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Introduction

This dissertation presents the results obtained during my PhD program in Tec-
nologie dell’Informazione at the University of Parma, in the three years period
2016-2019.

This thesis deals with the generation of the reference speed profile to be fol-
lowed by a mobile robot or an industrial manipulator in order to complete an
assigned task in minimum-time. The speed planning is a non trivial problem.
Indeed, depending on the kind of robot considered and the purpose of the
application, the sought speed profile has to take into account a series of lim-
itations and constraints. For example, the velocity planner of an autonomous
vehicle has to consider the limitations concerning the maximum and minimum
acceleration and deceleration of the vehicle and the maximum speed allowed
by the path, for instance in order to avoid the vehicle’s sideslip, or imposed
by the external environment. Furthermore, the speed planning problem for an
industrial manipulator turns out to be more complex than the mobile robot
one. In particular, the higher the number of degrees of freedom possessed by
the robot, the higher the number of constraints and limitations on the speed
profile have to be considered. Moreover, for the case of industrial manipula-
tors, besides the speed and the acceleration constraints, aspects such as the
dynamics of the robots and the actuators constraints have to be taken into
account.
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The aim of this work is to provide efficient algorithms that are able to re-
turn the optimal minimum-time speed reference profile. The efficiency of the
speed planning algorithm is a mandatory feature when the robot has to oper-
ate in dynamic environments in which the motion replanning can be frequently
requested. For instance, if an autonomous car has to start an overtaking ma-
noeuvre, then the speed profile to be followed has to be immediately planned
satisfying a real-time deadline.

As thoroughly discussed in this work, assuming that the path to be traversed
is assigned, the minimum time speed planning problem can be formulated as
a finite dimensional problem as the following one:

min
x∈Rn

f(x)

gi(x) ≤ 0 i = 1, . . . , p,

where the objective function is the time to be minimized, while the constraints
represent the limitations that are imposed. The literature on the Mathematical
Programming proposes a wide number of solvers, both commercial and open
source, which are able to return a global or, at least, local solution to a finite
dimensional optimization problem. However, such solvers do not exploit the
special structure of speed planning problems and, thus, turn out to require
computing times not compatible with real-time requirements.

This thesis proposes algorithms which exploit the structure of each finite di-
mensional problem formulated in order to get the optimal solution with the
best possible time complexity and trying as much as possible to avoid using
external solvers.

The structure and the main contributions of the thesis are the following.

• In the very first part of the thesis (Chapter 1) some of the fundamental
and more recent results concerning the speed planning problem for mobile
robots and industrial manipulators are presented.
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• In Chapter 2 the minimum-time speed planning problem for a mobile
robot that has to satisfy speed and longitudinal and normal accelera-
tion constraints is solved. Assuming the path to be traversed is a priori
known, the problem is formulated as a nonlinear program by using curvi-
linear discretization. After that, an algorithm that computes the optimal
solution to the problem with linear time complexity is then presented.
The complexity is proved being the best possible for such problem.

• Chapter 3 is an extension of the results presented in Chapter 2. In par-
ticular, the exact continuous-time solution of the minimum-time speed
planning problem is computed without performing a finite-dimensional
reduction. Chapter 3 presents a necessary and sufficient condition for
the feasibility of the minimum-time speed planning problem for a mobile
robot. Moreover it presents a simple functional operator, based on the
the solution of two ordinary differential equations, which computes the
optimal solution. Finally, the properties about the feasible set and about
the functional operator are proved by using the lattice theory.

• Chapter 4 deals with the speed planning problem for industrial manipula-
tors. This problem is somehow related to the one addressed in Chapter 2,
but it is more challenging because of the higher number of constraints.
Indeed, the speed law to be planned has to satisfy constraints on the
speed, the acceleration and the torque for each degree of freedom of the
robot. As for Chapter 2, the addressed optimization problem is the finite-
dimensional reduction obtained by the curvilinear discretization of the
path parametrized with respect to the arc-length. The proposed algo-
rithm in proved to be optimal and it can achieve linear-time complexity
O(np), where n is the number of discretization points and p is the number
of degrees of freedom of the robot. Again the complexity of the proposed
algorithm is proved to be the best possible. Moreover, some implemen-
tation details to speed up the proposed algorithm are provided.

• In the last chapter (Chapter 5) the minimum-time speed planning prob-
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lem for an autonomous vehicles is again solved, but it is updated with
the addition of further constraints. In particular, in order to obtain a suf-
ficiently smooth speed profile, constraints on the second derivative of the
speed are considered. The aim of this chapter is to provide an efficient
algorithm to solve a finite dimensional optimization problem by exploit-
ing as much as possible the results presented in Chapters 2 and 4. The
proposed algorithm is based on a standard line search method based on
the sequential solution of convex problems. The main contribution lies
in the procedure that is proposed to efficiently solve such problems.

Notation

Let us denote R+ the set of nonnegative real numbers and define the extended
real line R̄ = R ∪ {−∞,+∞}. For a vector x ∈ Rn, |x| ∈ Rn+ denotes the
component-wise absolute value of x. Define the norms ‖x‖2 :=

√∑n
i=1 |xi|2

and ‖x‖∞ := max{|x1|, . . . , |xn|}. Define 1 = [1 . . . 1]T . For a, b ∈ R, define
a ∧ b = min{a, b}, a ∨ b = max{a, b}, and for u,v ∈ Rn, define u ∧ v, u ∨ v
as the analogous elementwise maximum and minimum operations. Define the
partial order ≤ on Rn as u ≤ w if ui ≤ wi, i = 1, . . . , n . Given U ⊂ Rn, we
say that u ∈ U is the component-wise maximum of U if u ≥ w, ∀w ∈ U . Fi-
nally, define

∨
U as max{u : u ∈ U} and

∧
U as min{u : u ∈ U} with U ⊂ Rn.

For r ∈ N, we denote by Cr([a, b],Rn) the set of continuous functions from
[a, b] ⊂ R to Rn that have continuous first r derivatives. For f ∈ C1([a, b],R),
f ′ denotes the derivative and notation ḟ is used if f is a function of time. We
set ‖f‖∞ := supi=1,...,n sup{|fi(x)| : x ∈ [a, b]}. We say that f : [a, b] → Rn is
bounded if there exists M ∈ R such that ‖f(x)‖∞ ≤M .

The set of real continuous functions with piecewise-continuous first-order deriva-
tive is denoted by C1

p. Given an interval I = [a, b] and a measurable func-
tion f : I → R, define L∞(I) = {f : I → R : ‖f‖∞ <∞} , and W 1,∞(I) =
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{f ∈ L∞(I) : Df ∈ L∞(I)} , where Df denotes the weak derivative of f . Let
f, g : I → R, define f ∧ g, f ∨ g, as the pointwise minimum and maxi-
mum operations, respectively. Moreover, let us define partial order ≤ as fol-
lows f ≤ g ⇐⇒ (∀x ∈ I) f(x) ≤ g(x). Consider h, g : N → R. We say
that h(n) = O(g(n)), if there exists a positive constant M such that, for all
sufficiently large values of n, |h(n)| ≤M |g(n)|.





Chapter 1

State of the art

An important problem in motion planning is the computation of the minimum-
time motion of an autonomous vehicle or a robotic manipulator from a start
configuration to a target one while avoiding collisions and satisfying kinematic,
dynamic and mechanical constraints ( for instance, on velocities, accelerations,
torques and maximal steering angles). In literature this problem is approached
in two ways: asminimum-time trajectory planning problem where both the path
to be followed by the robot and the timing law on this path (i.e., the robot’s
velocity) are simultaneously designed, or as a decoupled problem where a (ge-
ometric) path planning problem is followed by a minimum-time speed planning
on the planned path [1, 2, 3].

In general, the first paradigm requires the solution of a complex problem
with an high computational cost [4]. The latter paradigm, which is known as
path-velocity decomposition [2, 3], is a sub-optimal approach with respect to the
former. In path planning, an high-level planner determines the geometric path
that has to be followed by the robot taking into account obstacle avoidance and
kinematic constraints. For instance, to comply with the vehicle’s nonholonomic
constraints, the planned path must have a certain geometric continuity and
satisfy geometric interpolation conditions at its endpoints [5, 6, 7]. Moreover,
in the case of industrial manipulators the planned path must also avoid or
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handle kinematic singularities [8]. After that, the speed planner determines the
speed of the robot along the path without violating actuator constraints.The
decoupled paradigm is easier to implement in real-time when the robot’s motion
supervisor uses a sensor-based iterative motion planning [9, 5]. Moreover, if a
very efficient speed planning methods is used, then there could be benefits for
the overall motion planning. For instance, speed and path planning tasks can be
iteratively solved, modifying the geometric path after each speed planning [10].

In this thesis, the path-velocity decomposition paradigm is followed and a
path that joins the initial and the final configuration is assumed to be assigned
compatibly with the type of the robot considered. About minimum time speed
planning, literature collects different approaches that can be applied either to
mobile robots, for instance an autonomous vehicles, or to industrial manipu-
lators.

For mobile robots like autonomous vehicles, an almost time-optimal speed
planning on a given path based on ternary polynomials is presented in [11].
Moreover, a simple solution based on root extraction of a quartic equation
is reported in [12] emphasizing arbitrary speed/acceleration boundary condi-
tions. Then, a more elaborate solution based on time discretization is presented
in [13]. It uses a sequence of linear programming feasibility tests to obtain a
minimum-time speed profile with constraints on velocities, accelerations and
jerks. However, these works do not explicitly consider the constraint on the
maximum normal (centripetal) acceleration of the vehicle. This constraint is
central to prevent the vehicle from sideslipping, especially when high curva-
tures and velocities may be present. An early work considering this constraint
is [14] which presents an algorithm using linear profiles for the longitudinal
accelerations. Other works addressing this issue are [15], [16], [17], [18]. Solea
and Nunes [15] achieve a solution with an algorithm based on the five-splines
scheme of [19]. Villagra et al. [16] propose a closed-form speed profiler by using
the elementary speed profiles provided in [20]. The speed planning of Chen et
al. [17] is composed of simple linear or quadratic speed profiles. Li et al. [18]
propose the generation of a speed profile on the curvilinear frame (i.e., a speed
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as a function of the path’s arc-length) taking into account maximal normal
and longitudinal accelerations and maximal brake decelerations. Other works
also consider constraints that come from the dynamic of the vehicles [21], and
comfort and safety requirements [22, 23, 24]. Reference [22] solves a speed
planning problem which, besides considering constraints on maximum longi-
tudinal and normal acceleration and maximum speed, is subject to a further
Lipschitz condition on the acceleration in order to get a smooth speed profile.
In this case the authors propose an efficient algorithm suitable for real-time
implementation which exploits the structure of the problem. Besides, Raineri
et al. [23, 24] consider a speed planning problem subject to a jerk limitation
and a position-dependent speed bound. Even tough the authors propose an
heuristic approach, the methods they present are experimentally proved to be
suitable for real-time implementation in an industrial scenario.

Some other works directly solve in continuous-time the speed planning for
mobile robots, namely they provide an analytical or semi-analytical solution.
In particular, reference [25] proposes a semi-analytical optimal solution of the
speed planning problem. It presents an algorithm that, as a first step, identi-
fies some specific points on the path curvature profile (e.g., points of minimum
curvature radius and points between which the curvature is constant or mono-
tone). After that, from each of these points, the algorithm computes two speed
profiles by using a forward and a backward integration scheme, assuming that
the vehicle is moving with the maximum allowed acceleration or deceleration.
Finally, the optimal solution is obtained by computing the point-wise minimum
among all the computed speed profiles. References [26, 27] propose a similar
methodology under the assumption that the path is composed of a sequence
of clothoids. As a first result, they provide the optimal speed profile for a sin-
gle clothoid satisfying lateral and longitudinal speed limitations and boundary
conditions. They exploit this result to compute the optimal speed profile for a
sequence of clothoids. The algorithm in [26] and [27] starts with the accelera-
tion profile which saturates the maximum speed constraints, then lowers this
profile by taking into account the longitudinal acceleration constraints. Finally,
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with a forward and a backward sweep it computes the optimal speed-law.

For what concerns the minimum time speed planning for the industrial ma-
nipulators, there are mainly three different families of speed profile generation
methods: Numerical Integration, Dynamic Programming, and Optimization-
based. Note that the same approaches can be also applied to the case of au-
tonomous vehicles.

References [28, 29] are among the first works that address this problem by
the Numerical Integration approach. In particular, they find the time-optimal
speed law as a function of arc-length and not as a function of time (see also
[30]). This choice simplifies the mathematical structure of the resulting problem
and has been adopted by most of successive works. In [28, 29] the optimization
problem is solved with iterative algorithms. In particular, reference [28] finds
the points in which the acceleration changes sign using the numerical integra-
tion of the second order differential equations representing the motions ob-
tained with the maximum and minimum possible accelerations. Reference [29]
is based on geometrical considerations on the feasible set. This approach has
some limitations due to the determination of the switching points that is the
main source of failure of this approach (see [31, 32]). For recent results on
Numerical Integration see [33, 34, 35, 36]. For instance, [35] considers the case
of redundant manipulators, while [36] extends the applicability of the above
cited approach to the case including constraints on the jerk and torque rate.

In the Dynamic Programming approach, the problem is solved with a finite
element approximation of the Hamilton-Jacobi-Bellman equation (see [37, 38,
39]). The main difficultly with this approach is the high computational time
due to the need of solving a problem with a large number of variables [40].

The Optimization-based approach is based on the approximation of the
speed planning problem, which turns out to be an infinite dimensional op-
timization problem, with a finite dimensional one obtained through spatial
discretization. Reference [41] is one of the early works using this approach. It
shows that speed planning problem including speed acceleration and torque
constraints becomes convex after a change of variables and that a discretized
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version of the problem is a Second-Order Cone Programming (SOCP) prob-
lem [42]. This approach has the advantage that the optimization problem can
be tackled with available solvers or by using an interior point algorithm (e.g.
see [43, 42]). However, the convex programming approach could be inappropri-
ate (see for instance [33]) for online motion planning since the computational
time grows rapidly (even if still polynomially) with respect to the number of
samples in the discretized problem. Subsequent works, starting from [41], pro-
pose algorithms that reduce the computational time (see [44, 45]). To reduce
computational time, reference [44] proposes an approach based on Sequential
Linear Programming (SLP). Namely, the algorithm proposed in [44] sequen-
tially linearizes the objective function around the current point, while a trust
region method ensures the convergence of the process. Further, [45] shows that,
using a suitable discretization method, the time optimal speed profile can be
obtained by Linear Programming (LP) with the benefit of a lower computa-
tion time with respect to convex solvers. Recently, reference [46] has proposed
a novel approach to the speed planning. In particular it proposes a forward
and backward approach that requires the computation of a sequence of linear
programs. However, the solution returned is proved being optimal under the as-
sumption that no zero-inertial points occur [31]. This work is widely discussed
in Section 4.3.2 since presents some similarities with the approach proposed
in the this thesis. Furthermore, references [47, 48] extend the approach pro-
posed by [41] to different scenarios. In particular, [47] amends the minimum
time problem including jerk, speed dependent and torque rate constraints. The
resulting problem loses the convexity property, however the authors propose
an iterative algorithm based on the sequential solution of convex problems to
find a local solution. With a similar solution [48] applies the sequential convex
approach of [47] to the waiter problem.





Chapter 2

An optimal complexity
algorithm for minimum-time
speed planning

We consider the speed planning problem for a wheeled robot. In particular, we
present an algorithm for finding the time-optimal speed law along an assigned
path that satisfies speed and longitudinal and normal acceleration constraints.
The addressed optimization problem is a finite dimensional reformulation of
the continuous-time speed optimization problem, obtained by discretizing the
speed profile with n points. The proposed algorithm has linear complexity with
respect to n which is the best possible for this problem.

2.1 Problem formulation

We consider a wheeled robot which has to follow a given Cartesian path from
a current configuration to a future desired one (see Figure 2.1). Let sf be the
total length of the path, we require to travel this distance in minimum-time
while satisfying constraints on the speed and on the longitudinal and normal
acceleration of the vehicle.
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Start configuration

Final configuration

Figure 2.1: A path to follow for an autonomous car-like vehicle.

By denoting tf the time to travel the path, the problem can be approached
by searching a speed profile v(t) ∈ C1

p[0, tf ] as the solution of the following
problem

Problem 1 (Minimum-time problem in continuous time).

min
v∈C1

p [0,tf]
tf

such that

s(tf) = sf with s(t) :=

∫ t

0
v(ξ)dξ,

v(0) = vs, v(tf) = vf, (2.1)

0 ≤ v(t) ≤ vmax, t ∈ [0, tf], (2.2)

aLmin ≤ v̇(t) ≤ aLmax, t ∈ [0, tf], (2.3)

v2(t)|k(s(t))| ≤ aNmax, t ∈ [0, tf] . (2.4)

Equalities (2.1) are the interpolation conditions where vs is the vehicle’s
start speed and vf is the assigned final speed at the path end. Inequalities (2.2)
impose that the speed cannot be negative (i.e., the vehicle cannot go backward
along the planned path) and does not exceed the maximum value vmax. Con-
straints (2.3) limit the maximum and minimum longitudinal accelerations by
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aLmin < 0 and aLmax > 0 whereas inequality (2.4) imposes the upper bound
aNmax > 0 on the absolute value of the normal acceleration. In Inequality (2.4)
k is the curvature of the path.

A difficulty in addressing Problem 1 lies in the normal acceleration con-
straint (2.4). In this form, it is a nonlinear constraint that makes difficult to
find a global solution. With the aim to overcome this difficulty we propose a
problem reformulation based on the arc-length parametrization and a change
of variables (see [41]).

Let γ ∈ C2([0, sf ],R2) be a function such that ‖γ ′(λ)‖ = 1,∀λ ∈ [0, sf ].
with sf be the length of γ. The image set γ ([0, sf ]) represents the path followed
by a vehicle, γ(0) the initial configuration and γ(sf ) the final one. We want to
compute the speed-law that minimizes the overall transfer time while satisfying
some kinematic and dynamic requirements. To this end, let λ : [0, tf ]→ [0, sf ]

be a differentiable monotone increasing function that represents the vehicle
position as a function of time and let v : [0, sf ] → [0,+∞] be such that
(∀t ∈ [0, tf ]) λ̇(t) = v(λ(t)). In this way, v(s) is the vehicle speed at position
s. The position of the vehicle as a function of time is given by x : [0, tf ]→ R2,
x(t) = γ(λ(t)), the velocity and acceleration are given by

ẋ(t) =γ ′(λ(t))v(λ(t)),

ẍ(t) =γ ′′(λ(t))[v(λ(t))]2 + γ(λ(t))v′(λ(t))v(λ(t)).

Note that we can decompose γ ′′(λ(t)) in the following way

γ ′′(λ(t)) = 〈γ ′′(λ(t)),γ ′(λ(t))〉γ ′(λ(t)) + 〈γ ′′(λ(t)),γ ′(λ(t))⊥〉γ ′(λ(t))⊥.

Since by initial hypothesis we have that (∀λ ∈ [0, sf ]) ‖γ ′(λ)‖ = 1, we can
easily show that

〈γ ′′(λ(t)),γ ′(λ(t))〉 = 0.

and rewrite the second derivative as

ẍ(t) = aL(t)γ ′(λ(t)) + aN (t)γ ′⊥(λ(t)),
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where aL(t) = v′(λ(t))v(λ(t)) and aN (t) = k(λ(t))v(λ(t))2 are the longitudinal
and normal components of acceleration, respectively. Here k : [0, sf ] → R is
the scalar curvature, defined as k(s) =

〈
γ ′′(s),γ ′(s)⊥

〉
.

Consider the following change of variables where, (∀s ∈ [0, sf ]) we set

aL(s) = v′(s)v(s), w(s) = v(s)2, (2.5)

and note that
w′(s) = 2aL(s). (2.6)

The traversed time to be minimized is then defined as

tf =

∫ tf

0
1 dt =

∫ sf

0
v(s)−1 ds =

∫ sf

0
w(s)−1/2 ds.

Then, Problem 1 can be rewritten as follows:

Problem 2 (Minimum-time problem with arc-length parametrization).

min
w∈C1

p([0,sf ])

∫ sf

0
w(s)−1/2 ds

such that

w(0) = v2
s , v(tf ) = v2

f ,

0 ≤ w(s) ≤ v2
max, s ∈ [0, sf ],

2aLmin ≤ w′(s) ≤ 2aLmax, s ∈ [0, sf ],

w(s)|k(s)| ≤ aNmax, s ∈ [0, sf ]

Note that Problem 2 is a simplified version of the problem formulated in [41]
for an industrial robot manipulator. Then, thanks to arc-length parametriza-
tion and the change of variables (2.5)-(2.6) we have obtained an optimization
problem which is convex.

In this chapter we are not interested in finding the exact optimal solution
to Problem 2 but we want to find an approximated solution based on a finite
dimensional approximation. For this reason, we uniformly divide the path into
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n−1 elementary path parts, each one of length h := sf/(n−1). We denote the
endpoints of these elementary parts as γi, i = 1, 2, . . . , n (γ1 and γn are the
starting and final points respectively). Let wi be the squared vehicle’s speed at
point γi. Then, the average speed on the i-th path part (between γi and γi+1)
is (
√
wi +

√
wi+1)/2 and the corresponding travel time is

ti :=
2h

√
wi +

√
wi+1

.

Therefore, the total time to travel the complete path is

tf =
n−1∑
i=1

ti = 2h
n−1∑
i=1

1
√
wi +

√
wi+1

.

At point γi, let si be the arc length, then longitudinal acceleration on the i-th
part of the path can be obtained using the forward Euler approximation as
follows

w′i =
wi+1 − wi

h

while the normal acceleration is wik(si).
With this discretization, the addressed planning problem is to find a square

speed sequence w∗ := (w∗1, . . . , w
∗
n) ∈ Rn that is the optimal solution of the

following problem

min
w∈Rn

2h
n−1∑
i=1

1
√
wi +

√
wi+1

such that

w1 = v2
s , wn = v2

f

0 ≤ wi ≤ v2
max, i = 1, . . . , n

2haLmin ≤ wi+1 − wi ≤ 2haLmax, i = 1, . . . , n− 1,

wi|k(si)| ≤ aNmax, i = 1, . . . , n.



18
Chapter 2. An optimal complexity algorithm for minimum-time

speed planning

Define ki := k(si), lB := 2haLmin, uB := 2haLmax (from the assumptions,
note that lB < 0 and uB > 0 necessarily), and

ui := min

{
v2
max,

aNmax
|ki|

}
, i = 1, . . . , n.

Then, the minimum-time problem can be summarized as follows

Problem 3 (minimum-time speed planning problem).

min
w∈Rn

2h
n−1∑
i=1

1
√
wi+1 +

√
wi

(2.7)

such that

w1 = v2
s , wn = v2

f (2.8)

0 ≤ w ≤ u, (2.9)

wi+1 − wi ≤ uB, i = 1, . . . , n− 1, (2.10)

wi − wi+1 ≤ −lB, i = 1, . . . , n− 1 . (2.11)

The feasible set of Problem 3 is a non-empty set since w = 0 is a feasible
solution, if we assume vs = vf = 0. Since Problem 3 is convex, we can easily
find a solution with an interior point method [41].

2.2 Solution algorithm for a class of optimization
problems

In this section we present a special class of optimization problems and an
algorithm that finds their optimal solution. After that, we show how this op-
erator can be easy converted in a simple three phases algorithm which has
time-optimal complexity.

Consider the following optimization problem
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Problem 4 (Generalized problem).

min
v∈Rn

Ψ(v) (2.12)

such that

v− ≤ v ≤ v+ (2.13)

gi(vi−1, vi) ≤ 0, i = 2, . . . , n (2.14)

ri(vi, vi+1) ≤ 0, i = 1, . . . , n− 1, (2.15)

with the following assumptions:

Assumption 1. i. Ψ : Rn → R̄ is a monotonic decreasing function (i.e.,
v ≥ w implies Ψ(v) ≤ Ψ(w)).

ii. For i = 2, . . . , n, gi(x, y) : R × R → R̄m1 is monotonic non decreasing
with respect to y and monotonic non increasing with respect to x, while,
for i = 1, . . . , n− 1, ri(x, y) : R×R→ R̄m2 is monotonic non decreasing
with respect to x and monotonic non increasing with respect to y. Here,
m1, m2 are positive real numbers.

For i = 2, . . . , n define function ϕi : R̄→ R̄, such that ϕi(−∞) = −∞ and,
if x ∈ R

ϕi(x) =

−∞, if {y ∈ R : gi(x, y) ≤ 0} is empty

sup{y ∈ R ; gi(x, y) ≤ 0} otherwise

Similarly, for i = 1, . . . , n − 1 define function ρ : R̄ → R̄, such that ρ(−∞) =

−∞ and, if y ∈ R

ρi(x) =

−∞, if {y ∈ R : ri(x, y) ≤ 0} is empty

sup{y ∈ R ; ri(x, y) ≤ 0} otherwise

Note that ϕ and ρi are monotone non decreasing functions.
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Assumption 2. Superiority conditions:

i = 2, . . . , n, ∀ x : v−i ≤ x ≤ v
+
i , ϕi(x) ≥ x,

i = 1, . . . , n− 1, ∀ x : v−i ≤ x ≤ v
+
i , ρi(x) ≥ x.

Set P = R̄n, note that < P ;∧,∨ > is a complete lattice. Hence, for each
subset S ⊆ P exists the unique least upper bound x ∈ P , such that

(y ∈ P ) [((∀s ∈ S) s ≤ y) ⇐⇒ x ≤ y]

The least upper bound of S is denoted by
∨
S (see Definitions 2.1, 2.4 and

Notation 2.3 on pages 33–34 of [49]).
Define functions F,B,M : P → P , such that, for u ∈ P , F (u), B(u) are

given by the solutions of the difference equations

F (u) =

f1 = u1

fi = ϕi(fi−1) ∧ ui, i = 2, . . . , n
,

B(u) =

bn = un

bi = ρi(bi+1) ∧ ui, i = n− 1, . . . , 1 ,

and

M(u) = F (u) ∧B(u).

We will refer to the following definitions.

Definition 1. A function φ : P → P is meet-preserving if, ∀x,y ∈ P ,

φ(x ∧ y) = φ(x) ∧ φ(y) .

Definition 2. A function φ : P → P is order preserving if, ∀x,y ∈ P ,

x ≤ y⇒ φ(x) ≤ φ(y) .

Proposition 1. Functions F , B,M are meet-preserving and order preserving.



2.2. Solution algorithm for a class of optimization problems 21

Proof. Let u,v ∈ P . Let a = F (u), b = F (v), c = F (u ∧ v). We prove that
c = a ∧ b, by induction. First, note that c1 = a1 ∧ b1, then, assume that ck =

ak ∧ bk, k = 1, . . . , i−1. Then, since ϕi is a monotonic nondecreasing function,
ci = ϕi(ai−1∧bi−1)∧ui = (ϕi(ai−1)∧ui)∧ϕi(bi−1)∧ui) = ai∧bi. The proof that
B(u∧v) = B(u)∧B(v) is analogous. Finally,M(u∧v) = F (u∧v)∧B(u∧v) =

F (u) ∧ F (v) ∧ B(u) ∧ B(v) = F (u) ∧ B(u) ∧ F (v) ∧ B(v) = M(u) ∧M(v).
Since maps F,B,M are meet-preserving, they are also order preserving (see
Proposition 2.19 on page 44 of [49]).

Proposition 2. Function M satisfies the following properties, ∀u ∈ Rn,
a) M(u) ≤ u,
b) M(M(u)) = M(u).

Proof. a) It is a consequence of the definition of M .
b) Let f = F (u), b = B(u), m = M(u), a = F (M(u)), c = B(M(u)).

We prove that a = m, analogously it can be proved that c = m, which
implies the thesis. Note that a1 = m1, by induction assume that ak = mk,
k = 1, . . . , i − 1, then ai = ϕi(ai−1) ∧ mi = ϕi(mi−1) ∧ mi = ϕi(fi−1 ∧
bi−1) ∧ (fi ∧ bi) = (ϕi(fi−1) ∧ fi) ∧ (ϕi(bi−1) ∧ bi) = fi ∧ (ϕi(bi−1) ∧ bi), where
we have used the fact that ϕi(fi−1) ≥ fi, that follows from the definition
fi = ϕi(fi−1) ∧ ui. By definition of bi−1, we have bi−1 = ρi−1(bi) ∧ ui−1, so
that ai = fi ∧ (ϕi(ρi−1(bi) ∧ ui−1) ∧ bi) = fi ∧ ϕi(ρi−1(bi)) ∧ ϕi(ui−1) ∧ bi. By
Assumptions 2, we have that

ϕi(ρi−1(bi)) ≥ bi.

Being ϕi monotonic non-decreasing, since ui−1 ≥ fi−1, and using again the
fact that ϕi(fi−1) ≥ fi, we have that

ϕi(ui−1) ≥ ϕi(fi−1) ≥ fi.

Then, it follows that:

ai = fi ∧ ϕi(ρi−1(bi)) ∧ ϕi(ui−1) ∧ bi = fi ∧ bi = mi.
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Proposition 3.

M(v+) =
∨
{x ∈ P : x ≤M(x), x ≤ v+}

Proof. Set U = {u ∈ P : u ≤ v+} , note that < U ;∨,∧ > is a sublattice
of < P ;∨,∧ >, moreover by (a) of Proposition 2, if x ∈ U , then M(x) ∈ U .
Since M is order preserving by Proposition 1, by the Knaster-Tarski Fixpoint
Theorem (Theorem 2.35 on page 50 in [49])

x∗ =
∨
{x ∈ P : x ≤M(x), x ≤ v+}

is such that x∗ = M(x∗), moreover x∗ is the greatest fixed point of M such
that x∗ ∈ U . By b) of Proposition 2, x = M(v+) is also a fixed point of
M , thus , by definition of x∗, x ≤ x∗. To prove that x∗ = x it remains to
show that x∗ ≤ x. To this end assume, by contradiction, that x∗ � x. Since
x∗ = M(x∗), x = M(v+) and M is order preserving, it follows that x∗ � v+,
which contradicts the definition of x∗.

Proposition 4. The following two statements are equivalent
i) Set {x ∈ P : x = M(x), v− ≤ x ≤ v+} is not empty,
ii) M(v+) ≥ v−.

Proof. ii)⇒ i) It follows from the fact that x∗ = M(v+) is such thatM(x∗) =

x∗ by b) of Proposition 2.
i) ⇒ ii) By contradiction, assume that M(v+) � v−. Choose any z ∈ P

such that z = M(z) and z ≤ v+. By Proposition 3, M(z) ≤ M(v+), hence
z ≤ M(v+) � v− so that z � v−. Thus, being z generic, set {x ∈ P : x =

M(x), v− ≤ x ≤ v+} is empty.

Proposition 5. Set v ∈ P , then v is feasible for Problem 4 if and only if
v− ≤ v ≤ v+ and M(v) = v.
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Proof. ⇒) Assume that v is feasible for Problem 4, we first prove that F (v) =

v. Let f = F (v), note that f1 = v1, by induction, assume that fk = vk,
k = 1, . . . , i−1. By feasibility, gi(vi−1, vi) ≤ 0, so that ϕi(vi−1) = max{y ∈ R :

gi(vi−1, y) ≤ 0} ≥ vi and fi = ϕi(fi−1) ∧ vi = ϕi(vi−1) ∧ vi = vi. Analogously,
we prove that B(v) = v. Then, by definition ofM ,M(v) = v. Moreover, since
v satisfies the bounds of Problem 4, v− ≤ v ≤ v+.
⇐) Assume M(v) = v and set f = F (v), b = B(v). Note that f1 = v1.

Moreover, for i = 2, . . . , n, fi ≥ fi ∧ bi = vi, further, fi = ϕi(fi−1) ∧ vi ≤
vi, hence fi = vi and F (v) = v. Analogously, B(v) = v. Then F (v) = v,
implies that, for i = 2, . . . , n, vi = γi(vi−1) ∧ vi, so that vi ≤ ϕi(vi−1) and
gi(vi−1, vi) ≤ 0, hence constraint (2.14) is satisfied. Analogously, B(v) = v
implies that (2.15) holds.

Proposition 6. Problem 4 is feasible if and only if M(v+) ≥ v−.

Proof. It is a consequence of Propositions 4 and 5.

Proposition 7. If Problem 4 is feasible, then v∗ = M(v+) is its optimal
solution.

Proof. By contradiction, assume that there exists ṽ such that Ψ(ṽ) ≤ Ψ(v∗)and,
by Proposition 5 M(ṽ) = ṽ. Then, since Ψ is monotonic, ṽ � v∗. This is not
possible since v∗ =

∨
{x ∈ P : x ≤M(x), x ≤ x+} ≥ ṽ by Proposition 3.

Remark 1. It is straightforward from the definition of M that the output v∗

of Algorithm 1 satisfies v∗ = M(v+).

Algorithm 1 consists in a sequence of three iterations. We call forward it-
eration the iteration representing the function F , backward iterations the iter-
ation representing the function B, finally we name meet iteration the iteration
of minimum component-wise executed by the function M .

The following ones are the main results of the chapter.
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Algorithm 1: Solution of Problem 4
input : v−, v+, ϕi, , i = 1, . . . , n, ρi, i = n− 1 . . . , 1

output: v∗, Feasible
1 f1 ← v+

1

2 for i ← 2 to n do
3 fi = ϕi(fi−1) ∧ v+

i

4 bn ← v+
n

5 for i ← n− 1 to 1 do
6 bi = ρi(bi+1) ∧ v+

i

7 for i ← 1 to n do
8 v∗i = fi ∧ bi

9 if v∗ ≥ v− then
10 Feasible ← True

11 else
12 Feasible ← False
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Theorem 1. The following statements hold:

i) Problem 4 is feasible if and only if vector v∗, returned by Algorithm 1,
satisfies condition

v∗ ≥ v− .

ii) If Problem 4 is feasible, then vector v∗, returned by Algorithm 1, is the
optimal solution.

iii) If Problem 4 is feasible, then vector v∗, returned by Algorithm 1, is the
component-wise maximum of the feasible set of Problem 4.

Proof. Theorem 1 is equivalent to Propositions 6, 7 and 3.

Theorem 2. Algorithm 1 solves Problem 4 with linear time complexity with
respect to the number of variables n. Moreover, such complexity is optimal.

Proof. The time complexity of Algorithm 1 is linear with respect to n, since it
is composed of three iterations on n. This is optimal in the sense that the time
complexity of any algorithm able to solve Problem 4 is bounded from below
by the O(n) time required to load the problem data.

2.3 Solution of the speed planning problem

In this section we show how to apply the results shown in Section 2.2 to
Problem 3. To this end we introduce the following proposition.

Proposition 8. Problem 3 belongs to the class of Problem 4.

Proof. Problem 3 takes on the form of Problem 4 by setting v−1 = v+
1 = v2

s ,
v−n = v+

n = v2
f , for i = 2, . . . , n − 1, v−i = 0, v+

i = ūi, m1 = 1, m2 = 1 and
Ψ(v) =

∑n−1
i=1 h(vi, vi+1) with

h(x, y) =


1√

x+
√
y

if x ∧ y ≤ 0, x ∨ y > 0

∞ otherwise
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gi(x, y) = y − x− uB, ϕi(x) = (x+ uB) ∧ ui, i = 2, . . . , n,

ri(x, y) = (−y + x+ lB), ρi(y) = (y − lB) ∧ ui, i = 1, . . . , n− 1 .

Note that the superiority conditions (see Assumption 2) are also satisfied.
Indeed, being uB > 0 (this is due to the definition of uB in terms of aLmax,
which is assumed to the positive in the initial problem formulation) we have
that

ϕi(x) = x+ uB > x, , i = 1, . . . , n− 1

In the same way we can prove that ρi(x) > x, i = n, . . . , 2 holds too.

After we have proved that Problem 3 belongs to the class of Problem 4
we can specialize Algortihm 1 to the case of Problem 3 (see Algorithm 2). In
particular,F and B can be written as follows

F (u) =

f1 = v2
s

fi = (fi−1 + uB) ∧ ui i = 2, . . . , n,

B(u) =

b1 = v2
f

bi = (bi+1 − lB) ∧ ui i = n− 1, . . . , 1.

Remark 2. Due to the statements of Theorem 1, we claim that Algorithm 2 is
able to check the feasibility of Problem 3 and that, in case the problem is feasible,
vector w∗ = M(u) represents its optimal solution. Moreover, by Theorem 2 it
follows that Algorithm 2 has time-optimal complexity.

2.4 Examples

Example 1 As a first example consider a continuous curvature path (see [6])
composed of a line segment, a clothoid, a circle arc, a clothoid and a final
line segment (see Figure 2.2). The minimum-time speed planning on this path,
whose total length is sf = 90 m (see Problem 3), is addressed with the following
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Algorithm 2: Minimum-time speed planning
input : v2

s , v
2
f , uB, lB, ui, i = 1, . . . , n

output: w∗, Feasible

1 f1 ← v2
s

2 for i ← 2 to n do

3 fi = min
{
fi−1 + uB, ui

}
4 bn ← vf

5 for i ← n− 1 to 1 do

6 bi = min
{
bi+1 − lB, ui

}
7 for i ← 1 to n do

8 w∗i = min
{
fi, bi

}
9 if v∗1 = v2

s and v∗n = v2
f then

10 Feasible ← True

11 else
12 Feasible ← False
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Figure 2.2: Example 1: a simple continuous curvature path.

data. The initial and final velocities are vs = 4 ms−1 and vf = 2ms−1, the
maximal speed is vmax = 15 ms−1, the longitudinal acceleration limits are
aLmin = −1.5 ms−2 and aLmax = 1.5 ms−2, and the maximal normal acceleration
is aNmax = 1 ms−2.

The number of samples is chosen as n = 500. Figures 2.3-2.4 and 2.5 show
the corresponding functions F , B and M computed as the solution of the
forward, backward, and meet iteration respectively. Figure 2.6 shows the final
optimal speed profile computed through the meet operator w∗ = M(u) . This
solution corresponds to the minimum-time t∗f = 16.53 s. Note that the vehicle
starts from speed vs and accelerates to a local maximum speed. Then, it slows
down before the beginning of the curve, in order to respect the maximum speed
constraint due to the lateral acceleration on the curve. At the end of the curve,
the vehicles accelerates and reaches a second local maximum speed after which
it decelerates in order to reach the final speed vf .
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Figure 2.3: Example 1 (Forward iteration): The red line represents the upper-
bound u allowed along the path while the blue line represents the square speed
sequence f1, . . . , fn computed after Forward iteration F .

Example 2 Consider the same path and constraints as in Example 1, with
different initial and final conditions: vs = 4 ms−1, vf = 15 ms −1. Figure 2.7
shows vector w∗ obtained with Algorithm 2. In this case, Problem 3 is unfeasi-
ble by Theorem 1, being w∗n 6= v2

f . In fact, the allowed maximum longitudinal
acceleration is not sufficient to reach the final condition on speed.

Example 3 As a third example, consider a speed planning on a G2-path
composed with η2-splines [5] (see Figure 2.8). A single η2-spline is a quintic
polynomial curve that can interpolate given Cartesian points with associated
unit tangent vectors and curvatures. The path in Figure 2.8 is composed by
three η2-splines whose interpolating data is reported in Table 2.1: the θ’s are
the angles between the x-axis and the unit tangent vectors and the k’s are the
curvatures. The η parameters of these splines, which are free parameters to
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Figure 2.4: Example 1 (Backward iteration): The red line represents the up-
perbound u allowed along the path while the green line represents the square
speed sequence b1, . . . , bn computed after Backward iteration B.

shape the spline path without affecting the interpolating conditions, are chosen
as η1 = η2 = 50 and η3 = η4 = 0.

This planned path, which has total length sf = 153.05 m, is composed of
a lane-change path, an approximate clothoid, and an approximate circle arc
(first, second, and third spline respectively). The speed planning is addressed
with vs = vf = 0, a maximal speed vmax = 36.1 ms−1, longitudinal acceleration
limits aLmin = −10.5 ms−2, aLmax = 4 ms−2, and maximal normal acceleration
aNmax = 7 ms−2. Algorithm 2 is applied with n = 100 achieving the minimum-
time t∗f = 11.35 s. The resulting optimal speed profile is plotted in Figure 2.9.

Computational experiments In this paragraph we want to evaluate the
performance of Algorithm 2. In Section 2.3 we showed that Problem 3 be-
longs to the class of Problem 4. Since Problem 4 requires a decreasing objec-
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Figure 2.5: Example 1 (Meet iteration): In black the output of Algorithm 2
(the optimal solution b∗) is shown starting from the sequences f1, . . . , fn and
b1, . . . , bn previously computed.

Table 2.1: Interpolating data of the G2-path.

x y θ k

m m rad m−1

pA 0 0 0 0
pB 50.00 15.00 0 0
pC 98.76 23.19 0.50 1/50
pD 124.67 63.53 1.50 1/50

tive function with respect the decision variables, we can substitute the convex
function (2.7) with the following linear one: Ψ(w) = −

∑n
i wi. This change of

objective function allows us to use a linear solver (for instance Gurobi [50])
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Figure 2.6: Example 1 (Final result): The red line represents the maximum
speed allowed along the path while the black line is the approximated optimal
solution the minimum time speed planning problem

to compute the optimal solution of Problem 3. Using the same experimental
data of Example 2.4, we find the solution to Problem 3 with two different
approaches:

• using the LP solver Gurobi [50] which solves the LP reformulation of
Problem 3.

• using a C++ implementation of Algorithm 2.

The results are presented in Figure 2.10 for values of n from 100 to 100,000.
Such results show that Algorithm 2 outperforms the commercial LP solver
used. We measured the performance on a Macbook Pro equipped with an 2.3
GHz Intel Core i5.
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Figure 2.7: Example 2 (Join iteration): In black the output of Algorithm 2 is
shown starting from the sequences f1, . . . , fn and b1, . . . , bn previously com-
puted. The final speed condition is not satisfied w∗n 6= v2

f .
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Figure 2.8: Example 3: A G2-path composed of η2-splines [5].



34
Chapter 2. An optimal complexity algorithm for minimum-time

speed planning

0 20 40 60 80 100 120 140 160
0

5

10

15

20

25

30

35

Figure 2.9: Example 3: The red line represents the maximum speed allowed
along the path and the black line plots the optimal speed profile.
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Figure 2.10: Computational Results: the red line represents the Gurobi’s com-
putational time, while the blue one represents the computational time of Al-
gorithm 2





Chapter 3

A solution of the minimum-time
continuous speed planning
problem based on lattice theory

In Chapter 2 we found an approximated solution to a minimum time speed
planning problem for an autonomous vehicle. In particular, we exploited the
arc-length parametrization and a change of variables to formulate a convex
problem. This problem has been discretized and efficiently solved using a suit-
able optimal time-complexity algorithm.

The aim of this chapter is to show that the same reasoning based on the
lattice theory which we adopted in Chapter 2 can be used to find the continu-
ous time solution to the speed planning problem. We present a necessary and
sufficient condition for the feasibility of the problem and a simple operator,
based on the solution of two ordinary differential equations, which computes
the optimal solution. Theoretically, we show that the problem feasible set, if
not empty, is a lattice, whose supremum element corresponds to the optimal
solution.
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3.1 Problem formulation

Following the same reasoning used in Section 2.1 we recall that the minimum
time speed planning problem for an autonomous vehicle can be formulated as
follows

Problem 5.

min
w∈W 1,∞([0,sf ])

sf∫
0

w(s)−
1
2ds (3.1a)

µ−(s) < w(s) ≤ µ+(s), s ∈ [0, sf ], (3.1b)

α−(s) ≤ w′(s) ≤ α+(s), s ∈ [0, sf ], (3.1c)

where
µ+(s) = v+(s)2 ∧ β(s)

k(s)
, µ−(s) = v−(s)2 (3.2)

represent the upper bound of w, (depending on the speed bound v+ and the
curvature k) and the lower bound of w, respectively. Functions α− α+ are the
functions which come from the bounds imposed on the longitudinal acceleration
of the vehicle. Note that, in a more general way with respect to Chapter 2 each
bound is considered path dependent.

In this chapter, we actually address the following problem, which is slightly
more general than Problem 5,

Problem 6.

min
w∈W 1,∞([0,sf ])

Ψ(w) (3.3a)

µ−(s) < w(s) ≤ µ+(s), s ∈ [0, sf ], (3.3b)

α−(s) ≤ w′(s) ≤ α+(s), s ∈ [0, sf ], (3.3c)

where Ψ : W 1,∞ ([0, sf ])→ R is order reversing (i.e.,(∀x, y ∈W 1,∞ ([0, sf ]))

x ≥ y ⇒ Ψ(x) ≤ Ψ(y)) and µ−, µ+, α−, α+ ∈ L∞ ([0, sf ]) are assigned func-
tions with µ−, α+ ≥ 0, α− ≤ 0. Note that the objective function (3.1a) is order
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reversing, so that Problem 5 has the form of Problem 6. We consider a generic
order-reversing function Ψ as objective function for the sake of generality. Con-
sider the following:

Definition 3. Let Q be the subset of W 1,∞([0, sf , ]) such that µ ∈ Q if
sign (µ′ − α+) and sign (µ′ − α−) are Riemann integrable (i.e., in view of the
boundedness of the sign function, a. e. continuous), where sign : R→ {−1, 0, 1}
is defined as

sign(x) =


1, if x > 0

0, if x = 0

−1, if x < 0.

3.2 A feasibility condition and the optimal solution

Define the forward operator F : Q →W 1,∞ ([0, sf ]) such that F (µ) = φ, where
φ is the solution of the following differential equation

φ′(x) = f(x, φ) =

α+(x) ∧ µ′(x), if φ(x) ≥ µ(x)

α+(x), if φ(x) < µ(x)

φ(0) = µ(0) .

(3.4)

Note that the solution of (3.4) exists and is unique by Theorem 1 in Chap-
ter 2, Section 10 of [51], since function f is bounded on [0, sf ], the subset of
[0, sf ]× R in which f is discontinuous has zero measure and,

(∀x ∈ [0, sf ]) , (∀u, y ∈ R) , (u− y)(f(x, u)− f(x, y)) ≤ 0.

Conversely, define the backward operator B : Q →W 1,∞ ([0, sf ]), such that
B(µ) = φ, where φ is the solution of

φ′(x) =

α−(x) ∨ µ′(x), if φ(x) ≥ µ(x)

α−(x), if φ(x) < µ(x)

φ(sf ) = µ(sf ) ,

(3.5)
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whose existence and uniqueness hold for the same reasons as (3.4).
Finally, define the meet operator M : Q →W 1,∞ ([0, sf ]) as

M(µ) = F (µ) ∧B(µ). (3.6)

We claim that the meet operator M allows checking the feasibility of Prob-
lem 6 and that, in case Problem 6 is feasible, function w∗ = M(µ+) represents
its optimal solution.

Namely, the following is the main result of this chapter.

Theorem 3. Let µ+ ∈ Q, then the following statements hold:

i. Problem 6 is feasible if and only if function w∗ = M(µ+) satisfies

w∗ ≥ µ− .

ii. If Problem 6 is feasible, then function w∗ = M(µ+) is its optimal solu-
tion.

Proofs of the results. Part i. follows from Proposition 16, part ii. follows
from Proposition 17 (see Section 3.4).

Remark 3. For special choices of α+, α−, µ, differential equations (3.4)
and (3.5) may have a closed-form solution. Anyway, in the general case, (3.4)
and (3.5) need be numerically solved. Using a constant step-size method (such
as Euler’s or a non-adaptive Runge-Kutta method), the computation time for
the numerical solution of (3.4) or (3.5) is linear with respect to the number
of steps. Roughly speaking, the method presented in Chapter 2 corresponds to
the solution of (3.4) and (3.5) with Euler’s method. Since Euler’s method is a
first-order method, the solution of (3.4) and (3.5) with an higher order method
can be more efficient than the algorithm presented in Chapter 2.

Further, one can solve (3.4) and (3.5) with an adaptive step-size integration
method. In general, with respect to fixed step-size methods, adaptive step-size
methods attain the same precision at a reduced computational effort. Further,
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they do not require a preliminary choice of the integration step-size, since this
parameter is adaptively tuned. In other words, with a careful choice of the
method used for the numerical solution of (3.4) and (3.5), they can be solved
in an efficient way. However, a more in-depth discussion of the numerical
solution of (3.4) and (3.5) is outside the scope of this chapter.

Remark 4. As we showed, our algorithm is simpler than [25]. In fact, we need
only one forward and one backward integration step, while the reference [25]
proposes a semi-analytical solution that requires multiple integration operations.
However, note that the constraints considered in [25] are slightly different from
ours. Moreover, the method we present is more general than the one in [26, 27],
since we consider generic paths and not a concatenation of clothoids. Further,
differently from [26, 27], our algorithm does not need a preprocessing phase,
needed to identify specific points or segments on the path curvature and the
speed upper bound functions.

3.3 Examples

Example 1 As a first example consider the path shown in Figure 3.1, whose
curvature is defined as

k(s) =



0, if s ∈ [0, l1)

kτ (s), if s ∈ [l1, l2]

1/R, if s ∈ (l2, l3)

kτ (s), if s ∈ [l3, l4]

0, if s ∈ (l4, sf ]

(3.7)
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where kτ (s) is the 6-th degree Hermite polynomial used to guarantee the fol-
lowing interpolation conditions:

k(l1) = k(l4) = 0,

k(l2) = k(l3) = 1/R,

k′(li) = k′′(li) = 0, i = 1, . . . , 4.

In this example, the total length is sf = 200 m and the minimum-time speed
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Figure 3.1: On the left, the blue line represent the curvature function k in (3.7)
of the curve discussed in the first example. On the right, the black line repre-
sents the path from starting point γ1 to the end point γn.

planning problem is addressed with [l1, l2, l3, l4] = [30, 40, 124.2478, 134.2478],
R = 60 m. The speed bounds v+ and v− are set as follows: v+(0) = v−(0) = 0,
v+(sf ) = v−(sf ) = 22, while, for each s ∈ (0, sf ), v−(s) = 0 and v+(s) = 36.1

ms−1. The longitudinal acceleration limits are α− = −10.5 ms−2and α+ = 4

ms−2, and the maximal normal acceleration is β = 7 ms−2.
The following results are obtained by numerically solving equations (3.4), (3.5)

with a standard Runge-Kutta 45 integration scheme. Figure 3.2 shows the
upper-bound function µ+ obtained by (3.2) and the corresponding functions
F (u) and B(u) computed as the solution of equations (3.4) and (3.5), re-
spectively. Figure 3.3 shows the optimal solution w∗ obtained by (3.6). In this
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example, the vehicle starts with zero speed and accelerates to the upper bound.
Then, it follows the speed bound in order to respect the maximum speed con-
straint due to the lateral acceleration on the curve. After that, at the end of
the constant bound, the vehicle accelerates and reaches a second local maxi-
mum speed after which it decelerates quickly in order to reach the final speed
v+(sf ).
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Figure 3.2: Example 1: The red line represents function µ+ defined in (3.2),
the blue line represents F (µ+) while the green line represents B(µ+).

Example 2 As a second example, consider the same path and constraints
as in the first example, with different initial and final conditions: v−(0) =

v+(0) = 0 ms−1, v−(sf ) = v+(sf ) = 35 ms−1. Figure 3.4 shows function w∗

obtained by (3.6). In this case, Problem (3.3) is unfeasible by Theorem 3, being
w∗(sf ) < v−(sf )2. In fact, the allowed maximum longitudinal acceleration is
not sufficient to reach the final condition on speed.

Example 3 As a third example, consider a curve obtained by a quintic
polynomial curve which interpolates coordinates x = [0, 2, 2.60, 1.75, 3],
y = [0, −0.5, 0, 2, 3] (see Figure 3.5). The speed planning is addressed with
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Figure 3.3: Example 1: The red line represents µ+ defined in (3.2), the black
line represents the optimal solution w∗ = M(µ+).
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Figure 3.4: Example 2. The green line represents the function B(u)(s) while the
black one depicts function w∗ = M(µ+). The final condition is not satisfied:
w∗(sf ) 6= v2

f .

v+(0) = v−(0) = 0, v+(sf ) = v−(sf ) = 0 and with v−(s) = 0 and v+(s) = 1.3

ms−1 for each s ∈ (0, sf ). The longitudinal acceleration limits are α− = −0.1

ms−2, α+ = 0.1 ms−2, and the maximal normal acceleration β = 0.05 ms−2.
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The resulting optimal speed profile is plotted in Figure 3.6.
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Figure 3.5: A path obtained by quintic-splines interpolation. The black line
represents the path while the circle and the cross represent the start and the
end point, respectively.
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Figure 3.6: The red line represents function µ+ defined in (3.2), while the black
line is the optimal profile w∗ = M(µ+).
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3.4 Proofs

Given the interval I = [0, sf ], let

P =
{
u ∈ L∞(I) : 0 ≤ u(s) ≤

∥∥µ+
∥∥
∞ for almost every s ∈ I

}
Note that 〈P ;∨,∧〉 is a complete lattice. Hence, for each subset S ⊆ P , there
exists a unique least upper bound u ∈ P , such that,

(∀v ∈ P )(∀w ∈ S) w ≤ v ⇐⇒ u ≤ v.

The least upper bound of S is denoted by
∨
S. Dually, it is possible to define

the greatest lower bound of S ⊆ P , denoted by
∧
S (see Definitions 2.1, 2.4

and Notation 2.3 on pages 33-34 of [49]).
Given function χ : R→ {0, 1} defined as follows

χ(s) =

1, if s ≥ 0

0, otherwise,

let us define for all x, y ∈ I, function A : I × I → R as

A(x, y) =

y∫
x

{
α+(ξ)χ(y − x) + α−(ξ)χ(x− y)

}
dξ. (3.8)

Define operators F̄ , B̄, M̄ : P → P , such that, for µ ∈ P , F̄ (µ) and B̄(µ) are
given as follows 

F̄ (µ)(x) =
∧
y≤x
{µ(y) +A(y, x)}

F̄ (µ)(0) = µ(0),
B̄(µ)(x) =

∧
y≥x
{µ(y) +A(y, x)}

B̄(µ)(sf ) = µ(sf ).

and M̄(µ) = F̄ (µ) ∧ B̄(µ). Observe that (∀x ∈ I),

M̄(µ)(x) =
∧
y≤x
{µ(y) +A(y, x)} ∧

∧
y≥x
{µ(y) +A(y, x)} =

∧
y∈I
{µ(y) +A(y, x)}.

(3.9)
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As we will show in Proposition 14, the operators we have just introduced are
extensions of those defined in (3.4), (3.5) and (3.6), respectively.

We will refer to the following definitions.

Definition 4. An operator φ : P → P is meet preserving if,

(∀u, v ∈ P ) φ(u ∧ v) = φ(u) ∧ φ(v).

Definition 5. An operator φ : P → P is order preserving if, ,

(∀u, v ∈ P ) u ≤ v ⇒ φ(u) ≤ φ(v).

Even though we will only use the fact that operators F̄ , B̄ and M̄ are order
preserving, for completeness we state the following Proposition.

Proposition 9. Operators F̄ , B̄ and M̄ are meet preserving and order pre-
serving.

Proof. Let u, v ∈ P , w = u ∧ v. We want to show that F̄ (w) = F̄ (u) ∧ F̄ (v).
By definition of F̄ we have that F̄ (w)(0) = F̄ (u)(0) ∧ F̄ (v)(0) and (∀x ∈ I),

F̄ (w)(x) =
∧
y≤x
{w(y) +A(y, x)} =

∧
y≤x
{(u ∧ v)(y) +A(y, x)} =

=
∧
y≤x
{u(y) ∧ v(y) +A(y, x)} =

=
∧
y≤x
{u(y) +A(y, x)} ∧

∧
y≤x
{v(y) +A(y, x)} =

= F̄ (u)(x) ∧ F̄ (v)(x).

The proof that B̄(u ∧ v) = B̄(u) ∧ B̄(v) is analogous. Finally, M̄(u ∧ v) =

F̄ (u∧v)∧B̄(u∧v) = F̄ (u)∧ F̄ (v)∧B̄(u)∧B̄(v) = F̄ (u)∧B̄(u)∧ F̄ (v)∧B̄(v) =

M̄(u) ∧ M̄(v). Since maps F̄ , B̄, M̄ are meet preserving, they are also order
preserving (see Proposition 2.19 on page 44 of [49]).

Proposition 10. Function A : I×I → R defined as in (3.8) is a hemi-metric,
that is, it satisfies the following properties:
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i. (∀x, y ∈ I) A(x, y) ≥ 0,

ii. (∀x ∈ I) A(x, x) = 0,

iii. (∀x, y, z ∈ I) A(x, z) ≤ A(x, y) + A(y, z) (i.e., the triangular inequality
holds).
Moreover, equality holds if x ≥ y ≥ z or x ≤ y ≤ z.

Proof. i. It holds, since α+ is non-negative and α− is non-positive over I.

ii. It holds trivially by definition of A.

iii. For y ≥ z ≥ x:

A(x, z) =

z∫
x

{
α+(ξ)χ(z − x) + α−(ξ)χ(x− z)

}
dξ =

z∫
x

α+(ξ)dξ ≤

≤
y∫
x

α+(ξ)dξ ≤
y∫
x

α+(ξ)dξ −
y∫
z

α−(η)dη =

=

y∫
x

α+(ξ)dξ +

z∫
y

α−(η)dη =

=

y∫
x

{
α+(ξ)χ(y − x) + α−(ξ)χ(x− y)

}
dξ+

+

z∫
y

{
α+(η)χ(z − y) + α−(η)χ(y − z)

}
dη =

=A(x, y) +A(y, z).

The same reasoning applies also to the case in which z ≥ x ≥ y, x ≥ z ≥ y
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or y ≥ x ≥ z. Next, let us show that equality holds for any x ≤ y ≤ z:

A(x, z) =

z∫
x

{
α+(ξ)χ(z − x) + α−(ξ)χ(x− z)

}
dξ =

=

z∫
x

α+(ξ)dξ =

y∫
x

α+(ξ)dξ +

z∫
y

α+(η)dη =

=

y∫
x

{
α+(ξ)χ(y − x) + α−(ξ)χ(x− y)

}
dξ+

+

z∫
y

{
α+(η)χ(z − y) + α−(η)χ(y − z)

}
dη =

=A(x, y) +A(y, z).

The proof that the equality holds also for any x ≥ y ≥ z is analogous.

Proposition 11. Function M̄ satisfies the following properties, (∀µ ∈ P ),

i. M̄(µ) ≤ µ,

ii. M̄2(µ) = M̄(µ), where M̄2(µ) stands for M̄(M̄(µ)).

Proof. i. It is a consequence of the definition of M̄ .

ii. Let us now show that F̄ (M̄(µ)) = M̄(µ): the fact that F̄ (M̄(µ)) ≤ M̄(µ)

follows from the definition of F̄ whilst, to prove the opposite inequality,
note that, by Proposition 10 and (3.9),

F̄ (M̄(µ))(x) =
∧
y≤x

{
M̄(µ)(y) +A(y, x)

}
=

=
∧
y≤x

{∧
z∈I
{µ(z) +A(z, y)}+A(y, x)

}
≥

≥
∧
z∈I
{µ(z) +A(z, x)} = M̄(µ)(x).
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In the same way it can be proved that B̄(M̄(µ)) = M̄(µ), from which it
follows that M̄(M̄(µ)) = M̄(µ).

Proposition 12.

M̄(µ+) =
∨{

u ∈ P : u ≤ M̄(u), u ≤ µ+
}

Proof. Set U = {u ∈ P : u ≤ µ+}. Note that 〈U ;∨,∧〉 is a sublattice of 〈P ;∨,∧〉,
moreover, by i. of Proposition 11, if u ∈ U , then M̄(u) ∈ U . Since M̄ is order
preserving by Proposition 9, by the Knaster-Tarski Fixpoint Theorem (Theo-
rem 2.35 on page 50 in [49])

u∗ =
∨{

u ∈ P : u ≤ M̄(u), u ≤ µ+
}

is such that u∗ is the greatest fixed point of M̄ such that u∗ ∈ U . Let u =

M̄(µ+), by part ii. of Proposition 11, we know that u is also a fixed point of M̄ ,
thus, by definition of u∗, u∗ ≥ u. To prove that u∗ = u, that is, to prove that
u is also the greatest fixed point, it remains to show that u∗ ≤ u. To this end,
assume, by contradiction, that u∗ � u. Since u∗ = M̄(u∗), u = M̄(µ+) and the
fact that M̄ is order preserving, it follows that u∗ � µ+, which contradicts the
definition of u∗ .

Remark 5. Given u, v ∈ P , if u � v, this does not imply that u ≥ v and
u 6= v, as u and v may not be comparable with respect to partial order ≤.

Proposition 13. The following two statements are equivalent:

i. Set
{
u ∈ P : u = M̄(u), µ− ≤ u ≤ µ+

}
is not empty.

ii. M̄(µ+) ≥ µ−.

Proof.
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ii.⇒ i.) It follows from the fact that u∗ = M̄(µ+) is such that M̄(u∗) = u∗ by
part ii. of Proposition 11.

i.⇒ ii.) By contradiction, assume that M̄(µ+) � µ−. Choose any w ∈ P such
that w = M̄(w) and w ≤ µ+. By Proposition 12, M̄(w) ≤ M̄(µ+), hence
w ≤ M̄(µ+), but M̄(µ+) � µ−, so w � µ−. Thus, being w any fixed
point of M̄ such that w ≤ µ+, set

{
u ∈ P : u = M̄(u), µ− ≤ u ≤ µ+

}
is

empty .

Proposition 14. If µ ∈ Q, then F̄ (µ), B̄(µ) ∈W 1,∞(I) satisfy a. e.
F̄ (µ)′(x) =

α+(x) ∧ µ′(x), if F̄ (µ)(x) ≥ µ(x)

α+(x), if F̄ (µ)(x) < µ(x)

F̄ (µ)(0) = µ(0),

(3.10)

and 
B̄(µ)′(x) =

α−(x) ∨ µ′(x), if B̄(µ)(x) ≥ µ(x)

α−(x), if B̄(µ)(x) < µ(x)

B̄(µ)(sf ) = µ(sf ).

(3.11)

Proof. Let J = {x ∈ I : sign(µ′ − α+) is continuous at x}. Note that, since
µ ∈ Q, J contains almost all elements of I. Let x ∈ J , then

limh→0+
F̄ (µ)(x+h)−F̄ (µ)(x)

h =

= limh→0+ h
−1

[ ∧
y≤x+h

{µ(y) +A(y, x+ h)} − F̄ (µ)(x)

]
=

= limh→0+ h
−1

[( ∧
y≤x
{µ(y) +A(y, x+ h)} − F̄ (µ)(x)

)
∧

∧

( ∧
x<y≤x+h

{µ(y) +A(y, x+ h)} − F̄ (µ)(x)

)]
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Since A(y, x+h) = A(y, x)+A(x, x+h) by Proposition 10, the first parenthesis
of (3.4) reduces to

∧
y≤x
{µ(y)+A(y, x+h)}−F̄ (µ)(x) = F̄ (µ)(x)+A(x, x+h)−F̄ (µ)(x) = A(x, x+h).

Being sign(µ′ − α+) continuous at x, it is possible to choose h > 0 sufficiently
small such that sign(µ′ − α+) is constant on interval [x, x+ h]. Set

J+ =
{
x ∈ J : µ′(x)− α+(x) > 0

}

and J− = J \ J+. Then, the second parenthesis of (3.4) can be rewritten as

∧
x<y≤x+h

{µ(y) +A(y, x+ h)} − F̄ (µ)(x) =

=

µ(x+ h)− F̄ (µ)(x), if x ∈ J−

µ(x) +A(x, x+ h)− F̄ (µ)(x), if x ∈ J+,

since in the former case, the minimum of µ(y) + A(y, x + h) over [x, x+ h] is
attained at x+ h, whilst in the latter is attained at x.
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Hence, we have that

lim
h→0+

F̄ (µ)(x+ h)− F̄ (µ)(x)

h
=

=


lim
h→0+

h−1
[
A(x, x+ h) ∧

(
µ(x+ h)− F̄ (µ)(x)

)]
, if x ∈ J−

lim
h→0+

h−1
[
A(x, x+ h) ∧

(
µ(x) +A(x, x+ h)− F̄ (µ)(x)

)]
, if x ∈ J+

=


α+(x) ∧ lim

h→0+
h−1

(
µ(x+ h)− F̄ (µ)(x)

)
, if x ∈ J−

α+(x) ∧ lim
h→0+

h−1
(
µ(x) +A(x, x+ h)− F̄ (µ)(x)

)
, if x ∈ J+

=



α+(x) ∧ µ′(x), if x ∈ J− and F̄ (µ)(x) ≥ µ(x)

α+(x) ∧+∞ = α+(x), if x ∈ J− and F̄ (µ)(x) < µ(x)

α+(x) = α+(x) ∧ µ′(x), if x ∈ J+ and F̄ (µ)(x) ≥ µ(x)

α+(x) ∧+∞ = α+(x), if x ∈ J+ and F̄ (µ)(x) < µ(x)

=

α+(x) ∧ µ′(x), if F̄ (µ)(x) ≥ µ(x)

α+(x), if F̄ (µ)(x) < µ(x).

Note that, by definition of F̄ , F̄ (µ)(x) ≤ µ(x) must hold. In conclusion, we
proved that F̄ (u) ∈W 1,∞(I) and satisfies (3.10).
Applying the same reasoning it can be proved that B̄(u) ∈ W 1,∞(I) and
satisfies (3.11).

Proposition 15. Assume that µ+ ∈ Q and let w ∈ P , then w is feasible for
Problem (3.3) (i.e., it satisfies constraints (3.3b) and (3.3c)), if and only if
µ− ≤ w ≤ µ+ and M̄(w) = w.

Proof. ⇒) Assume that w is feasible for Problem 6, then w satisfies a. e.
w′ ≤ α+. Thus, φ = w is the solution of (3.4) for µ = w, which implies
that F̄ (w) = w. Analogously B̄(w) = w, so that M̄(w) = w. Moreover,
since w satisfies the bounds of Problem 6, it follows that µ− ≤ w ≤ µ+.

⇐) Condition (3.3b) holds by hypothesis. Since M̄(w) = w, then it must be
F̄ (w) = w. In fact, if by contradiction F̄ (w) < w, then M̄(w) ≤ F̄ (w) <
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w, which contradicts the assumption. So F̄ (w) = w, implies that, a. e.,
F̄ (w)′ = w′ which by definition of F̄ (w)′ in (3.4), implies that, a. e.,
w′ ≤ α+. Analogously, it must be B̄(w) = w, which implies that, a. e.
w′ ≥ α− and condition (3.3c) holds.

Proposition 16. Assume that µ+ ∈ Q. Then, Problem 6 is feasible if and
only if M̄(µ+) ≥ µ−.

Proof. ⇒) Let w be a feasible solution of Problem 6. Then, by Proposition 15,
M̄(w) = w ≤ µ+. Hence, being M̄ order preserving, M̄(µ+) ≥ M̄(w) ≥
µ−.

⇐) w = M̄(µ+) satisfies M̄(w) = w (by part ii. of Proposition 11) and
µ+ ≤ w ≤ µ− (by hypothesis). Hence, by Proposition 15, w is a feasible
solution of Problem 6.

Proposition 17. If µ+ ∈ Q and Problem 6 is feasible, then w∗ = M̄(µ+) is
its optimal solution.

Proof. By contradiction, assume that there exists a feasible w̃ such that Ψ(w̃) <

Ψ(w∗). Since w̃ is feasible, Proposition 15 implies that M̄(w̃) = w̃. Moreover,
since Ψ is order reversing, w̃ � w∗. This is not possible since w∗ =

∨
{w ∈ P :

w ≤ M̄(w), w ≤ µ+} ≥ w̃, by Proposition 12 .



Chapter 4

Optimal time-complexity speed
planning for robot manipulators

In this chapter we still deal with a speed-planning problem but now related to
a robotic manipulator. The problem is somehow related to the one discussed
in Chapter 2 but it turns out to be more challenging due to more difficult con-
straints. In particular, we present an algorithm for finding the time-optimal
speed law along an assigned path that satisfies speed and acceleration con-
straints and respects the maximum forces and torques allowed by the actua-
tors. The addressed optimization problem is a finite dimensional reformulation
of the continuous-time speed optimization problem, obtained by discretizing
the speed profile with n points. The proposed algorithm has linear complexity
with respect to n and to the number of degrees of freedom. Such complexity
is the best possible for this problem. Numerical tests show that the proposed
algorithm is significantly faster than algorithms already existing in literature.

4.1 Problem formulation

Let Q be a smooth manifold of dimension p that represents the configuration
space of a robotic manipulator with p-degrees of freedom (p-DOF). Let γ̄ :
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[0, 1]→ Q be a smooth curve whose image set Im γ̄ = Γ represents the assigned
path to be followed by the manipulator. We assume that there exist two open
sets U ⊃ Γ, V ⊂ Rp and an invertible and smooth function φ : U → V .
Function φ is a local chart that allows representing each configuration q ∈ U
with coordinate vector φ(q) ∈ Rp.

The coordinate vector q of a trajectory in U satisfies the dynamic equation

D(q)q̈ +C(q, q̇)q̇ + `(q) = τ , (4.1)

where q ∈ Rp is the generalized position vector, τ ∈ Rp is the generalized
force vector, D(q) is the mass matrix, C(q, q̇) is the matrix accounting for
centrifugal and Coriolis effects (assumed to be linear in q̇) and `(q) is the
vector accounting for joints position dependent forces, including gravity. Note
that we do not consider Coulomb friction forces.

Let γ ∈ C2([0, sf ],Rp) be a function such that φ(γ[0, sf ]) = Γ and (∀λ ∈
[0, sf ]) ‖γ ′(λ)‖ = 1. The image set γ([0, sf ]) represents the coordinates of the
elements of reference path Γ. In particular, γ(0) and γ(sf ) are the coordinates
of the initial and final configurations. Define tf as the time when the robot
reaches the end of the path. Let λ : [0, tf ]→ [0, sf ] be a differentiable monotone
increasing function that represents the position of the robot as a function of
time and let v : [0, sf ] → [0,+∞] be such that (∀t ∈ [0, tf ]) λ̇(t) = v(λ(t)).
Namely, v(s) is the speed of the robot at position s. We impose (∀s ∈ [0, sf ])
v(s) ≥ 0. For any t ∈ [0, tf ], using the chain rule, we obtain

q(t) = γ(λ(t)),

q̇(t) = γ ′(λ(t))v(λ(t)),

q̈(t) = γ ′(λ(t))v′(λ(t))v(λ(t)) + γ ′′(λ(t))v(λ(t))2,

(4.2)

which represent the relations between the path γ and the generalized position
q. Substituting (4.2) into the dynamic equations (4.1) and setting s = λ(t), we
rewrite the dynamic equation (4.1) as follows:

d(s)v′(s)v(s) + c(s)v(s)2 + g(s) = τ (s), (4.3)
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where the parameters in (4.3) are defined as

d(s) = D(γ(s))γ ′(s),

c(s) = D(γ(s))γ ′′(s) +C(γ(s),γ ′(s))γ ′(s),

g(s) = `(γ(s)).

(4.4)

Now, consider the following change of variables (previously introduced in [41])
where, (∀s ∈ [0, sf ]) we set

a(s) = v′(s)v(s), w(s) = v(s)2, (4.5)

and note that

w′(s) = 2a(s). (4.6)

By substituting (4.5) and (4.6) in (4.2) and (4.3) it follows that:

τ (s) =d(s)a(s) + c(s)w(s) + g(s), (4.7)

q̈(s) =γ ′(s)a(s) + γ ′′(s)w(s)2, (4.8)

q̇(s)2 =[γ ′(s)]2w(s). (4.9)

The objective function is given by the overall travel time tf defined as

tf =

∫ tf

0
1 dt =

∫ sf

0
v(s)−1 ds =

∫ sf

0
w(s)−1/2 ds.

Finally, let µ,ψ,α : [0, sf ]→ Rp+ be assigned bounded functions. we consider
the following minimum time problem:

Problem 7.

min
q,∈C2,a,τ∈C0,w∈C1

∫ sf

0
w(s)−1/2 ds, (4.10)
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such that (∀s ∈ [0, sf ])

d(s)a(s) + c(s)w(s) + g(s) = τ (s), (4.11)

γ ′(s)a(s) + γ ′′(s)w(s) = q̈(s), (4.12)

w′(s) = 2a(s), (4.13)

|τ (s)| ≤ µ(s), (4.14)

0 ≤ γ ′(s)2w(s) ≤ ψ(s)2, (4.15)

|q̈(s)| ≤ α(s), (4.16)

w(0) = 0, w(sf ) = 0, (4.17)

where (4.14) represents the bounds on generalized forces, (4.15) and (4.16)
represent the bounds on joints speed and acceleration. Constraints (4.17) spec-
ify the interpolation conditions at the beginning and at the end of the path.
The squares of the two vectors γ ′(s) and ψ(s) in (4.15) are to be intended
component-wise.

The following assumption is a basic requirement for fulfilling constraint (4.15).

Assumption 3. We assume that ψ is a positive continuous function, i.e.,
(∀s ∈ [0, sf ]) ψi(s) > 0 with i = 1, . . . , p.

Next assumption requires that the maximum allowed generalized forces are
able to counteract external forces (such as gravity) when the manipulator is
fixed at each point of Γ.

Assumption 4. We assume that ∃ε ∈ R, ε > 0 such that (∀s ∈ [0, sf ])

µ(s)− |g(s)| > ε1.

Indeed for w = 0 condition (4.14) reduces to (∀s ∈ [0, sf ]) |g(s)| ≤ µ(s).

Remark 6. Assumptions 3 and 4 will be assumed to hold true throughout the
paper.

The following proposition shows that Problem 7 admits a solution.
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Proposition 18. Problem 7 admits an optimal solution w∗, and moreover,∫ sf

0
w∗(s)−1/2 ds ≤ U <∞,

where U is a constant depending on problem data.

Proof. See Appendix 4.5

Our purpose is not to directly solve Problem 7, but find an approximated
solution based on a finite dimensional approximation. Namely,we consider the
following problem, obtained by uniformly sampling the interval [0, sf ] in n

points s1, s2, . . . , sn from s1 = 0 to sn = sf :

Problem 8.

min
q̈,τ ,a,w

2h

n−1∑
i=1

1
√
wi +

√
wi+1

, (4.18)

such that i = 1, . . . , n− 1,

diai + ciwi + gi = τ i, (4.19)

γ ′iai + γ ′′iwi = q̈i, (4.20)

wi+1 − wi = 2aih, (4.21)

|τ i| ≤ µi, (4.22)

|q̈i| ≤ αi (4.23)

0 ≤
[
γ ′i
]2
wi ≤ ψ2

i , (4.24)

w1 = 0, wn = 0. (4.25)

w ∈ Rn a ∈ Rn−1, τ i ∈ Rp, (4.26)

where h = sn
n−1 , αi = α(si), ψi = ψ(si), µi = µ(si), γ ′i = γ ′(si), γ ′′i =

γ ′′(si), di = D(γi)γ
′
i, ci = D(γi)γ

′′
i + C(γi,γ

′
i)γ
′
i, and gi = g(γi), with

i = 1, . . . , n. Thank to constraints (4.19)-(4.21), it is possible to eliminate
variables τ i and ai and use only wi, with i = 1, . . . , n, as decision variables.
The feasible set of Problem 8 is a non-empty set since w = 0 is a feasible
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solution (in fact, it also has a nonempty interior). Since Problem 8 is convex,
we can easily find a solution with an interior point method (this fact is already
known, see for instance [41]).

4.2 Solution algorithms and complexity issues for a
class of optimization problems

In this section we present an optimal time complexity algorithm that solves a
specific class of optimization problems.

4.2.1 Exact algorithm for the solution of special structured prob-
lems

The problems under consideration have the form

min g(v1, . . . , vn)

vi ≤ f ij(vi+1) i = 1, . . . , n− 1, j = 1, . . . , ri

vi+1 ≤ bik(vi) i = 1, . . . , n− 1 k = 1, . . . , ti,

0 ≤ vi ≤ ui i = 1, . . . , n,

(4.27)

where we make the following assumptions.

Assumption 5. We assume:

• g monotonic non increasing;

• f ij , concave, increasing and f ij(0) > 0, i = 1, . . . , n− 1, j = 1, . . . , ri;

• bik, concave, increasing and bik(0) > 0, i = 1, . . . , n− 1, k = 1, . . . , ti.

The constraints in (4.27) can be rewritten in compact form as follows:

vi ≤ min{Bi(vi+1), ui} i = 1, . . . , n− 1,

vi+1 ≤ min{Fi(vi), ui+1} i = 1, . . . , n− 1,
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where:
Bi(vi+1) = minj=1,...,ri f

i
j(vi+1),

Fi(vi) = mink=1,...,ti b
i
k(vi).

Note that Fi and Bi are both concave and increasing over R+, since they are
the minimum of a finite number of functions with the same properties. We
prove that the same holds for Fi ◦Bi.

Proposition 19. Fi ◦Bi is increasing and concave over R+.

Proof. The fact that Fi ◦Bi is increasing follows immediately from the increas-
ingness of Fi and Bi. For what concerns concavity, (∀x, y ≥ 0), λ ∈ [0, 1]:

Fi ◦Bi(λx+ (1− λ)y) = Fi(Bi(λx+ (1− λ)y)) ≥

≥ Fi(λBi(x) + (1− λ)Bi(y)) ≥ λFi ◦Bi(x) + (1− λ)Fi ◦Bi(y),

where the first inequality is a consequence of the concavity of Bi and the
fact that Fi is increasing, while the second inequality comes from concavity of
Fi.

It immediately follows that:

Fi ◦Bi(x)− x concave, Fi ◦Bi(0) > 0. (4.28)

Then, there exists at most one point v̄i+1 > 0 such that Fi ◦Bi(v̄i+1)− v̄i+1 =

0. Similarly, there exists at most one point v̄i > 0 such that Bi ◦ Fi(v̄i) −
v̄i = 0. Note that v̄i, v̄i+1 are the positive fixed points of Bi ◦ Fi and Fi ◦ Bi,
respectively. Alternatively, (v̄i, v̄i+1) is also the optimal solution of the following
two-dimensional convex problem:

max vi + vi+1

vi ≤ f ij(vi+1) j = 1, . . . , ri

vi+1 ≤ bik(vi) k = 1, . . . , ti.

The following result holds.
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Proposition 20. Under Assumption 5, the optimal solution of (4.27) is the
component-wise maximum of its feasible region, i.e., if we denote by X the
feasible region, it is the point v∗ ∈ X such that v ≤ v∗ for all v ∈ X.

Proof. See Chapter 2 and reference [45].

We consider Algorithm 3 for the solution of problem (4.27). The algorithm

Algorithm 3: Forward-Backward algorithm for the solution of the
problem.

Data: u ∈ Rn+;
1 Set ū = u;
/* Forward phase */

2 foreach i ∈ {1, . . . , n− 1} do
3 Compute the nonnegative fixed points v̄i and v̄i+1 for Bi ◦ Fi

and Fi ◦Bi, respectively (if they do not exist, set v̄i = +∞,
v̄i+1 = +∞);

4 Set ūi = min{ūi, Bi(ūi+1), v̄i};
5 Set ūi+1 = min{ūi+1, Fi(ūi), v̄i+1};

/* Backward phase */

6 foreach i ∈ {n− 1, . . . , 1} do
7 Set ūi = min{Bi(ūi+1), ūi};

is correct, as stated in the following proposition.

Proposition 21. Algorithm 3 returns the optimal solution v∗ of problem
(4.27).

Proof. We first remark that at each iteration ū ≥ v∗ holds. If a fixed point
v̄i+1 for Fi ◦Bi exists, then after the backward propagation, ūi+1 ≤ v̄i+1, and
ūi = min{ūoldi , Bi(ūi+1)}, where ūoldi denotes the upper bound for vi after the
forward phase. We show that

Fi(ūi) = min{Fi(ūoldi ), Fi ◦Bi(ūi+1)} ≥ ūi+1. (4.29)
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If this is true for all i, then the point ū at the end of the backward phase is a
feasible solution of (4.27). Indeed, by definition of ūi in the backward phase,
∀i

ūi ≤ Bi(ūi+1),

while by (4.29), ∀i
ūi+1 ≤ Fi(ūi),

so that ū is feasible for (4.27). Since ū ≥ v∗ holds and g is monotone non
increasing, we have that ū is the optimal solution of (4.27). We only need
to prove that (4.29) is true. Note that ūoldi is the result of the first forward
propagation, so that Fi(ūoldi ) ≥ ūoldi+1 ≥ ūi+1. Thus, we need to prove that
Fi ◦Bi(ūi+1) ≥ ūi+1 with ūi+1 ≤ v̄i+1. In view of (4.28), if the fixed point v̄i+1

for Fi ◦Bi exists, it is the unique nonnegative root of Fi ◦Bi(x)− x and

Fi ◦Bi(x)− x > 0, ∀x ≤ v̄i+1,

from which the result is proved. Otherwise, if no fixed point exists,

Fi ◦Bi(x)− x > 0, ∀x ∈ R+,

form which the result is still proved.

Under a given condition, Algorithm 3 can be further simplified.

Remark 7. If Fi and Bi, i = 1, . . . , n, fulfill the so called superiority condition,
i.e. Fi(x), Bi(x) > x, ∀x ∈ R+, then v̄i, v̄i+1 = +∞ and the forward phase can
be reduced to

ūi+1 = min{ūi+1, Fi(ūi)}.

4.2.2 Solving the subproblems in the forward phase and com-
plexity results

We first remark that

ūi = min{ūi, Bi(ūi+1), v̄i},

ūi+1 = min{ūi+1, Fi(ūi), v̄i+1},



64
Chapter 4. Optimal time-complexity speed planning for robot

manipulators

defined in the forward phase of Algorithm 3 are the solution of the 2-D convex
optimization problem

max vi + vi+1

vi ≤ f ij(vi+1) j = 1, . . . , ri

vi+1 ≤ bik(vi) k = 1, . . . , ti

0 ≤ vi ≤ f iri+1(vi+1) ≡ ūi
0 ≤ vi+1 ≤ biti+1(vi) ≡ ūi+1.

(4.30)

Alternatively, ūi, ūi+1 can also be detected as fixed points of Bū
i ◦ F ū

i and
F ū
i ◦Bū

i , respectively, where

F ū
i (x) = min{ūi, Fi(x)},
Bū
i (x) = min{ūi+1, Bi(x)}.

Although any convex optimization or any fixed point solver could be exploited
for detecting these values, we propose the simple Algorithm 4, which turns out
to be quite effective in practice. We denote by

[Fi]
−1(x) = max

j=1,...,ri
{[f ij ]−1(x)}.

Note that f ij increasing and concave implies that [f ij ]
−1 is increasing and con-

vex and, consequently, [Fi]
−1 is increasing and convex. We illustrate how the

algorithm works through an example

Example 1. Let
bi1(x) = 3

2x+ 2, bi2(x) = x+ 3,

bi3(x) = 1
2x+ 5, bi4(x) = 8.

and
[f i1]−1(x) = x− 1, [f i2]−1(x) = 9

2x− 8,

[f i3]−1(x) = 5x− 10.

Moreover, let ui = ui+1 = 8. Then, we initially set x̄1 = 8. In the first iteration
we have

ȳ = Bū
i (x̄1) = min

k=1,...,4
{bik(x̄1)} = min{14, 11, 9, 8} = 8,
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Algorithm 4: Algorithm for the computation of the new values ūi
and ūi+1.

1 Let x̄1 = ūi;
2 Set ȳ = −∞, z̄ = +∞, h = 1;
3 while ȳ < z̄ do
4 Set ȳ = Bū

i (x̄h) and k̄ ∈ {1, . . . , ti + 1} : bi
k̄
(x̄h) = ȳ;

5 Set z̄ = [Fi]
−1(x̄h) and j̄ ∈ {1, . . . , ri} : [f i

j̄
]−1(x̄h) = z̄;

6 Let x̄h+1 be the solution of the one-dimensional equation
f i
j̄
(bi
k̄
(x)) = x;

7 Set h = h+ 1;

8 return (ūi, ūi+1) = (x̄h, ȳ);

with k̄ = 4, and

z̄ = [Fi]
−1(x̄1) = max

j=1,...,3
{[f ij ]−1(x̄1)} = max{7, 28, 30} = 30,

with j̄ = 3. Then, x̄2 is the solution of the equation 8 = 5x− 10, i.e., x̄2 = 18
5

(See also Figure 4.1). In the second iteration we have

ȳ = Bū
i (x̄2) = min

k=1,...,4
{bik(x̄2)} = min

{
37

5
,
33

5
,
34

5
, 8

}
=

33

5
,

with k̄ = 2, and

z̄ = [Fi]
−1(x̄2) = max

j=1,...,3
{[f ij ]−1(x̄2)} = max

{
13

5
,
41

5
, 8

}
=

41

5
,

with j̄ = 2. Then, x̄3 is the solution of the equation x+3 = 9
2x−8, i.e., x̄3 = 22

7

(See also Figure 4.2). In the third iteration we have

ȳ = Bū
i (x̄3) = min

k=1,...,4
{bik(x̄3)} = min

{
47

7
,
43

7
,
46

7
, 8

}
=

43

7
,

with k̄ = 2, and

z̄ = [Fi]
−1(x̄3) = max

j=1,...,3
{[f ij ]−1(x̄3)} = max

{
15

7
,
43

7
,
40

7

}
=

43

7
,
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Figure 4.1: The first step of Algorithm 4. The red lines represent the linear
function [f i

j̄
]−1 while the blue ones are the functions bk̄i . The green line repre-

sents the solution of the one dimensional equation f i
j̄
(bi
k̄
(x)) = x.

with j̄ = 2. Then, x̄4 = x̄3 and since ȳ = z̄ the algorithm stops and returns the
optimal solution

(
22
7 ,

43
7

)
(See also Figure 4.3).

If we denote by Cb the time needed to evaluate one function bik, by Cf the
time needed to evaluate one function [f ij ]

−1, and by Ceq the time needed to
solve a one-dimensional equation f ij(b

i
k(x)) = x, we can state the complexity

of Algorithm 4. Before we need to prove one lemma.

Lemma 1. The sequence {x̄h} is strictly decreasing.

Proof. If the algorithm does not stop, then ȳ < z̄, or, equivalently bi
k̄
(x̄h) −
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Figure 4.2: The second step of Algorithm 4.

[f i
j̄
]−1(x̄h) < 0. Since [f i

j̄
]−1 is convex, bi

k̄
(x)− [f i

j̄
]−1(x) is concave. Moreover,

bi
k̄
(0) − [f i

j̄
]−1(0) > 0. Then, there exists a unique value x ∈ (0, x̄h) such that

bi
k̄
(x) − [f i

j̄
]−1(x) = 0. Such value, lower than x̄h, is also the solution x̄h+1 of

the one-dimensional equation f i
j̄
(bi
k̄
(x)) = x.

Now we are ready to prove the complexity result.

Proposition 22. Algorithm 4 has complexity O(riti(tiCb + riCf + Ceq)).
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Figure 4.3: The last step of Algorithm 4. The green marker represents value
(ui, ui+1) = (x̄h, ȳ) returned.

Proof. In view of Lemma 1 the sequence {x̄h} is decreasing, which means that
an equation f ij(b

i
k(x)) = x, j = 1, . . . , ri, k = 1, . . . , ti + 1, is solved at most

once. Thus, the number of iterations is at most (ti + 1)ri. At each iteration we
need to evaluate Bū

i ((ti + 1)Cb operations), evaluate [Fi]
−1 (riCf operations),

and solve a one-dimensional equation (Ceq operations).

Algorithm 4 and the related complexity result can be improved when the
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functions bik and f ij are linear ones. Algorithm 5 is a variant of Algorithm 4
for the linear case. In the initialization phase of Algorithm 5 the slopes mk,
k = 1, . . . , ti+1, of the linear functions bik are ordered in a decreasing way, i.e.,

mk > mk+1, k = 1, . . . , ti,

while the slopes ηj , j = 1, . . . , ri, of the linear functions [f ij ]
−1 are ordered in

a decreasing way, i.e.,

ηj < ηj+1, j = 1, . . . , ri − 1.

Note that, in case of two linear functions with the same slope, one of the
two can be eliminated since it gives rise to a redundant constraint. The pointer
ξ is updated in such a way that at each iteration it identifies the index k̄ such
that ȳ = Bū

i (x̄h) = bi
k̄
(x̄h), without the need of computing the value of all the

functions bik (as, instead, required in Algorithm 4) and, thus, saving the O(ti)

time required by this computation. Similarly, the pointer φ is updated in such
a way that at each iteration it identifies the index j̄ such that z̄ = [Fi]

−1(x̄h) =

[f i
j̄
]−1(x̄h). We illustrate the algorithm on the previous example.

Example 2. The slopes of the functions bik are already ordered in a decreasing
way, while those of the functions [f ij ]

−1 are already ordered in an increasing
way.
In the first iteration we immediately exit the first inner While cycle since
bi4(x̄1) < bi3(x̄1), so that at the end of the cycle we set k̄ = ξ = 4. We also
immediately exit the second inner While cycle since [f i3]−1(x̄1) > [f i2]−1(x̄1),
so that at the end of the cycle we set j̄ = φ = 3.
In the second iteration the first inner While cycle is repeated twice since

bi4(x̄2) > bi3(x̄2) > bi2(x̄2) < bi1(x̄2),

so that at the end of the cycle we set k̄ = ξ = 2. The second inner While cycle
is repeated once since

[f i3]−1(x̄1) < [f i2]−1(x̄2) > [f i1]−1(x̄2),
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Algorithm 5: Algorithm for the computation of the new values ūi
and ūi+1 in the linear case.

1 Order the slopes of the linear functions bik, k = 1, . . . , ti + 1, in a
decreasing way;

2 Order the slopes of the linear functions [f ij ]
−1, j = 1, . . . , ri, in an

increasing way;
3 Remove redundant constraints and update ti and ri accordingly;
4 Set ξ = ti + 1 and φ = ri;
5 Let x̄1 = ūi;
6 Set ȳ = −∞, z̄ = +∞, h = 1;
7 while ȳ < z̄ do
8 while ξ > 1 and biξ−1(x̄h) < biξ(x̄h) do
9 Set ξ = ξ − 1;

10 Set k̄ = ξ and ȳ = bi
k̄
(x̄h);

11 while φ > 1 and [f iφ−1]−1(x̄h) > [f iφ]−1(x̄h) do
12 Set φ = φ− 1;

13 Set j̄ = φ and z̄ = [f i
j̄
]−1(x̄h);

14 Let x̄h+1 be the solution of the one-dimensional equation
f i
j̄
(bi
k̄
(x)) = x;

15 Set h = h+ 1;

16 return (ūi, ūi+1) = (x̄h, ȳ);
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so that at the end of the cycle we set j̄ = φ = 2.
In the third iteration we immediately exit the first inner While cycle since
bi2(x̄1) < bi1(x̄3), so that at the end of the cycle we set k̄ = ξ = 2. We also
immediately exit the second inner While cycle since [f i2]−1(x̄3) > [f i1]−1(x̄3),
so that at the end of the cycle we set j̄ = φ = 2.

The following proposition establishes the complexity of Algorithm 5.

Proposition 23. Algorithm 5 has complexity O(ri log(ri) + ti log(ti)).

Proof. We first remark that the initial orderings of the slopes already require
the computing time O(ri log(ri)+ti log(ti)), while the removal of the redundant
constraints require time O(ri + ti). Next, we remark that in the linear case
Cb, Cf and Ceq areO(1) operations. In particular, the one-dimensional equation
is a linear one. Moreover, we notice that Bū

i is a concave piecewise linear
function, while [Fi]

−1 is a convex piecewise linear function. Since in view of
Lemma 1 the sequence {x̄h} is decreasing, the corresponding sequence of slopes
of the function Bū

i at points x̄h is not decreasing, while the sequence of slopes
of the function [Fi]

−1 is not increasing, and at each iteration at least one slope
must change (otherwise we would solve the same linear equation and x̄h would
not change). Then, the number of different slope values and, thus, the number
of iterations, can not be larger than ti + ri + 1. Moreover, by updating the
two pointers ξ and φ , the overall number of evaluations of the functions bik
and [f ij ]

−1, needed to compute the different values ȳ and z̄ in the outer While
cycle can not be larger than O(ti + ri). Consequently, the computing time of
the outer While cycle is O(ti + ri) and the complexity of the algorithm is
determined by the initial orderings of the slopes.

While in practice we employed Algorithm 5 in order to compute ūi, ūi+1,
in the linear case we could also solve the linear subproblem (4.30). This can be
done in linear time O(ti + ri) with respect to the number of constraints, e.g.,
by Megiddo’s algorithm (see [52]). Thus, we can state the following complexity
result for Problem (4.27) in the linear case.
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Theorem 4. If f ij , b
i
k, i = 1, . . . , n, j = 1, . . . , ri, and k = 1, . . . , ti, are

linear functions, then Problem (4.27) can be solved in time O(
∑n

i=1(ti + ri))

by Algorithm 3, if ūi, ūi+1 are computed by Megiddo’s algorithm.

Proof. The complexity result immediately follows by the observation that the
most time consuming part of Algorithm 3 is the forward one with the com-
putation of ūi, ūi+1. Indeed, the backward part is run in O(

∑n
i=1 ti) time (at

each iteration we only need to evaluate Bi).

4.3 Solution of the speed-planning problem

Problem 8 does not belong to the class defined in (4.27). In this section, we
show that a small variation of Problem 7, followed by discretization, allows
obtaining a problem that belongs to class (4.27). To this end, consider the
following family of problems, depending on the positive real parameter h.

Problem 9.

min
q∈C2,a,τ∈C0,w∈C1

∫ sf

0
w(s)−1/2 ds,

such that (∀s ∈ [0, sf ], j = 1, . . . , p)

w(s+ λj(s)) = ŵj(s) (4.31)

w(s+ ηj(s)) = w̄j(s) (4.32)

dj(s)a(s) + cj(s)ŵj(s) + g(s) = τj(s), (4.33)

γ′j(s)a(s) + γ′′j (s)w̄j(s) = q̈j(s), (4.34)

[γ ′(s)]2w(s) = q̇(s)2, (4.35)

w′(s) = 2a(s), (4.36)

0 ≤ q̇(s)2 ≤ ψ(s)2, (4.37)

|q̈(s)| ≤ α(s), (4.38)

|τ(s)| ≤ µ(s), (4.39)

w(0) = 0, w(sf ) = 0, (4.40)
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Note that if λj(s) = ηj(s) = 0, then w(s) = ŵj(s) = w̄j(s) (∀s ∈ [0, sf ] and
j = 1, . . . , p) and Problem 9 becomes Problem 7. For our purposes, we define
functions λj and ηj in (4.31)-(4.32) (∀s ∈ [0, sf ] and j = 1, . . . , p) as follows:

λj(s) =

h, dj(s)cj(s) ≥ 0

0, dj(s)cj(s) < 0,
ηj(s) =

h, γ′j(s)γ′′j (s) ≥ 0

0, γ′j(s)γ
′′
j (s) < 0 .

(4.41)

Note that, for h = 0, Problem 9 becomes Problem 7. Further, for every
h > 0, Problem 9 has an optimal solution (this can be proved with the same
arguments used for Proposition 18). Let w∗h be the solution of Problem 9 as a
function of h. Note that, by (4.34) and (4.38), ∀h > 0,∀s ∈ [0, sf ], |w′(s)| ≤
L = 2

√
p(‖α‖+ p‖γ ′′‖‖ψ‖2) so that w∗h is Lipshitz with constant L, indepen-

dent of h. Thus, Ascoli-Arzelà Theorem implies that from any succession of
solutions w∗hi , with limi→∞ hi = 0 we can extract a convergent subsequence
that converges to a solution of Problem 7.

Discretizing Problem 9 with step h, we obtain the following problem.

Problem 10.

min
a,w,τ

2h

n−1∑
i=1

1
√
wi +

√
wi+1

, (4.42)
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such that (i = 1, . . . , n− 1)

λiwi+1 + (1− λi)wi = ŵi, (4.43)

ηiwi+1 + (1− ηi)bi = w̄i, (4.44)

diai1 + ciŵi + gi = τ i, (4.45)

γ ′iai1 + γ ′′i w̄i = q̈i (4.46)

wi+1 − wi = 2aih, (4.47)

γ ′2i wi = q̇i (4.48)

0 ≤ q̇i ≤ ψ2
i , (4.49)

|q̈i| ≤ αi, (4.50)

|τ i| ≤ µi, (4.51)

w1 = 0, wn = 0. (4.52)

w ∈ Rn a ∈ Rn−1, τ i ∈ Rp . (4.53)

Here, for j = 1, . . . , p, i = 1, . . . , n,

λj,i =

1, dj,icj,i ≥ 0

0, dj,icj,i < 0 ,
ηj,i =

1, γ ′j,iγ
′′
j,i ≥ 0

0, γ ′j,iγ
′′
j,i < 0 .

where h = sn
n−1 , αi = α(si), ψi = ψ(si), µi = µ(si), γ ′i = γ ′(si), γ ′′i = γ ′′(si),

di = D(γi)γ
′
i, ci = D(γi)γ

′′
i + C(γi,γ

′
i)γ
′
i, and gi = g(γi), with i = 1, . . . , n.

Thanks to constraints (4.43)-(4.48), it is possible to eliminate variables
ŵi, w̄i, τ i, and ai and use only wi, with i = 1, . . . , n, as decision variables.
Since Problem 10 is convex, we can easily find a solution with an interior point
method (see [41]). Moreover, reference [45] shows that, since the feasible region
of the problem contains its component-wise maximum (see Proposition 20),
and the objective function (4.42) is strictly monotone increasing with respect
to wi, with i = 0, . . . , n, the latter can be substituted with max

∑n
i=0wi (i.e.,

maximize the sum of the velocities along the path) obtaining an LP problem.
After solving Problem 10, it is possible to find an approximated solution of
Problem 9 by quadratic interpolation. A suitable interpolation technique is
proposed in [53].
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4.3.1 Application of Algorithm 3 to the solution of Problem 10

In this section we show how to apply the results in Section 4.2 to Problem 10.
To this end we introduce the following propositions.

Proposition 24. Problem 10 belongs to the subclass of problems (4.27) with
linear constraints.

Proof. Since the objective function (4.42) is monotonic non increasing and
the variables wi, i = 0, . . . , n, are non negative and bounded by (4.58), we
only need to prove that constraints (4.50) and (4.51) satisfy Assumption 5 for
suitable choices of λj,i and ηi,j , j = 1, . . . , p and i = 1, . . . , n.

For the sake of simplicity consider the j-th component of the i-th sample
of (4.51). Substituting variable ai and τi with (4.47) and (4.45) in constraints
(4.51) we have:

|(dj,i + 2hcj,iλj,i)wi+1 + (−dj,i + (1 − λj,i)2hcj,i)wi + 2hgj,i| ≤ 2hµj,i

First, we discuss the cases when dj,i = 0 or cj,i = 0. For these cases we set λj,i =

1. If dj,i = cj,i = 0, we have |gj,i| < µj,i that is always true by Assumption 4. If
dj,i = 0 and cj,i 6= 0 we have |cj,iwi+1 +gj,i|≤ µj,i that, after combining it with
constraints (4.49), becomes 0 ≤ wi+1 ≤ min{ψ2

i+1/γ
′2
j,i+1, (µj,i − gj,i)/|cj,i|}.

Finally, if dj,i 6= 0 and cj,i = 0 we have |dj,i(wi+1 − wi) + 2hgj,i| ≤ 2hµj,i that
satisfies Assumption 5. If dj,i 6= 0 and cj,i 6= 0 we have:

−2h(µj,i+gj,i) ≤ (dj,i+2hcj,iλj,i)wi+1+(−dj,i+(1−λj,i)2hcj,i)wi ≤ 2h(µj,i−gj,i).

In order to satisfy Assumption 5 we choose the value of λj,i such that
(dj,i + 2hcj,iλj,i)(−dj,i + (1− λj,i)2hcj,i) < 0. Hence, we set

λj,i =

1 if dj,icj,i > 0

0 if dj,icj,i < 0.
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Using this selection technique we can rewrite constraint (4.45) as follows:

τj,i =

dj,iai + cj,iwi+1 + gj,i, if dj,i cj,i > 0,

dj,iai + cj,iwi + gj,i, if dj,i cj,i < 0.

Moreover, we can explicit constraints (4.51) in the form presented in (4.27). In
fact, if dj,i cj,i > 0, the constraint (4.51) becomes:

wi+1 ≤
dj,i

dj,i + 2hcj,i
wi +

∣∣∣∣2h(µj,i − gj,i)
dj,i + 2hcj,i

∣∣∣∣ ,
wi ≤

dj,i + 2hcj,i
dj,i

wi+1 +

∣∣∣∣2h(µj,i + gj,i)

dj,i

∣∣∣∣ (4.54)

and, with dj,i cj,i < 0,

wi+1 ≤
dj,i − 2hcj,i

dj,i
wi +

∣∣∣∣2h(µj,i + gj,i)

dj,i

∣∣∣∣
wi ≤

dj,i
di − 2hcj,i

wi+1 +

∣∣∣∣2h(µj,i − gj,i)
dj,i − 2hcj,i

∣∣∣∣ . (4.55)

We use the same reasoning for constraints (4.50). Consider

|(γ′j,i + 2hγ′′i ηj,i)wi+1 + (−γ′j,i + (1− ηj,i)2hγ′′j,i)wi| ≤ 2hαj,i

Again, setting ηj,i = 1, we discuss the cases when γ′j,i = 0 or γ′′j,i = 0. If
γ′j,i = γ′′j,i = 0, we have |0| ≤ αj,i that is always true. If γ′j,i = 0 and γ′′j,i 6= 0 we
have |γ′′j,ibi|≤ αj,i that becomes 0 ≤ wi+1 ≤ αj,i/|γ′′j,i| . Finally, if γ′j,i 6= 0 and
γ′′j,i = 0 we have |wi+1 − wi| ≤ 2hαj,i/|γ′j,i| that satisfies Assumption 5. After
that, with γ′j,i 6= 0 and γ′′j,i 6= 0 we set

ηj,i =

1 if γ′j,i γ
′′
j,i > 0

0 if γ′j,i γ
′′
j,i < 0

,

which implies, for γ′j,i · γ′′j,i > 0:

wi+1 ≤
γ′j,i

γ′j,i + 2hγ′′j,i
wi +

∣∣∣∣∣ 2hαj,i
γ′j,i + 2hγ′′j,i

∣∣∣∣∣
wi ≤

γ′j,i + 2hγ′′j,i
γ′j,i

wi+1 +

∣∣∣∣∣2hαj,iγ′j,i

∣∣∣∣∣
, (4.56)
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and, with γ′j,i · γ′′j,i < 0,

wi+1 ≤
γ′j,i − 2hγ′′j,i

γ′j,i
wi +

∣∣∣∣∣2hαj,iγ′j,i

∣∣∣∣∣
wi ≤

γ′j,i
γ′j,i − 2hγ′′j,i

wi+1 +

∣∣∣∣∣ 2hαj,i
γ′j,i − 2hγ′′j,i

∣∣∣∣∣
. (4.57)

By observing relations (4.54)-(4.57), we notice that: i) the right-hand sides of
these constraints are linear and, thus, also concave functions; ii) the coefficients
of wi and wi+1 in the right-hand sides are positive; iii) the constant terms are
positive. Thus, all conditions stated in Assumption 5 are fulfilled.

Then, we can prove the following theorem.

Theorem 5. Algorithm 3 returns the optimal solutions of Problem 10 in time
O(np) if the 2-D LP problems are solved by Megiddo’s algorithm.

Proof. The fact that Algorithm 3 returns the optimal solution of Problem 10 is
an immediate consequence of Propositions 21 and 24. Moreover, by Theorem 4,
Algorithm 3 applied to Problem 10, where ti + ri = 2p, i = 1, . . . , n, has time
complexity O(pn) if 2-D LP problems are solved by Megiddo’s Algorithm.

Remark 8. The time complexity stated in Theorem 5 is optimal for Problem 10
in the sense that each solution algorithm for such problem requires reading its
input data whose size is exactly O(pn). Thus, Algorithm 3 could be possibly
outperformed by another algorithm but in such case the computing times of the
latter would differ with respect to those of Algorithm 3 by a constant factor as
p and n vary.

Remark 9. Rather than using Megiddo’s Algorithm, whose implementation is
not straightforward, in our experiments we solve the 2-D LP problems by using
Algorithm 4, whose worst-case complexity, when applied to the 2-D LP problems
arising from Problem 10, is O(p2) (but, as we will see in the experiments, much
better in practice), so that the overall worst-case complexity is O(np2), and



78
Chapter 4. Optimal time-complexity speed planning for robot

manipulators

by using Algorithm 5 whose worst-case complexity is O(p log(p)), so that the
overall complexity is O(np log(p)). Such complexities are slightly worse than
the optimal time complexity stated in Theorem 5 but in practice they are quite
efficient and, as we will see in the experiments in Section 4.4, both Algorithm
4 and Algorithm 5 to solve 2-D LPs guarantee a better performance than the
simplex algorithm.

In the current definition of Problem 10 we only imposed nonnegativity of
the velocities. In practice, we might have also nonnegative lower bounds `i,
i = 1, . . . , p, for them. In such case Problem 10 is not necessarily feasible.
However, Algorithm 3 can be employed also in this case, as stated in the
following proposition.

Proposition 25. If we impose nonnegative lower bounds `i, i = 1, . . . , p, for
the velocities, Algorithm 3 returns an optimal solution of Problem 10 if such
problem is feasible, otherwise it is able to detect unfeasibility of the problem.

Proof. One can solve the problem by Algorithm 3 only imposing nonnegativity
of the velocities. Once the optimal solution w∗i , i = 1, . . . , n, has been obtained,
if w∗i ≥ `i ∀i, then it is also the optimal solution for the problem with the given
lower bounds for the velocities. Instead, if for some i, w∗i < `i holds, noting
that, in view of Proposition 20, wi ≤ w∗i must hold at each feasible solution
of Problem 10, we can immediately conclude that in such case the problem is
unfeasible.

Remark 10. Note that Problems 9 and 10 can still have a solution even if
Assumption 4 does not hold. In this case, in Assumption 5, some of conditions
f ij(0) > 0, i = 1, . . . , n − 1, j = 1, . . . , ri, bik(0) > 0, i = 1, . . . , n − 1, k =

1, . . . , ti may be violated. As a consequence, the following anomalies can arise
during the execution of Algorithm 3:

• the set of x ∈ R such that Fi ◦Bi(x) > x may be empty,

• vector ū computed by Algorithm 3 may have negative values.
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Note that if any of these two conditions is met during the solution of Algo-
rithm 3, then Problem 10 is not feasible. On the other hand, if these conditions
are not encountered, the solution ū reported by Algorithm 3 is still an optimal
solution of Problem 10, despite the fact that Assumption 4 is not satisfied. In
other words, it is possible to modify Algorithm 3 to handle cases in which As-
sumption 4 does not hold. In view of this, Algorithm 3 needs be appropriately
changed in order to detect the failure conditions reported above. Anyway, we
prefer to keep Assumption 4 in order to maintain the current simple formula-
tion of Algorithm 3. Note that TOPP-RA algorithm in [46] can correctly handle
cases in which Assumption 4 is not satisfied.

4.3.2 Comparison with TOPP-RA algorithm

As already mentioned in the introduction, a very recent and interesting work,
closely related to ours, is [46]. In that paper a backward-forward approach is
proposed. In the backward phase a controllable set is computed for each dis-
cretization point. This is an interval that contains all possible states for which
there exists at least a sequence of controls leading to the final assigned state.
The computation of each interval requires the solution of two LP problems
with two variables. Next, a forward phase is performed where a single LP with
two variables is solved for each discretization point. The final result is a feasible
solution which, however, is optimal under the assumption that no zero-inertia
points (i.e., values of s such that a(s) = 0 in Problem 9) are present. In the
presence of zero-inertia points a solution is returned whose objective function
value differs from the optimal one by a quantity proportional to the discretiza-
tion step h.

In what follows we outline the main differences between our approach and
the one proposed in [46]. (i) The approach in [46] solves 2n 2-D LPs and
n 1-D LPs, while ours solves n 2-D LPs. (ii) In [46] the 2-D LPs are solved
by the simplex method while we proposed alternative methods which turn out
to be more efficient. Indeed, our computational experiments will show that
the computation times are reduced considerably when using our alternative
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1. joint (q1)

2. joint (q2)

3. joint (q3)

Figure 4.4: The 3-DoF manipulator with the three revolute joints (q =

[q1, q2, q3]T ).

methods. (iii) In [46] it is observed that the practical (say, average) complexity
of solving 2-D LPs is linear with respect to the number of constraints. In fact,
we observed that such complexity is not only the practical one but also the
worst-case one. (iv) Finally, in our approach we deal with the presence of zero-
inertia points through the addition of the displacements (4.41). Introducing
these displacement, we are able to return an exact solution of the discretized
problem.

4.4 Experimental results

In this section, we consider a motion planning problem for a 3-DoF manipulator
and compare the computation time of the proposed solver to other methods
existing in literature a further real application on a 6-DOF robotic manipulator
is reported in [53]. We consider the robot presented in [54] (Chapter 4, example
4.3). This robot is a serial chain robot (see Figure 4.4), composed of 3 links
connected with 3 revolute joints (the first link is connected with a fixed origin).
Table 4.1 reports the robot parameters. Namely, for link i, i = 1, . . . , 3, li is
the length, and ri is the distance between the gravity center of the link and
the joint that connects it to the previous link in the chain (see Figure 4.5).
Parameters Ixi, Iyi, Izi, mi are the diagonal components of the inertia matrix
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Table 4.1: Kinematic and dynamic parameters for the 3-DoF manipulator.

Link (Ixi, Iyi, Izi) [kg m2] mi [kg] li [m] ri [m]
1 (7.5, 7.5, 7.5) 1.5 0.2 0.08
2 (5.7, 5.7, 5.7) 1.2 0.3 0.12
3 (4.75, 4.75, 4.75) 1.0 0.325 0.13

l2 l3

l1

r1

r2 r3

L1

L2 L3

Figure 4.5: Kinematic and dynamic parameters for the 3-DoF manipulator. Li
indicates the coordinate frame attached to the gravity center of the link.

and the mass of link i.

We consider an instance of Problem 9, where the reference curve γ : [0, 1]→
R3 is defined as a cubic spline that interpolates the points shown in Table 4.2.
The mass matrixD, the Coriolis matrix C and the external forces term g that
we consider are reported in [54] (Chapter 4, example 4.3).

The following kinematic and dynamic bounds are applied for the presented
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Table 4.2: Points interpolated in the configuration space.

s γ1 γ2 γ3

0 0 0 0
0.25 1.288 -0.2864 -0.2982
0.5 2.59 -0.03045 -0.5995
0.75 4.374 -0.04647 -0.582
1 5.334 -0.1657 -0.4504

test case (∀s ∈ [0, 1])

ψ(s) =[2.0, 2.0, 2.0]T ,

α(s) =[1.5, 1.5, 1.5]T ,

µ(s) =[9, 9, 9]T .

We find an approximated solution of Problem 9 by solving Problem 10 with
five different methods:

1. a SOCP solver which solves the SOCP reformulation presented in Equa-
tion (74)-(86) of [41];

2. a LP solver which solves the LP reformulation presented in Equation (23)
of [45];

3. Algorithm 3 using simplex method to solve the 2-D LP subproblems
(4.30).

4. Algorithm 3 using Algorithm 4 to solve the 2-D LP subproblems (4.30).

5. Algorithm 3 using Algorithm 5 to solve the 2-D LP subproblems (4.30).

In the first and second method we use Gurobi solver [50] while, for the
other methods, we use a C++ implementation of Algorithm 3. We measure
the performance on a 2.4 GHz Intel Core i7-3630QM CPU.
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Figure 4.6: Computation times obtained using different approaches as a func-
tion of the number of sample points.

The results are presented in Figure 4.6 for values of n up to n = 10, 000.
Such results show that the Algorithm 3 with Algorithm 4 and Algorithm 5
employed to solve the 2-D LP subproblems perform quite similarly (the former
slightly better than the latter). Both significantly outperform the first two
methods (by approximately four and two order of magnitudes, respectively),
and perform better than Algorithm 3 with the simplex method. In Figure 4.7,
we show how the travelling time varies with the number n of discretization
points. Note that the time tends to converge rather quickly as n increases
and that the computed travelling time for each value of n is the same for all
approaches we tested.

In order to evaluate the impact of the number of degrees of freedom p on
the solution time, we ran a second set of tests, with a fixed number of samples
n = 500 and where p varies from 10 to 100, along the lines of a similar test
presented in [46]. For each test, we obtain the reference path γ : [0, 1] → Rp

by randomly generating 5 vectors in Rp, whose components γi, i = 1, . . . , p
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Figure 4.7: Minimum travelling time as a function of the the number of steps
n.

are uniformly sampled in interval [−5, 5]. After that, we interpolate these 5
waypoints with a cubic-spline. In these tests, we do not impose any constraint
on generalized forces and consider constant speed and accelerations constraints,
given by ψi(s) = 2.0 and αi(s) = 1.5, for s ∈ [0, 1] and i = 1 . . . , p. We
restricted the attention to Algorithm 3 with 2-D LPs solved by the simplex
algorithm, Algorithm 4, and Algorithm 5, respectively (we do not report the
computing times for the SOCP and LP solver since these, as previously seen,
are significantly worse).

The results are displayed in Figure 4.8. They confirm that both Algorithm
4 and Algorithm 5 outperform the simplex method, but, interestingly, it turns
out that Algorithm 4 performs significatively better than Algorithm 5 as p
increases, in spite of the fact that its worst-case complexity, namely O(p2), is
inferior to the O(p log(p)) complexity of Algorithm 5. This can be explained
by observing that the complexity of Algorithm 5 is not only the worst-case one
but also the practical one, since it depends on the sorting operations which
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Figure 4.8: Computation times obtained using different approaches with n =

500 and increasing p.

always need to be performed. Instead, the average performance of Algorithm
4 can be much better than its worst-case performance and, in fact, Figure 4.8
suggests a linear increase with respect to p. Note that we employed our own
implementation of the primal simplex algorithm for 2-D LPs. We did not em-
ploy commercial solvers since, for such low dimensional problems, they require
a much larger model creation times than the (very small) solution times, thus
making their use in this context inefficient. Of course, our implementation may
be improved. However, the larger computing times of the primal simplex algo-
rithm are probably due to the fact that its starting point is the origin, which
is the lowermost feasible point, while the optimal solution of these 2-D LPs is
always the uppermost feasible point, so that, on average, an O(p) number of
iterations is needed before reaching the optimal solution. We did not compute
directly the solution with the TOPP-RA algorithm presented in [46], however,
note that the computational time of TOPP-RA is comparable with Algorithm 3
using simplex method to solve the 2-D LP subproblems (4.30) (actually higher,
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since TOPP-RA solves 3n LP problems, while our approach solves only n LP
problems).

4.5 Appendix

Proof of Proposition 18 Let D be the subset of C1([0, sf ],R) that satisfies
conditions (4.11)-(4.17). Set f(w) =

∫ sf
0 w(s)−1/2 ds and f∗ = inf{f(b) : w ∈

D}, then there exists a sequence of wi : [0, sf ] → R, i ∈ N, such that wi ∈
D and limi→∞ f(wi) = f∗. By Ascoli-Arzelà theorem, if the sequence {wi}
is uniformly bounded and differentiable with {w′i} uniformly bounded, then
there exists a subsequence {wik} that uniformly converges on [0, sf ]. Since
(∀s ∈ [0, sf ]) ‖γ ′(s)‖ = 1, there exists an index i(s) ∈ {1, . . . , p} such that
γ′i(s)(s)

2 ≥ 1
p .Then, we define a function β : [0, sf ]→ R+ as the most restrictive

upper bound of w along the path. Hence, from constraint (4.15) we can write
the following relation

0 ≤ w(s) ≤ β(s). (4.58)

Since each function wi is uniformly bounded (by (4.15) and boundedness
of β) and differentiable, it remains to show that w′i is uniformly bounded (i.e.,
there exists a real constant C such that, ∀s ∈ [0, sf ], |w′i(s)| ≤ C). Consider
constraint (4.16)

−2(α(s) + γ ′′(s)w(s)) ≤≤ γ ′(s)w′(s) ≤ 2(α(s)− γ ′′(s)w(s)).

Since α and β are bounded functions, ᾱ = ‖α‖∞ < +∞ and β̄ = ‖β‖∞ <

+∞. Moreover, γ ′′ is a continuous function on the compact set [0, sf ], then
there exists the component-wise maximum γ̄′′ = ‖γ ′′‖∞. Hence, we bound
γ ′(s)w′(s) as follows

−2(ᾱ+ γ̄′′β̄)1 ≤ γ ′(s)w′(s) ≤ 2(ᾱ+ γ̄′′β̄)1.

Since ∀s ∈ [0, sf ] ‖γ ′(s)‖2 = 1, then there exists an index i(s) ∈ {1, . . . , p}
such that ‖γ ′i(s)(s)‖∞ ≥

1√
p , which implies
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−2
√
p(ᾱ+ γ̄′′β̄) ≤ −2

(ᾱ+ γ̄′′β̄)

‖γ′i(s)(s)‖∞
≤ w′(s) ≤ (ᾱ+ γ̄′′β̄)

‖γ′i(s)(s)‖∞
≤ 2
√
p(ᾱ+ γ̄′′β̄).

Hence, |w′| is uniformly bounded by the real constant C = 2
√
p(ᾱ+ γ̄′′β̄).

To show that f∗(w) ≤ U < +∞, where U is a constant depending on the
problem data, it is sufficient to find w ∈ D such that f(w) < +∞. To this end,
set for δ ≥ 0

wδ(s) =


δs(2δ − s), s ∈ [0, δ),

δ3, s ∈ [δ, sf − δ],

δ(sf − s)(s− sf + 2δ), s ∈ (sf − δ, sf ].

Its derivative is

w′δ(s) =


2δ(δ − s), s ∈ [0, δ),

0, s ∈ [δ, sf − δ],

2δ(sf − s− δ), s ∈ (sf − δ, sf ].

Note that (4.17) is obviously satisfied by wδ, moreover, wδ ∈ D if δ = 0.
The maximum value of bδ is δ3. By Assumption 3, there exists the minimum

ψ̂ = mini=1,...,p min{ψi(s) : s ∈ [0, sf ]} > 0. Since γ ∈ C2([0, sf ],Rp) it follows
that γ̂′ = ‖γ ′‖2∞ < +∞. Hence, setting δ̂ = (ψ̂/γ̂′)

2
3 , (4.15) is satisfied for any

δ ∈ [0, δ̂]. After that, we have that (∀s ∈ [0, sf ])∣∣∣∣12d(s)w′δ(s) + c(s)wδ(s) + g(s)

∣∣∣∣ ≤ 1

2
|d(s)| |w′δ(s)|+ |c(s)|wδ(s) + |g(s)|.

By Assumption 4 it follows that

1

2
|d(s)| |w′δ(s)|+ |c(s)|wδ(s) + |g(s)| <

<
1

2
|d(s)| |w′δ(s)|+ |c(s)|wδ(s) + µ(s)− ε1.
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There exists δ̄ > 0 such that (∀s ∈ [0, sf ])

1

2
|d(s)||w′δ̄(s)|+ |c(s)|wδ̄(s) ≤ ε1,

which implies that for any δ ∈ [0, δ̄]∣∣∣∣12d(s)w′δ(s) + c(s)wδ(s) + g(s)

∣∣∣∣ ≤ µ(s),

i.e., wδ satisfies constraints (4.14). Analogously one can see that constraint
(4.16) is fulfilled for each δ ∈ [0, δ̃] with a sufficiently small δ̃ > 0. Hence, for
each δ ∈ [0, δ∗] with δ∗ = min{δ̂, δ̄, δ̃}, it follows that wδ ∈ D. Finally, by direct
computation, it is straightforward to see that f(wδ) < +∞, with δ > 0.



Chapter 5

A sequential algorithm for jerk
limited minimum-time speed
planning

In the previous chapters we carried out the problem of finding the speed profile
for autonomous vehicles and robotic manipulators in order to minimize the tra-
versed time on an assigned path. Both these problems were formulated taking
into account only the constraints on the speed, on the accelerations and on the
torques. However, in a practical scenario the resulting speed profile produced
by the previously proposed approaches may not be sufficiently smooth. A cer-
tain degree of smoothness is a feature that is generally requested when we want
to guarantee some comfort constraints, to avoid mechanical solicitations due
to the saturation of the actuators, and to obtain better control performance.

The aim of this chapter is to add jerk constraints to the minimum time speed
planning problem considered in Chapter 2, i.e., to add a limitation on the
second derivative of the longitudinal speed, in order to generate a sufficiently
smooth profile. We propose an efficient algorithm which is able to find a solu-
tion to a finite dimensional version of the minimum time problem.
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5.1 Problem formulation

In Section 2.1 we showed how to formulate a minimum time speed planning
problem by using the arc-length parametrization of the assigned path γ. The
problem has been converted into a convex one by the change of variable (2.5).
We recall that through this formulation, the longitudinal acceleration aL along
the curve γ can be expressed as

aL(t) =
1

2
w′(s(t)),

where s is the curvilinear coordinate and w is the square of the speed. By this
parametrization, we can derive the jerk as follows

jL(t) = ȧL(t) =
1

2
w′′(s(t))

√
w(s(t)).

Then, the minimum-time problem becomes:

Problem 11 (Smooth minimum-time speed planning problem: continuous ver-
sion).

min
w∈C2

∫ sf

0
w(s)−1/2 ds

such that

w(0) = 0, w(sf ) = 0,

0 ≤ w(s) ≤ µ+(s), s ∈ [0, sf ],

1

2

∣∣w′(s)∣∣ ≤ A, s ∈ [0, sf ], (5.1)

1

2

∣∣∣w′′(s)√w(s)
∣∣∣ ≤ J, s ∈ [0, sf ], (5.2)

where µ+ is the square speed upper bound depending on the shape of the
path, i.e.,

µ+(s) = min

{
v2

max(s),
AN
|k(s)|

}
,
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with vmax, AN and k be the maximum allowed speed of the vehicle, the maxi-
mum normal acceleration and the curvature of the path, respectively. Param-
eters A and J are the bounds representing the limitations on the acceleration
and the jerk, respectively. As in Chapter 2 we solve a finite dimensional version
of the problem, namely:

Problem 12 (Smooth minimum-time speed planning problem: discretized ver-
sion).

min
w∈Rn

2h
n−1∑
i=1

1
√
wi+1 +

√
wi

(5.3)

such that

0 ≤ w ≤ u, (5.4)

wi+1 − wi ≤ 2hA, i = 1, . . . , n− 1, (5.5)

wi − wi+1 ≤ 2hA, i = 1, . . . , n− 1, (5.6)

(wi−1 − 2wi + wi+1)

√
wi+1 + wi−1

2
≤ 2h2J i = 2, . . . , n− 1, (5.7)

− (wi−1 − 2wi + wi+1)

√
wi+1 + wi−1

2
≤ 2h2J i = 2, . . . , n− 1, (5.8)

where u1 = 0 and un = 0, since we are assuming that the initial and fi-
nal speed are equal to 0. Constraints (5.7) and (5.8) are obtained by using a
second-order central finite difference to approximate w′′, while w is approx-
imated by the arithmetical mean. Due to jerk constraints (5.7) and (5.8), it
follows that Problem 12 becomes a non-convex problem and loses the special
structure of the problems we solved in Chapters 2 and 4. That makes even the
detection of a local minimizers much harder with respect to those problems.

In the next sections, we propose to solve Problem 12 with a line-search al-
gorithm based on the sequential solution of convex problems. The main con-
tribution of the chapter lies in the procedure that we provide to efficiently
solve such convex problems. We will use the results presented in Chapters 2
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and 4 and in references [22, 55] in order to exploit as much as possible their
properties.

5.2 A sequential algorithm based on constraint lin-
earization

To account for the non-convexity of Problem 12 we propose a line search
method (see Algorithm 6, which flow chart is shown in Figure 5.1). Let us
denote by Ω the feasible region of Problem 12. At each iteration k, we replace
the current w(k) ∈ Ω with w(k)+α(k)δw(k) ∈ Ω, where the step-size α(k) ∈ [0, 1]

is obtained by a line search along the descent direction δw(k). Such descent
direction δw(k) is obtained thorugh the solution of a convex problem (see Prob-
lem 13), which constraints are linear approximations of (5.4)-(5.8) around w(k),
while the objective function is the original one. Then, the problem we consider
to compute the direction δw(k) is the following:

Problem 13.

min
δw∈Rn

2h
n−1∑
i=1

1√
wi+1 + δwi+1 +

√
wi + δwi

(5.9)

such that

lB ≤ δw ≤ uB, (5.10)

δwi+1 − δwi ≤ bAi , i = 1, . . . , n− 1, (5.11)

δwi − δwi+1 ≤ bDi, i = 1, . . . n− 1, (5.12)

δwi − ηiδwi−1 − ηiδwi+1 ≤ bNi , i = 2, . . . , n− 1. (5.13)

ηiδwi−1 + ηiδwi+1 − δwi ≤ bPi , i = 2, . . . , n− 1, (5.14)

where lB = −w(k) and uB = u − w(k), while parameters η, bA bD, bN

and bP depend on the point w(k) around which the constraints (5.4)-(5.8)
are linearized (see proof of Proposition 26). Note that the proposed approach
follows some standard ideas of sequential quadratic approaches employed in
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Perform a line search along 

where is the feasible region of Problem 12 

Let be the computed step-length 

w
(k) + αδw

(k)
∈ Ω

Ω

α
(k) ≥ 0

Solve (a relaxation of) Problem 13 around 

and let be its solution

w
(k)

δw
(k)

Set w
(k+1) = w

(k) + α
(k)

δw

f(w(k+1)) − f(w(k)) < − ε

NO

STOP 

Return w(k)

YES

Initial solution 

(e.g., ) 

Set k = 0

w
(0)

w
(0) = 0

Set k = k + 1

Figure 5.1: Flow chart of Algorithm 6. The dashed block corresponds to a
call of the procedure ComputeUpdate, proposed to solve Problem 13, which
represents the main contribution of this chapter.

the literature about nonlinearly constrained problems, but a quite relevant
difference is that the true objective function (5.3) is employed in the problem to
compute the direction, rather than a quadratic approximation of such function.
This choice comes from the fact that the objective function (5.3) has some
features (in particular, convexity and non-increasingness), which, combined
with the structure of the linearized constraints, allow for an efficient solution
of Problem 13. We make the following observation.

Proposition 26. All parameters η, bA bD, bN and bP are non negative for
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h→ 0.

Proof. Let us consider constraints (5.5). By linearizing them around w ∈ Ω we
have

δwi+1 − δwi ≤ bAi ,

where bAi = 2hA−wi+1 +wi ≥ 0 because of the feasibility of w. Analogously
we can prove that bDi = 2hA− wi + wi+1 ≥ 0.

After that, by linearizing constraints (5.7) around w we have:

ηi =
3(wi+1 + wi−1)− 2wi

4(wi+1 + wi−1)

and

bPi =

√
2h2J − (wi−1 − 2wi + wi+1)

√
wi+1 + wi−1

2
√
wi+1 + wi−1

.

By continuity of w we have that, for h→ 0, ηi → 1
2 , whereas for the feasibility

of w we have bPi ≥ 0. Analogously we can prove that bNi ≥ 0.

Algorithm 6: Sequential Convex algorithm

1 Find w(1) ∈ Ω;
2 for k = 1 . . . do
3 Define Problem 13 depending on w(k);
4 Set δw(k) = ComputeUpdate(w(k));
5 Find α(k) such that w(k) + α(k)δw(k) ∈ Ω;
6 Set w(k+1) = w(k) + α(k)δw(k);
7 if f(w(k+1))− f(w(k)) < −ε then
8 return wk

Problem 13 is a convex problem with a non-empty feasible region (δw = 0

is always a feasible solution) and, consequently, can be solved by existing non-
linear solvers. However, such solvers tend to increase computing times since
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they need to be called many times within an iterative algorithm (see Algo-
rithm 6). The main contribution of this chapter is routine computeUpdate
(see dashed block in Figure 5.1), which is able to solve Problem 13 and effi-
ciently returns a descent direction δw(k). In fact, to be more precise, we will
solve a relaxation of Problem 13. Such relaxation as well as the routine to
solve it, will be detailed in Sections 5.3 and 5.4. In Section 5.3 we present ef-
ficient approaches to solve some subproblems including proper subsets of the
constraints. Then, in Section 5.4 we address the solution of the relaxation of
Problem 13.

Remark 11. It is possible to see that if one of the constraints (5.7)-(5.8) is
active at w(k), then along the direction δw(k) computed through the solution of
the linearized Problem 13, it holds that w(k) +αδw(k) ∈ Ω for any sufficiently
small α > 0. In other words, small perurbations of the current solution w(k)

along direction δw(k) do not lead outiside the feasible region Ω. This fact is
illustrated in Figure 5.2. Let us rewrite constraints (5.7)-(5.8) as follows:

|(x− 2y)
√
x| ≤ C, (5.15)

where x = wi+1 + wi−1, y = wi and C is a constant. The feasible region as-
sociated to constraint (5.15) is reported in Figure 5.2. In particular, it is the
region between the blue and the red line. Suppose that constraint y ≤ x

2 + C
2
√
x

is active at w(k) (the case when y ≤ x
2 −

C
2
√
x

is active can be dealt with
in a completely analogous way). If we linearize such constraint around w(k),
then we obtain a linear constraint (black line in Figure 5.2) which defines a
region completely contained into the one defined by the nonlinear constraint
y ≤ x

2 + C
2
√
x
. Hence, for each direction δw(k) feasible with respect to the lin-

earized constraint, we are always able to perform sufficiently small steps, with-
out violating the original nonlinear constraints, i.e., for α > 0 small enough,
it holds that w(k) + αδw(k) ∈ Ω.

Remark 12. In the rest of this chapter we call constraints (5.11)-(5.12) ac-
celeration constraints, while constraints (5.13) and (5.14) are called Negative
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Figure 5.2: Constraints (5.7)-(5.8) and their linearization.

Acceleration Rate (PAR) and Positive Acceleration Rate (NAR) constraints,
respectively.

5.3 The cases with acceleration and NAR constraints

In this section we show that if we consider only the subset of constraints (5.10)-
(5.13), then Problem 13 can be efficiently solved. In what follows, besides the
lower and upper bound constraints (5.10), we carry out the case including only
the acceleration constraints (5.11) and (5.12), the case including only the NAR
constraints (5.13), and, finally, the case including all constraints (5.10)-(5.13).

5.3.1 Acceleration constraints

The simplest case is the one where we only consider the acceleration constraints
(5.11) and (5.12), besides constraints (5.10) with upper bound vector y. The
problem to be solved is:
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Problem 14.

min
δw∈Rn

2h
n−1∑
i=1

1√
wi+1 + δwi+1 +

√
wi + δwi

such that

lB ≤ δw ≤ y,

δwi+1 − δwi ≤ bAi , i = 1, . . . , n− 1,

δwi − δwi+1 ≤ bDi, i = 1, . . . n− 1.

It belongs to the class of Problem 4, presented in Chapter 2. As already
proved, we are able to detect its optimal solution by Algorithm 7, which com-
putational complexity is O(n).

Algorithm 7: Routine SolveAcc for the solution of the problem
with acceleration constraints

input : The upper bound y

output: The descent direction δw
1 δw1 = 0, δwn = 0 ;
2 for i = 1 to n− 1 do

3 δwi+1 = min
{
δwi + bAi , yi+1

}
4 for i = n− 1 to 1 do

5 δwi = min
{
δwi+1 + bDi, yi

}
6 return δw

5.3.2 NAR constraints

Now, we consider the problem only including NAR constraints (5.13) and con-
straints (5.10) with upper bound vector y:



98
Chapter 5. A sequential algorithm for jerk limited minimum-time

speed planning

Problem 15.

min
δw∈Rn

2h
n−1∑
i=1

1√
wi+1 + δwi+1 +

√
wi + δwi

such that

0 ≤ δwi ≤ yi, i = 1, . . . , n (5.16)

δwi ≤ ηi(δwi−1 + δwi+1) + bNi , i = 2, . . . , n− 1, (5.17)

where y1 = yn = 0 because of the boundary conditions. We first prove the
following proposition.

Proposition 27. The optimal solution of Problem 15 is the maximum component-
wise of its feasible region.

Proof. It follows from the fact that Problem 15 belongs to the class of problems
addressed in [55]. Indeed, we can write constraints (5.16) and (5.17) as follows

δwi ≤ min {ηi(δwi−1 + ηiδwi+1) + bNi , yi} , i = 2, . . . , n− 1,

which, thanks to the nonnegativity of the coefficients ηi and bNi , fulfill the
assumptions required in [55].

By Proposition 27 it follows that Problem 15 can be solved by using the
graph-based approach presented in [22, 55]. However, reference [22] shows that,
by exploiting the structure of a simpler version of the NAR constraints, it
is possible to develop an algorithm more efficient than the graph-based one.
Our purpose is to extend the results presented in reference [22] to a case with
different and more challenging NAR constraints, in order to develop an efficient
algorithm outperforming the graph-based one. We first make the following
remark.

Remark 13. As a consequence of Proposition 27 it follows that δw∗1 = δw∗n = 0

and, for each i = 2, . . . , n−1, either δw∗i ≤ yi or δw∗i ≤ ηi(δw∗i+1 +δw∗i−1)+bNi
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holds as an equality. Indeed, in case both inequalities were strict for some i,
then we could decrease the objective function value by increasing the value of
δw∗i .

In view of Remark 13 we have that, given two indexes s and t, with s < t,
if δw∗s = ys and δw∗t = yt, then there exists an index j, with s < j ≤ t, such
that δw∗j = yj and such that each NAR constraint between s+ 1 and j − 1 is
active. If index j is known, then the following observation allows to return the
componets of the optimal solutions between s and j.

Observation 1. Let δw∗ be the optimal solution of Problem 15 and let s < j.
If constraints δw∗s ≤ ys, δw∗j ≤ yj, and δw∗i ≤ ηi(δw

∗
i+1 + δw∗i−1) + bNi, for

i = s + 1, . . . , j − 1, are all active, then δw∗s+1, . . . , δw
∗
j−1 are obtained by the

solution of the following tridiagonal linear system:

A


δw∗s+1

...
δw∗j−1

 = q, (5.18)

where

A =



1 −ηs+1 0 · · · 0

−ηs+2 1 −ηs+2
. . .

...

0
. . . . . . . . . 0

...
. . . −ηj−2 1 −ηj−2

0 · · · 0 −ηj−1 1


and q =



bNs+1 + ηs+1ys

bNs+2
...

bNj−2

bNj−1 + ηj−1yj


.

Note that A is the square submatrix of the NAR constraints restricted to rows
s+ 1 up to j − 1 and the related columns.

In order to detect the index j ∈ {s + 1, . . . , t − 1} such that all NAR
constraints s + 1, . . . , j − 1 are active, we propose Algorithm 8, described in
what follows. We initially set j = t. Then, at each iteration we solve linear
system (5.18). Let x̄ = (x̄s+1, . . . , x̄j−1) be its solution. We check if it is feasible
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and optimal. Namely, if there exists k ∈ {s + 1, . . . , j − 1} such that either
x̄k < 0 or x̄k > uk, then x̄ is unfeasible. Conversely, if 0 ≤ x̄k ≤ uk, for
k = s+ 1, . . . , j − 1 , then we verify if x̄ is the best possible solution over the
interval {s + 1, . . . , j − 1}, namely, if there does not exist a better solution
such that at least one NAR constraint is not active in such interval. Let ū =

(us+1, . . . uj−1), and consider the following problem

maxε≥0 1T (x̄+ε)

A(x̄ + ε) ≤ q

0 ≤ x̄ + ε ≤ ū.

(5.19)

By construction we have Ax̄ = q, so that problem (5.19) can be rewritten as
follows:

maxε≥0 1T ε

Aε ≤ 0,

−x̄ ≤ ε ≤ ū− x̄.

(5.20)

If ε = 0 is the optimal solution of problem (5.20), then x̄ is optimal over
the interval {s + 1, . . . , j − 1}. Indeed, recall that the optimal solution is
the component-wise maximum over the feasible region. So, we need to ver-
ify whether ε = 0 is a KKT point. Since at ε = 0 constraints −z ≤ ε ≤ ū− z

cannot be active, then the KKT conditions for problem (5.20) are the following
ones:

ATλ = 1, λ ≥ 0. (5.21)

If conditions (5.21) do not hold, then x̄ is not optimal. In this case and in
the previously discussed unfeasible case, we reduce j by 1. Otherwise, if condi-
tions (5.21) are satisfied, then x̄ is optimal over the interval {s+ 1, . . . , j − 1}
and we can set δw∗k = x̄k for k = s + 1, . . . , j − 1. After that, we recursively
call the routine SolveNAR on the remaining subinterval {j, . . . , t} in order to
obtain the solution over the full interval.

Remark 14. In Algorithm 8 routine isFeasible is the routine used to verify
if, for k = s+ 1, . . . , j − 1, 0 ≤ x̄k ≤ uk, while isOptimal is the procedure to
check optimality of x̄ over the interval {s+ 1. . . . , j − 1}.
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Now, we are ready to prove that Algorithm 8 solves Problem 15.

Proposition 28. The call solveNAR(y,1,n) of Algorithm 8 returns the
optimal solution of Problem 15.

Proof. The proof is straightforward in view of Remark 13 and observing that
δw∗1 = y1 = 0 and δw∗n = yn = 0.

Algorithm 8: SolveNAR(y, s, t)
input : Upper bound y and two indices s and t with 1 ≤ s < t ≤ n
output: The solution δw∗ of Problem 15 if δw∗s = ys and δw∗t = yt.

1 Set j = t;
2 δw∗ = y;
3 while j ≥ s+ 1 do
4 Compute the solution x̄ of the linear system (5.18);
5 if isFeasible(x̄) and isOptimal(x̄) then
6 Break;

7 else
8 Set j = j − 1;

9 for i = s+ 1, . . . , j − 1 do
10 Set δw∗i = x̄i;

11 return δw∗ = min {δw∗,SolveNAR(δw∗, j, t)};

Note that Algorithm 8 involves solving a significant amount of linear sys-
tems, both to compute x̄ and to verify its optimality (see (5.18) and (5.21)).
In what follows we propose some implementation details which improve the
performance of Algorithm 8.

Remark 15. Let Ax = d be a tridiagonal linear system with A ∈ Rm×m such
that each equation can be written as

aixi−1 + bixi + cixi+1 = di, i = 1, . . . ,m,
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with a1 = cm = 0. Then, it can be solved with O(m) operations through so
called Thomas algorithm [56] (see Algorithm 9).

Algorithm 9: Thomas algorithm
input : a, b, c, d

output: x̄

1 Let m be the dimension of d

/* Forward phase */

2 for i = 2, . . . ,m do
3 Set δi = ai

bi−1
;

4 Set bi = bi − δici−1;
5 Set di = di − δidi−1;
6 Set αi = di

bi
;

7 Set βi = ci
bi
;

/* Backward phase */

8 Set x̄m = αm;
9 for i = m− 1, . . . , 1 do

10 Set x̄i = αi − βix̄i+1 ;

Then, each (tridiagonal) linear system (5.18) can be solved in O(n) opera-
tions. Moreover, we can directly check the feasibility of x̄ during the backward
phase of Thomas Algorithm (see lines 8-10 of Algorithm 9), namely we declare
unfeasibility as soon as 0 ≤ x̄i ≤ ui does not hold, without completing the
backward propagation. Moreover, coefficients αi and βi, i = 2, . . . ,m do not
change with j, so that the forward phase of Thomas algorithm can be per-
formed only once at the beginning of the procedure solveNAR for the whole
interval {s, . . . , t}. Finally, Thomas algorithm can also be employed to solve
the (tridiagonal) linear system (5.21), needed to verify optimality of x̄. The
following proposition states the worst-case complexity of solveNAR(y,1,n).

Proposition 29. Problem 15 can be solved with O(n3) operations by running
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the procedure SolveNAR(y, 1, n) and by using Thomas algorithm for the solu-
tion of each linear system.

Proof. In the worst case, at each iteration j = s + 1, so that each call of
SolveNAR requires O(n2) operations, while the total number of recursive calls
is O(n), thus making an overall effort of O(n3) operations.

In fact, the practical complexity of the algorithm is much better, namely
O(n2).

5.3.3 Acceleration and NAR constraints

Now we discuss the problem with acceleration and NAR constraints, with upper
bound vector y, i.e.:

Problem 16.

min
δw∈Rn

2h

n−1∑
i=1

1√
wi+1 + δwi+1 +

√
wi + δwi

such that

lB ≤ δw ≤ y,

δwi+1 − δwi ≤ bAi , i = 1, . . . , n− 1,

δwi − δwi+1 ≤ bDi, i = 1, . . . n− 1,

δwi − ηiδwi−1 − ηiδwi+1 ≤ bNi , i = 2, . . . , n− 1.

We first prove the following proposition.

Proposition 30. The optimal solution of Problem 16 is the maximum component-
wise of its feasible region.

Proof. The proof is the same as the one for Proposition 27.

As for the case with the NAR constraints, we can solve Problem 16 by using
the graph-based approach proposed in reference [55]. However, reference [22]
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shows that, if we adopt a very efficient procedure to solve the case with accel-
eration and the case with NAR constraints separately, then it is worth splitting
the full problem into two separated ones and use an iterative approach (see
Algorithm 10). Indeed, the solution of one of the two problems is a valid upper
bound for the other and viceversa. Thus, by alternating the solutions of the
routine solveACC and solveNAR we have that the sequence of solutions con-
verges from above to the optimal solution of the problem including acceleration
and NAR constraints.

Proposition 31. Algorithm 10 returns the optimal solution for the case in-
cluding the acceleration and the NAR constraints.

Proof. See Section 5.3 of [22].

Algorithm 10: Algorithm SolveACCNAR for the solution of Prob-
lem 16.

input : The upper bound y and the tolerance ε
output: The optimal descent direction δw∗ and the objective value

f∗

1 δwAcc = SolveACC(y);
2 while true do
3 δw∗ = SolveNAR(δwAcc, 1, n);
4 if ‖δw∗ − δwAcc‖ < ε then
5 return δw∗, evaluateObj(δw∗)

6 δwAcc = SolveACC(δw∗);

5.4 A descent method for the case of acceleration,
PAR and NAR constraints

Unfortunately, PAR constraints (5.14) do not satisfy the assumptions requested
in [55] in order to guarantee that the component-wise maximum of the feasible
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region is the optimal solution of Problem 13. However, in Section 5.3 we have
shown that Problem 16 can be efficiently solved by Algorithm 10. Our pur-
pose then is to separate the acceleration and NAR constraints from the PAR
constraints. This approach is a further extension of the results shown by [22].

Definition 6. Let ψ : Rn → R be the objective function of Problem 13 and
let D be the region defined by the acceleration and NAR constraints. We define
the function F : Rn → R as follows

F (y) = min {ψ(x) | ∃x ∈ D,x ≤ y} .

Namely, F is the optimal value function of Problem 16 when the upper bound
is y.

Proposition 32. Function F is a convex function.

Proof. Since Problem 16 is convex, then the optimal value function F is convex
(see Section 5.6.1 of [42]) .

Now, let us introduce the following problem:

Problem 17.

min
y∈Rn

F (y) (5.22)

such that

ηi(yi−1 + yi+1)− yi ≤ bPi , i = 2, . . . , n− 1, (5.23)

lB ≤ y ≤ uB. (5.24)

such problem is a relaxation of Problem 13. Indeed, each feasible solution of
Problem 13 is also feasible for Problem 17 and the value of F at such solution
is equal to the value of the objective function of Problem 13 at the same
solution. We will solve Problem 17 rather than Problem 13 to compute the new
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displacement δw. More precisely, if y∗ is the optimal solution of Problem 17,
then we will set

δw = arg min
x∈D,x≤y∗

ψ(x).

Before solving Problem 17 we need to show that it is possible to perform a
step along the computed direction δw without exiting the feasible region Ω,
provided that the step-length is small enough. That was observed to hold true
for the solution of Problem 13 (see Remark 11). Since we solve a relaxation of
Problem 13, we need to prove that this still holds true under mild conditions.
We first need to prove a proposition.

Proposition 33. Let w(k) be the current point and let

A(w(k) =

j : (w
(k)
j−1 − 2w

(k)
j + w

(k)
j+1)

√
w

(k)
j+1 + w

(k)
j−1

2
= 2h2J

 ,

be the set of PAR active constraints at w(k). Then, if

δwj−1 + δwj+1 ≤ 2
(
w

(k)
j−1 + w

(k)
j+1

)
, j ∈ A(w(k), (5.25)

then,
ηjδwj−1 + ηjδwj+1 − δwj ≤ bPj j ∈ A(w(k), (5.26)

i.e., the linearized PAR constraints is satisfied.

Proof. Let j ∈ A(w(k)). Since δw satisfies the acceleration and NAR con-
straints, we have that

δwj ≤ δwj+1 + bDj

δwj ≤ δwj−1 + bAj

δwj ≤ ηj(δwj+1 + δwj−1) + bNj

δwj ≤ y∗j .

At least one of these constraints must be active, otherwise δwj could be
increased, thus contradicting optimality. If the active constraint is δwj ≤
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ηj(δwj+1 + δwj−1) + bNj , then constraint (5.26) is obviously satisfied and is
not active. If δwj = y∗j , then

ηj(δwj−1 + δwj+1) ≤ ηj(y∗j−1 + y∗j+1) ≤ y∗j + bPj = δwj + bPj ,

where the second inequality follows from the assumption that y∗ satisfies the
PAR constraints. Now, let δwj = δwj+1+bDj (the case when δwj ≤ δwj−1+bAj

is active can be dealt with in a completely analogous way). First we observe
that δwj ≥ δwj−1 − bDj−1 . Then,

2δwj ≥ δwj+1 + δwj−1 + bDj − bDj−1 .

In view of the definitions of bDj and bDj−1 this can also be written as

2δwj ≥ δwj+1 + δwj−1 + w
(k)
j+1 − 2w

(k)
j + w

(k)
j−1.

Since j ∈ A(w(k)), it also holds that

w
(k)
j+1 − 2w

(k)
j + w

(k)
j−1 =

∆√
w

(k)
j+1 + w

(k)
j−1

,

where ∆ =
√

2h2J . Then, the inequality can be rewritten as

2δwj ≥ δwj+1 + δwj−1 +
∆√

w
(k)
j+1 + w

(k)
j−1

. (5.27)

Now, we observe that if j ∈ A(w(k)), then

ηj =
1

2
+

∆

4
(
w

(k)
j+1 + w

(k)
j−1

) 3
2

, bPj = 0,

so that, (5.26) can be rewritten as

2δwj ≥ δwj+1 + δwj−1 +
∆

2
(
w

(k)
j+1 + w

(k)
j−1

) 3
2

(δwj+1 + δwj−1).
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Now, taking into account (5.27) such inequality holds if

∆√
w

(k)
j+1 + w

(k)
j−1

≥ ∆

2
(
w

(k)
j+1 + w

(k)
j−1

) 3
2

(δwj+1 + δwj−1),

or equivalently, if 2
(
w

(k)
j+1 + w

(k)
j−1

)
≥ (δwj+1 + δwj−1), as we wanted to prove.

Note that, assumption (5.25) is mild since we are basically requiring that
no steps larger than twice as much the current values can be taken. Under such
assumption, the computed direction δw fulfils the linearized PAR constraints
so that according to Remark 11 it is possible to take a positive step-length along
this direction without violating the corresponding nonlinear constraints. Since
this is obviously also true for inactive nonlinear constraints, even if δw might
not satisfy their linearized version, then we can conclude that a positive step-
length along the computed δw can be taken without exiting the feasible region
Ω. In order to fulfil the mild assumption (5.25) one can impose restrictions on
δwj+1 and δwj−1 for j ∈ A(w(k)), like, e.g.,

δwj−1 ≤ w(k)
j−1 +

w
(k)
j−1 + w

(k)
j+1

2
,

and a similar restriction for δwj+1 which guarantee that assumption (5.25) is
satisfied. However, in the computational experiments we did not impose such
restriction unless a positive step-length along the compute direction δw could
not be taken (which, however, never occurred in our experiments).

Now, let us turn our attention towards the solution of Problem 17. In or-
der to solve it, we propose a descent method. We can exploit the information
provided by the dual optimal solution ν ∈ Rn+ associated to the upper bound
constraints of Problem 16. Indeed, from the sensitivity theory, we know that
the dual solution is related to the gradient of the optimal value function F (see
Definition 6) and provides information about how it changes its value for small
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perturbations of the upper bound values (for further details see Sections 5.6.2
and 5.6.5 in [42]). Let y(t) be a feasible solution of Problem 17 and ν ∈ Rn+ be
the Lagrange multipliers of the upper bound constraints of Problem 16, when
the upper bound is y(t). Let:

βi = bPi − ηi
(
y

(t)
i−1 + y

(t)
i+1

)
+ y

(t)
i , i = 2, . . . , n− 1.

Then, a feasible descent direction d(t) can be obtained by solving the following
problem:

Problem 18.

min
d∈Rn

−νTd (5.28)

such that

ηi (di−1 + di+1)− di ≤ βi, i = 2, . . . , n− 1, (5.29)

lB ≤ y(t) + d ≤ uB, (5.30)

where the objective function (5.28) imposes that d(t) is a descent direction
while constraints (5.29) and (5.30) guarantee feasibility with respect to Prob-
lem 17. Problem 18 is a linear problem so it can be easily solved by using a
standard linear solver (see [50]). Unfortunately, since the information provided
by the dual optimal solution ν is local and related to small perturbations of the
upper bounds, it might happen that F (y(t) +d(t)) ≥ F (y(t)). To overcome this
issue we amend Problem 18 with a trust-region constraint. So, let σ(t) ∈ R+

be the radius of the trust-region at iteration t, then we have:

Problem 19.

min
d∈Rn

−νTd (5.31)

such that

ηi (di−1 + di+1)− di ≤ βi, i = 2, . . . , n− 1, (5.32)

l̄B ≤ d ≤ ūB. (5.33)
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where l̄Bi = min{lBi − y
(t)
i ,−σ(t)} and ūBi = max{uBi − y

(t)
i , σ(t)} for

i = 1, . . . , n. After each iteration of the descent algorithm, we change the the
radius σ(t) according to the following rules:

• if F (y(t) + d(t)) ≥ F (y(t)), then we tight the trust-region by decreasing
σ(t) by a factor τ ∈ (0, 1) and solve again Problem 19;

• if F (y(t) + d(t)) < F (y(t)), then we make the update y(t+1) = y(t) + d(t)

and enlarge the radius σ(t) by a factor ρ > 1.

The proposed descent algorithm is sketched in Figure 5.3, which reports the
flow chart of the procedure ComputeUpdate used in Algorithm 6. We ini-

Set and y(0) = 0 t = 0

Evaluate by solving Problem 16 
and let be the Lagrange multipliers 

associated to the upper bound vector 

F (y(t))
ν(t)

y(t)

Solve Problem 19 with a trust region 
Let be its solution

σ(t)
d(t)

F (y(t) + d(t)) < F (y(t))

Set 
Set 

Set 

y(t+1) = y(t) + d(t)
σ(t+1) = ρσ(t)

t = t + 1

Set 
Set 

Set 

y(t+1) = y(t)
σ(t+1) = τσ(t)

t = t + 1

σ(t) < ε1
STOP Return 

δw = arg min
x∈D ,x≤y(t)

ψ (x)
YES

YES

NO

NO

Figure 5.3: Flow chart of the routine ComputeUpdate

tially set y(0) = 0. At each iteration t we evaluate the objective function
F (yt) by solving Problem 16 and upper bound vector y(t) through a call of the
routine solveACCNAR (Algorithm 10). Then, we compute the Lagrange mul-
tipliers ν(t) associated to the upper bound constraints. After that, we compute
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a candidate descent direction d(t) by solving Problem 19. If d(t)is a descent
direction, then we set y(t+1) = y(t) + d(t) and enlarge the radius of the trust
region, otherwise we tight the trust region and solve again Problem 19. The
descent algorithm stops as the radius of the trust region is smaller then a fixed
tolerance ε1.

Remark 16. Note that we initially set y(0) = 0. But any feasible solution of
Problem 19 does the job and, actually, starting with a good initial solution may
enhance the performance of the algorithm.

5.4.1 A heuristic procedure for computing a suboptimal de-
scent direction

In this section we propose a heuristic procedure for the detection of a subop-
timal solution to Problem 19. Indeed, we observe that: i) an optimal descent
direction is not strictly required; ii) a heuristic approach allows to reduce the
time needed to get a descent direction. We first need to introduce a definition.

Definition 7. Given a vector d ∈ RN the set of critical point associated to
such vector is

Q(d) = {p : ηi(dp−1 + dp+1)− dp − βp > 0} ,

i.e., the set of points where constraints (5.32) are violated at d.

Now, the heuristic is detailed in Algorithm 11. Its purpose is to sequentially
remove all the critical points p of the upper bound ūB by activating a sequence
of constraints (5.32) in the neighbourhood of p itself. We initially set d = ūB

and compute the related set Q(ūB) of critical points. After that, we consider
the most violated critical point p ∈ Q(ūB) and define ∆p as its associated
violation. Then, we define the propagation function from p. To this aim we
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first define a function y : [0, 1]→ Rn such that:

yj(α; d, p) =



dp j = p

dp−1 − α∆p j = p− 1

dp+1 − (1− α)∆p j = p+ 1

η−1
j (βj + yj(α; d, p))− yj+1(α; d, p), j = p− 1, . . . , 1

η−1
k (βj + yj(α; d, p))− yj−1(α; d, p), j = p+ 1, . . . , n.

(5.34)
Then, let

k1 = max{k < p : yk(α; d, p) ≥ dk}

k2 = min{k > p : yk(α; d, p) ≥ dk}.

We define the propagation function around p as follows: x(·; d, p) : [0, 1]→ Rn

as follows:

xj(α; d; p) =

yj(α; d, p) j = k1 + 1, . . . , k2 − 1

dj otherwise.
(5.35)

Basically, x decreases the components of the current vector d around the criti-
cal point p in order to remove locally the violations, without decreasing all other
components. The choice of not decreasing the remaining components comes
from the fact that the objective function (5.31) is monotonic non-increasing.
After having defined the propagation function from a critical point p, we search
for the best α that, in addition to activating a sequence of constraints (5.32)
around p, gives the best possible solution with respect to the objective func-
tion (5.31). Then, we consider the following problem:

α∗ ∈ arg min
α∈[0,1]

{
−νTx(α), |,x(α) ≥ l̄B

}
. (5.36)

We employ the ternary search algorithm to efficiently find its optimal solu-
tion [57]. Note that the ternary search needs to consider the lower bound
constraints. Actually, this issue can be easily overcome by setting to +∞ the
value of the objective function if x(α) 6≥ l̄B. If an optimal solution α∗ exists,
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we set d = x(α∗), compute its set of critical points Q(d), and repeat the above
procedure until Q is empty. If an optimal solution α∗ does not exist, i.e., prob-
lem (5.36) is unfeasible, then we remove the critical point p from Q and repeat
the above procedure by considering the next most violated critical point.

Remark 17. The procedure described in this section is a heuristic since we
do not have any proof of correctness and optimality. Moreover, it may happen
that:

• α∗ does not exist for all critical points contained in the set Q, i.e., we
are unable to remove all violations;

• the solution returned by the heuristic might not a descent direction, i.e.,
−νTd > 0.

For this reason, if one of these two cases occurs, we do not consider the result
computed by the heuristic and solve Problem 19 by using a linear solver.

Algorithm 11: The heuristic procedure to compute a descent di-
rection d for Problem 19

1 Set d = ūB;
2 Let U = Q(d);
3 while U 6= ∅ do
4 Let p be the most violated critial point in U ;
5 Let x(α; d; p) be defined as in (5.35);
6 if ∃ α∗ ∈ arg minα∈[0,1]

{
−νTx(α; d, p) |x(α; d, p) ≥ l̄B

}
then

7 Set d = x(α∗; d, p);
8 Let U = Q(d)

9 else
10 U = U\{p}

11 return d



114
Chapter 5. A sequential algorithm for jerk limited minimum-time

speed planning

5.5 Computational Experiments

In this section we present various computational experiments performed in
order to evaluate the approaches proposed in Sections 5.3 and 5.4.

In the first experiment, we show that the routine solveACCNAR (Algo-
rithm 10) proposed in Section 5.3 to solve Problem 16, is significantly faster
than the graph-based algorithm proposed by reference [55].

After that, we compare the computational time of IPOPT, a general pur-
pose nonlinear solver [58], with that of Algorithm 6 over some randomly gener-
ated instances of Problem 12. In particular, we tested two different versions of
Algorithm 6. The first version, called ALGO6-H in what follows, employs the
heuristic described in Section 5.4.1. As we claimed in Remark 17 the heuristic
procedure may fail and in such case we also need a linear solver. In particular,
in our experiments, we used GUROBI whenever the heuristic did not produce
either a feasible solution to Problem 19 or a descent direction. In the second
version, called ALGO6-G in what follows, we always employed GUROBI to
solve Problem 19.

As a final experiment we compare the performance of the two implemented
versions of Algorithm 6 applied to two specific paths and see their behaviour
as the number n of discretized points increases.

All tests have been performed on a Macbook Pro equipped with 2.3 GHz
Intel Core i5. Both for IPOPT and Algorithm 6 the null solution was chosen
as starting point. The parameters used within Algorithm 6 were ε = 1e−8,
ε1 = 1e−11 (tolerance parameters), ρ = 1.10 and τ = 0.25 (trust-region update
parameters). We remark that Algorithm 6 has been implemented in MATLAB,
so we expect better performance after a C/C++ implementation.

Experiment 1 As a first experiment we compared the computational time
of routine solveACCNAR (Algorithm 10) with the graph-based approach pro-
posed in [55] for solving Problem 16. Note that the graph-based approach is a
general purpose one for a wide class of problems, while routine solveACCNAR
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is tailored to the problem with acceleration and NAR constraints. We con-
sidered the same path proposed in Example 1 of Chapter 2 with the same
constraints on the longitudinal and normal acceleration and speed. Moreover,
we set J = 2 ms−3 and the interpolation condition to zero, i.e., u1 = 0 and
un = 0. These algorithms have been implemented in C++. The results are
presented in Figure 5.4 for values of n ranging from 100 to 1000. The rou-
tine solveACCNAR outperforms the graph-based approach proposed by [55]
in solving the problem with acceleration and NAR constraints. Note that Fig-
ure 5.4 reports only the results obtained using one of the policies, namely
FIFO, for the graph-based methods. We chose this policy since in [55] it was
experimentally proved to be the most efficient.
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Figure 5.4: Computational times, as a function of sample points n, using
solveACCNAR (blue line) and the graph-based approach [55] (red line).
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Experiment 2 As a second experiment we compared the performance of
Algorithm 6 with the nonlinear solver IPOPT. We made the experiments over
a set of 50 different paths, each of which was discretized setting n = 100,
n = 500 and n = 1000. The instances were generated by assuming that the
traversed path was divided into 7 intervals over which the curvature of the path
was assumed to be constant. Thus, the n-dimensional upper bound vector u

was generated as follows. First, we fixed u1 = un = 0, i.e., the initial and final
speed must be equal to 0. Next, we partitioned the set {2, . . . , n − 1} into 7
subintervals Ij , j ∈ {1, . . . , 7}, which correspond to intervals with constant
curvature. Then, for each subinterval we randomly generated a value uj ∈
(0, ũ], where ũ is the maximum upper bound (which was set equal to 100).
Finally, for each j ∈ {1, ..., 7} we set uk = ũj ∀k ∈ Ij . The parameter A was set
to 2.78 ms−2 and J to 1 ms−3, while the path length was sf = 60 m. The results
are reported in Figure 5.5 in which we show the minimum, maximum and
average computational times. The results show that Algorithm 6 is significally
faster than IPOPT. Moreover, it results that for the case addressed, ALGO6-
H is faster than ALGO6-G. For what concerns the objective function values
returned by ALGO6-H and ALGO6-G, we noted that they differed by at most
±0.1%. Moreover, we also noted that the values returned by IPOPT were
generally worse than those obtained by Algorithm 6. In particular, we observed
that IPOPT hardly ever converged to a local solution (it did not return its
optimality flag) and returned a feasible solution with a worse objective function
value, with, in some cases, a 1% difference with respect to the results returned
by Algorithm 6. Thus, it seems that Algorithm 6 is more robust than IPOPT.

Experiment 3 We compared again the performance of Algorithm 6 with
the nonlinear solver IPOPT over some different paths. Again, we made the
experiments over a set of 50 different paths, each of which was discretized
using n = 100, n = 500 and n = 1000 variables. These new instances were
randomly generated such that the traversed path was divided into up to 5
interval over which the curvature could be zero, linear with respect to the arc-
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Figure 5.5: Experiment 2. Computational results for Experiment 2.
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length or constant. We chose this kind of paths since they are able to represent
the curvature of a road trip (see [6]). An example of the generated curvature is
shown in Figure 5.6. The total length of the paths was fixed to sf = 1000 m,
while parameter A was set to 2.78 ms−2, J to 0.1 ms−3and AN = 1 ms−2.
The maximum speed µ along the paths was set 15 ms−1. The results are
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Figure 5.6: Example of a randomly generated curvature.

reported in Figure 5.5 in which we display the minimum, maximum and average
computational times. As already shown in Experiment 2, Algorithm 6 appears
faster than IPOPT. However, looking at the results shown in Figure 5.7, we
note that, for this kind of paths, ALGO6-H appears less performant than
ALGO6-G (see Figure 5.7b). We can give two possible motivations:

• The directions computed by the heuristic procedure are not necessarily
good descent directions, so routine computeUpdate slowly converged
to a solution.

• The heuristic procedure often fails and it was in any case necessary to
call GUROBI.

Additionally, probably for the same reasons listed above, and differently by
Experiment 2, also the quality of the solutions returned by ALGO6-H (in
terms of objective function values) is in some cases poorer with respect to
ALGO6-G, but not as poor as those returned by IPOPT.
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Figure 5.7: Computational results for Experiment 3.
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Experiment 4 In our forth experiment we compared the performance of
the two proposed approaches (ALGO6-H and ALGO6-G) over two possible
driving scenarios as the number n of samples increases. First we considered
the same path used in Experiment 1 of Chapter 2 (see Figure 2.2) to which
we added jerk constraints with J = 2 ms−3. Next, we considered a path of
length sf = 60 m (see Figure 5.8) whose curvature was defined according the
following function

k(s) =
1

5
sin
( s

10

)
, s ∈ [0, sf ],

and parameter A, AN and J were set to 2.78 ms−2, 4.5 ms−2 and 0.1 ms−3,
respectively. The computational results are reported in Figure 5.9 and Fig-
ure 5.10 for values of n that grows from 100 to 1000. Figures 5.9 and 5.10 show
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Figure 5.8: Experiment 4. Path used for the second instance.

two opposite results which confirm what we stated about Experiment 2 and 3,
namely, ALGO6-H could be either faster or slower than ALGO6-G, depending
on the path. In particular, it seems that the heuristic performs in a poorer
way when the number of critical points tend to be large, which is the case
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in the second instance. Thus, it appears that the performance of the different
implementations of Algorithm 6 strictly depends on the complexity of the path
considered.
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Figure 5.9: Computational times as a function of the number n of sample points
for the two tested versions of Algorithm 6 over the path displayed in Figure 2.2
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Figure 5.10: Computational times as a function of the number n of sample
points for the two tested versions of Algorithm 6 over the path displayed in
Figure 5.8

Finally, Figure 5.11 shows the speed profiles computed with and without
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the jerk constraints for the instance associated to the path shown in Figure 2.2.
It is straightforward to observe how the jerk bounded speed profile is smoother
than the one obtained without the jerk limitation.
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Figure 5.11: Red line represents the maximum allowed speed along the path
as a function of the arc length. The blue line is the optimal speed profile
without jerk constraints. The orange line is the optimal speed profile with jerk
constraints.



Conclusions

This thesis dealt with the generation of the reference speed profile to be fol-
lowed by a mobile robot or an industrial manipulator in order to complete an
assigned task in minimum-time.
In particular, the aim of this work was to provide efficient algorithms that are
able to return the optimal minimum-time speed reference profile.
This thesis proposed algorithms which exploit the structure of each finite di-
mensional problem formulated in order to get the optimal solution with the
best possible time complexity and trying as much as possible to avoid using
external solvers. Moreover, experimental tests have shown that the proposed
algorithms outperform the state of the art algorithms for speed planning.
To summarize, the main contributions of this thesis were:

• In Chapter 2, for a mobile robot that has to satisfy speed and longitu-
dinal and normal acceleration constraints, an algorithm that computes
the optimal solution to the problem with linear time complexity was
presented. The complexity of such algorithm was proved being optimal.

• Chapter 3 was an extension of the results presented in Chapter 2. The ex-
act continuous-time solution of the minimum-time speed planning prob-
lem was computed without performing a finite-dimensional reduction.
Moreover, Chapter 3 presented a necessary and sufficient condition for
the feasibility of the minimum-time speed planning problem for a mobile
robot.
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• Chapter 4 addressed the speed planning problem for industrial manipula-
tors. The proposed algorithm was proved to be optimal and it can achieve
linear-time complexity O(np), where n is the number of discretization
points and p is the number of degrees of freedom of the robot. After
that, some implementation details to speed up the proposed algorithm
were provided.

• In Chapter 5 the minimum-time problem for a mobile robot was again
solved, but it was updated with the addition of further smoothness con-
straints. The proposed algorithm is based on a standard line search
method based on the sequential solution of convex problems. The main
contribution lied in the procedure that was proposed to efficiently solve
such problems.

Future extensions of this thesis could be:

• Add jerk constraints to the speed planning problem for industrial manip-
ulators and apply a solution strategy similar to that proposed in Chap-
ter 5.

• Improve the performance of the algorithm proposed in Chapter 5 trying
to avoid the use of a commercial solver like GUROBI. In particular, it
would be interesting to find a different heuristic procedure, with respect
to the one proposed in Section 5.4.1, which could efficiently return a
feasible solution to Problem 19.

• Instead of considering the travel time alone, a fuel or energy consumption
term could be added to the objective function. It would be interesting
to study if the new optimization problem preserves, at least partially,
the special structure of the problems discussed in this thesis, or if new
efficient solution approaches should be developed.
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