT HJWFO CZ UIF TUSBJO FOFSHZ QFS VOJU BSFBݝDPIݥ XIFSFBT UIF GPSDF QFS VOJU BSFB QSPWJEFT UIF DSJUJDBM TUSFTT ৹JO� " SFDVSSJOH JTTVF JO GSBDUVSF
NFDIBOJDT JT IPX UP EFGJOF UIF GSBDUVSF JOJUJBUJPO FOFSHZ BOE JG JU JT SFMBUFE UP UIF FOFSHZ GPS DSBDL
QSPQBHBUJPO XIBU JU JT VTVBMMZ DPOTJEFSFE BT UIF GSBDUVSF UPVHIOFTT PG B NBUFSJBM� *O PVS BOBMZTFT
XF IBWF BTTVNFE UIBU çJO JT FRVBM UP UIF GSBDUVSF UPVHIOFTT çୖ� 5IFO XF IBWF DPNQVUFE UIF
GSBDUVSF FOFSHZ GSPN '& NPEFMT JO B DPOUPVS TVSSPVOEJOH UIF GSBDUVSF QSPDFTT [POF� )PXFWFS JO
B QVSFMZ FMBTUJD NBUFSJBM UIF DIPJDF PG UIF DPOUPVS JT OPU JNQPSUBOU� 5IJT BQQSPBDI JT BOBMPHPVT UP
UIF +�JOUFHSBM DPNQVUBUJPO BMUIPVHI JO UIF BCTFODF PG B DSBDL JU EFTDSJCFT UIF TJNQMF DVNVMBUJPO
PG TUSBJO FOFSHZ SBUIFS UIBO B SFBM GSBDUVSF FOFSHZ�
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Figure 5.6 Crack initiation in the gelatine material. a Critical depth ݕܼ and b critical force per unit
thickness ݕ݈ as a function of the wire diameter

8F TIPX UIF SFTVMUT JO 'JH���� JO UFSNT PG DSJUJDBM EFQUIܼݕ BT B GVODUJPO PG UIF XJSF EJBNFUFS
JO UIF HFMBUJOF NBUFSJBM� 5IF DSJUJDBM EFQUI JT PCUBJOFE GSPN UIF OVNFSJDBM BOBMZTFT XIFO UIF TUSBJO
FOFSHZ QFS VOJU BSFB FRVBMT çJO� 'SPN UIF OVNFSJDBM BOBMZTFT XF DPVME PCUBJO UIF DVSWFT PG UIF
TUSBJO FOFSHZ XJUI SFTQFDU UP UIF JOTFSUJPO EFQUI XJUI XJSFT PG WBSJPVT EJBNFUFST� *O PSEFS UP GJOE
UIF FYBDU WBMVF PG ݕܼ XF GJSTU JOUFSQPMBUFE FBDI DVSWF XJUI B TFDPOE�PSEFS QPMZOPNJBM BOE UIFO
FYUSBDUFE UIF FYBDU WBMVF BU çJO� 5IF SFTVMUT PG 'JH����B BSF JMMVNJOBUJOH JO TIPXJOH BO FWJEFOU
USBOTJUJPO JO UIF DSJUJDBM EFQUI GPS B TQFDJGJD XJSF EJBNFUFS Ìݨݖ� 'PMMPXJOH 'BLIPVSJ FU BM� �� XF
BTTVNF UIBU UIF XJSF EJBNFUFS BGGFDUT UIF TJ[F PG UIF GSBDUVSF QSPDFTT [POF BOE JO QBSUJDVMBS XF
EJTUJOHVJTI UIF GPMMPXJOH UXP TJUVBUJPOT�

t XIFO ݨݖ ̓ Ìݨݖ UIF DSJUJDBM EFQUI JODSFBTFT XJUI B QPXFS�MBX EFQFOEFODF XJUI UIF XJSF
EJBNFUFS� 5IJT JT UIF TP�DBMMFE FOFSHZ MJNJUFE GBJMVSF� "U TNBMM EJBNFUFST UIF TUSFTT JT IJHIMZ
DPODFOUSBUFE BSPVOE UIF XJSF CVU GBJMVSF DBOOPU PDDVS VOUJM UIFSF JT FOPVHI TUSBJO FOFSHZ
JO UIF GSBDUVSF QSPDFTT [POF UIBU JT VOUJM UIF TUSBJO FOFSHZ QFS VOJU BSFB SFBDIFT çJO�

t XIFO ݨݖ  Ìݨݖ GSBDUVSF JOJUJBUJPO PDDVST BU BO BMNPTU DPOTUBOU EFQUI� 5IJT JT UIF TP�DBMMFE
TUSFTT MJNJUFE GBJMVSF� 8JUI MBSHFS XJSFT UIF QSPDFTT [POF JT MBSHFS UPP BOE TP JT UIF TUSBJO
FOFSHZ QFS VOJU BSFB� IPXFWFS GBJMVSF SFRVJSFT UIBU UIF MPDBM TUSFTT SJTFT VQ UP UIF JOJUJBUJPO
WBMVF ৹JO�
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5. Detailed numerical analyses of cutting

'JHVSF ���C DPOGJSNT UIF USBOTJUJPO XJUI SFTQFDU UP UIF DSJUJDBM GPSDF XIJDI JODSFBTFT BMNPTU
MJOFBSMZ XJUI UIF XJSF EJBNFUFS JO UIF FOFSHZ MJNJUFE SFHJPO� 5P GVSUIFS WBMJEBUF PVS BTTVNQUJPOT
XF XPVME OFFE FYQFSJNFOUBM WBMVFT PG UIF DSJUJDBM GPSDF BU DSBDL JOJUJBUJPO JO QBSUJDVMBS UP DIFDL
UIF GSBDUVSF JOJUJBUJPO FOFSHZ UIBU XF IBWF DPOTJEFSFE FRVBM UP çୖ� 'BLIPVSJ FU BM� �� PCUBJOFE B
IJHIFS WBMVF PG çJO XJUI SFTQFDU UP çୖ UBLFO GSPN B DPOWFOUJPOBM GSBDUVSF UFTU� 5IFZ NPUJWBUFE
UIJT EJGGFSFODF BT BO JODSFBTFE FOFSHZ OFFEFE UP JOJUJBUF B DSBDL XJUI SFTQFDU UP UIBU OFFEFE JO UIF
TUBHF PG DSBDL QSPQBHBUJPO�

5.2.3. Crack propagation in the steady-state
'PMMPXJOH UIF QPJOU PG GBJMVSF XF BTTVNF UIBU B DSBDL JT QSPQBHBUFE CFMPX UIF XJSF JO TUFBEZ�TUBUF
DPOEJUJPOT VOEFS TZNNFUSJD PQFOJOH EJTQMBDFNFOUT� 5IF GSBDUVSF FOFSHZ QFS VOJU PG BSFB JT HJWFO
CZ &R�	���
 PG TUFBEZ�TUBUF DVUUJOH BOE BTTVNJOH UIBU UIF TUSBJO FOFSHZ JT OFHMJHJCMF EVF UP UIF
TNBMM TJ[F PG UIF XJSF XF PCUBJO ܿ � ݥܾ ˱ EݥݘݍEݓ 	����


$SBDL QSPQBHBUJPO JT EFTDSJCFE CZ B DPIFTJWF [POF NPEFM XJUI B CJMJOFBS DVSWF GPS UIF OPSNBM
TUSFTT�PQFOJOH EJTQMBDFNFOU SFMBUJPOTIJQ� 3FMJBCMF FYQFSJNFOUBM WBMVFT PG UIF SBUF�JOEFQFOEFOU
GSBDUVSF UPVHIOFTT çୖ BOE UIF DPIFTJWF TUSFTT ৹NBY EFSJWF GSPN XJSF DVUUJOH FYQFSJNFOUT BU MPX
JOTFSUJPO SBUFT BOE TNBMM EJBNFUFST BT FYQMBJOFE JO f���� 5IFTF XFSF BWBJMBCMF GPS UIF HFMBUJOF��

CVU OPU GPS UIF CSBJO XIJDI UIFSFGPSF JT OPU DPOTJEFSFE JO UIF TJNVMBUJPOT PG DSBDL QSPQBHBUJPO�
5IF DPIFTJWF QBSBNFUFST BSF SFQPSUFE JO 5BCMF ����

/PUJDF UIBU UIF WBMJEJUZ PG UIF NPEFM JT MJNJUFE UP UIF FMBTUJD CFIBWJPVS PG UIF NBUFSJBM� *O TVDI
GSBNFXPSL UIF DSJUJDBM DPOEJUJPO GPS DSBDL QSPQBHBUJPO JT DPSSFDUMZ EFGJOFE CZܿ � çୖ� .PSFPWFS
DSBDL QSPQBHBUJPO PDDVST VOEFS B TZNNFUSJD PQFOJOH NPEF POMZ XIFO UIF XJSF EJBNFUFS JT MBSHFS
UIBO B UISFTIPME WBMVF� "O BQQSPYJNBUF WBMVF JT PCUBJOFE GSPN UIF OBUVSBM SBEJVT PG BO FMBTUJDBMMZ
CMVOUFE DSBDL ৷ݕ � çୖ�ܽ GSPN XIJDI UIF UISFTIPME XJSF EJBNFUFS JT ݨݖ ̈́ �৷ݕ � ����NN JO
UIF HFMBUJOF� "T QPJOUFE PVU JO UIF BOBMZTJT PG UIF DSBDL�UJQ [POF 	f���
 XJSF EJBNFUFST TNBMMFS
UIBO UIF UISFTIPME FYFSU B DPOTUSBJOU PO UIF FMBTUJD DSBDL CMVOUJOH� 5IF DPIFTJWF [POF NPEFM JT
GFBTJCMF POMZ XIFO B DSBDL QSPQBHBUFT VOEFS UFOTJMF USBDUJPOT TP UIF TJNVMBUJPOT BSF MJNJUFE UP XJSF
EJBNFUFST MBSHFS UIBO UIF UISFTIPME�

3FTVMUT PCUBJOFE GSPN UIF '& NPEFM BSF QSFTFOUFE JO 'JH����� 5IF TUSFTT DPOUPVST JO UIF
NBUFSJBM OFBS UP UIF XJSF BSF TIPXO BU UISFF EJGGFSFOU JOTFSUJPO EFQUIT 	'JH����B
 GPS B XJSF PG
EJBNFUFS ݨݖ � ���NN� 5IF OPSNBM PQFOJOH TUSFTT ৹ݩݩ JT UFOTJMF JO GSPOU PG UIF XJSF GSPN UIF
WFSZ CFHJOOJOH BT DPOTFRVFODF PG UIF BSUJGJDJBM OPUDI� "GUFS UIF JOEFOUBUJPO 	# BOE $ JO UIF
QMPUT
 UIF UFOTJMF TUSFTT BIFBE PG UIF XJSF JODSFBTFT XIJMF UIF TJEFT BSF DPNQSFTTFE JO UIF TBNF
NFBTVSF BQQSPYJNBUFMZ UXP UJNFT UIF TIFBS NPEVMVT PG UIF HFMBUJOF� %VF UP UIJT IJHI DPNQSFTTJWF
TUSFTT JU JT SFBTPOBCMF UP FYQFDU B SFMFWBOU DPOUSJCVUJPO PG GSJDUJPO PO UIF DVUUJOH GPSDF BGUFS UIF

Table 5.2 Parameters of the cohesive zone model in the gelatine

7BSJBCMF (FMBUJOF 	��� X�X
��

'SBDUVSF UPVHIOFTT çୖ 	1B N
 ���
$PIFTJWF TUSFTT ৹NBY 	1B
 ��� Τ ��
$PIFTJWF DSJUJDBM EJTQMBDFNFOU ৪ݕ 	NN
 ����
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5.2. Wire cutting in soft elastic materials

JOJUJBM JOEFOUBUJPO� .PSFPWFS PODF UIBU UIF TUFBEZ�TUBUF JT SFBDIFE UIF TUSFTT EJTUSJCVUJPO SFNBJOT
BQQSPYJNBUFMZ VODIBOHFE GPS JODSFBTJOH EFQUIT� 5IF GPSDF�EJTQMBDFNFOU DVSWFT JO 'JH����C IBWF
UIF UZQJDBM TIBQF PG FYQFSJNFOUBM XJSF DVUUJOH XJUI UIF JOJUJBM JODSFBTF GPMMPXFE CZ SFMBYBUJPO BOE
UIF IPSJ[POUBM TFDUJPO PG UIF TUFBEZ�TUBUF� 5IF WBMVFT PG UIF TUFBEZ�TUBUF GPSDF BSF JO UIF SBOHF
PCTFSWFE EVSJOH FYQFSJNFOUT PO UIF HFMBUJOF BU MPX SBUFT PG JOTFSUJPO��� )PXFWFS UIF EFQUI
PG JOEFOUBUJPO BOE UIF GPSDF ESPQ GPMMPXJOH DVU JOJUJBUJPO BSF NVDI TNBMMFS EVF UP UIF BSUJGJDJBM
OPUDI� 8JUI SFTQFDU UP UIF XJSF EJBNFUFS XF OPUJDF UIBU CPUI UIF JOEFOUBUJPO GPSDF BOE UIF TUFBEZ�
TUBUF GPSDF JODSFBTF BU MBSHFS WBMVFT� 5IF MBUUFS TFFNT UP GPMMPX B MJOFBS USFOE XJUI UIF EJBNFUFS
BMUIPVHI GPS TNBMMFS XJSF JU EFWJBUFT GSPN MJOFBSJUZ DPOUSBSZ UP XIBU XBT OPUJDFE JO UIF FYQFSJNFOUT
	'JH����D
� "U UIF NPNFOU PG XSJUJOH UIF SFBTPOT PG TVDI B EJTDSFQBODZ SFNBJO VOLOPXO�
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Figure 5.7 FE results of wire cutting in the elastic gelatine. a Normal opening stress contours at
various depths, for a wire of diameter ݨݖ � ୖ�NN. b Force-displacement curves at various diameters.
The dashed lines are the average steady-state cutting force. Letters and description are related toݨݖ � ୖ� NN (red line). c Steady-state cutting force as a function of wire diameter
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5.3. Deep insertion of needles

5.3. Deep insertion of needles

*O UIJT TFDUJPO XF QSFTFOU UIF EFUBJMFE NPEFMMJOH PG OFFEMF JOTFSUJPO JO TPGU NJNJDLJOH UJTTVFT
BDIJFWFE UISPVHI B GJOJUF FMFNFOU BMHPSJUIN XIFSF UIF QFOFUSBUJPO QBUI JT PCUBJOFE UISPVHI
DPOTFDVUJWF JOTFSUJPOT PG DPIFTJWF FMFNFOUT���� *U DBO CF BQQMJFE UP OFFEMFT PG WBSJPVT HFPNF�
USJFT BOE NBUFSJBMT CVU IFSF XF IBWF TQFDJGJDBMMZ DPOTJEFSFE UIF QSPHSBNNBCMF CFWFM�UJQ OFFEMFT
	1#/T
���o���� 5IF NPEFM JT MJNJUFE UP B UXP�EJNFOTJPOBM DPOGJHVSBUJPO� " TLFUDI JT TIPXO JO
'JH����B�
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Figure 5.8 a Two-dimensional sketch of the needle insertion in a soft elastic tissue. b Enlarged view
of the tip region, with the programmable offset ,ݕ the radius of curvature ݊ and the tip angle .ݥਂ c
Detail of the bevel tip with the asymmetric force distribution causing steering (the dashed
configuration is for ݕ � ୖ )

5.3.1. Mechanics of needle insertion
%FFQ QFOFUSBUJPO PG OFFEMFT JO BO FMBTUJD NBUFSJBM JT DPOTJEFSFE BOBMPHPVT UP B DVUUJOH QSPDFTT
BOE EFTDSJCFE BEPQUJOH UIF FOFSHFUJD BQQSPBDI EFSJWFE JO &RT�	���
�	���
� "DDPSEJOHMZ XF DBO
EJTUJOHVJTI UISFF�NBJO TUBHFT XIJDI BSF MJTUFE CFMPX BOE TIPXO JO UIF TDIFNBUJD PG 'JH�����

t *OJUJBM JOEFOUBUJPO� FYUݏ � ݤݍ
5IF FYUFSOBM XPSL JT DPOWFSUFE JOUP FMBTUJD FOFSHZ EVF UP UIF EFGPSNBUJPO PG UIF NBUFSJBM VO�
EFS UIF BDUJPO PG UIF JOEFOUFS 	SFHJPO �
� 5IF TUBHF FOET XIFO UIF TUSBJO FOFSHZ JT TVGGJDJFOU
UP JOJUJBUF B DSBDL BU B DSJUJDBM EFQUI �ݕܼ

t $VU QSPQBHBUJPO VOUJM GVMM QFOFUSBUJPO� FYUݏ � ݤݍ  ݘݍ  ܿݍ
0ODF B DSBDL JT JOJUJBUFE UIF FYUFSOBM XPSL JT BMTP DPOTVNFE CZ GSJDUJPOBM EJTTJQBUJPO BOE
XPSL PG GSBDUVSF� " ESPQ JO UIF GPSDF JT PCTFSWFE EVF UP B SFMBYBUJPO JO UIF FMBTUJD TUSBJO
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5. Detailed numerical analyses of cutting

FOFSHZ 	SFHJPO �B
 BOE UIF TUBHF PG TUBCMF DSBDL QSPQBHBUJPO VOEFS JODSFBTJOH GPSDF CFHJOT
	SFHJPO �C
�

t 4MJEJOH BGUFS GVMM QFOFUSBUJPO� FYUݏ � ݘݍ
8IFO UIF OFFEMF IBT QFOFUSBUFE UIF NBUFSJBM GPS UIF XIPMF EFQUI BOE CSFBLT UISPVHI UIF
PUIFS FOE BOPUIFS TUBHF PG SFMBYBUJPO JT PCTFSWFE XJUI GSJDUJPOBM XPSL CFJOH UIF POMZ DPO�
USJCVUJPO MFGU 	SFHJPO �
�
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Figure 5.9 The main stages of through-and-through
needle penetration into a soft elastic solid, where the
needle is longer than the sample

-FU VT GPDVT PVS BUUFOUJPO PO UIF TUBHF
PG TUBCMF QSPQBHBUJPO XIJDI BDDPSEJOH UP UIF
HFOFSJD DVUUJOH NPEFM QSFTFOUFE JO f��� JT EF�
TDSJCFE CZ &R�	���
� 5IF SFMFWBOU MPOHJUVEJOBM
FYUFOU PG UIF OFFEMF JNQMJFT UIBU B HSFBU QBSU PG
QSPQBHBUJPO PDDVST XJUI JODSFBTJOH GPSDF� *O�
EFFE XIFO UIF OFFEMF JT MPOHFS UIBO UIF TBN�
QMF IFJHIU ǽ UIF TUFBEZ�TUBUF DVUUJOH DBOOPU CF
BUUBJOFE� 8IFO UIF OFFEMF JT JUTFMG EFGPSNBCMF
XF NJHIU UBLF JOUP BDDPVOU JUT DPOUSJCVUJPO
UP UIF FOFSHFUJD CBMBODF PG DVUUJOH UISPVHI
BO FMBTUJD TUSBJO FOFSHZ ݆ݤݍ 	EVF UP BYJBM BOE
CFOEJOH EFGPSNBUJPO
� 5P B GJSTU BQQSPYJNB�
UJPO XF DBO DPSSFMBUF JU UP UIF EJGGFSFODF CF�
UXFFO UIF JNQPTFE EJTQMBDFNFOU ܼ BOE UIF
FGGFDUJWF WFSUJDBM EJTQMBDFNFOU BU UIF UJQ ܼFGG�
5ZQJDBMMZ EVSJOH UIF FYQFSJNFOUT JU JT UIF WFS�
UJDBM EJTQMBDFNFOU ܼ UIBU JT NPOJUPSFE BOE
POMZ JO UIF DBTF PG SJHJE TZNNFUSJDBM OFFEMFT XF DBO BTTVNF ܼ ̢ ܼFGG BOE ݆ݤݍ ̢ ��

/FFEMF JOTFSUJPO JT PGUFO USFBUFE BT BO BYJTZNNFUSJD QSPCMFN XJUI SFTQFDU UP UIF OFFEMF JOTFS�
UJPO BYJT XJUI GSBDUVSF DBVTJOH UIF GPSNBUJPO PG B SJOH DSBDL��� )PXFWFS UIF DPNQMFY HFPNFUSZ
PG UIF 1#/ BOE UIF DVSWFE QSPQBHBUJPO USBKFDUPSJFT NJHIU SFRVJSF B GVMM UISFF�EJNFOTJPOBM NPEFM�
8F NBLF B TJNQMJGZJOH IZQPUIFTJT UP SFTUSJDU UIF JOTFSUJPO QSPDFTT UP UIF QMBOF TP UIBU XF DBO
BEPQU B UXP�EJNFOTJPOBM QMBOF TUSBJO GPSNVMBUJPO� 5IF SFMFWBOU TJ[FT BGGFDUJOH UIF JO�QMBOF DSBDL
QSPQBHBUJPO BOE TUFFSJOH BSF JMMVTUSBUFE JO 'JH����C�D� UIFTF BSF UIF OFFEMF EJBNFUFS ݖ UIF QSP�
HSBNNBCMF PGGTFU ݕ UIF CFWFM BOHMF ১ BOE UIF UJQ SBEJVT ৷ݥ� *O HFOFSBM OFFEMFT BEWBODF JOUP UIF
UBSHFU NBUFSJBM QSPQBHBUJOH B DSBDL VOEFS B DPNCJOBUJPO PG NPEF * BOE NPEF ** GSBDUVSF XJUI B
UBOHFOUJBM DPOUSJCVUJPO DPNJOH GSPN UIF TMJEJOH GPSDFT EVF UP GSJDUJPO� 0OMZ JG UIF UJQ JT TZNNFUSJD
UIF PQFOJOH NPEF * JT QSFEPNJOBOU BOE UIF OFFEMF GPMMPXT BO BQQSPYJNBUFMZ TUSBJHIU QBUI� 5IF
GJSTU SFBTPO XIZ OFFEMFT XJUI CFWFM UJQT GPMMPX DVSWFE QBUIT JT CFDBVTF PG UIF BTZNNFUSJD GPSDF
EJTUSJCVUJPO BU UIF UJQ BT JMMVTUSBUFE JO 'JH� ���D� *O 1#/T UIF SFTVMUJOH UJQ EFGMFDUJPO è BOE
UIF SBEJVT PG DVSWBUVSF ݊ PG UIF OFFEMF UJQ USBKFDUPSZ BMTP EFQFOE PO UIF PGGTFU ݕ CFUXFFO UIF UXP
TFHNFOU QBJST� *O QSBDUJDF UIJT BNPVOU PG VOTVQQPSUFE MFOHUI CFIBWFT BT B DBOUJMFWFS CFBN�

5.3.2. Description of the finite element adaptive model
5IF TJNVMBUJPO PG EFFQ OFFEMF QFOFUSBUJPO IBT CFFO DBSSJFE PVU XJUI B GJOJUF FMFNFOU 	'&
 NPEFM�
5IF QSPQBHBUJPO QBUI GPMMPXFE CZ 1#/T JT OPU QSFEJDUBCMF B�QSJPSJ� PO UIF DPOUSBSZ UIF QBUI
JUTFMG BOE JUT DVSWBUVSF DPOTUJUVUF POF PG UIF NBKPS PVUQVUT PG UIF BOBMZTFT� 'PS UIJT SFBTPO XF
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5.3. Deep insertion of needles

IBWF EFTJHOFE B TQFDJGJD JUFSBUJWF QSPDFEVSF UP TVCEJWJEF UIF JOTFSUJPO TJNVMBUJPO JO B OVNCFS PG
TUFQT BOE JOTFSU DPIFTJWF FMFNFOUT UP TJNVMBUF BO FYUFOTJPO PG UIF DSBDL BU FBDI TUFQ� " EFUBJMFE
EFTDSJQUJPO PG UIF BMHPSJUIN JT QSFTFOUFE JO UIJT TFDUJPO BOE JMMVTUSBUFE JO 'JH������

*O TVNNBSZ UIF JUFSBUJWF QSPDFEVSF DPOTJTUT PG UXP NBJO QBSUT� UIF '& BOBMZTJT BOE B TUBHF PG
QPTU�QSPDFTTJOH� &BDI JUFSBUJPO EFTDSJCFT UIF QFOFUSBUJPO PG UIF OFFEMF GSPN UIF JOJUJBM DPOGJHVSB�
UJPO 	ܼ � �
 UP B DFSUBJO EJTQMBDFNFOU ܼ
��ݚ "U UIJT QPJOU UIF '& BOBMZTJT JT JOUFSSVQUFE CFDBVTF
B GVSUIFS FYUFOTJPO PG UIF DSBDL SFRVJSFT UIF EFGJOJUJPO PG B OFX EJSFDUJPO PG QSPQBHBUJPO� %VSJOH
UIF QPTU�QSPDFTTJOH UIF MPDBM GJFMET BSF FNQMPZFE UP JNQMFNFOU B QSPQFS GSBDUVSF DSJUFSJPO QSP�
QPTFE GPS NJYFE�NPEF QSPQBHBUJPO���� 4VCTFRVFOUMZ UIF NFTI JT VQEBUFE JO PSEFS UP BMMPX GPS
UIF FYUFOTJPO PG UIF DSBDL BOE UP JODMVEF OFX DPIFTJWF FMFNFOUT� 8F XJTI UP QPJOU PVU UIBU FBDI
JUFSBUJPO NVTU TUBSU GSPN UIF JOJUJBM DPOGJHVSBUJPO 	ܼ � �
 CFDBVTF UIF JOTFSUJPO PG OFX DPIFTJWF
FMFNFOUT BMUFST UIF HMPCBM TUJGGOFTT PG UIF TZTUFN� 5IFTF TUFQT BSF SFQFBUFE VOUJM UIF QMBOOFE EFQUI
PG JOTFSUJPO JT BDIJFWFE�

Finite element analysis: initial mesh and solution
" GJOJUF FMFNFOU NPEFM PG UIF JOJUJBM DPOGJHVSBUJPO PG UIF TZTUFN JT CVJMU BT TIPXO JO 'JH�����B�
#PUI UIF OFFEMF BOE UIF TVCTUSBUF BSF NPEFMMFE XJUI QMBOF TUSBJO MJOFBS USJBOHVMBS FMFNFOUT XJUI
SFGJOFE BSFBT JO UIF DPOUBDU SFHJPOT� 5IF NJOJNVN FMFNFOU TJ[F JO SFMBUJPO UP UIF UJQ SBEJVT PG
UIF OFFEMF XBT TFU UP ǽFM�৷ݥ � ���� 5IF FMFNFOU TJ[F BOE NFTI DPOGJHVSBUJPO IBWF CFFO UFTUFE GPS
DPOWFSHFODF JO DPNQBSJTPO XJUI DPOTJEFSBCMZ NPSF SFGJOFE NFTIFT JO UFSNT PG UIF SFBDUJPO GPSDF
NFBTVSFE BU UIF OFFEMF UJQ� " OPUDI JT JOUSPEVDFE PO UIF UPQ TVSGBDF JO PSEFS UP HJWF SJTF UP B UFOTJMF
TUSFTT TUBUF BU UIF DPOUBDU QPJOU BOE USJHHFS UIF PQFOJOH PG UIF GJSTU DPIFTJWF FMFNFOUT 	'JH�����C�D
�
5IF TIBQF PG UIJT OPUDI IBT CFFO DBSFGVMMZ EFTJHOFE XJUI SFTQFDU UP UIF QSPGJMF PG UIF OFFEMF UJQ BOE
JUT FGGFDU XBT GPVOE UP CF OFHMJHJCMF PO UIF GPSDF�EJTQMBDFNFOU QSPGJMFT PG UIF DSBDL QSPQBHBUJPO
TUBHF BOE UIF SFTVMUJOH QBUI PG QFOFUSBUJPO� " SBEJBM NFTI JT EFTJHOFE BSPVOE UIF JOJUJBM DSBDL UJQ
XIFSF UIF FMFNFOUT BSF FNQMPZFE UP FYUSBDU UIF JOUFSOBM GJFMET OFFEFE UP JNQMFNFOU UIF GSBDUVSF
DSJUFSJPO JO UIF QPTU�QSPDFTTJOH TUBHF� 5SJBOHVMBS FMFNFOUT XFSF BEPQUFE CFDBVTF PG UIF FYDFMMFOU
GMFYJCJMJUZ JO NFTIJOH DPNQMFY CPVOEBSJFT BMUIPVHI MFTT BDDVSBUF UIBO IJHIFS PSEFS FMFNFOUT XIFO
VTFE JO SFHJPOT XJUI DPNQMFY TUSFTT HSBEJFOUT� %VSJOH UIF EFWFMPQNFOU PG UIF BMHPSJUIN XF IBWF
FNQMPZFE UIF GSFFXBSF NFTI HFOFSBUPS %JTU.FTI��� XIJDI QSPWJEFT GBTU BOE BDDVSBUF NFTIJOH
UPPMT XJUIJO B .BUMBC FOWJSPONFOU�

$PIFTJWF FMFNFOUT XJUI [FSP UIJDLOFTT BOE B CJMJOFBS TUSFTT�EJTQMBDFNFOU DVSWF &R�	���
 BSF
FNQMPZFE UP TJNVMBUF DSBDL QSPQBHBUJPO� *O UIF DBTF PG UIF OFFEMF XJUI UIF TZNNFUSJD UJQ ݕ	 ��
 B MJOF PG UFO DPIFTJWF FMFNFOUT XJUI SFEVDFE TUSFOHUI JT JOJUJBMMZ JOTFSUFE BMPOH UIF OFFEMF
MPOHJUVEJOBM BYJT� 8JUI BTZNNFUSJD CFWFM UJQT POMZ POF DPIFTJWF FMFNFOU BMJHOFE XJUI UIF CJTFDUPS
PG UIF CFWFM BOHMF ১ JT JOTFSUFE UP GBDJMJUBUF UIF QFOFUSBUJPO� #PVOEBSZ DPOEJUJPOT BSF BQQMJFE UP
SFQMJDBUF B UZQJDBM FYQFSJNFOUBM TFU�VQ BT DMPTFMZ BT QPTTJCMF� 4QFDJGJDBMMZ UIF MBUFSBM TVSGBDFT PG UIF
TVCTUSBUF BSF DPOTUSBJOFE XJUI SFTQFDU UP IPSJ[POUBM NPUJPO BOE UIF CPUUPN OPEFT BSF SFTUSBJOFE
BMPOH UIF WFSUJDBM EJSFDUJPO� 5IF OFFEMF JT QSFWFOUFE GSPN CVDLMJOH CZ NPWJOH CFUXFFO UXP SJHJE
WFSUJDBM TVSGBDFT XIJDI BSF GJYFE BOE GSJDUJPOMFTT� 7FSUJDBM EJTQMBDFNFOUT BSF JNQPTFE PO UIF UPQ
TVSGBDF PG UIF OFFEMF� " GJOJUF TUSBJO DPOUBDU BMHPSJUIN XJUI -BHSBOHF NVMUJQMJFST JT FNQMPZFE UP
NPEFM UIF GSJDUJPOBM JOUFSBDUJPO CFUXFFO UIF OFFEMF BOE UIF TVCTUSBUF� 5IF GVMM TPMVUJPO PG UIF
TZTUFN JT PCUBJOFE VTJOH UIF MBSHF TUSBJO JNQMJDJU TPMWFS PG UIF DPNNFSDJBM '& TPGUXBSF 4*.6-*"
"CBRVT ���� 	%BTTBVMU 4ZTUÒNFT���
� *O FBDI JUFSBUJPO UIF '& BOBMZTJT JT JOUFSSVQUFE XIFO UIF
QFOFUSBUJPO EJTQMBDFNFOUܼ
�ݚ PG UIF OFFEMF JT TVDI UIBU B DSJUJDBM DPOEJUJPO JT BUUBJOFE BOE GVSUIFS
EJTQMBDFNFOU SFRVJSFT UIF DPNQVUBUJPO PG B OFX EJSFDUJPO PG DSBDL QSPQBHBUJPO�
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5. Detailed numerical analyses of cutting
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Figure 5.10 Flow-chart showing the key steps of the needle insertion algorithm. Each iteration is
divided in the stages of FE analysis and post-processing
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5.3. Deep insertion of needles

a b

c

initial notchneedle tip

coarse regionrefined regionradial tip 
elements

rigid surfaces

initial cohesive 
crack

initial notch
needle tip

initial cohesive 
crack

c = 0

Figure 5.11 a General view of the initial configuration of the mesh (for clarity, the mesh of the needle
is not shown). b Detail ot the near-tip region in the case of a needle with a symmetric tip ݕ) � ୖ) and
in the bevel-tip needle (c)

Post-processing: fracture criterion and re-meshing
8IFO UIF OFFEMF JT JOTFSUFE JOUP UIF NBUFSJBM FYJTUJOH DPIFTJWF FMFNFOUT BSF GJSTU EBNBHFE BOE UIFO
SFNPWFE DPNQMFUFMZ BMMPXJOH GPS BO FYUFOTJPO PG UIF DSBDL� )PXFWFS UP CF EJTQMBDFE GVSUIFS UIF
OFFEMF QBUI OFFET UP CF EFUFSNJOFE BOE IFODF B QSPQFS GSBDUVSF DSJUFSJPO JT SFRVJSFE� *O QBSUJDVMBS
XF TIPVME EFGJOF CPUI B DSJUJDBM DPOEJUJPO GPS QSPQBHBUJPO BOE UIF DSBDL LJOLJOH BOHMF�

5IF GSBDUVSF DSJUFSJPO JT CBTFE PO UIF DSBDL�UJQ PQFOJOH EJTQMBDFNFOU 	$50%
� 5IJT IBT CFFO
EFGJOFE BT UIF SFMBUJWF PQFOJOH CFUXFFO UIF DSBDL GBDFT BU B GJYFE EJTUBODF ݝ CFIJOE UIF DVSSFOU
DSBDL UJQ� 4VDI EJTUBODF JT SFMBUFE UP UIF NBUFSJBM QSPQFSUJFT BOE UIF OFFEMF HFPNFUSZ 	'JH� ����

UISPVHI ݝ � ৷ݥ

UBO১� 	����


XIFSF ১ JT UIF CFWFM BOHMF BOE ৷ݥ JT UIF UJQ SBEJVT� "T B SFBTPOBCMF BTTVNQUJPO XF MJOL UIF $50%
UP UIF SPMF QMBZFE CZ UIF UJQ SBEJVT ৷ݥ JO DSBDL QSPQBHBUJPO CZ DPOTJEFSJOH �৷ݥ � ৪NBY� &RVBUJPO
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5. Detailed numerical analyses of cutting

	����
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Figure 5.12 Schematic of the needle tip geometry to
determine the length ݝ and the CTOD

5IF DSJUJDBM DPOEJUJPO JT GPSNVMBUFE BT৪ݟ ൫ݝ൮ ̀ $50% � �ݕ$50% 	����


XIFSF ݕ$50% JT UIF DSJUJDBM DSBDL�UJQ PQFO�
JOH EJTQMBDFNFOU� *O UIJT XBZ XF BSF JOEJ�
SFDUMZ SFMBUJOH UIF UJQ SBEJVT ৷ݥ UP UIF DPIFTJWF
MBX PG UIF NBUFSJBM� 5IF JNQPSUBODF PG UIJT
TUFQ JT QFDVMJBS PG UIF TJNVMUBOFPVT QSFTFODF
PG DPIFTJWF FMFNFOUT BOE B DVUUJOH UPPM XJUI
VOLOPXO QSPQBHBUJPO QBUI� 8JUI SFTQFDU UP
PUIFS BEBQUJWF NFUIPET QSPQPTFE GPS DSBDL
QSPQBHBUJPO��� UIF VTF PG B EJTQMBDFNFOU�
CBTFE QBSBNFUFS JO QMBDF PG BO FGGFDUJWF TUSFTT
BMMPXT VT UP DPOTJEFS UIF SFMFWBOU JOGMVFODF PG
UIF UJQ SBEJVT BOE TIBSQOFTT PO UIF DPOEJUJPO
PG QSPQBHBUJPO 	TFF f���
�

5IF DSBDL QSPQBHBUJPO EJSFDUJPO DBO CF
EFUFSNJOFE VTJOH EJGGFSFOU DSBDL HSPXUI DSJ�
UFSJB� 4QFDJGJDBMMZ WBSJPVT FOFSHZ�CBTFE PS
TUSFTT�CBTFE BQQSPBDIFT TVJUBCMF GPS OPO�MJOFBS NBUFSJBMT DBO CF JNQMFNFOUFE JO UIF BMHPSJUIN����
)FSF XF EFTDSJCF UIF NJOJNVN 4USBJO &OFSHZ %FOTJUZ 	4&%
 DSJUFSJPO��� XIJDI FNQMPZJOH UIF
FOFSHZ GJFMET JT MFTT TFOTJCMF UP UIF FSSPS JO UIF TUSFTT FWBMVBUJPO DPOOFDUFE UP UIF VTF PG MPX�PSEFS
FMFNFOUT� 5IF LJOLJOH BOHMF ݕਂ JT GPVOE GSPN UIF EJSFDUJPO UIBU NJOJNJTFT UIF TUSBJO FOFSHZ
EFOTJUZ ݏ ЀЃЃЃЃЁЃЃЃЃЂ


ݏਂ ݕਂ�ਂ� � �

ୢݏਂୢ ݕਂ�ਂ� ̈́ � � 	����


XIFSF UIF TFDPOE DPOEJUJPO TUBUFT UIBU UIF QPJOU NVTU CF B QPJOU PG NJOJNVN PG UIF GVODUJPOݏ
ਂ��
%VSJOH UIF QPTU�QSPDFTTJOH TUBHF TUSBJO FOFSHZ EFOTJUJFT BSF FYUSBDUFE GSPN UIF (BVTT QPJOUT

PG UIF SJOH FMFNFOUT BOE JOUFSQPMBUFE PO BO BENJTTJCMF BOHVMBS SBOHF GPS QSPQBHBUJPO CBTFE PO
UIF MJNJU JO QVSF�TIFBS MPBEJOH��� 	'JH�����B
� "EPQUJOH BO BOHVMBS SFTPMVUJPO PG �˷ UIF BOHMF
DPSSFTQPOEJOH UP UIF MPDBM NJOJNVN PG UIF 4&% JT EFUFSNJOFE XJUIPVU BOZ DPOTUSBJOU PO UIF
FYJTUJOH NFTI� $POTJEFSJOH UIF 4&% DPOUPVST JMMVTUSBUFE JO 'JH�����C XF DBO BQQSFDJBUF UIF
FGGFDU PG UIF BTZNNFUSJD UJQ XJUI SFTQFDU UP B TZNNFUSJD DPOGJHVSBUJPO� 8IFO UIF TFHNFOU PGGTFUݕ JT OVMM UIF GPSDF EJTUSJCVUJPO PO UIF OFFEMF JT TZNNFUSJD XJUI SFTQFDU UP UIF JOTFSUJPO BYJT� 5IF
TUSBJO FOFSHZ EFOTJUZ EJTUSJCVUJPO JT BMTP TZNNFUSJD BOE UIF DSJUJDBM EJSFDUJPO DPSSFTQPOET UP B
QVSF NPEF�* QSPQBHBUJPO� 0O UIF DPOUSBSZ JO CFWFM UJQ OFFEMFT UIF 4&% DPOUPVST BSF TUSPOHMZ
BTZNNFUSJD SFGMFDUJOH UIF BTZNNFUSJD EJTUSJCVUJPO PG UIF UJQ GPSDFT�
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Figure 5.13 Illustration of the post-processing stage. a Implementation of the crack growth criterion,
based on the local fields extracted at the Gauss points of the ring elements. The kinking angle ਂ is
measured with respect to the needle insertion axis. b Schematic contours of the strain energy
density in the ring elements, in the case of a needle with a symmetric tip ݕ � ୖ and for the bevel tip
needle. c View of the crack-tip mesh at the onset of crack propagation and during the re-meshing
stage, when new cohesive elements are added (for clarity, we show the deformed configuration)

0ODF UIBU UIF LJOLJOH BOHMF JT EFUFSNJOFE UIF TVSSPVOEJOH NFTI OFFET UP CF VQEBUFE UP
JODMVEF UIF OFX DPIFTJWF FMFNFOUT BMPOH UIF DSJUJDBM EJSFDUJPO BOE BEBQU UP UIF OFX QPTJUJPO PG UIF
DSBDL UJQ 	'JH�����D
� 5IF SJOH PG SBEJBM FMFNFOUT JT TIJGUFE XJUI UIF OFX DSBDL UJQ BOE SFPSJFOUFE
BDDPSEJOH UP UIF LJOLJOH BOHMF TP UIBU UXP FMFNFOU FEHFT BSF BMXBZT BMJHOFE XJUI UIF DVSSFOU
EJSFDUJPO PG QSPQBHBUJPO� 5IF QBUI PG QSPQBHBUJPO J�F� UIF DPPSEJOBUFT PG UIF OPEFT BMPOH UIF
DSBDL QBUI BSF TUPSFE BU FBDI JUFSBUJPO GPS UIF OFYU POF TP UIBU JO UIF MBTU JUFSBUJPO UIF OFFEMF USBWFMT
BMPOH B EFGJOFE QBUI EPXO UP UIF QSFTDSJCFE EFQUI� *O TVNNBSZ JU JT POMZ UIF MBTU JUFSBUJPO UIBU
XF DPOTJEFS GPS UIF BOBMZTJT PVUQVU XJUI UIF QSPQBHBUJPO QBUI EFUFSNJOFE CZ UIF JODSFNFOUT JO
UIF DSBDL MFOHUI UIBU PDDVSSFE JO BMM UIF QSFWJPVT JUFSBUJPOT� 5IF DIBOHF PG UIF TZTUFN DPNQMJBODF
EVF UP UIF DPIFTJWF FMFNFOUT JT NJOJNJTFE BMUIPVHI JU JT OPU DPNQMFUFMZ BWPJEFE� 8IBU XF IBWF
PCTFSWFE JT B TNBMM EJGGFSFODF JO UIF TMPQF PG UIF GPSDF�EJTQMBDFNFOU DVSWFT PCUBJOFE GSPN FBSMZ
JUFSBUJPOT XJUI SFTQFDU UP UIF MBTU�
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5. Detailed numerical analyses of cutting

Table 5.3 Parameters of the model geometry and materials

(FPNFUSZ

/FFEMF EJBNFUFS ݖ 	NN
 �
/FFEMF PGGTFU ݕ 	NN
 ����
#FWFM BOHMF ১ 	EFH
 ��
5JQ SBEJVT ৷ݥ 	NN
 ���
4BNQMF IFJHIU ǽ 	NN
 ���
4BNQMF XJEUI ݨ� 	NN
 ���

.BUFSJBMT

/FFEMF :PVOH NPEVMVT ܽ/ 	1B
 ��� ˱ � Τ ��ଡ଼
(FMBUJOF :PVOH NPEVMVT ܽ( 	1B
 ���� Τ ��
1PJTTPO DPFGGJDJFOU ৳( � ৳/ 	�
 �����

5.3.3. Results: force and steering prediction

5IF GJOJUF FMFNFOU NPEFM JT CBTFE PO UIF FYQFSJNFOUBM TFUVQ BEPQUFE CZ #VSSPXT FU BM� ��� XIFSF
UXP BEKBDFOU TFHNFOUT PG UIF QSPHSBNNBCMF CFWFM�UJQ OFFEMF XFSF BEWBODFE FRVBMMZ UP DSFBUF B
GJYFE PGGTFU UIBU XBT NBJOUBJOFE UISPVHIPVU UIF FYQFSJNFOU� 5IF OFFEMF JT JOTFSUFE JO B MBSHF SFDU�
BOHVMBS CMPDL PG TPGU HFMBUJOF XJUI B DPODFOUSBUJPO PG ��� CZ XFJHIU UIF TBNF NBUFSJBM FNQMPZFE
GPS XJSF DVUUJOH TJNVMBUJPOT JO f��� BOE JO $IBQUFS �� 5P TQFFE�VQ UIF BOBMZTFT HFMBUJOF XBT NPE�
FMMFE IFSF BT B HFOFSBMJTFE MJOFBS FMBTUJD BOE OFBSMZ JODPNQSFTTJCMF NBUFSJBM BMUIPVHI UIF BMHPSJUIN
JT FRVBMMZ WBMJE GPS BOZ OPO�MJOFBS FMBTUJD NPEFM� 5IF OFFEMF JT JUTFMG FMBTUJD BOE BMNPTU JODPNQSFTT�
JCMF� 5IF SFMFWBOU QBSBNFUFST SFMBUFE UP UIF HFPNFUSZ BOE UIF NBUFSJBMT BSF TVNNBSJTFE JO 5BCMF
���� $POUBDU JOUFSBDUJPOT CFUXFFO UIF OFFEMF BOE UIF TVSSPVOEJOH HFMBUJOF BSF SFQSFTFOUFE CZ B
DPFGGJDJFOU PG $PVMPNC�T GSJDUJPO FRVBM UP ݘ � ��� UBLFO GSPN TJNJMBS DVUUJOH FYQFSJNFOUT����
$PIFTJWF FMFNFOUT XFSF BTTJHOFE B CJMJOFBS TUSFTT�EJTQMBDFNFOU SFMBUJPOTIJQ &R�	���
 CPUI GPS UIF
OPSNBM BOE UIF UBOHFOUJBM EJSFDUJPO 	݃JK � ݃ GPS ݚ � ݛ XJUI �ݚ ݛ � �ݥ 
ݟ XJUIPVU BOZ DPVQMJOH
	݃JK � � GPS ݚ ̿ 
ݛ� 5IF JOJUJBM TUJGGOFTT ݃ XBT TFU UISFF PSEFS PG NBHOJUVEF MBSHFS UIBO UIF FMBTUJD
NPEVMVT PG UIF HFMBUJOF UP NJOJNJTF UIF FMBTUJD PQFOJOH� 5IF DSJUJDBM WBMVF PG UIF $50% XBT
TFU FRVBM UP UIF EJTQMBDFNFOU ৪NBY DPSSFTQPOEJOH UP UIF DPIFTJWF TUSFOHUI PG UIF NBUFSJBM� 5IF
DPIFTJWF QBSBNFUFST BSF TVNNBSJTFE JO 5BCMF ����

4FWFSBM BOBMZTFT XFSF QFSGPSNFE JO PSEFS UP QSFEJDU UIF DVUUJOH GPSDF BOE UIF TUFFSJOH DBQBCJMJUZ
PG UIF OFFEMF BOE FYBNJOF EFGPSNBUJPOT BOE TUSFTTFT DBVTFE JO UIF TVCTUSBUF EVSJOH UIF JOTFSUJPO�
&BDI TJNVMBUJPO XBT SVO TVGGJDJFOUMZ MPOH UP GVMMZ EFWFMPQ UIF DPOEJUJPO PG QSPQBHBUJPO BOE PCUBJO
B TUBCMF DVSWBUVSF PG UIF QFOFUSBUJPO QBUI 	OPUJDF UIBU UIF EFQUI SFBDIFE GBMMT XJUIJO UIF SFHJPO
�C PG 'JH� ���
� *O UIF MJHIU PG BO PQUJNJTBUJPO PG UIF OFFEMF EFTJHO BOE JOTFSUJPO QSPDFEVSF
UXP QBSBNFUFST XFSF DIBOHFE CFUXFFO UIF TJNVMBUJPOT� UIF QSPHSBNNBCMF PGGTFU ݕ BOE UIF OFFEMF
NBUFSJBM JO UFSNT PG JUT :PVOH�T NPEVMVTܽ/� " UIJSE QBSBNFUFS UIF CFWFM BOHMF ১ JT BMTP LOPXO UP
BGGFDU UIF DVUUJOH GPSDF��� CVU JT OPU BEESFTTFE TJODF UIF GPDVT XBT UIF QFDVMJBS TUFFSJOH NFDIBOJTN
PG 1#/T� 5IF NBJO SFTVMUT BSF QSFTFOUFE BOE EJTDVTTFE CFMPX�
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5.3. Deep insertion of needles

Table 5.4 Parameters of the cohesive model

7BSJBCMF 7BMVF

'SBDUVSF UPVHIOFTT çୖ 	1B N
 ���
$PIFTJWF TUSFTT ৹NBY 	1B
 ��� Τ ��
$PIFTJWF EJTQMBDFNFOU ৪NBY 	NN
 ���
$PIFTJWF DSJUJDBM EJTQMBDFNFOU ৪ݕ 	NN
 ���
*OJUJBM TUJGGOFTT ݃ 	1B�N
 ��� Τ ��ଡ଼

Symmetrical needle configuration
" TZNNFUSJDBM OFFEMF DPOGJHVSBUJPO PCUBJOFE CZ TFUUJOH UIF PGGTFU ݕ UP [FSP JT JOJUJBMMZ DPOTJEFSFE�
"T BMSFBEZ PCTFSWFE B TZNNFUSJD OFFEMF VOEFS UIF BDUJPO PG B WFSUJDBM GPSDF QSPQBHBUFT B DSBDL JO
QVSF NPEF�* UIFSFGPSF UIF QFOFUSBUJPO QBUI DPOTJTUT PG B TUSBJHIU MJOF BMPOH UIF JOTFSUJPO BYJT� 5IJT
DPOGJHVSBUJPO JT FNQMPZFE UP UFTU XIFUIFS B TUSBJHIU QBUI DPVME BMTP CF BDIJFWFE XJUI UIF JUFSBUJWF
BMHPSJUIN�

5IF DVUUJOH GPSDF EFSJWFE GSPN UIF SFBDUJPO GPSDF FYUSBDUFE GSPN UIF UPQ OPEFT PG UIF OFFEMF
JT QMPUUFE BHBJOTU UIF BQQMJFE EJTQMBDFNFOUܼ JO 'JH�����B� 5IF OFFEMF XBT JOTFSUFE GPS B UPUBM EJT�
QMBDFNFOU ܼ � ��NN CVU XF OPUJDF UIBU BGUFS BQQSPYJNBUFMZ ܼ � ��NN UIF TUBCMF QSPQBHBUJPO
JT BDIJFWFE� *O UIJT DPOGJHVSBUJPO UIF JOJUJBM EFGPSNBUJPO JT SFMFWBOU BOE UIF QFBL GPSDF JT GPMMPXFE
CZ B TVEEFO ESPQ DPSSFTQPOEJOH UP UIF DSBDL JOJUJBUJPO� *O 'JH�����C XF NJHIU BQQSFDJBUF UIBU
UIF QBUI JT B TUSBJHIU MJOF BT FYQFDUFE BMUIPVHI BU B DMPTFS MPPL UIFSF JT B NJOPS CFOE UP UIF SJHIU
QSPCBCMZ EVF UP TNBMM JOBDDVSBDJFT JO UIF OVNFSJDBM BQQSPYJNBUJPO� 5IF DPOUPVST PG UIF OPSNBM
PQFOJOH TUSFTT ৹ݩݩ 	OPSNBMJTFE CZ UIF TIFBS NPEVMVT ৲
 SFGMFDU UIF TZNNFUSZ PG UIF DVUUJOH QSPDFTT
	'JH�����D
� %VSJOH UIF TUBHF PG QSPQBHBUJPO UIFSF JT B MPDBMJTFE SFHJPO PG DPNQSFTTJWF TUSFTTFT PG
NBHOJUVEF DPNQBSBCMF UP UIF FMBTUJD NPEVMVT PG UIF NBUFSJBM BU UIF USBOTJUJPO CFUXFFO UIF UJQ BOE
UIF OFFEMF TIBGU� "IFBE PG UIF OFFEMF B TZNNFUSJD UFOTJMF SFHJPO FOTVSFT UIBU UIF QBUI QSPQBHBUJPO
GPMMPXT UIF OFFEMF JOTFSUJPO BYJT�

*O 'JH����� XF TIPX UIF DPOUPVS QMPUT PG UIF OPNJOBM TUSBJO JO UIF SFHJPO TVSSPVOEJOH UIF
OFFEMF UJQ XIFO ܼ � ܼNBY � ��NN� 5IF BTZNNFUSJD CFIBWJPVS JT BHBJO EFQFOEFOU PO NJOPS
JNQSFDJTJPOT BGGFDUJOH UIF BMHPSJUIN BU EFFQ JOTFSUJPO MFOHUIT� 'JHVSF ����B JT SFMBUFE UP UIF PQFO�
JOH TUSBJO ৫ݩݩ XIJDI BT FYQFDUFE JT UFOTJMF BIFBE PG UIF DSBDL UJQ XIJMF JU JT DPNQSFTTJWF OFBS UIF
FEHFT� *O 'JH�����C XF TIPX UIF FGGFDUJWF TUSFTT B NFBTVSF PGUFO BTTPDJBUFE UP EBNBHF JO CJPMPHJDBM
UJTTVFT�� XIJDI JT EFGJOFE BT ৫FGG � ೦��� 
৫NBY  ৫NJO�� 	����


XIFSF ৫NBY BOE ৫NJO BSF SFTQFDUJWFMZ UIF NBYJNVN BOE NJOJNVN QSJODJQBM TUSBJOT� 5IF MBSHFTU
WBMVF OPU FYDFFEJOH ��� QSPWJEFT HPPE BSHVNFOUT GPS PVS BTTVNQUJPO PG B HFOFSBMJTFE MJOFBS
NBUFSJBM BT JU JT SFBTPOBCMF UP DPOTJEFS UIF EJGGFSFODF XJUI PUIFS NPSF SFGJOFE IZQFSFMBTUJD GPSNV�
MBUJPOT UP CF OFHMJHJCMF�

Force-displacement curves
5IF PGGTFU ESBTUJDBMMZ NPEJGJFT UIF JOTFSUJPO QSPDFTT BOE UIJT JT SFGMFDUFE JO CPUI UIF GPSDF�EJTQMBDFNFOU
DVSWF BOE UIF TUSFTT TUBUF TVSSPVOEJOH UIF OFFEMF� 'JHVSF ���� JMMVTUSBUFT UIF SFTVMUT GPS B 1#/ XJUI
PGGTFU ݕ � ��NN BOE TUJGGOFTT SBUJP ݆ܽ�ܽܿ � �� XIFSF ݆ܽ BOE ܽܿ BSF SFTQFDUJWFMZ UIF OFFEMF
BOE HFMBUJOF :PVOH�T NPEVMJ� &BDI TJNVMBUJPO XJUI UIF 1#/ XBT DBSSJFE PO VOUJMܼ � ݕ� B MFOHUI
XIJDI XF IBWF DPOTJEFSFE TVGGJDJFOU UP EFWFMPQ TUBCMF QSPQBHBUJPO BOE BUUBJO B TUBCMF DVSWBUVSF PG
UIF QSPQBHBUJPO QBUI�
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5. Detailed numerical analyses of cutting

Figure 5.14 Needle in the symmetric configuration ݕ) � ୖ, ݆ܽ�ܽܿ � ). a Cutting force as a function
of the imposed displacement ܼ. b Schematic showing the penetration path. c Contours of the normal
opening stress ৹ݩݩ�৲ at the maximum depth of insertion ܼ � ଡ଼NN

$PNQBSFE UP UIF PWFSBMM DIBSBDUFSJTUJD TIBQF PG UIF TZNNFUSJD OFFEMF JOTFSUJPO UIF GPSDF�
EJTQMBDFNFOU DVSWF JO 'JH�����B TIPXT BEEJUJPOBM EFUBJMFE GFBUVSFT� 5IF TIBQF PG UIF JOJUJBM OPUDI
JO UIF HFMBUJOF NFTI 	'JH� ����D
 JT JO UIJT DBTF SFTQPOTJCMF GPS UIF MBDL PG BO FWJEFOU JOEFOUBUJPO
TUBHF� "GUFS BO JOJUJBM MJOFBS JODSFBTF PG UIF DVUUJOH GPSDF UIF TNBMM SFMBYBUJPO DPSSFTQPOET UP UIF
DPNQMFUJPO PG UIF CFWFM QFOFUSBUJPO� 5IF DVSWF OPX FOUFST B GJSTU TUBHF PG TUBCMF QSPQBHBUJPO JO
XIJDI B DSBDL JT QSPQBHBUFE BIFBE PG UIF OFFEMF UJQ� 5IF MFOHUI PG UIJT TUBHF JT EFUFSNJOFE CZ
UIF PGGTFU ݕ BOE FOET XIFO UIF PGGTFU IBT QFOFUSBUFE GPS JUT XIPMF MFOHUI J�F� XIFO ܼ � �ݕ 5IF
TVCTFRVFOU QBSU JT QFDVMJBS PG UIF 1#/ JOTFSUJPO� 8IFO UIF UIJDLFS QBSU PG UIF OFFEMF CFHJOT UP
FOUFS JOUP UIF NBUFSJBM UIF DVUUJOH GPSDF SJTFT XJUI B TUFFQ HSBEJFOU UP B NBYJNVN DPSSFTQPOEJOH
UP UIF DPNQMFUF UJQ�TIBGU USBOTJUJPO� "GUFSXBSET B TUSPOH SFMBYBUJPO JT GPMMPXFE CZ B TFDPOE TUBHF
PG TUBCMF QSPQBHBUJPO XIJDI JT CFMJFWFE UP DPOUJOVF XJUI JODSFBTJOH GPSDF VOUJM GVMM QFOFUSBUJPO�

5IF USBOTJUJPO GSPN UIF OFFEMF UJQ UP UIF UIJDLFS TIBGU JT UIF NPTU DSJUJDBM BTQFDU UP DPOTJEFS JO
UFSNT PG EFGPSNBUJPOT BOE TUSFTTFT JOEVDFE JO UIF NBUFSJBM� *O 'JH�����C XF UBLF B DMPTFS MPPL UP
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5.3. Deep insertion of needles

a b

y

x

Nominal opening strain εxx

-0.08  -0.05     -0.02     0.02     0.05      0.08

Nominal effective strain εeff

 0         0.03      0.06     0.09     0.12      0.15

c = 0

EN/EG=32

Figure 5.15 Needle in the symmetric configuration ݕ) � ୖ, ݆ܽ�ܽܿ � ). a Contour plot of the nominal
opening strain ৫ݩݩ and b and of the effective strain ৫FGG

UIF OPSNBM TUSFTT ৹ݩݩ JO UIF NBUFSJBM TVSSPVOEJOH UIF OFFEMF EVSJOH UISFF DPOTFDVUJWF TUBHFT PG UIF
JOTFSUJPO 	XIJDI BSF BMTP JOEJDBUFE XJUI OVNCFST PO UIF GPSDF�EJTQMBDFNFOU DVSWF
� 5IF UFOTJMF
TUSFTT TUBUF BIFBE PG UIF OFFEMF UJQ JT TJNJMBS JO UIF UISFF GSBNFT BOE UIF MBSHFTU WBMVF JT PG UIF TBNF
PSEFS UP UIBU PCTFSWFE JO UIF TZNNFUSJD DPOGJHVSBUJPO 	'JH�����C
� )PXFWFS UIF EJTUSJCVUJPO JT
TUSPOHMZ BTZNNFUSJD SFGMFDUJOH UIF VOFWFO GPSDFT BDUJOH PO UIF OFFEMF UJQ� " DMPTFS MPPL UP UIF
DPNQSFTTFE SFHJPOT QSPWJEFT BO JOTJHIU JOUP UIF FGGFDU PG OFFEMF JOTFSUJPO XIJDI DPVME OPU IBWF
CFFO QPTTJCMF XJUI PUIFS MFTT SFGJOFE TJNVMBUJPOT� 'PS UIF QBSU PG QSPQBHBUJPO JO XIJDI POMZ UIF UJQ
XJUI UIF PGGTFU JT JOTFSUFE B DPNQSFTTFE SFHJPO XJUI TUSFTTFT JO UIF PSEFS ��� ˱ ���৲ FYJTU OFBS UIF
UJQ�CFWFM USBOTJUJPO� $PNQBSJOH GSBNFT � BOE � JO 'JH�����C JU BQQFBST UIBU UIF TUSFTTFT UFOE UP
SFMBY XJUI POHPJOH QFOFUSBUJPO� *O UIF UIJSE GSBNF XF GPDVT PO UIF DSJUJDBM QPJOU DPSSFTQPOEJOH UP
UIF QFBL DVUUJOH GPSDF� )FSF UIF SFHJPO PG DPNQSFTTJWF TUSFTTFT JT MPDBUFE PO UIF TJEF PG UIF UIJDLFS
TFDUJPO PG UIF OFFEMF� 4VDI B IJHI DPNQSFTTJPO UPHFUIFS XJUI UIF SFTVMUJOH GSJDUJPOBM TUSFTTFT JT
GFBUVSF XIJDI OFFET UP CF DPOTJEFSFE DBSFGVMMZ XJUI SFTQFDU UP QPTTJCMF EBNBHFT JO UIF UJTTVF�

0UIFS SFTVMUT BSF TIPXO JO 'JH����� XIFSF UIF GPSDF�EJTQMBDFNFOU DVSWFT BSF PCUBJOFE GSPN
UIF JOTFSUJPO PG OFFEMFT XJUI EJGGFSFOU PGGTFU MFOHUIT ݕ BOE WBSJPVT SBUJPT PG UIF SFMBUJWF TUJGGOFTT݆ܽ�ܽܿ� 5IF CPME OVNCFST JO UIF GJHVSFT BSF SFMBUFE UP UIF UISFF TUBHFT DPOTJEFSFE JO 'JH������
/PUJDF UIBU UIF EJTQMBDFNFOUܼ JT OPSNBMJTFE XJUI SFTQFDU UP UIF PGGTFU B DIPJDF BEPQUFE UP PCUBJO
B DMFBSFS WJFX PG UIF SFTVMUT� 8JUI SFTQFDU UP UIF OFFEMF�HFMBUJOF TUJGGOFTT SBUJP 	'JH�����B
 UIF FGGFDU
JT SBUIFS MJNJUFE� UIF DVSWFT BSF TJNQMZ TIJGUFE VQXBSET XJUI TUJGGFS OFFEMFT� 5IF FGGFDU JO FBSMZ
TUBHFT 	QPJOUT ���
 JT UPUBMMZ OFHMJHJCMF CVU CFDPNFT NPSF FWJEFOU XJUI POHPJOH JOTFSUJPO� IPXFWFS
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5. Detailed numerical analyses of cutting
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Figure 5.16 Programmable bevel tip needle ݕ) � NN, ݆ܽ�ܽܿ � ୗଡ଼). a Cutting force as a function of
the imposed displacement ܼ. Insets on the plot are taken from the FE model. b Contours of the
normal opening stress ৹ݩݩ�৲ at three different insertion depths ܼ
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5.3. Deep insertion of needles

BU UIF NPNFOU PG TIBGU QFOFUSBUJPO 	QPJOU �
 BO FJHIUGPME HSPXUI PG UIF OFFEMF :PVOH�T NPEVMVT
SFTVMUT JO B NFSF �� � JODSFBTF JO UIF DVUUJOH GPSDF� 5IJT QPJOU DPSSFTQPOET UP BQQSPYJNBUFMZܼݕ� ̢ ���� *O 'JH�����C XF TIPX UIF FGGFDU PG UIF PGGTFU BU B DPOTUBOU TUJGGOFTT SBUJP ݆ܽ�ܽܿ � ���
$POUSBSZ UP UIF QSFWJPVT DBTF OPX UIF DVSWFT BSF BMTP USBOTMBUFE IPSJ[POUBMMZ� 5IF DVUUJOH GPSDF
JT BMNPTU VOBGGFDUFE CZ DIBOHJOH UIF OFFEMF PGGTFU XJUI POMZ NJOPS EJGGFSFODFT JO UIF TMPQF XJUI
SFTQFDU UP UIF SFMBUJWF EJTQMBDFNFOU� *U BQQFBST UIBU UIF DVUUJOH GPSDF NBZ OPU CF UIF NPTU QFSUJOFOU
WBSJBCMF UP NPOJUPS XIFO PQUJNJTJOH UIF EFTJHO PG 1#/T� *OTUFBE XF TIPVME DPOTJEFS UIF FGGFDU
PG UIF TBNF QBSBNFUFST PO UIF QSPQBHBUJPO QBUI�
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Figure 5.17 Force–displacement curves of the programmable bevel tip needle. a Effect of the
stiffness ratio ݆ܽ�ܽܿ, at constant offset ݕ � NN. b Influence of the offset ,ݕ at constant stiffness݆ܽ�ܽܿ � ୗଡ଼. Dashed lines and numbers are related to three relevant stages of the penetration

Needle path and curvature
5IF NBJO GFBUVSF PG 1#/T JT UIF DVSWFE QSPQBHBUJPO QBUI GPMMPXFE CZ UIF OFFEMF EVSJOH UIF
JOTFSUJPO XIJDI DBO CF DPOUSPMMFE CZ UIF QSPHSBNNBCMF PGGTFU �ݕ %VSJOH UIF TJNVMBUJPOT XF
IBWF SFDPSEFE UIF USBKFDUPSZ UBLFO CZ UIF OFFEMF UJQ OPEF� 5IF FYBNQMFT TIPXO JO 'JH� ���� BSF
PCUBJOFE GSPN UIF MBTU JUFSBUJPO PG FBDI TJNVMBUJPO XIFO UIF JNQPTFE EJTQMBDFNFOU SFBDIFE UIF
NBYJNVN EFQUI ܼNBY � �ݕ� *U TFFNT UIBU UIF OFFEMF GPMMPXT BO JOJUJBM MJOFBS QBUI CFGPSF UIF
PDDVSSFODF PG B EFGMFDUJPO QPJOU BGUFS XIJDI UIF USBKFDUPSZ BTTVNFT B TMJHIUMZ IJHIFS DVSWBUVSF�

5IJT GBDU JT GVSUIFS DPOGJSNFE JO 'JH����� XIFSF UIF FGGFDUJWF UJQ EJTQMBDFNFOU ܼFGG JT QMPU�
UFE BHBJOTU UIF UJQ EFGMFDUJPO è CPUI OPSNBMJTFE XJUI SFTQFDU UP UIF PGGTFU �ݕ 4QFDJGJDBMMZ UIFTF
QMPUT FYQMPSF UIF JOGMVFODF PG UIF PGGTFU ݕ BOE UIF SFMBUJWF TUJGGOFTT ݆ܽ�ܽܿ BOE SFGMFDU UIF GPSDF�
EJTQMBDFNFOU DVSWFT QSFTFOUFE JO 'JH������ 'JHVSF ����B TIPXT UIF OFFEMF QBUIT GPS ݕ � ��NN BOE
EJGGFSFOU WBMVFT PG SFMBUJWF TUJGGOFTT� 5IF EFGMFDUJPO 	QPJOU %
 JT PCTFSWFE JO BMM UIF DBTFT DPOTJEFSFE
BU UIF TBNF SFMBUJWF EFQUI ܼFGGݕ� ̢ ����� 0O UIF DPOUSBSZ XIFO EJGGFSFOU PGGTFUT BSF DPOTJEFSFE
	'JH�����C
 UIF TBNF QPJOU JT OPUJDFE BU WBSJPVT EFQUIT� 5IJT QPJOU DPSSFTQPOET UP UIF DPNQMFUFE
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5. Detailed numerical analyses of cutting

c = 22mm

c = 27mm c = 32mm

c = 42mm c = 47mm

10mm

10mm 10mm

10mm 10mm

Figure 5.18 Paths of PBNs with different offsets .ݕ The red lines are the paths taken by the needle tip
node at completed penetration ܼ � ܼNBY

USBOTJUJPO GSPN UIF OFFEMF UJQ UP UIF UIJDLFS TIBGU 	QPJOU � JO 'JH�����
 XJUI BO JODSFBTF JO UIF
CFOEJOH TUJGGOFTT PG UIF OFFEMF�

" CFUUFS JOTJHIU JT HBJOFE JG XF DPOTJEFS UIF DVSWBUVSF ��݊ PG UIF OFFEMF QBUI DBMDVMBUFE GSPN
UIF USBKFDUPSZ GPMMPXFE CZ UIF OFFEMF UJQ OPEF� 5IF QSFTFODF PG B EFGMFDUJPO QPJOU XIJDI JT OPU
FBTJMZ EFUFDUBCMF EVSJOH UIF FYQFSJNFOUT TVHHFTUT UIBU UIFSF JT B USBOTJFOU TUBHF EVSJOH UIF JOTFSUJPO�
*O PUIFS UFSNT UIF FWPMVUJPO UP B TUBCMF BOE DPOTUBOU DVSWBUVSF NJHIU SFRVJSF B DFSUBJO EFQUI UP
DPNQMFUF� 8F IBWF PCUBJOFE UIF SBEJVT PG DVSWBUVSF ݊ GSPN UIF CFTU GJUUJOH DJSDMF UP UIF OFFEMF
USBKFDUPSZ FTUJNBUFE VTJOH B IZQFS�DJSDMF BMHPSJUIN���� 5IF SFTVMUT BSF JMMVTUSBUFE JO 'JH����� GPS
UISFF TJNVMBUJPOT XJUI EJGGFSFOU PGGTFU ݕ BOE TBNF TUJGGOFTT SBUJP� 5P TNPPUI PVU UIF SFTVMUJOH
USFOET XF IBWF BQQMJFE UIF IZQFS�DJSDMF GJUUJOH UP B EFQUI TQBO PG � NN� *U JT GPVOE UIBU JOJUJBMMZ
UIF DVSWBUVSF EFDSFBTFT TIBSQMZ VOUJM UIF OFFEMF IBT QFOFUSBUFE GPS B MFOHUI BQQSPYJNBUFMZ FRVBM
UP UIF PGGTFU �ݕ .PSF JNQPSUBOUMZ UIF DVSWBUVSF BQQFBST UP SFBDI B NJOJNVN WBMVF BU ܼ ̢ ݕ�
CFGPSF BUUBJOJOH B TUBCMF USFOE� *U BQQFBST UIBU UIF DVSWBUVSF TUBSUT UP JODSFBTF BHBJO BU EFFQFS
QFOFUSBUJPO CVU UIJT BTQFDU IBT OPU CFFO FYQMPSFE EVSJOH UIF TJNVMBUJPOT CFDBVTF PG QSPIJCJUJWF
DPNQVUBUJPOBM DPTUT� .PSFPWFS JU NJHIU CF UIBU UIF UIF CFIBWJPVS EFQFOET PO UIF FGGFDU PG GSFF
CPVOEBSJFT BOE B SFEVDFE TZTUFN DPNQMJBODF XIFO UIF DPIFTJWF FMFNFOUT JODSFBTF JO OVNCFS� *O
BMM UIF TJNVMBUJPOT UIF QPJOUT BSF BQQSPYJNBUFMZ GJUUFE CZ B QPXFS�MBX EFDSFBTJOH DVSWF 	EBTIFE
MJOFT JO 'JH�����
� )FSF XF SFUBJO UIBU UIF DVSWBUVSF ��݊ XIFO ܼ � ݕ� JT UIF TUBCMF WBMVF UP
DPOTJEFS�

5IF TUBCMF DVSWBUVSF JT QMPUUFE BHBJOTU UIF TUJGGOFTT SBUJP ݆ܽ�ܽܿ JO 'JH�����B BOE BT B GVODUJPO
PG UIF PGGTFU ݕ JO 'JH�����C� "EEJUJPOBMMZ XF BMTP QSPWJEF UIF WBMVF PG UIF UJQ BOHMF ݥਂ GPSNFE CZ
UIF MPDBM UBOHFOU EJSFDUJPO BOE UIF OFFEMF JOTFSUJPO BYJT DPNQVUFE GSPN UIF GJSTU EFSJWBUJWF PG UIF
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5.3. Deep insertion of needles
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Figure 5.19 Paths of the programmable bevel tip needle. a Effect of the stiffness ratio ݆ܽ�ܽܿ, at
constant offset ݕ � NN. b Influence of the offset ,ݕ at constant stiffness ݆ܽ�ܽܿ � ୗଡ଼. Dashed lines
mark the deflection point D in the trajectories

IZQFS�DJSDMF� 5IF USFOET TFFN UP TVHHFTU B MJOFBS EFQFOEFODF PG CPUI UIF DVSWBUVSF BOE UIF UJQ
BOHMF XJUI UIF TUJGGOFTT SBUJP BOE UIF OFFEMF PGGTFU� 4QFDJGJDBMMZ JODSFBTJOH UIF OFFEMF TUJGGOFTT MFBET
UP TNBMMFS WBMVFT PG DVSWBUVSF BOE UJQ BOHMF 	XJUI B SFEVDUJPO PG ��� GPS CPUI BU UIF FYUSFNFT
DPOTJEFSFE
� 5IF SFTVMUT PCUBJOFE JO UFSNT PG PGGTFU EFQFOEFODF DPOGJSN UIF GVOEBNFOUBM SPMF
QMBZFE CZ TVDI B QBSBNFUFS� GPS JOTUBODF DIBOHJOH UIF PGGTFU GSPN ݕ � ��NN UP ݕ � ��NN MFBET
UP B EPVCMF WBMVF PG DVSWBUVSF BOE B GJWF�GPME JODSFBTF JO UIF UJQ BOHMF�

0WFSBMM UIF OFFEMF TUFFSJOH DBQBDJUZ TFFNT UP CF BMUFSFE CZ CPUI UIF SFMBUJWF TUJGGOFTT BOE
UIF PGGTFU DPOGJSNJOH TJNJMBS FYQFSJNFOUBM GJOEJOHT������� *O QBSUJDVMBS UIF MJOFBS JODSFBTF PG
UIF DVSWBUVSF XJUI UIF PGGTFU ݕ JT JO HPPE BHSFFNFOU XJUI USFOET FYUSBQPMBUFE GSPN FYQFSJNFOUBM
JOTFSUJPOT��� BOE DPOGJSNT UIF WBMJEJUZ PG UIF DPNQVUBUJPOBM NPEFM� )PXFWFS UIFSF BSF TUJMM TPNF
MJNJUBUJPOT UIBU DBO CF PCTFSWFE BOE TIPVME CF DPOTJEFSFE XJUI DBSF EVSJOH UIF EFTJHO� 5IF
QFOFUSBUJPO PG GMFYJCMF OFFEMFT JT NPSF DPNQMFY UIBO PUIFS DVUUJOH QSPDFTTFT DPOTJEFSFE JO UIF
UIFTJT CFDBVTF PG UIF DPVQMJOH CFUXFFO UIF DVUUJOH GPSDF UIF QFOFUSBUJPO QBUI BOE UIF JOGMVFODF
UIJT QBUI IBT PO UIF PWFSBMM QSPGJMF PG UIF OFFEMF BT JU QBTTFT UISPVHI� 5IF MJNJUT PG UIF NPEFM
BSF DMFBSMZ WJTJCMF XIFO FYUSBQPMBUJOH UIF MJOFBS SFMBUJPOTIJQ CFUXFFO TUJGGOFTT BOE DVSWBUVSF 	'JH�
����B
 UP UIF FYUSFNF WBMVFT PG ݆ܽ�ܽܿ� *O QSBDUJDBM UFSNT UIF QSFTFODF PG B CFWFM UJQ SFTVMUT JO
B DVSWFE USBKFDUPSZ FWFO JO UIF DBTF PG B SJHJE OFFEMF 	݆ܽ ɱ ˽
� 0O UIF PUIFS IBOE XIFO UIF
SFMBUJWF TUJGGOFTT CFDPNFT WFSZ MPX CVDLMJOH QSFWFOUT BO FGGJDJFOU JOTFSUJPO PG UIF OFFEMF JO UIF
NBUFSJBM� 4JNJMBSMZ UIF PGGTFU�DVSWBUVSF SFMBUJPOTIJQ JO 'JH� ����C CSFBLT EPXO GPS B [FSP PGGTFU
	XIJDI SFTVMUT JO B TUSBJHIU QBUI XJUI ݊ ɱ ˽
� "U TNBMM PGGTFUT JU JT SFBTPOBCMF UP BTTVNF UIBU B
NPSF DPNQMFY SFMBUJPOTIJQ CFUXFFO DVSWBUVSF BOE PGGTFU JT FTUBCMJTIFE�
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5. Detailed numerical analyses of cutting
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Figure 5.20 Variation of the curvature ୗ�݊ as a function of the relative displacement ,ݕ�ܼ for aݕ � NN, b ݕ � NN and a ݕ � NN
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5.3. Deep insertion of needles
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Figure 5.21 Stable values of the curvature ୗ�݊ and the tip angle ,ݥਂ extracted through a hyper-circle
fit when ܼ � ݕ. a Effect of the stiffness ratio ݆ܽ�ܽܿ and b the needle offset ݕ
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6
Conclusions

5IF XPSL QSFTFOUFE JO UIJT UIFTJT JT SFMBUFE UP UIF UPQJD PG DVUUJOH JO TPGU NBUFSJBMT XJUI SFMF�
WBOU FYBNQMFT JO NBUFSJBMT TDJFODF CJPFOHJOFFSJOH IFBMUIDBSF BOE UIF GPPE QSPDFTTJOH JOEVTUSZ�
"MPOHTJEF JUT JOEVTUSJBM BQQMJDBUJPOT DVUUJOH�CBTFE NFUIPET BSF CFJOH JODSFBTJOHMZ VTFE UP UFTU UIF
NFDIBOJDBM SFTQPOTF PG NBUFSJBMT XJUI B TPGU OBUVSF�

*O PSEFS UP EFWFMPQ FGGJDJFOU BOE SFMJBCMF DPNQVUBUJPOBM UPPMT UP TJNVMBUF UIF QSPDFTT PG DVUUJOH
JO WBSJPVT TJUVBUJPOT XF IBWF FYBNJOFE UIF NFDIBOJDT PG DVUUJOH JO HFOFSBM UFSNT� *O QBSUJDVMBS
JU IBT CFFO PCTFSWFE UIBU B SFNBSLBCMF JNQPSUBODF NJHIU CF BTDSJCFE UP UIF GSBDUVSF QSPDFTT DPO�
OFDUFE UP UIF TFQBSBUJPO PG FMBTUJD NBUFSJBMT� 5IJT JT UIF GPSFNPTU SFBTPO XIJDI NPUJWBUFE VT UP
DFOUSF PVS EJTTFSUBUJPO PO GSBDUVSF NFDIBOJDT DPNCJOJOH UIFPSZ FYQFSJNFOUT BOE OVNFSJDBM TJN�
VMBUJPOT� "MUIPVHI UIF CFIBWJPVS PG UIF NBUFSJBMT DPOTJEFSFE HFOFSBMJTFT B SFTQPOTF UZQJDBM PG B
MBSHF HSPVQ PG OBUVSBM BOE TZOUIFUJD TPGU TPMJET UIF BQQMJDBUJPOT BSF PSJFOUFE UPXBSET DVUUJOH BOE
GSBDUVSF JO UIF CSBJO UJTTVF BOE TJNJMBS QPSPVT NBUFSJBMT�

)VNBO CSBJO TIPXT B DPNQMFY NFDIBOJDBM CFIBWJPVS� 5IF SFTQPOTF EVSJOH GSBDUVSF FOUBJMT
B SFMFWBOU JOGMVFODF PG MBSHF EFGPSNBUJPOT BOE SBUF�EFQFOEFOU FGGFDUT EVF CPUI UP JUT CJQIBTJD
OBUVSF BOE WJTDPFMBTUJD SFMBYBUJPO� &BDI BTQFDU IBT CFFO DPOTJEFSFE JOEJWJEVBMMZ JO UIF UIFTJT BOE
JUT JOGMVFODF PO UIF GSBDUVSF QSPDFTT IBT CFFO EJTDVTTFE JO UIF SFMFWBOU TFDUJPOT� *O UIJT DPODMVEJOH
DIBQUFS XF TVNNBSJTF UIF NBJO GJOEJOHT VTJOH CVMMFU QPJOUT GPS BO JNQSPWFE SFBEBCJMJUZ USZJOH UP
FTUBCMJTIJOH VTFGVM DPOOFDUJPOT BNPOH UIF WBSJPVT QBSU PG UIF UIFTJT�

t 5IF NFDIBOJDT PG DVUUJOH JO NBUFSJBMT XJUI BO FMBTUJD OBUVSF JT HPWFSOFE JO MBSHF QBSU CZ UIF
FOFSHZ SFRVJSFE UP JOJUJBUF BOE QSPQBHBUF B DSBDL� *O UIJT TFOTF UIF CBTJD BTTVNQUJPOT EP
OPU EJGGFS GSPN DMBTTJDBM GSBDUVSF NFDIBOJDT BOE PSEJOBSZ WBSJBCMFT DBO CF VTFE UP EFSJWF UIF
BOBMZUJDBM NPEFMT PG DVUUJOH�

t BO FYBNQMF PG UIF QSFWJPVT TUBUFNFOU JT QSPWJEFE CZ UIF TUFBEZ�TUBUF PG DVUUJOH JO B MJOFBS
FMBTUJD NBUFSJBM� 8JUIJO UIF TNBMM TDBMF ZJFMEJOH IZQPUIFTJT PG MJOFBS FMBTUJD GSBDUVSF NFDIBO�
JDT UIF SFHJPO XIFSF DVUUJOH TFQBSBUJPO PDDVST JT BVUPOPNPVT GSPN BOZ NBUFSJBM QSPQFSUZ PS
HFPNFUSZ TBWF GPS UIF TUSFTT JOUFOTJUZ GBDUPS� *O TVDI B DBTF UIF DVUUJOH GPSDF NBZ CF SFMBUFE
UP UIF TUSFTT DPODFOUSBUJPO DBVTFE CZ UIF UPPM BOE UIF GSBDUVSF UPVHIOFTT PG UIF NBUFSJBM�
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t UIF JOGMVFODF PG UIF UPPM PO UIF NFDIBOJTN PG DSBDL QSPQBHBUJPO JT BSHVBCMZ B SFMFWBOU
QPJOU JO FMBTUJD DVUUJOH� .PSF TQFDJGJDBMMZ XF IBWF TIPXO IPX B UPPM TIBSQOFTT QBSBNFUFS
DBO CF FNQMPZFE UP EJTDSJNJOBUF UXP EJGGFSFOU QSPQBHBUJPO NFDIBOJTNT� 5IF GJSTU UIBU XF
IBWF EFGJOFE BT ACMVOU� QSPQBHBUJPO JT BO BVUPOPNPVT QSPDFTT JO XIJDI UIF DSBDL FYUFOET
BIFBE PG UIF DVUUJOH UPPM VOEFS TZNNFUSJD NPEF�* DPOEJUJPOT� 5IF TFDPOE EFOPUFE BT
ATIBSQ� QSPQBHBUJPO JT B DPOTUSBJOFE QSPDFTT XIJDI SFRVJSFT UIF DVUUJOH UPPM UP DPNQSFTT UIF
NBUFSJBM JO PSEFS UP QSPWJEF FOPVHI FOFSHZ UP BEWBODF UIF DSBDL�

t B DPSPMMBSZ PG UIF QSFWJPVT TUBUFNFOU JT UIBU UIF EFGJOJUJPO PG TIBSQOFTT EFQFOET CPUI PO
B DIBSBDUFSJTUJD TJ[F PG UIF DVUUJOH UPPM BOE UIF NBUFSJBM QSPQFSUJFT� 5P UIJT QVSQPTF XF
IBWF QSFTFOUFE FYQFSJNFOUBM SFTVMUT PG DVUUJOH JO UXP EJGGFSFOU UZQFT PG QPMZNFSJD NBUFSJBMT
TIPXJOH UIBU UIF TBNF DPNNFSDJBM CMBEF DBO QSPEVDF B DVU BDDPSEJOHMZ UP UIF UXP EJTUJODU
NFDIBOJTNT EJTDVTTFE BCPWF� *O EFGJOJOH TIBSQOFTT GPS MJOFBS FMBTUJD NBUFSJBMT UIF SFMFWBOU
NFDIBOJDBM QBSBNFUFS JT UIF GSBDUVSF UPVHIOFTT� 5IF DIBSBDUFSJTUJD TJ[F EFQFOET PO UIF UPPM
HFPNFUSZ BOE JU NJHIU CF SFBTPOBCMZ DPSSFMBUFE UP B MPDBM SBEJVT PG DVSWBUVSF BU UIF UPPM UJQ�

t GSJDUJPO JT BOPUIFS GFBUVSF PG DVUUJOH XPSUI UP CF DPOTJEFSFE XIJDI IBT B EJSFDU FGGFDU PO UIF
GPSDFT SFRVJSFE JO QSBDUJDBM BQQMJDBUJPOT� *O UIJT UIFTJT XF IBWF GPDVTFE PO UIF UFDIOJRVF PG
PCMJRVF DVUUJOH JO XIJDI UZQJDBMMZ B CMBEF JT JODMJOFE EVSJOH UIF JOTFSUJPO JOUP UIF NBUFSJBM
JO PSEFS UP JOEVDF B TMJDJOH BDUJPO XIJDI SFEVDFT UIF DVUUJOH GPSDF�

t XIFO DVUUJOH JT BQQMJFE UP TPGU NBUFSJBMT MBSHF EFGPSNBUJPOT BGGFDU UIF XIPMF QSPDFTT TUBSU�
JOH GSPN UIF TUBHF PG JOEFOUBUJPO� 'PDVTJOH PO UIF UFDIOJRVF PG XJSF DVUUJOH XF IBWF
TIPXO IPX MBSHF TUSBJOT NPEJGZ UIF JOJUJBM DPOUBDU TPMVUJPO UIBU DBO CF EFSJWFE JO TNBMM
TUSBJOT� 5IF DPOTFRVFODF JT UIBU UIF NFDIBOJTN PG GSBDUVSF JOJUJBUJPO JT BGGFDUFE CZ B DIBS�
BDUFSJTUJD TJ[F PG UIF UPPM F�H� UIF SBEJVT JO XJSF DVUUJOH TJNJMBSMZ UP UIF TVCTFRVFOU TUBHF PG
DSBDL QSPQBHBUJPO�

t JO PSEFS UP JOWFTUJHBUF UIF SPMF PG MBSHF TUSBJOT XF IBWF DPOTJEFSFE UIF GSBDUVSF NFDIBOJDT PG
IZQFSFMBTUJD NBUFSJBMT� 5IF DSBDL�UJQ TUSFTT GJFMET TIPX EJGGFSFOU TJOHVMBSJUJFT GSPN UIPTF JO
MJOFBS FMBTUJD TPMJET BOE UIF EFGPSNFE DPOGJHVSBUJPO PG DSBDLT JT BGGFDUFE CZ UIF TUSBJO IBSE�
FOJOH PG UIF TUSFTT�TUSBJO MBX QBSUJDVMBSMZ SFMFWBOU GPS TPGU CJPMPHJDBM UJTTVFT� 8F IBWF BMTP
QSPQPTFE UP FYUFOE UIF DPODFQU PG UPPM TIBSQOFTT QSFWJPVTMZ JOUSPEVDFE GPS MJOFBS FMBTUJDJUZ
UP UIF GSBNFXPSL PG GJOJUF TUSBJOT� "O BQQSPYJNBUJPO PG UIF SFMFWBOU NFDIBOJDBM QBSBNFUFS
EJTUJOHVJTIJOH CMVOU BOE TIBSQ QSPQBHBUJPO JO DVUUJOH JT QSPWJEFE CZ UIF OBUVSBM UJQ SB�
EJVT PG B CMVOUFE DSBDL EFGJOFE BT UIF SBUJP CFUXFFO UIF GSBDUVSF SFTJTUBODF BOE UIF FMBTUJD
NPEVMVT PG UIF NBUFSJBM�

t DSBDL�UJQ CMVOUJOH IBT CFFO JEFOUJGJFE BT B QFDVMJBSJUZ PG DSBDL QSPQBHBUJPO JO IJHIMZ EF�
GPSNBCMF NBUFSJBMT� $PNCJOJOH FYQFSJNFOUBM PCTFSWBUJPOT XJUI B OVNFSJDBM NPEFM PG B
CMVOUFE DSBDL XF IBWF DMBSJGJFE UIF DPOUSJCVUJPO PG CMVOUJOH MFBEJOH UP UIF FOIBODFE GMBX
UPMFSBODF EJTQMBZFE CZ TPGU NBUFSJBMT�

t B SBUF�EFQFOEFOU CFIBWJPVS PCTFSWFE EVSJOH XJSF DVUUJOH PG IVNBO CSBJO BOE TZOUIFUJD
NJNJDLJOH NBUFSJBMT TVHHFTUFE UIBU GSBDUVSF JT DPVQMFE XJUI FOFSHZ EJTTJQBUJPO� 8F IBWF
JEFOUJGJFE UXP QPTTJCMF TPVSDFT PG SBUF�EFQFOEFODF JO NBUFSJBMT XJUI B TPGU QPSPVT OBUVSF�
0OF JT SFMBUFE UP B WPMVNFUSJD SFMBYBUJPO EVF UP UIF GMPX PG JOUFSTUJUJBM GMVJE XJUIJO UIF QPSPVT
TLFMFUPO� 5IF TFDPOE NFDIBOJTN JT MJOLFE UP DPOGPSNBUJPOBM DIBOHFT JO UIF FMBTUJD OFUXPSL
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6. Conclusions

SFTVMUJOH JO B WPMVNF QSFTFSWJOH WJTDPFMBTUJD SFMBYBUJPO� 8F IBWF EFWFMPQFE B DPNQVUBUJPOBM
GSBNFXPSL CBTFE PO UIF TFQBSBUJPO PG UXP MFOHUI TDBMFT SFMBUFE UP FOFSHZ EJTTJQBUJPO JO UIF
QSFTFODF PG B DSBDL� /BNFMZ UIFTF BSF B QSPDFTT [POF BU UIF DSBDL UJQ BOE B MBSHFS SFHJPO
XIFSF EJTTJQBUJPO PSJHJOBUFE JO UIF CVML NBUFSJBM BGGFDUT DSBDL QSPQBHBUJPO� 5IF QSPDFTT
[POF IBT CFFO EFTDSJCFE BEPQUJOH B DPIFTJWF NPEFM JO XIJDI UIF FOFSHZ EFSJWFE GSPN B
DPIFTJWF TUSFTT�EJTQMBDFNFOU SFMBUJPOTIJQ BMPOH UIF DSBDL QSPWJEFT UIF JOUSJOTJD UPVHIOFTT PG
UIF NBUFSJBM�

t JO PSEFS UP FWBMVBUF UIF SPMF PG GMVJE ESBJOJOH XF IBWF GJSTUMZ DPOTJEFSFE B SBUF�JOEFQFOEFOU
QSPDFTT [POF BOE B QPSP�IZQFSFMBTUJD NPEFM UP TJNVMBUF UIF CFIBWJPVS PG IVNBO CSBJO BOE
PG B CJPQPMZNFSJD HFMBUJOF� 5IF SFTVMUT PCUBJOFE TFFN UP DPSSFMBUF GMVJE ESBJOJOH XJUIJO
UIF DSBDL�SFMBUFE SFHJPO UP FOFSHZ EJTTJQBUJPO BMUIPVHI JUT FGGFDU JO UFSNT PG UIF GSBDUVSF
FOFSHZ EFQFOET PO NBUFSJBM QSPQFSUJFT TVDI BT UIF QFSNFBCJMJUZ� *O UIF HFMBUJOF NBUFSJBM
BOBMZTFT BOE FYQFSJNFOUT IBWF TVHHFTUFE UIBU UIF GSBDUVSF QSPDFTT JT IJHIMZ MPDBMJTFE BU UIF
DSBDL�UJQ� 5IFSFGPSF XF IBWF TVHHFTUFE UIBU UIF PCTFSWFE SBUF FGGFDUT JT UIF DPOTFRVFODF PG
SBUF�EFQFOEFODF JO UIF QSPDFTT [POF POMZ�

t XJUI SFTQFDU UP UIF WJTDPFMBTUJD SFMBYBUJPO BO BQQSPBDI TJNJMBS UP UIBU EFTDSJCFE BU UIF QSF�
WJPVT QPJOU IBT CFFO BEPQUFE XJUI UIF CVML NBUFSJBM NPEFMMFE BT B WJTDP�IZQFSFMBTUJD TPMJE�
5IF JNQBDU PG WJTDPFMBTUJDJUZ TFFNT UP CF NJOJNBM BU MFBTU JO UIF SBOHF PG MPBEJOH SBUFT
XIJDI DBO CF GPVOE JO UZQJDBM DVUUJOH PS GSBDUVSF UFTUT� " RVBOUJUBUJWF BTTFTTNFOU PG UIF
JOUFSBDUJPO CFUXFFO CPUI GPSNT PG EJTTJQBUJPO IBT OPU CFFO DBSSJFE PVU� 8F IBWF QSPQPTFE
B RVBMJUBUJWF WJFX PG UIF DPNCJOFE SBUF�EFQFOEFODF CBTFE PO QIZTJDBM BSHVNFOUT TIPXJOH
UIBU GMVJE ESBJOJOH BOE WJTDPFMBTUJD SFMBYBUJPO NJHIU JOUFSGFSF GPS QBSUJDVMBS DPNCJOBUJPOT PG
NBUFSJBM QSPQFSUJFT BOE MPBEJOH SBUFT�

t UIF VTF PG DPIFTJWF NPEFMT XJUIJO B OPO�MJOFBS FMBTUJD CVML NBUFSJBM IBT CFFO QSPQPTFE UP
NPEFM UXP EJGGFSFOU QSPCMFNT� UIF QFOFUSBUJPO PG B SJHJE XJSF BOE UIF EFFQ JOTFSUJPO PG B
GMFYJCMF OFFEMF XJUI BO BTZNNFUSJD CJP�JOTQJSFE DPOGJHVSBUJPO� *O UIF MBUUFS FYBNQMF UIF
NPEFM IBT QSPWFE DBQBCMF PG EFTDSJCJOH XJUI HSFBU EFUBJM UIF DPNQMFY JOUFSBDUJPO CFUXFFO
OFFEMF BOE TBNQMF NBUFSJBM� *O QBSUJDVMBS B DVSWFE QSPQBHBUJPO QBUI PCTFSWFE JO FYQFSJ�
NFOUT IBT CFFO SFQSPEVDFE UIBOLT UP BO BEBQUJWF GJOJUF FMFNFOU BMHPSJUIN�

8F CFMJFWF UIBU UIJT EJTTFSUBUJPO QSPWJEFT BO PWFSBMM QJDUVSF PO UIF UPQJD PG DVUUJOH BQQMJFE UP
TPGU CJPNBUFSJBMT MFBEJOH UPXBSET UIF EFWFMPQNFOU PG SFGJOFE DPNQVUBUJPOBM UPPMT� "MUIPVHI XF
IBWF JOUSPEVDFE B TJNQMJGJDBUJPO CZ DPOTJEFSJOH TFQBSBUFMZ EJGGFSFOU FGGFDUT XF IBWF QSPQPTFE B
VOJGZJOH USFBUNFOU PG UIF DVUUJOH QSPDFTT CZ BQQMZJOH UIF DPIFTJWF [POF NPEFM XIJDI IBT QSPWFE
DBQBCMF PG EFTDSJCJOH UIF DPNQMFYJUZ PG UIF NFDIBOJDBM SFTQPOTF GPVOE JO CJPNBUFSJBMT�

5IFSF BSF IPXFWFS TQFDJGJD QPJOUT UIBU OFFE UP CF GVSUIFS JOWFTUJHBUFE JO UIF GVUVSF� 8JUI
SFTQFDU UP UIF SBUF�EFQFOEFOU CFIBWJPVS PCTFSWFE JO UIF CSBJO UJTTVF B CFUUFS VOEFSTUBOEJOH PG UIF
GSBDUVSF NFDIBOJTN JO UFSNT PG JUT NJDSPTUSVDUVSF JT EFTJSBCMF� 5PHFUIFS XJUI OFX FYQFSJNFOUBM
UFTUT UIJT DPVME MFBE UP B QSFDJTF BTTFTTNFOU PG UIF SPMF QMBZFE CZ GMVJE BOE WJTDPTJUZ EVSJOH GSBDUVSF
BOE QPUFOUJBMMZ TIPVME BMMPX B SFMJBCMF FWBMVBUJPO PG UIF GSBDUVSF UPVHIOFTT PG IVNBO CSBJO�

8JUI SFTQFDU UP UIF DPNQVUBUJPOBM BTQFDUT MJNJUBUJPOT JO UIF BDUVBM NPEFM BSF SFMBUFE UP UIF
NFDIBOJTN PG QSPQBHBUJPO� 4QFDJGJDBMMZ UIF OVNFSJDBM TJNVMBUJPOT BSF MJNJUFE UP UIF DBTF UIBU
XF IBWF EFGJOFE BT ACMVOU� QSPQBHBUJPO CFDBVTF B EBNBHF DSJUFSJPO JO UIF QSFTFODF PG DPNQSFTTJWF
TUSFTT TUBUFT JO UIF DSBDL�UJQ SFHJPO IBT OPU CFFO EFWFMPQFE ZFU� *O BEEJUJPO UIF BMHPSJUIN QSPQPTFE

6
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GPS OFFEMF JOTFSUJPO TJNVMBUJPOT DPVME CF JNQSPWFE CZ BMMPXJOH GPS B SBUF�EFQFOEFOU CFIBWJPVS PG
UIF GSBDUVSF QSPDFTT� 5IF JNQMFNFOUBUJPO PG B GVMM UISFF�EJNFOTJPOBM NPEFM DPVME CF UIF MBTU TUFQ
UP BDIJFWF BO FWFO NPSF BDDVSBUF DPNQVUBUJPOBM UPPM GPS DVUUJOH TJNVMBUJPOT�
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A
Appendices

A.1. Formulation of finite strain elasticity

8F IFSF QSFTFOU B DPODJTF SFWJFX PG UIF TUBOEBSE GPSNVMBUJPO PG GJOJUF TUSBJO NFDIBOJDT BOE OPO�
MJOFBS FMBTUJDJUZ MJNJUFE UP UIF BTQFDUT PG JOUFSFTU GPS UIF QSFTFOU UIFTJT� 5IJT TFDUJPO JT NBJOMZ UBLFO
GSPN TUBOEBSE CPPLT PO FMBTUJDJUZ TVDI BT UIF NPOPHSBQI CZ )PM[BQGFM��� BOE PUIFST XIJDI UIF
BVUIPS CFMJFWFT UP TUBOE PVU GPS FBTJOFTT PG DPNQSFIFOTJPO����������

A.1.1. Fundamentals of non-linear mechanics
-FU VT DPOTJEFS B DPOUJOVVN CPEZ XIJDI BU B UJNF JOTUBOU ݥ � � PDDVQJFT UIF SFHJPO üୖ BOE
BU B HFOFSJD UJNF JOTUBOU U BTTVNFT UIF DPOGJHVSBUJPO ü� 8JUI SFTQFDU UP B GJYFE PSJHJO 0 B
QPJOU 1 JO UIF DPOUJOVVN CPEZ JT JEFOUJGJFE CZ UIF WFDUPS 9 JO UIF SFHJPO üୖ XIJDI JT DBMMFE
UIF JOJUJBM PS SFGFSFODF DPOGJHVSBUJPO PG UIF CPEZ� 5IF TBNF QPJOU BU UIF HFOFSJD UJNF JOTUBOU U JT
JEFOUJGJFE CZ UIF WFDUPS Y JO UIF DVSSFOU PS EFGPSNFE DPOGJHVSBUJPOü 	'JH�"��B
� 0O UIF HSPVOET
PG UIJT EFGJOJUJPO JU JT DPNNPO QSBDUJDF UP EJTUJOHVJTI UIF NBUFSJBM PS -BHSBOHJBO EFTDSJQUJPO
XIJDI PCTFSWFT UIF NPUJPO PG B QPJOU XJUI SFTQFDU UP UIF SFGFSFODF DPPSEJOBUFT GSPN UIF TQBUJBM
PS &VMFSJBO EFTDSJQUJPO XIJDI GPMMPXT UIF NPUJPO PG B QPJOU EVSJOH JUT FWPMVUJPO JO UFSNT PG UIF
DVSSFOU DPPSEJOBUFT�

8F JOUSPEVDF UIF WFDUPS GJFMEù
9� XIJDI�ݥ USBOTGPSNT QPJOUT 9 PO UIF SFGFSFODF DPOGJHVSBUJPO
UP QMBDFT Y JO UIF EFGPSNFE DPOGJHVSBUJPO TP UIBU XF DBO XSJUF

Y � ù
9� �ݥ � 9  6
9� ��ݥ 	"��


XIFSF 6
9� �ݥ JT UIF EJTQMBDFNFOU GJFME JO UIF SFGFSFODF DPOGJHVSBUJPO XIJMF XF EFOPUF V
Y� �ݥ UIF
EJTQMBDFNFOU GJFME JO UIF DVSSFOU DPOGJHVSBUJPO XJUI V
Y� �ݥ � 6
9� ��ݥ 'PS GVUVSF VTF XF BMTP
EFGJOF UIF WFMPDJUZ GJFMET 7
9� �ݥ � Ï6 BOE W
Y� �ݥ � ÏY � ÏV XIFSF UIF EPU JT VTFE GPS UIF NBUFSJBM
UJNF EFSJWBUJWF�

6OEFS UIF DPNQBUJCJMJUZ BTTVNQUJPO UIBU UIF USBOTGPSNBUJPO PDDVST XJUIPVU MBDFSBUJPOT PS
QFOFUSBUJPOT ù
9� �ݥ JT B POF�UP�POF DPOUJOVPVTMZ EJGGFSFOUJBCMF GVODUJPO SFQSFTFOUJOH UIF NPUJPO
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A.1. Formulation of finite strain elasticity

PG UIF DPOUJOVVN CPEZ� $POTJEFSJOH BO JOGJOJUFTJNBM MFOHUI E9 JO UIF SFGFSFODF DPOGJHVSBUJPO
UIF USBOTGPSNBUJPO EVF UP NPUJPO JT HJWFO CZ

EY � '
9� �9ݖ�ݥ 	"��


XIFSF '
9� �ݥ JT B TFDPOE�PSEFS UFOTPS EFOPUFE BT EFGPSNBUJPO HSBEJFOU IBWJOH OJOF DPNQPOFOUT
JO UISFF�EJNFOTJPOBM QSPCMFNT XIJDI SFQSFTFOU UIF NBUFSJBM EFSJWBUJWFT PG UIF NPUJPO ùܾݛݚ � ùݚݛݐ � ݚݩݛݐ � 	"��


*O HFOFSBM ' JODMVEFT CPUI EFGPSNBUJPOT BOE SJHJE CPEZ SPUBUJPOT� 5IF EFUFSNJOBOU PG UIF
EFGPSNBUJPO HSBEJFOU JT LOPXO BT UIF WPMVNF SBUJP PS +BDPCJBO EFUFSNJOBOU + BOE EVF UP UIF
JNQFOFUSBCJMJUZ PG NBUUFS JT B QPTJUJWF RVBOUJUZ EFGJOFE BT

EFU' ̀ ݂  �� 	"��


5IF SFMFWBOU DBTF PG ݂ � � DPSSFTQPOET UP JTPDIPSJD EFGPSNBUJPOT J�F� XIFSF WPMVNF JT QSF�
TFSWFE� ⇒

⇒

a

b

time t=0

time t

x

X

N

T(X,t,N)
t(x,t,n)

n

N

dx
dX

dS
ds

dL

dl=λdL

u(X,t)

Φ(X,t)

Φ(X,t)
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Ω

X1,x1

X2,x2

X3,x3

P
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Figure A.1 a Reference undeformed and current deformed configuration of a continuum body. b,
Stress vectors acting on an infinitesimal surface element within the body

Stress and strain measures
)FSF XF QSFTFOU UIF EFSJWBUJPO PG TUSBJO XIJDI JT DPNNPOMZ GPMMPXFE JO OPO�MJOFBS NFDIBOJDT�
*O UIF OFJHICPVSIPPE PG 1 MFU VT DPOTJEFS B MJOF WFDUPS E9 JO UIF SFGFSFODF DPOGJHVSBUJPO XIPTF
PSJFOUBUJPO JT EFUFSNJOFE CZ UIF VOJU WFDUPS /

E9 � E݄/� 	"��
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A. Appendices

XIFSF E݄ JT UIF JOJUJBM MFOHUI PG UIF VOJU WFDUPS� "T B DPOTFRVFODF PG NPUJPO UIF WFDUPS E9 JT
USBOTGPSNFE JOUP EY IBWJOH MFOHUI Eݝ JO UIF EFGPSNFE DPOGJHVSBUJPO� 5IF TRVBSFE MFOHUIT BSF

E݄ � E9E9 BOE Eݝ � EYEY� 	"��B


5IF SBUJP ৱ � Eݝ
E݄ � ೧ EYEY

E9E9
	"��


JT LOPXO BT UIF TUSFUDI SBUJP BOE NFBTVSFT IPX NVDI UIF MJOF FMFNFOU JT FYUFOEFE PS DPNQSFTTFE
BMPOH UIF EJSFDUJPO PG / XIFSFCZ UIF EFGPSNFE MFOHUI PG UIF FMFNFOU JT TJNQMZ EFSJWFE BT Eݝ �ৱE݄� /PUJDF UIBU ৱ  � DPSSFTQPOET UP BO FMPOHBUJPO XIJMF SJHJE CPEZ NPUJPOT BSF JEFOUJGJFE CZৱ � ��

" SFDVSSJOH NFBTVSF PG TUSBJO XJUIJO UIF NBUFSJBM GSBNFXPSL GPMMPXT GSPN UIF DIBOHF JO TRVBSF
MFOHUIT� 'SPN &R�	"��
 XF IBWF

Eݝ ˱ E݄ � EYEY ˱ E9E9 � E9
'5' ˱ �9ݖ�* 	"��


XIFSF * JT UIF TFDPOE�PSEFS JEFOUJUZ UFOTPS� 5IF RVBOUJUZ JO CSBDLFUT JO &R�	"��
 EFGJOFT UIF
TFDPOE�PSEFS UFOTPS & XIJDI JT LOPXO BT (SFFO�-BHSBOHF TUSBJO UFOTPS

& � ��
'5' ˱ *� � ��
$ ˱ *�� 	"��


5IF OPSNBMJTBUJPO GBDUPS ��� JT JOUSPEVDFE GPS DPNQBUJCJMJUZ XJUI UIF JOGJOJUFTJNBM TUSBJO UIF�
PSZ BOE UIF UFSN $ JT LOPXO BT UIF SJHIU $BVDIZ�(SFFO UFOTPS� /PUJDF UIBU & JT B TZNNFUSJD
UFOTPS XIPTF DPNQPOFOUT BSF FYQSFTTFE JO UFSNT PG UIF EJTQMBDFNFOU GJFME BT GPMMPXT 	&JOTUFJO�T
TVNNBUJPO SVMF PO SFQFBUFE JOEJDFT JT BEPQUFE


ܽJK � �� ൭ ݚݦݛݐ  ݛݦݚݐ  ݜݦݚݐ ݜݦݛݐ ൰ � 	"���


XIFSF XF SFDPHOJTF UIF DPOWFOUJPOBM FOHJOFFSJOH EFGJOJUJPO PG UIF JOGJOJUFTJNBM TUSBJO

৫JK � �� ൭ ݚݦݛݐ  ݛݦݚݐ ൰ � 	"���


$PNCJOJOH &RT�	"��
�	"��
 XF PCUBJOৱ � ˹�  �/&/� 	"���


5P DPNQMFUF UIF QSFTFOUBUJPO PG UIF TUSBJO NFBTVSFT XF BMTP JOUSPEVDF B TQBUJBM NFBTVSF PG
TUSBJO UIF MFGU $BVDIZ�(SFFO UFOTPS C � ''5 XIJDI JT PGUFO VTFE JO UIF GPSNVMBUJPO PG UIF
TUSFTT�TUSBJO SFMBUJPOTIJQT�

/PX XF NPWF PO UP JOUSPEVDF TPNF NFBTVSFT PG TUSFTT� 'PS BO JOGJOJUFTJNBM TQBUJBM TVSGBDF
FMFNFOU PO UIF EFGPSNFE DPOGJHVSBUJPO EݤXJUI OPSNBM WFDUPS O BOE UIF DPSSFTQPOEJOH RVBOUJUJFT
E BOE / XJUI SFTQFDU UP UIF SFGFSFODF DPOGJHVSBUJPO XF JOUSPEVDF UIF TUSFTT WFDUPST 	'JH�"��C


U
Y� �ݥ O� � ਲ਼
ܶ� �ܬ�ݥ 	"���B


5
9� �/�ݥ � �ܜ
ܔ �ܒ�ݥ 	"���C
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A.1. Formulation of finite strain elasticity

XIFSF ਲ਼ JT UIF $BVDIZ PS USVF TUSFTT UFOTPS SFMBUFE UP UIF EFGPSNFE DPOGJHVSBUJPO XIFSFBT ܔ JT
LOPXO BT UIF GJSTU 1JPMB�,JSDIPGG PS OPNJOBM TUSFTT UFOTPS XIJDI SFGFST UP UIF GPSDF QFS VOJU TVSGBDF
BSFB JO UIF SFGFSFODF DPOGJHVSBUJPO� 5IF UXP BSF SFMBUFE CZܔ � ݂ਲ਼˱܊� 	"���


$POUSBSZ UP UIF $BVDIZ TUSFTT UFOTPS ܔ JT OPU TZNNFUSJD BOE GPS DPOWFOJFODF PG VTF XF JOUSP�
EVDF UIF TZNNFUSJD TFDPOE 1JPMB�,JSDIPGG TUSFTT UFOTPS ܗ XIJDI JT SFMBUFE UP UIF QSFWJPVT CZܗ � ˱܊ୗਲ਼˱܊݂ � �ܔୗ˱܊ 	"���


8JUIJO UIF MJOFBS UIFPSZ PG TNBMM TUSBJO FMBTUJDJUZ UIF EJGGFSFOU EFGJOJUJPOT PG TUSBJO BOE TUSFTT
BSF FRVJWBMFOU J�F� ਥ ̧ ܉ BOE ਲ਼ ̧ ܔ ̧ �ܗ

Balance equations
8F SFDBMM IFSF UIF XFMM�LOPXO QSJODJQMFT PG NBTT DPOTFSWBUJPO BOE CBMBODF PG MJOFBS NPNFOUVN
GPS UIF DPOUJOVVN CPEZ� 'JSTUMZ XF JOUSPEVDF UIF NBTT EFOTJUJFT XJUI SFTQFDU UP UIF SFGFSFODF৷ୖ 
9� BOE DVSSFOU DPOGJHVSBUJPO ৷ 
Y� ��ݥ 5IF UPUBM NBTT PG UIF TZTUFN JT EFGJOFE BT

ݞ � ഐୠ ৷ୖ 
9� Eݎ � ഐ ৷ 
Y� �ݥ Eݧ� 	"���


XIFSF Eݧ JT BO JOGJOJUFTJNBM WPMVNF FMFNFOU JO UIF DVSSFOU DPOGJHVSBUJPO SFMBUFE UP UIF SFGFSFODF
TUBUF UISPVHI Eݧ � ݂
9� �ݎE�ݥ 5IF DPOTFSWBUJPO PG NBTT SFRVJSFT UIBU UIF UPUBM NBTT JT DPOTUBOU
TP UIBU XF NBZ XSJUF ݥݖݖ ഐ ৷ 
Y� ݧE�ݥ � �� 	"���


GSPN XIJDI XF BMTP IBWF ৷ୖ
9� � ݂ ৷
Y� ��ݥ 	"���


/PX XF DPOTJEFS B DPOUSPM WPMVNF üݕ BOE TVQQPTF UIBU NBTT BOE FOFSHZ DBO CF FYDIBOHFE
UISPVHI UIF TZTUFN CPVOEBSZ� "U B DFSUBJO UJNF ݥ UIF UPUBM NBTT JO UIF SFHJPO JT

�ݥ
ݞ � ഐݕ ৷ 
Y� �ݥ Eݧ� 	"���


5IF DPOTFSWBUJPO PG NBTT GPS BO PQFO TZTUFN JT XSJUUFO BTݥݖݖ ഐݕ ৷ 
Y� ݧE�ݥ � ˱ ഐݕ ৷ 
Y� �ݥ W
Y� �ݥ Τ O Eݤ� 	"���


XIFSF UIF SJHIU�IBOE UFSN SFQSFTFOUT UIF GMVY PG NBTT FOUFSJOH UIF DPOUSPM WPMVNF UISPVHI UIF
CPVOEBSZ üݕ�

-FU VT OPX DPOTJEFS B TZTUFN PG GPSDFT BDUJOH PO UIF DPOUJOVVN CPEZ BOE EFOPUF XJUI G �
G
Y� �ݥ UIF CPEZ GPSDFT BDUJOH QFS VOJU WPMVNF Eݧ JO UIF DPOGJHVSBUJPOü� .PSFPWFS UIF CPVOEBSZü JT TVCKFDUFE UP TVSGBDF USBDUJPOT U
Y� �ݥ O� QFS VOJU BSFB Eݤ� 5IF DPSSFTQPOEJOH WBSJBCMFT JO UIF

A

125



A. Appendices

SFGFSFODF DPOGJHVSBUJPO BSF EFOPUFE CZ '
9� �ݥ � ݂G
Y� �ݥ BOE 5
9� ��/�ݥ 5IF CBMBODF PG MJOFBS
NPNFOUVN JT XSJUUFO BT ݥݖݖ ഐ ৷WEݧ � ഐ GEݧ  ഐ UEݤ� 	"���B


ݥݖݖ ഐୠ ৷ୖ7Eݎ � ഐୠ ݎݖ'  ഐୠ 5E� 	"���C


#Z VTJOH UIF EJWFSHFODF UIFPSFN BOE $BVDIZ�T TUSFTT UIFPSFN 	&R�"���
 BOE OFHMFDUJOH JOFS�
UJB XF PCUBJO UIF XFMM�LOPXO FRVJMJCSJVN FRVBUJPOT˦ݩ Τ ਲ਼  G � �� 	"���B
ݐ˦ Τ 1  ' � �� 	"���C


XIFSF UIF TZNCPM˦ EFOPUFT UIF HSBEJFOU WFDUPS BOE UIF PQFSBUJPO˦ Τ
Ɩ� DPNQVUFT UIF EJWFSHFODF
PG 
Ɩ� JO UIF DVSSFOU PS SFGFSFODF DPOGJHVSBUJPO�

A.1.2. Isotropic hyperelastic behaviour
5P SFQSFTFOU UIF NBUFSJBM CFIBWJPVS PG TPGU NBUUFS OPO�MJOFBS DPOTUJUVUJWF UIFPSJFT BSF GPSNVMBUFE
XJUIJO UIF GSBNFXPSL PG GJOJUF TUSBJOT� "NPOH UIF NPTU QPQVMBS UIFPSJFT IZQFSFMBTUJDJUZ JT CBTFE
PO UIF FYJTUFODF PG B TUSBJO FOFSHZ EFOTJUZ GVODUJPO SFQSFTFOUJOH B )FMNIPMU[ GSFF�FOFSHZ QFS VOJU
WPMVNF ݏ � ��܊
ݏ 5IF GJSTU 1JPMB�,JSDIPGG TUSFTT UFOTPS JT PCUBJOFE CZ EFSJWBUJPO BT

ܔ � ݏ
܊�܊ � 	"���


BOE UIF $BVDIZ USVF TUSFTT DBO CF EFSJWFE GSPN UIF JOWFSTF PG &R�	"���


ਲ਼ � ݂˱ୗ ݏ
܊�܊ �܊ 	"���


" NPSF DPOWFOJFOU GPSNVMBUJPO NJHIU CF EFSJWFE JO JTPUSPQJD NBUFSJBMT GPS XIJDI UIF TUSBJO
FOFSHZ EFOTJUZ DBO CF XSJUUFO JO UFSNT PG UIF TUSBJO JOWBSJBOUT� -FU VT DPOTJEFS UIF SJHIU $BVDIZ�
(SFFO TUSBJO UFOTPS ܇ XIPTF JOWBSJBOUT BSF FYQSFTTFE CZ݁ୗ
�܇ � US܇� 	"���B
݁
�܇ � ��=
US܇� ˱ US
�?�܇ 	"���C
݁
�܇ � EFU܇ � ݂� 	"���D


#FDBVTF UIF MFGU $BVDIZ�(SFFO TUSBJO UFOTPS ܠ IBT UIF TBNF FJHFOWBMVFT PG ܇ J�F� UIF TRVBSFT
PG UIF QSJODJQBM TUSFUDIFT ৱ১ ১ � �� �� � UIF JOWBSJBOUT GPS ܠ BOE ܇ BSF FRVJWBMFOU BOE JO UFSNT
PG UIF QSJODJQBM TUSFUDIFT BSF ݁ୗ
�܇ � ݁ୗ
�ܠ � ৱୗ  ৱ  ৱ� 	"���B
݁
�܇ � ݁
�ܠ � ৱୗৱ  ৱୗৱ  ৱৱ� 	"���C
݁
�܇ � ݁
�ܠ � ৱୗৱৱ� 	"���D
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A.1. Formulation of finite strain elasticity

5IF TUSBJO FOFSHZ EFOTJUZ GPS BO JTPUSPQJD IZQFSFMBTUJD NBUFSJBM JT B GVODUJPO PG UIF TUSBJO JO�
WBSJBOUT ݏ � 
ݏ݁ୗ� ݁� ݁� GSPN XIJDI UIF TFDPOE 1JPMB�,JSDIIPGG TUSFTT JT DPNQVUFE BT

ܗ � � ൧ݏ݁ୗ ݁ୗ܇  ݏ݁ ݁܇  ݏ݁ ݁܇൪ �� � ൧൭ݏ݁ୗ  ݁ୗ ݏ݁ ൰ ܍ ˱ ݏ݁ ܇  ݁ ݏ݁ ୗ൪˱܇ � 	"���


BOE JUT TQBUJBM DPVOUFSQBSU $BVDIZ TUSFTT UFOTPS GPMMPXT GSPN UIF USBOTGPSNBUJPO JO &R�	"���


ਲ਼ � �݂˱ୗ ൧൭ݏ݁ୗ  ݁ୗ ݏ݁ ൰ ܠ ˱ ݏ݁ ܠ  ݁ ݏ݁ ൪܍ � 	"���


/PUF UIBU UIF TUSBJO FOFSHZ EFOTJUZ GVODUJPOT NVTU TBUJTGZ UIF OPSNBMJTBUJPO DPOEJUJPO J�Fݏ�
܊ � �܍ � � TP UIBU [FSP JOJUJBM TUSFTT JT BTTVNFE BOE UIF TUSBJO JOWBSJBOUT BSF ݁ୗ � ݁ � � BOE݁ � �� .PSFPWFS TUSBJO FOFSHZ EFOTJUJFT JODSFBTF XJUI EFGPSNBUJPO TP UIBU �܊
ݏ ̈́ ��
"O BEEJUJPOBM GPSNVMBUJPO PG UIF IZQFSFMBTUJD TUSBJO FOFSHZ EFOTJUZ GVODUJPO JT HJWFO JO UFSNT

PG UIF (SFFO�-BHSBOHF TUSBJO UFOTPS ܉ XIJDI JT XPSL DPOKVHBUF UP UIF TFDPOE 1JPMB�,JSDIPGG TUSFTT
UFOTPS� *O UIJT DBTF XF NBZ EJSFDUMZ PCUBJO

ܗ � ݏ
܉�܉ � 	"���


5IF 4BJOU 7FOBOUo,JSDIIPGG NPEFM JT BO FYBNQMF PG UIJT GPSNVMBUJPO� #BTJDBMMZ JU JT B TJNQMF
FYUFOTJPO PG UIF )PPLF MJOFBS NPEFM UP UIF OPO�MJOFBS SFHJNF� "MUIPVHI OPU TVJUBCMF UP EFTDSJCF
UIF MBSHF TUSBJO CFIBWJPVS PG NBUFSJBMT XF SFQPSU IFSF JUT FYQSFTTJPO GPS DPOTJTUFODZ XJUI UIF MJOFBS
UIFPSZ BOE CFDBVTF JU JT VTFE JO DPNQVUBUJPOBM NFDIBOJDT XIFO B MJOFBS FMBTUJD NBUFSJBM JT NPEFMMFE
JO UIF GSBNFXPSL PG GJOJUF TUSBJOT� 5IF TUSBJO FOFSHZ EFOTJUZ GVODUJPO GPS B 4BJOU 7FOBOUo,JSDIIPGG
NBUFSJBM JT HJWFO CZ ݏ � �܉
ݏ � ৱ� 
US܉�  ৲US
��܉ 	"���


XIFSF ৱ BOE ৲ BSF UIF -BNÏ�T DPOTUBOUT�

Basic homogeneous deformations
*U NJHIU CF VTFGVM UP EFSJWF FYQMJDJUMZ UIF FYQSFTTJPO PG QSJODJQBM TUSFUDIFT TUSBJO JOWBSJBOUT BOE
$BVDIZ TUSFTT DPNQPOFOUT GPS CBTJD EFGPSNBUJPOT UIBU BSF SFDVSSFOU JO FYQFSJNFOUT OBNFMZ VOJBY�
JBM FYUFOTJPO FRVJCJBYJBM FYUFOTJPO BOE QVSF TIFBS� 5IFTF UISFF DBUFHPSJFT BSF TLFUDIFE JO 'JH�"��
XJUI SFTQFDU UP BO FMFNFOU XIPTF FEHFT BSF BMJHOFE XJUI UIF VOJU OPSNBMT ୗܒ � =�� �� ?� BOEܒ � =�� �� ?� � 'PS TJNQMJDJUZ BO JODPNQSFTTJCMF CFIBWJPVS JT BTTVNFE J�F� ݂ � ৱୗৱৱ � ��

6OJBYJBM FYUFOTJPO 	PS DPNQSFTTJPO
 JT DIBSBDUFSJTFE CZ B TUSFUDI SBUJP ৱ JO UIF EJSFDUJPO PGܒୗ�
5IF QSJODJQBM TUSFUDIFT BSF ৱୗ � ৱ� ৱ � ৱ � ৱ˱ୗ�� 	"���


XIFSFBT UIF TUSBJO JOWBSJBOUT GSPN &R�	"���
 BSF݁ୗ � ৱ  �ৱ˱ୗ� � ݁ � ৱ˱  �ৱ� ݁ � �� 	"���
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A. Appendices

5IF (SFFO�-BHSBOHF TUSBJO GSPN &R�	"���
 JT

ܽୗୗ � ৱ ˱ �� � ৫ୗୗ  ��৫ୗୗ� 	"���


XIFSF ৫ୗୗ � ৱ ˱ � JT UIF OPNJOBM TUSBJO� 5IF POMZ OPO�[FSP DPNQPOFOU PG UIF $BVDIZ TUSFTT
UFOTPS JT EFSJWFE GSPN &R�	"���


৹ୗୗ � �
ৱ ˱ ৱ˱ୗ� ൭ݏ݁ୗ  ৱ˱ୗ ݏ݁ ൰ � 	"���


equibiaxial 
extension

pure shearuniaxial extension
1

2

1

2

1

2

Figure A.2 Sketches of basic deformations of a hyperelastic solid

*O BO FRVJCJBYJBM FYUFOTJPO UIF TBNF TUSFUDI SBUJP ৱ JT BQQMJFE JO UIF EJSFDUJPO PG ୗܒ BOE �ܒ
5IF QSJODJQBM TUSFUDIFT BSF ৱୗ � ৱ � ৱ� ৱ � ৱ˱� 	"���


XIFSFBT UIF TUSBJO JOWBSJBOUT BSF݁ୗ � �ৱ  �ৱ˱� ݁ � ৱ  �ৱ˱� ݁ � �� 	"���


5IF OPO�[FSP DPNQPOFOUT PG UIF $BVDIZ TUSFTT UFOTPS BSF

৹ୗୗ � ৹ � �
ৱ ˱ ৱ˱� ൭ݏ݁ୗ  ৱ ݏ݁ ൰ � 	"���


" MPOH TUSJQ PG NBUFSJBM XIJDI JT DPOTUSBJOFE BMPOH UIF FEHFT QBSBMMFM UPܒୗ BOE TUSFUDIFE BMPOH
UIF TBNF EJSFDUJPO SFTVMUT JO B QMBOF EFGPSNBUJPO LOPXO BT QVSF TIFBS� 5IFSFGPSF UIF QSJODJQBM
TUSFUDIFT BSF ৱୗ � ৱ� ৱ � �� ৱ � ৱ˱ୗ� 	"���


XIFSFBT UIF TUSBJO JOWBSJBOUT BSF݁ୗ � ݁ � ৱ  �ৱ˱  �� ݁ � �� 	"���
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A.1. Formulation of finite strain elasticity

5IF OPO�[FSP DPNQPOFOUT PG UIF $BVDIZ TUSFTT UFOTPS BSF

৹ୗୗ � �
ৱ ˱ ৱ˱� ൭ݏ݁ୗ  ݏ݁ ൰ � 	"���


৹ � �
� ˱ ৱ˱� ൭ݏ݁ୗ  ৱ ݏ݁ ൰ � 	"���


Isotropic incompressible hyperelasticity
" MBSHF OVNCFS PG QPMZNFSJD NBUFSJBMT BOE UP TPNF FYUFOU CJPMPHJDBM TPGU UJTTVFT DBO TVTUBJO MBSHF
TUSBJOT XJUIPVU SFMFWBOU WPMVNF DIBOHF� 'PS UIJT SFBTPO IZQFSFMBTUJD NPEFMT UIBU BSF CBTFE PO UIF
BTTVNQUJPO PG BO JTPDIPSJD EFGPSNBUJPO IBWF GPVOE MBSHF VTF JO DPOUJOVVN BOE DPNQVUBUJPOBM
NFDIBOJDT� *O PSEFS UP EFSJWF UIF IZQFSFMBTUJD NPEFMT GPS JODPNQSFTTJCMF NBUFSJBMT UIF TUSBJO
FOFSHZ EFOTJUZ JT XSJUUFO BT ݏ � �܊
ݏ ˱ 
ݡ݂ ˱ ��� 	"���


XIFSF Q JT UIF TDBMBS IZESPTUBUJD QSFTTVSF BOE UIF WPMVNF SBUJP JT TVCKFDUFE UP UIF JODPNQSFTTJCJMJUZ
DPOTUSBJOU ݂ � �� 4JNJMBSMZ XF DBO PCUBJO UIF FYQSFTTJPO GPS JTPUSPQJD IZQFSFMBTUJDJUZ JO UFSNT PG
UIF TUSBJO JOWBSJBOUT ݏ � 
ݏ݁ୗ� ݁� ˱ 
�ݡ݁ ˱ ��� 	"���


XIFSF UIF TUSBJO FOFSHZ EFOTJUZ GVODUJPO EFQFOET PO UXP JOWBSJBOUT UIF UIJSE POF FOGPSDJOH UIF JO�
DPNQSFTTJCJMJUZ DPOTUSBJOU BT ݁ � EFU܇ � EFUܠ � �� &RVBUJPOT 	"���
�	"���
 GPS JODPNQSFTTJCMF
NBUFSJBMT UBLF UIF GPSN

ܗ � � ൧൭ݏ݁ୗ  ݁ୗ ݏ݁ ൰ ܍ ˱ ݏ݁ ܇ ˱ ୗ൪˱܇�ݡ � 	"���


ਲ਼ � � ൧൭ݏ݁ୗ  ݁ୗ ݏ݁ ൰ ܠ ˱ ݏ݁ ܠ ˱ ൪܍�ݡ � 	"���


'PS TUSBJO FOFSHZ EFOTJUJFT GPSNVMBUFE JO UFSNT PG QSJODJQBM TUSFUDIFT XF SFQPSU CFMPX UIF
FYQSFTTJPO PG UIF QSJODJQBM TFDPOE 1JPMB�,JSDIPGG TUSFTT

ݚ � ˱ �ৱݚ ݡ  �ৱݚ ݏৱݚ � 	"���


XIFSFBT UIF $BVDIZ TUSFTT JT HJWFO CZ

৹ݚ � ݡ˱  ৱݚ ݏৱݚ � 	"���


"NPOH UIF NPTU DPNNPO IZQFSFMBTUJD JODPNQSFTTJCMF NPEFMT BSF UIPTF EFSJWFE GPS UIF CF�
IBWJPVS PG SVCCFST XIJDI VOEFS JTPUIFSNBM DPOEJUJPOT 	BCPWF UIF HMBTT UFNQFSBUVSF
 TIPX WFSZ
TNBMM WPMVNF DIBOHFT VOEFS B MBSHF IZESPTUBUJD QSFTTVSF� 5IF OFP�)PPLFBO 	/)
 JT POF PG UIF
TJNQMFTU BWBJMBCMF NPEFMT��� XIPTF TUSBJO FOFSHZ EFOTJUZ JT HJWFO CZ


ݏ݁ୗ� � ৲� 
݁ୗ ˱ ��� 	"���
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A. Appendices

XIFSF UIF JOJUJBM TIFBS NPEVMVT ৲ JT UIF POMZ QBSBNFUFS BOE JT EJSFDUMZ DPOOFDUFE UP UIF :PVOH
NPEVMVTܽ CZ UIF SFMBUJPO৲ � ܽ�� 	XJUI UIF JNQMJDJU DPOEJUJPO ৳ � ��� GSPN UIF JODPNQSFTTJCJMJUZ
BTTVNQUJPO
�

" TMJHIU NPSF HFOFSBM GPSNVMBUJPO JT PCUBJOFE XJUI UIF JOUSPEVDUJPO PG UIF TFDPOE TUSBJO JO�
WBSJBOU XIPTF JOGMVFODF IBT CFFO DMBSJGJFE JO UIF UIFPSZ PG FMBTUJDJUZ������� *O CSJFG EFGPSNBUJPOT
UIBU JOWPMWF B TJOHMF TUSFTT PS TUSBJO DPNQPOFOU BT VOJBYJBM FYUFOTJPO PS TJNQMF TIFBS DBO CF SFB�
TPOBCMZ XFMM BQQSPYJNBUFE CZ B TUSBJO FOFSHZ EFOTJUZ GVODUJPO PG UIF GPSNݏ
݁ୗ� XIFSFBT CJBYJBM
EFGPSNBUJPOT NJHIU SFRVJSF UIF JOUSPEVDUJPO PG UIF TFDPOE JOWBSJBOU� 5IF TJNQMFTU UXP�JOWBSJBOU
GPSNVMBUJPO JT UIF .PPOFZ�3JWMJO 	.3
 NPEFM������ GPS XIJDI UIF TUSBJO FOFSHZ EFOTJUZ JT BT�
TVNFE UP CF B MJOFBS GVODUJPO PG UIF GJSTU BOE TFDPOE JOWBSJBOUݏ
݁ୗ� ݁� � ৲� =১
݁ୗ ˱ ��  
� ˱ ১�
݁ ˱ ��? 	"���


 XIFSF ১ JT B OPO�EJNFOTJPOBM QBSBNFUFS MPXFS UIBO ��
*U IBT CFFO PCTFSWFE UIBU UIF TUSFTT�TUSBJO CFIBWJPVS EFTDSJCFE CZ UIF TJNQMFS GPSNVMBUJPOT

CFDPNFT JOBDDVSBUF BU MBSHF TUSFUDIFT 	VTVBMMZ BCPWF ৱ � ��� ˱ ��� JO SVCCFS�MJLF NBUFSJBMT
�
4QFDJGJDBMMZ UIF JODSFBTJOH TMPQF PG UIF TUSFTT DVSWF EVF UP UIF TUSBJO IBSEFOJOH QIFOPNFOPO
XIJDI PDDVST BU MBSHF TUSFUDIFT JO SVCCFST CVU DPOTJEFSBCMZ FBSMJFS JO TPNF CJPMPHJDBM NBUFSJBMT
DBOOPU CF EFTDSJCFE QSPQFSMZ� 1IFOPNFOPMPHJDBM NPEFMT GPS TUSBJO IBSEFOJOH NBUFSJBMT BSF UIPTF
XIJDI SFGMFDU UIF MJNJUFE DIBJO FYUFOTJCJMJUZ PG UIF NPMFDVMBS DIBJOT XJUIJO UIFJS GPSNVMBUJPO� "
GBNPVT FYBNQMF JT HJWFO CZ (FOU NPEFM���


ݏ݁ୗ� � �ݞ݂৲˱ MO ൭� ˱ ݁ୗ ˱ ݞ݂� ൰ � 	"���


XIFSF ݞ݂ JT B EJNFOTJPOMFTT QBSBNFUFS UIBU SFGMFDUT UIF NBYJNVN BMMPXBCMF TUSBJO DPOOFDUFE UP
UIF MJNJUFE FYUFOTJCJMJUZ BOE UBLFT EJGGFSFOU WBMVFT EFQFOEJOH PO UIF TQFDJGJD NBUFSJBM� "MUIPVHI
JOJUJBMMZ EFWJTFE UP NPEFM UIF TUSBJO DSZTUBMMJTBUJPO PG SVCCFST JU IBT BMTP CFFO BQQMJFE UP CJPMPHJDBM
NBUFSJBMT TVDI BT UIF BSUFSJBM UJTTVF XIJDI UZQJDBMMZ IBWF MPX WBMVFT PG UIF MJNJUJOH QBSBNFUFS ݞ݂
	��� BT PQQPTFE UP ������ GPS SVCCFS
����

"OPUIFS XFMM�LOPXO TUSBJO�IBSEFOJOH NPEFM JT UIF (FOFSBMJTFE OFP�)PPLFBO 	(/)
 NPEFM
QSPQPTFE CZ ,OPXMFT���� 5IF TUSBJO FOFSHZ EFOTJUZ GVODUJPO PG UIF (/) NPEFM JT


ݏ݁ୗ� � ݔ�৲ ЀЃЁЃЂ൧�  
ݟݔ݁ୗ ˱ ��൪ݟ ˱ �ЄЃЅЃІ � 	"���


XIFSF ৲� ݔ BOE O BSF UISFF DBMJCSBUJPO QBSBNFUFST� *O QBSUJDVMBS ݟ  � DPOUSPMT UIF JOGMVFODF PG
TUSBJO IBSEFOJOH�

'JOBMMZ XF JOUSPEVDF B NPEFM XIJDI JT PGUFO FNQMPZFE GPS JUT BDDVSBUF EFTDSJQUJPO PG UIF FMBTUJD
CFIBWJPVS PG TUSBJO IBSEFOJOH QPMZNFST BOE CJPMPHJDBM UJTTVFT� UIF 0HEFO NPEFM� *OTUFBE PG VTJOH
TUSBJO JOWBSJBOUT XIFSF POMZ JOUFHFS QPXFST PG UIF QSJODJQBM TUSFUDIFT BQQFBS 0HEFO�T TUSBJO FOFSHZ
EFOTJUZ JT EJSFDUMZ GPSNVMBUFE JO UFSNT PG TUSFUDIFT XJUI GSBDUJPOBM QPXFST���


ݏৱୗ� ৱ� ৱ� � ഓ݆ݚ�ୗ ݚ১ݚ৲ ൫ৱ১ݚୗ  ৱ১ݚ  ৱ১ݚ ˱ �൮� 	"���


XIFSF / JT B QPTJUJWF JOUFHFS ݚ৲ BSF UIF TIFBS NPEVMJ BOE ১ݚ BSF EJNFOTJPOMFTT DPOTUBOUT UIBU DBO
CF GSBDUJPOBM�
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A.1. Formulation of finite strain elasticity

Isotropic compressible hyperelasticity
4PNF NBUFSJBMT BMUIPVHI DIBSBDUFSJTFE CZ B CVML NPEVMVT NVDI MBSHFS UIBO UIFJS TIFBS NPEVMVT
DBOOPU CF USFBUFE BT QFSGFDUMZ JODPNQSFTTJCMF� 8F TIPX IFSF UIF NBJO FRVBUJPOT GPS DPNQSFTTJCMF
IZQFSFMBTUJDJUZ XIJDI JT CBTFE PO UIF TQMJU CFUXFFO EFWJBUPSJD 	WPMVNF�QSFTFSWJOH
 BOE WPMVNFUSJD
EFGPSNBUJPO� 5IF EFWJBUPSJD DPNQPOFOU PG UIF EFGPSNBUJPO HSBEJFOU BOE UIF DPSSFTQPOEJOH SJHIU
$BVDIZ�(SFFO TUSBJO UFOTPS BSF EFGJOFE BT Ì' � ݂˱ୗ�'� 	"���
Ì$ � ݂˱�$�

4JNJMBSMZ UIF NPEJGJFE QSJODJQBM TUSFUDIFT BOE TUSBJO JOWBSJBOUT DBO CF EFSJWFE݁ୗ
 Ì܇� � US Ì܇ � ݂˱�݁ୗ� 	"���B
݁
 Ì܇� � ��=
US Ì܇� ˱ US
 Ì܇�? � ݂˱�݁� 	"���C
݁
 Ì܇� � EFU Ì܇ � ݂� 	"���D


5IF TUSBJO FOFSHZ EFOTJUZ GVODUJPO JO JTPUSPQJD NBUFSJBMT JT EFDPNQPTFE BT

ݏ 
݁ୗ� ݁� ݂� � ݍ 
݂�  Ìݏ ൫ Ì݁ୗ� Ì݁൮ � 	"���


XIFSFݍ EFTDSJCFT UIF WPMVNFUSJD FMBTUJD SFTQPOTF BOE Ìݏ UIF JTPDIPSJD EFGPSNBUJPO� 4USFTT UFOTPST
BSF PCUBJOFE CZ EFSJWBUJPO� JO QBSUJDVMBS UIF TFDPOE 1JPMB�,JSDIPGG TUSFTT JT HJWFO CZ

4 � ݍ 
݂�$
  Ìݏ ൫ Ì݁ୗ� Ì݁൮$

� 	"���


XIFSF UIF GJSTU UFSN SFQSFTFOUT UIF WPMVNFUSJD TUSFTT BOE UIF TFDPOE UFSN JT UIF EFWJBUPSJD QBSU Ì4�
5IF MBUUFS JT XSJUUFO FYQMJDJUMZ BT

Ì4 � ݂˱�%FW ൭� Ìݏ
 Ì݁ୗ� Ì݁� Ì$
൰ � 	"���


XIFSF XF IBWF JOUSPEVDFE UIF EFWJBUPSJD PQFSBUPS 	JO UIF SFGFSFODF DPOGJHVSBUJPO
 EFGJOFE CZ

%FW 
Ɩ� � 
Ɩ� ˱ �� =
Ɩ� ̕ $?$˱ୗ� 	"���


'JOBMMZ XF PCUBJO

4 � ୗ˱$ݡ݂  Ì4� 	"���


XIFSF ݡ � Eݍ�E݂ JT UIF IZESPTUBUJD QSFTTVSF� &RVBUJPO 	"���
 JT BMTP FNQMPZFE JO DPOTUJUVUJWF
NPEFMT PG QPMZNFSJD NBUFSJBMT BOE TPGU UJTTVFT XJUI UJNF�EFQFOEFOU CFIBWJPVS DIBSBDUFSJTFE CZ
EJGGFSFOU SFMBYBUJPO GVODUJPOT GPS UIF EFWJBUPSJD BOE WPMVNFUSJD QBSUT PG UIF EFGPSNBUJPO�
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A.2. Formulation of poroelasticity

5IF GPVOEBUJPOT PG QPSPFMBTUJDJUZ EFSJWF GSPN UIF QJPOFFSJOH TUVEJFT JO UIF NFDIBOJDT PG TPJMT BOE
UIF DPOTPMJEBUJPO UIFPSZ EFWFMPQFE CZ 5FS[BHIJ BOE #JPU������� 8F TUBSU UIJT TFDUJPO GSPN UIF
HFOFSBM GJOJUF TUSBJO GSBNFXPSL JOUSPEVDFE CZ #JPU IJNTFMG��� BOE UIFO TIPX UIF TJNQMFS DBTF PG
MJOFBS QPSPFMBTUJDJUZ BT B TQFDJGJD DBTF PG UIJT GPSNVMBUJPO� 5IF NBJO DPODFQUT BSF UBLFO GSPN UIF
NPOPHSBQI PO QPSPFMBTUJDJUZ CZ $IFOH��� BOE UIF XPSL CZ 4JNPO������ PO UIF QPSP�IZQFSFMBTUJD
NPEFM�

-FU VT DPOTJEFS B HSBOVMBS NBUFSJBM DIBSBDUFSJTFE CZ B TPMJE NBUSJY BOE JOUFSTUJUJBM QPSFT BOE
JTPMBUF BO FMFNFOUBSZ SFQSFTFOUBUJWF WPMVNFݎ EJTUJOHVJTIJOH UIF TPMJE QBSUݎ GSPN UIBU PDDVQJFE
CZ UIF QPSFT �݈ݎ *G GMVJE JT FOUSBQQFE JO UIF QPSFT BOE PDDVQJFT B WPMVNF ܾݎ UIF DPOEJUJPO PG
TBUVSBUJPO JT JEFOUJGJFE CZ ݈ݎ � �ܾݎ 8F BMTP EFGJOF UIF QPSPTJUZ ܾݟ BT UIF WPMVNFUSJD GSBDUJPO PG
UIF �GMVJE DPNQPOFOU PO UIF UPUBM WPMVNF TP UIBU XF IBWF

ܾݟ � ݎܾݎ � 	"���


*O UIF DVSSFOU DPOGJHVSBUJPOü 	'JH�"��
 XF EFOPUF XJUI �Vܾ
Y� �ݥ BOE ÏVܾ
Y� �ݥ UIF EJTQMBDFNFOU
BOE WFMPDJUZ GJFMET PG UIF GMVJE XIFSF UIF EPU EFOPUFT UJNF EFSJWBUJPO� " SFMBUJWF GMVJE WFMPDJUZ
BMTP LOPXO BT TQFDJGJD EJTDIBSHF WFDUPS JT EFGJOFE CZ

X
Y� �ݥ � 
ܾݟ ÏVܾ ˱ ÏV�� 	"���


BOE SFQSFTFOUT UIF SBUF PG �GMVJE WPMVNF QBTTJOH UISPVHI B VOJU BSFB PG QPSPVT NFEJVN QFS VOJU
UJNF JO UIF EJSFDUJPO OPSNBM UP UIBU BSFB�

/PX XF OFFE UP EFSJWF UIF CBMBODF FRVBUJPOT PG UIF QPSPVT NBUFSJBM� /FHMFDUJOH JOUFSOBM
TPVSDFT PG GMVJE JO UIF SFQSFTFOUBUJWF WPMVNF UIF DPOTFSWBUJPO PG NBTT SFRVJSFT UIBU UIF SBUF PG
WBSJBUJPO PG �GMVJE DPOUFOU JT CBMBODFE CZ UIF GMVJE FYDIBOHF CFUXFFO UIF WPMVNF BOE UIF PVUTJEF�
8F DBO FYQSFTT UIJT TUBUFNFOU BTݥݖݖ ഐݕ ৬Eݧ � ˱ ഐݕ �X 
Y� �ݥ Τ O Eݤ� 	"���


XIFSF UIF MFGU�IBOE JOUFHSBM JT UIF SBUF PG DIBOHF JO �GMVJE DPOUFOU ৬ 	EFGJOFE BT UIF WBSJBUJPO PG
�GMVJE WPMVNF QFS VOJU WPMVNF PG QPSPVT NFEJVN
 XIFSFBT UIF SJHIU�IBOE UFSN BDDPVOUT GPS UIF
WPMVNF PG GMVJE QBTTJOH UISPVHI UIF CPVOEBSZ üݕ JO UIF OPSNBM EJSFDUJPO�

5IF FRVJMJCSJVN FRVBUJPO PG UIF QPSPVT NBUFSJBM JT BOBMPHPVT UP UIBU HJWFO JO &R�	"���B

XIFSFBT UP EFSJWF UIF GMVJE FRVJMJCSJVN XF OFFE UP DPOTJEFS B MBX HPWFSOJOH UIF GMVJE GMPX XJUIJO
UIF QPSFT� #JPU�T UIFPSZ JT CBTFE PO %BSDZ�T MBX XIJDI XBT EFSJWFE FNQJSJDBMMZ BOE EFTDSJCFT B UIFS�
NPEZOBNJD JSSFWFSTJCMF QSPDFTT DPOUSPMMFE CZ B QSFTTVSF HSBEJFOU ESJWFO WJTDPVT GMPX� /FHMFDUJOH
JOFSUJB XF DBO XSJUF

X � ˱,ܾ৭ܾ �ܾݡݩ˦ 	"���


XIFSF ܾݡ JT UIF GMVJE QSFTTVSF ,ܾ JT UIF QFSNFBCJMJUZ UFOTPS BOE ৭ܾ JT UIF GMVJE WJTDPTJUZ�
"MUIPVHI GMVJE NFDIBOJDT NBLFT MBSHF VTF PG UIF &VMFSJBO GSBNFXPSL JU JT NPSF DPOWFOJFOU

GPS QPSPVT NBUFSJBMT UP TIJGU UP UIF -BHSBOHJBO BQQSPBDI JO XIJDI UIF NBUFSJBM QSPQFSUJFT DBO CF

A

132



A.2. Formulation of poroelasticity

NFBTVSFE NPSF FBTJMZ� 7BSJBCMFT BOE CBMBODF FRVBUJPOT BSF SFGFSSFE UP UIF SFGFSFODF DPOGJHVSBUJPOüୖ CZ NFBOT PG B DPSSFTQPOEFODF QSJODJQMF���� *O QBSUJDVMBS XF EFGJOF UIF SFMBUJWF GMVJE WFMPDJUZ
8
9� �ݥ TVDI UIBU UIF GMVJE NBTT GMPX SBUF Ïܾݞ JT UIF TBNF BT JO UIF DVSSFOU DPOGJHVSBUJPO� *O
NBUIFNBUJDBM UFSNT XF DBO FYQSFTT UIJT DPOEJUJPO BDDPSEJOH UP UIF GPMMPXJOH FRVJWBMFODF

Ïܾݞ � ഐ ৷ܾX Τ OEݤ � ഐୠ ৷ୖܾ8 Τ/E� 	"���


XIFSF 8
9� �ݥ � ݂'˱ୗ X
Y� �ݥ XJUI UIF BTTVNQUJPO PG GMVJE JODPNQSFTTJCJMJUZ 	৷ܾ � ৷ୖܾ
�
5IF FRVJMJCSJVN FRVBUJPO PG UIF QPSPVT NBUFSJBM JT BOBMPHPVT UP UIBU HJWFO JO &R�	"���C


XIFSFBT %BSDZ�T MBX JO &R�	"���
 OFFET UP CF SFQMBDFE CZ

݂'˱ୗX � ˱,ୖܾ৭ܾ �ܾݡݐ˦ 	"���


XJUI ,ୖܾ SFQSFTFOUJOH UIF QFSNFBCJMJUZ UFOTPS JO UIF SFGFSFODF DPOGJHVSBUJPO� 5IJT DBO CF SFMBUFE
UP UIF TQBUJBM EFGJOJUJPO PG QFSNFBCJMJUZ CZ���

,ୖܾ � ݂'˱ୗ,ܾ'˱� 	"���


" DPOTUJUVUJWF SFMBUJPOTIJQ OFFET UP CF TQFDJGJFE GPS CPUI UIF TPMJE BOE UIF GMVJE� 'PS NBUFSJBMT
DIBSBDUFSJTFE CZ B IZQFSFMBTUJD CFIBWJPVS TVJUBCMF TUSBJO FOFSHZ EFOTJUJFTݏ DBO CF XSJUUFO JO UFSNT
PG UIF (SFFO�-BHSBOHF TUSBJO UFOTPS & BOE UIF WBSJBUJPO PG �GMVJE DPOUFOU ৬� 4QFDJGJDBMMZ XF NBZ
XSJUF��� 
ݏ&� ৬� � 
Ɯݏ&�  ��݅
৬  ݂ ˱ ��� 	"���


XIFSF ৬ � 8ݐ˦ BOE݅ JT #JPU�T NPEVMVT� 
Ɯݏ&� JT UIF IZQFSFMBTUJD TUSBJO FOFSHZ EFOTJUZ GPS UIF
FMBTUJD NBUFSJBM JO B ESBJOFE TUBUF J�F� XIFO ܾݡ � �� 5IF TUSFTT�TUSBJO SFMBUJPOTIJQ JT HJWFO CZ UIF
GPMMPXJOH FRVBUJPOT

Ɯܗ � ݏƜ
܉�܉ � 	"���B
ܾݡ � ݅
৬  ݂ ˱ ��� 	"���C


XIFSF 4Ɯ JT LOPXO BT UIF FGGFDUJWF TUSFTT UFOTPS XIFSFCZ UIF UPUBM TUSFTT 4 JT PCUBJOFE CZ BEEJOH UIF
TUSFTT JO UIF GMVJE
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܉�܉ ˱ �ୗ˱$ܾݡ݂ 	"���


Linear poroelasticity
5IF PSJHJOBM #JPU�T UIFPSZ��� XBT EFSJWFE VOEFS UIF BTTVNQUJPO PG JOGJOJUFTJNBM EFGPSNBUJPOT�
"T JO UIF UIFPSZ PG MJOFBS FMBTUJDJUZ XF DBO XSJUF UIF TUSBJO FOFSHZ EFOTJUZ PG B MJOFBS QPSPFMBTUJD
NBUFSJBM BT 
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A. Appendices

XIFSF ݦ݃ JT UIF VOESBJOFE CVML NPEVMVT� 4JNJMBSMZ UP &R�	"���
 UIF TUSFTT�TUSBJO SFMBUJPOTIJQT
BSF PCUBJOFE CZ EFSJWBUJPO BT৹Ɯݛݚ � �৲৫ݛݚ  ൭݃ ˱ �৲� ൰ ৪ݛݚ৫ݜݜ� XJUI ৹Ɯݛݚ � ৹ݛݚ  ১৪ܾݡݛݚ� 	"���B
ܾݡ � ݅ 
৬ ˱ ১৫ݜݜ� � 	"���C


XIFSF݃ JT UIF FMBTUJD CVML NPEVMVT XJUI݃ � ১݅˱ݦ݃ BOE ১ JT #JPU�T FGGFDUJWF TUSFTT DPFGGJDJFOU�
8IFO UIF TPMJE EFGPSNBUJPO JT OVMM #JPU�T NPEVMVT JT UIF DPOTUBOU PG QSPQPSUJPOBMJUZ CFUXFFO UIF
GMVJE QSFTTVSF BOE UIF WBSJBUJPO PG �GMVJE DPOUFOU ৬ܾݡ � ݅৬� 	"���


XJUI UIF JOWFSTF ��݅ NFBTVSJOH UIF DIBOHF JO �GMVJE DPOUFOU EVF UP B WBSJBUJPO PG �GMVJE QSFTTVSF�
#JPU�T FGGFDUJWF TUSFTT DPFGGJDJFOU ১ JT JODMVEFE JO UIF EFGJOJUJPO PG UIF FGGFDUJWF TUSFTT UFOTPS ਲ਼Ɯ UP
BDDPVOU GPS UIF TPMJE TLFMFUPO DPNQSFTTJCJMJUZ 	JO UIF MJNJU PG ১ � � XF BTTVNF BO JODPNQSFTTJCMF
TPMJE TLFMFUPO
�

%BSDZ�T MBX &R�	"���
 DPNCJOFE XJUI &R�	"���C
 BMMPXT VT UP EFSJWF UIF GPMMPXJOH EJGGVTJPO
FRVBUJPO �݅ ܾݡݥ ˱ ܾ݃৭ܾ ˦ܾݡ � ˱১৫ݜݜݥ � 	"���


XIFSF XF SFDPHOJTF B TUSVDUVSF TJNJMBS UP UIF FRVBUJPO PG UIFSNPFMBTUJDJUZ XJUI UIF QPSF QSFT�
TVSF GJFME DPVQMFE UP UIF IZESPTUBUJD EFGPSNBUJPO PG UIF HFM� /PUJDF UIBU JO &R�	"���
 XF IBWF
DPOTJEFSFE BO JTPUSPQJD NBUFSJBM TP UIBU ,ܾ � ܾ݃*�

A.3. Formulation of viscoelasticity

7JTDPFMBTUJD NBUFSJBMT FYQPTFE UP B GJYFE TUBJO BSF DIBSBDUFSJTFE CZ BO JOTUBOUBOFPVT FMBTUJD SFTQPOTF
BOE B UJNF�EFQFOEFOU CFIBWJPVS EFGJOFE CZ B TUSFTT SFMBYBUJPO GVODUJPO PS B DSFFQ GVODUJPO JG TVC�
KFDUFE UP B GJYFE TUSFTT� 5IF NBUIFNBUJDBM GPSNVMBUJPO PG WJTDPFMBTUJDJUZ TVNNBSJTFE IFSF BOE
BEPQUFE JO UIF UIFTJT DBO CF GPVOE JO TUBOEBSE UFYUCPPLT 	GPS JOTUBODF TFF 4JNP��� BOE $ISJT�
UFOTFO���
� 8F GJSTU JOUSPEVDF UIF GVOEBNFOUBM FRVBUJPOT JO UIF MJNJUT PG MJOFBS WJTDPFMBTUJDJUZ BT
UIFZ BSF FBTJFS UP NBOBHF BOE UIFO NPWF UP UIF GJOJUF TUSBJO GPSNVMBUJPO XIJDI JT TVJUBCMF GPS MBSHF
TUSBJO BOBMZTFT BOE OPO�MJOFBS WJTDPFMBTUJD NBUFSJBMT�

5IF UJNF�EFQFOEFOU TUSFTT�TUSBJO SFMBUJPOTIJQ JT XSJUUFO BT

ਲ਼
�ݥ � ݥ
)ഐୖݥ ˱ ৺� Ïਥ
৺�E৺� 	"���


XIFSF (
�ݥ JT B UFOTPS�WBMVFE TUSFTT SFMBYBUJPO GVODUJPO BOE ৫ JT UIF TUSBJO UFOTPS XIFSF UIF EPU
TVQFSTDSJQU EFOPUFT UJNF EFSJWBUJPO� 5IF TUSFTT UFOTPS ਲ਼ BOE UIF TUSBJO UFOTPS ਥ BSF EFDPNQPTFE
JO B EFWJBUPSJD BOE B WPMVNFUSJD QBSU BT GPMMPXTਲ਼ � T  �*ݡ XJUI ݡ � �� USਲ਼� 	"���B


ਥ � F  *� XJUI  � �� US ਥ� 	"���C
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A.3. Formulation of viscoelasticity

*OUSPEVDJOH UIF BTTVNQUJPO PG JTPUSPQZ UIF TUSFTT DBO CF XSJUUFO JO UFSNT PG UXP JOEFQFOEFOU
SFMBYBUJPO GVODUJPOT BT TIPXO CFMPX

ਲ਼ 
�ݥ � ݥ
ഐୖܿୗݥ ˱ ৺� ÏF
৺� E৺  �� *
ഐୖݥ ܿ
ݥ ˱ ৺� Ï
৺� E৺ � 	"���


XIFSF F BOE BSF SFTQFDUJWFMZ UIF EFWJBUPSJD TUSBJO UFOTPS BOE UIF WPMVNFUSJD TUSBJO� *U JT DPNNPO
QSBDUJDF UP FYQSFTTܿୗ
�ݥ BOEܿ
�ݥ JO UFSNT PG UIF CVML BOE UIF TIFBS NPEVMJ PG UIF NBUFSJBM XIFSF৲
�ݥ � ܿୗ
���ݥ BOE ݃
�ݥ � ܿ
����ݥ 	"���


" DPNNPO GPSNVMBUJPO XSJUFT UIF JTPUSPQJD SFMBYBUJPO GVODUJPOT JO UFSNT PG B TFSJFT PG FYQP�
OFOUJBMT LOPXO BT UIF 1SPOZ TFSJFT

݃
�ݥ � ݃˽  ഓ݆ݚ�ୗ ݚݥ�ݥ˱ݗݚ݃ � 	"���B


৲
�ݥ � ৲˽  ഓ݆ݚ�ୗ ݚݥ�ݥ˱ݗݚ৲ � 	"���C


XIFSF ݃˽ BOE ৲˽ BSF UIF MPOH�UFSN CVML BOE TIFBS NPEVMJ� /PUJDF UIBU UIJT EFTDSJQUJPO SFQSF�
TFOUT B HFOFSBMJTBUJPO PG UIF TUBOEBSE .BYXFMM NPEFM XJUI ݆ FMFNFOUT BSSBOHFE JO QBSBMMFM� 'PS
DPOWFOJFODF XF DBO EFSJWF B OPSNBMJTFE GPSN� XJUI SFTQFDU UP UIF TIFBS NPEVMVT SFMBYBUJPO GPS
JOTUBODF XF NBZ XSJUF �ݥ
ݙ � ৲
ୖ৲�ݥ � ˽ݙ  ഓ݆ݚ�ୗ ݚݥ�ݥ˱ݗݚݙ � 	"���


XIFSF ݚݙ BSF UIF OPSNBMJTFE SFMBYBUJPO QBSBNFUFST BOE ৲ୖ JT UIF JOTUBOUBOFPVT TIFBS NPEVMVT HJWFO
CZ ৲ୖ � ৲˽  ഓ݆ݚ�ୗ �ݚ৲ 	"���


'PDVTJOH PO UIF EFWJBUPSJD DPNQPOFOU UIF TUSFTT SFTQPOTF JT EFSJWFE GSPN &RT�	"���
�	"���C

DPNCJOFE XJUI UIF EFGJOJUJPOT JO &RT�	"���
�	"���


T
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�ݥ  ഓ݆ݚ�ୗ �ݥ
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XIFSF Fݚ
�ݥ JT UIF EFWJBUPSJD WJTDPVT TUSBJO JO FBDI UFSN PG UIF 1SPOZ TFSJFT EFGJOFE CZ
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A. Appendices

5P EFSJWF UIF GPSNVMBUJPO PG WJTDPFMBTUJDJUZ JO GJOJUF TUSBJOT XF TUBSU GSPN BO BMUFSOBUJWF FY�
QSFTTJPO PG UIF TUSFTT JO &R�	"���
 HJWFO CZ

T
�ݥ � Tୖ
�ݥ ˱ ഓ݆ݚ�ୗ Iݚ
��ݥ 	"���


XIFSF Iݚ BSF JOUFSOBM TUSFTT WBSJBCMFT BOE Tୖ EFOPUFT UIF JOTUBOUBOFPVT FMBTUJD SFTQPOTF� 5IF JOUFSOBM
WBSJBCMFT BSF PCUBJOFE GSPN UIF TPMVUJPO PG SBUF FRVBUJPOT GPS B TJOHMF .BYXFMM FMFNFOU XSJUUFO JO
UIF GPMMPXJOH GPSN ЀЃЃЁЃЃЂ ÏIݚ  ୗݚݥ Iݚ � ݚݙ ÏTୖ

MJNݥɱ˽ Iݚ � � � 	"���


8JUI SFTQFDU UP UIF SFGFSFODF DPOGJHVSBUJPO UIF TFDPOE 1JPMB�,JSDIPGG TUSFTT JT TQMJU BDDPSEJOH
UP &R�	"���
 BOE GPMMPXJOH &R�	"���
 UIF EFWJBUPSJD TUSFTT SFTQPOTF JT XSJUUFO BT

Ì4 � Ì4ୖ ˱ ഓ݆ݚ�ୗ ��ݥ
ݚ( 	"���


XIFSF ݚ( BSF JOUFSOBM TUSFTT WBSJBCMFT HPWFSOFE CZ SBUF FRVBUJPOT BOBMPHPVT UP &R�	"���
ЀЃЃЁЃЃЂ Ï)ݚ  ୗݚݥ ݚ( � ݚݙ Ï Ì4ୖ
MJNݥɱ˽)ݚ � � � 	"���


0NJUUJOH UIF DPNQMFUF NBUIFNBUJDBM EFSJWBUJPO UIF EFWJBUPSJD TUSFTT JT XSJUUFO TJNJMBSMZ UP
&R�	"���
 BT Ì4
�ݥ � ˽ݙ Ì4
�ݥ  ഓ݆ݚ�ୗ ݚݙ Ì4ݚ
��ݥ 	"���


XIFSF Ì4ݚ
�ݥ JT UIF EFWJBUPSJD WJTDPVT TUSFTT JO FBDI UFSN PG UIF 1SPOZ TFSJFT EFGJOFE CZ

Ì4ݚ
�ݥ � ഐୖݥ 
ݗ৺˱ݥ�ݚݥ�  Ì4
৺�ݥ E৺� 	"���


4JNJMBS FRVBUJPOT DBO CF EFSJWFE JO UIF DBTF PG UJNF�EFQFOEFOU CVML CFIBWJPVS�

A.4. Finite elements applied to fracture mechanics

'JOJUF FMFNFOU 	'&
 BOBMZTJT JT OPXBEBZT B TUBOEBSE DPNQVUBUJPOBM NFUIPE JO GSBDUVSF NFDIBOJDT�
)FSF XF DPMMFDU TPNF HVJEFMJOFT GPS B DPSSFDU VTF PG UIF '& NFUIPE UIBU IBWF CFFO GPMMPXFE JO UIF
OVNFSJDBM FYBNQMFT QSFTFOUFE JO UIJT UIFTJT JO PSEFS UP FOTVSF B HPPE BDDVSBDZ PG UIF SFTVMUT����

5IF EFTJHO PG B IJHI�RVBMJUZ GJOJUF FMFNFOU NFTI JT UIF GJSTU FTTFOUJBM JOHSFEJFOU� *O QSPCMFNT
JOWPMWJOH UIF QSFTFODF PG B DSBDL B GVOEBNFOUBM EJGGJDVMUZ JT QPTFE CZ UIF TJOHVMBSJUJFT JO UIF TUSBJO
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A.4. Finite elements applied to fracture mechanics

BOE TUSFTT GJFMET XIJDI DBO CF QPPSMZ BQQSPYJNBUFE CZ DPOWFOUJPOBM GJOJUF FMFNFOUT� 8JUI SFTQFDU
UP UIF UZQF PG FMFNFOU JO UXP�EJNFOTJPOBM QSPCMFNT XF IBWF TFWFSBM QPTTJCJMJUJFT� $POTUBOU TUSBJO
USJBOHMFT BSF UIPTF MFTT TVJUBCMF UP SFQSPEVDF UIF MBSHF HSBEJFOUT JO QSPYJNJUZ PG UIF DSBDL UJQ UIFSF�
GPSF UIFZ TIPVME OPU CF VTFE XIFO UIF BJN PG UIF BOBMZTFT JT UP DPNQVUF TUSFTT TJOHVMBSJUJFT PS UIF
TUSFTT JOUFOTJUZ GBDUPST� *TPQBSBNFUSJD FMFNFOUT 	MJOFBS PS RVBESBUJD
 QSPWJEF TVQFSJPS QFSGPSNBODFT
JO BQQSPYJNBUJOH DPNQMFY BOE JSSFHVMBS CPVOEBSJFT IPXFWFS UIFZ BMTP IBWF MJNJUBUJPOT EVF UP UIF
DSBDL TJOHVMBSJUZ XIJDI DBOOPU CF PWFSDPNF XJUI B SFGJOFNFOU PG UIF NFTI� 5IJT MFE UP UIF EF�
WFMPQNFOU PG TQFDJBM DSBDL�UJQ FMFNFOUT UP CF VTFE UP EJTDSFUJTF UIF TVSSPVOEJOHT PG UIF DSBDL UJQ
XIJMF SFHVMBS FMFNFOUT DBO CF VTFE FMTFXIFSF JO UIF NPEFM�

0OF PG UIF TJNQMFTU UZQF JT EFSJWFE GSPN B NPEJGJDBUJPO PG UIF JTPQBSBNFUSJD FMFNFOUT UISPVHI
OPEBM EJTUPSUFE TIBQF GVODUJPOT UIBU DBO BQQSPYJNBUF UIF DSBDL�UJQ GJFMET� *O RVBSUFS�QPJOU FMF�
NFOUT UIF JTPQBSBNFUSJD RVBESBUJD TIBQF GVODUJPOT BSF NPEJGJFE CZ TIJGUJOH UIF NJE�TJEF OPEFT UP
UIF RVBSUFS�QPJOU QPTJUJPO BMPOH UIF FEHFT PG FMFNFOUT QPJOUJOH UP UIF DSBDL UJQ� 5IF FNFSHFODF
PG B ���� QPXFS EFQFOEFODF XJUI UIF EJTUBODF GSPN UIF UJQ SFQSPEVDFT UIF TJOHVMBSJUZ EJTQMBZFE
CZ UIF TUSBJO BOE TUSFTT DPNQPOFOUT JO MJOFBS FMBTUJD NBUFSJBMT� *O UIJT DBTF UIF DSBDL�UJQ NFTI DBO
DPOTJTU PG SFGJOFE MBZFST PG RVBESBUJD FJHIU�OPEF FMFNFOUT BOE RVBSUFS�QPJOU FMFNFOUT DPOOFDUFE
UP UIF DSBDL UJQ 	'JH�"��B
� )PXFWFS UIJT DPOGJHVSBUJPO SFQSPEVDFT UIF BOHVMBS EFQFOEFODF PG
UIF OFBS�GJFME TPMVUJPO QPPSMZ TP UIBU UIF SFDPNNFOEFE DIPJDF JT UP BEPQU TJY�OPEF RVBESBUJD FM�
FNFOUT PS EJTUPSUFE FJHIU�OPEF FMFNFOUT BSSBOHFE JO B GBO TIBQF BSPVOE UIF UJQ� 0OF TJEF PG UIF
FMFNFOU JT DPMMBQTFE UP B QPJOU TP UIBU UIF OPEFT IBWF JEFOUJDBM DPPSEJOBUFT 	'JH�"��C
�

crack tip

a b c

hel hel

hel

QPE QPE

crack tip crack tip

Δϑ Δϑ

Figure A.3 Finite element mesh at the crack tip. a Isoparametric eight-node elements and
quarter-point elements (QPE) at the crack tip. b Isoparametric eight-node elements with collapsed
tip elements. c Isoparametric eight-node elements with blunted tip for large strain analyses

7BSJPVT DPNCJOBUJPOT VTJOH DPMMBQTFE FJHIU�OPEF FMFNFOUT BOE NJE�TJEF OPEF TIJGUJOH BSF
FNQMPZFE UP NPEFM EJGGFSFOU NBUFSJBM CFIBWJPVST�

t MJOFBS FMBTUJD NBUFSJBMT� 5IF TUSBJO TJOHVMBSJUZ JT ����� 3FDPNNFOEFE DIPJDF� FJHIU�OPEF
FMFNFOUT XJUI DPMMBQTFE DPJODJEFOU OPEFT BOE NJE�TJEF OPEFT TIJGUFE UP RVBSUFS�QPJOU QP�
TJUJPOT�

t QFSGFDUMZ QMBTUJD NBUFSJBMT� 5IF TUSBJO TJOHVMBSJUZ JT ��� 3FDPNNFOEFE DIPJDF� FJHIU�OPEF
FMFNFOUT XJUI DPMMBQTFE OPEFT MFGU GSFF UP NPWF JOEFQFOEFOUMZ�

t TUSBJO�IBSEFOJOH NBUFSJBMT� 5IF TUSBJO TJOHVMBSJUZ JT QSPQPSUJPOBM UP ݟ
�ݟ˱  �� ݟ	 JT UIF
TUSBJO�IBSEFOJOH QBSBNFUFS
� 3FDPNNFOEFE DIPJDF� FJHIU�OPEF FMFNFOUT XJUI DPMMBQTFE
OPEFT GSFF UP NPWF JOEFQFOEFOUMZ BOE NJE�TJEF OPEFT TIJGUFE UP RVBSUFS�QPJOU QPTJUJPOT�
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A. Appendices

*O MBSHF TUSBJO BOBMZTFT XIFSF TJOHVMBS DSBDL�UJQ GJFMET BSF OPU SFRVJSFE JU JT BEWJTBCMF UP NPEFM
UIF DSBDL UJQ BT B CMVOUFE OPUDI XJUI B TNBMM SBEJVT PG DVSWBUVSF UIF QSFTFODF PG XIJDI TIPVME OPU
JOGMVFODF UIF SFTVMUT 	'JH�"��D
�

5IF TPMVUJPO BDDVSBDZ EFQFOET PO UIF NFTI SFGJOFNFOU UISPVHI UIF DIBSBDUFSJTUJD TJ[F PG UIF
UJQ FMFNFOUT ǽFM BOE UIF BOHVMBS TQBO èਂ� "T HFOFSBM JOEJDBUJPOT XF DBO BTTVNF UP CF TBUJTGBDUPSZ
FMFNFOUT XJUI ǽFM DPNQSJTFE CFUXFFO ����� BOE ���� PG UIF DSBDL MFOHUI BOE BO BOHVMBS TQBOèਂ OPU MBSHFS UIBO ��¡� 5IF FMFNFOU TJ[F NJHIU OFFE UP CF EFDSFBTFE GVSUIFS JG UIF QVSQPTF JT
UP EFTDSJCF UIF OFBS�UJQ TJOHVMBSJUJFT VOEFS TNBMM BQQMJFE MPBET XIFSF UIF [POF EPNJOBUFE CZ UIF
BTZNQUPUJD TPMVUJPO JT FYUSFNFMZ DPODFOUSBUFE BSPVOE UIF UJQ�

Stress intensity factors
5IF TUSFTT JOUFOTJUZ GBDUPS 	4*'
 JO MJOFBS FMBTUJD GSBDUVSF NFDIBOJDT NBZ CF PCUBJOFE GSPN GJOJUF
FMFNFOUT BOBMZTFT FNQMPZJOH UIF FYQSFTTJPOT PG UIF OFBS GJFME TPMVUJPO FJUIFS JO UFSNT PG TUSFTTFT
PS EJTQMBDFNFOUT� 8JUI SFTQFDU UP UIF DPPSEJOBUFT 
�ݣ ਂ� XF IBWF UIF GPMMPXJOH FYQSFTTJPOT 	JO
NPEF�*


݃݁
�ݣ ਂ� � �৲೧�৶ݣ �ݣ
ݚݦ 
ݚݙ�ਂਂ� � 	"���B


݃݁
�ݣ ਂ� � ˹�৶ݣ ৹JK
�ݣ 
ݛݚݘ�ਂਂ� � 	"���C


XIFSF �ݚ ݛ � �� � BSF SFTQFDUJWFMZ UIF UBOHFOUJBM BOE OPSNBM EJSFDUJPOT UP UIF DSBDL BOE 
ݚݙਂ�
ݛݚݘਂ� BSF UIF BOHVMBS GVODUJPOT�
5IF CFTU QSFDJTJPO JT BDIJFWFE VTJOH UIF FYQSFTTJPO JO UFSNT PG EJTQMBDFNFOUT XIJDI BSF OPEBM

WBSJBCMFT JOTUFBE PG TUSFTTFT XIJDI BSF HJWFO BU UIF JOUFHSBUJPO QPJOUT� *O QBSUJDVMBS VTJOH UIF
PQFOJOH EJTQMBDFNFOUT PG OPEFT MPDBUFE BMPOH UIF DSBDL GBDF XF NBZ XSJUF

݃݁ � MJNݣɱୖ �ݣ
ݦ ਂ � ৶� ৰ�৲೧�৶ݣ � 	"���


XIFSF ৰ JT UIF ,PMPTPW�T DPOTUBOU� #FDBVTF UIF SFTVMUT UPP DMPTF UP UIF DSBDL UJQ NJHIU CF JOBDDVSBUF
JU JT VTVBM QSBDUJDF UP PCUBJO ݃݁ UISPVHI B MJOFBS FYUSBQPMBUJPO GSPN UIF NJE�SBOHF OPEFT UPXBSETݣ ɱ � QSPWJEFE UIBU UIFTF BSF TUJMM XJUIJO UIF ,�EPNJOBUFE SFHJPO 	'JH�"��B
� /PUJDF UIBU JG
XF VTF RVBSUFS�QPJOU FMFNFOUT BO BMUFSOBUJWF FYQSFTTJPO DBO CF EFSJWFE EJSFDUMZ GSPN UIF OPEBM
EJTQMBDFNFOUT PG UIF RVBSUFS�QPJOU FMFNFOU����

J-integral computation
5IF + �JOUFHSBM JT B MJOF JOUFHSBM UIBU DBO CF BQQMJFE CPUI UP MJOFBS BOE OPO�MJOFBS QSPCMFNT UP
FWBMVBUF UIF TUSBJO FOFSHZ QFS VOJU PG DSBDL TVSGBDF BSFB� *O FMBTUJD NBUFSJBMT J�F� XIFO FOFSHZ
EJTTJQBUJPO JT OFHMJHJCMF UIF + �JOUFHSBM JT QBUI JOEFQFOEFOU BOE QSPWJEFT B NFBTVSF PG UIF DSBDL
ESJWJOH FOFSHZ JO UIF GPSN PG UIF TUSBJO FOFSHZ SFMFBTF SBUF ܿ� 5IF OVNFSJDBM DPNQVUBUJPO PG UIF
+ �JOUFHSBM JT CBTFE PO UIF FOFSHZ EPNBJO JOUFHSBM NFUIPEPMPHZ��� XIJDI JT JNQMFNFOUFE JO NPTU
DPNNFSDJBM '& TPGUXBSF�

" TUBOEBSE EFGJOJUJPO PG UIF + �JOUFHSBM JO RVBTJ�TUBUJD DPOEJUJPOT DBO CF XSJUUFO BT���

݂ � ഐܻ ൭ݟݏୗ ˱ ݚݦݩୗ ৹JKݛݟ൰ Eݤ� 	"���
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A.4. Finite elements applied to fracture mechanics

XIFSF ݏ JT UIF TUSBJO FOFSHZ EFOTJUZ BOE ݛݟ JT UIF VOJU WFDUPS OPSNBM UP UIF DPOUPVS ܻ�
*G UIF DPOUPVS ܻ CFDPNFT WBOJTIJOHMZ TNBMM UIF OVNFSJDBM TPMVUJPO JT QSPCMFNBUJD BOE B

NPEJGJFE EFGJOJUJPO PG ݂ NJHIU CF JOUSPEVDFE� *O QSBDUJDF XF DPOTJEFS BO BSFB ܹ FODMPTFE CZ BO
JOOFS DPOUPVS ܻୖ BOE BO PVUFS DPOUPVS ܻୗ 	'JH�"��C
� &RVBUJPO 	"���
 JT USBOTGPSNFE JOUP

݂ � ഐܹ ൭ ݚݦݩୗ ৹JK ൰ݚ৪ୗݏ˱ ݢݚݩ Eܹ� 	"���


XIFSF ݢ JT B TNPPUI GVODUJPO UIBU JT FRVBM UP VOJUZ PO ܻୖ BOE WBOJTIFT PO ܻୗ�
*O '& BOBMZTFT UIF JOOFS DPOUPVS ܻୖ JT TISVOL POUP UIF DSBDL UJQ BOE UIF VOJU OPSNBM WFDUPS

JT EFGJOFE UP TQFDJGZ UIF WJSUVBM DSBDL FYUFOTJPO EJSFDUJPO� 5IF CPVOEBSZ PG UIF PVUFS DPOUPVS ܻୗ
TIPVME DPJODJEF XJUI UIF NFTI FEHFT BOE UIF GVODUJPO ݢ JT TQFDJGJFE BU UIF OPEFT PG UIF FMFNFOU
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Figure A.4 a FE computation of the stress intensity factor ݃݁ , showing the optimal range of the
crack-tip distance ݓ�ݣ where to extrapolate the results from. b Sketch of the closed region in which
the J-integral is evaluated, according to the domain integral method
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