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Introduction

Nowadays, robotic systems are massively used in many industrial contexts because
of their efficiency, robustness, and precision. Thanks to the collaboration between
robots and humans, several industrial needs can be efficiently tackled. Indeed, robots
can execute precise tasks requiring efforts which would be unfeasible for humans.
Conversely, the use of autonomous robots in collaborative environments poses sev-
eral concerns. For example, robots must promptly react to unpredictable events and/or
handle feasibility issues caused by the assigned trajectories. An appropriate manage-
ment of the human-robot interactions must be foreseen in order to avoid dangerous
situations.

Trajectories must be planned by assuming an optimal criterion, which is chosen
depending on the application requirements. Usually, in industrial plant, the total trav-
eling time is minimized in order to improve the productivity performances. Generated
trajectories must comply with the kinematic limits of mechatronic systems. For exam-
ple, for which concerns autonomous vehicles, the longitudinal velocity or the norm
of the lateral acceleration should be bounded. Moreover, one may desire obtaining
smooth trajectories, in order to limit the systems solicitations; a smart planning tech-
nique, which satisfies constraints on jerk as well as on velocity and acceleration,
should be adopted. The trajectory planner should also be able to face critical situa-
tions by modifying, for example, the assigned trajectories in order to accomplish a
given task. For example, this is the action to be taken for the avoidance of kinematic
singularities occurring in anthropomorphic manipulators.

This thesis will face two problems that must be tackled while working with au-
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tonomous systems in an industrial environment. The first one deals with anthropo-
morphic manipulators and some critical situations which could occur when trajecto-
ries are planned in the operational space. The second topic is relative to laser guided
autonomous vehicles. In details, it concerns the design of a smart velocity planner
which can also assure the motion safety.

As early anticipated, in industrial plants, autonomous systems share their workspace
with human operators. Such working conditions give rise to several issues concerning
safety aspects. The safeness of coworkers and of the overall plant must be assured,
despite they are antithetic with respect to productivity. The target pursued in this the-
sis is to assure both objectives are simultaneously satisfied, i.e. the plant productivity
is maintained and improved through a smart trajectory planner which also guarantees
safe working conditions.

Different trajectory planners could be adopted for the management of such prob-
lems. Theoretically, the trajectory can be computed offline, before the motion begins,
by assuming the knowledge of the whole system, the robot characteristics and the en-
vironment in which it moves. In actual warehouses such assumption is not realistic,
since the environment is only partially structured and the robot must instantly react to
unforeseen situations, for example a human worker invading the vehicle route. Due
to this necessity, planners must evaluate trajectories in real time, while the robot is
already moving.

In this work, trajectories are always planned according to the path-velocity de-
composition concept, i.e., at first the geometric path is defined and, then, a time-law
is assigned to such path. The combination between path and time-law must be fea-
sible and the resulting trajectory must satisfy the assigned constraints. Additionally,
evaluation times of the planning algorithms must be compatible with sample rate of
the control systems.

This thesis is divided in two parts:

I. The first one presents a trajectory planner specifically conceived for non-redundant
anthropomorphic manipulators dealing with trajectories planned in the opera-
tional space. As known, such trajectories could present kinematic singularities,
which can be avoided by introducing small errors in the Cartesian path or in
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the time-law. Another approach, which is the one adopted in the system pro-
posed, suggests avoiding singular configurations through minor modifications
of the end-effector orientation. This method is valid when the robot is equipped
with a spherical wrist and it can be used for industrial applications in which the
Cartesian path and the time-law are mandatory but, conversely, small orienta-
tion changes of the tool-frame can be admitted since they do not worsen the
final result. The first work on the singularity avoidance system, proposed in
this thesis, has appeared in [1]. Then the whole strategy has been modified
and presented in [2]; finally some theoretical results and a tuning procedure
are proposed in [3]. The idea of introducing minor changes to the end-effector
orientation, in order to obtain a degree of freedom to be exploited for the singu-
larity avoidance, is already present in the literature [4–6]; however such works
are conceived for manually operated manipulators. Conversely the proposed
method is able to operate at standard working speeds, hence it can be adopted
in real industrial contexts, and the singular configuration can even be crossed.
More details on the existent literature and the novelties introduced can be found
in section 1.1.

II. The second part is relative to a velocity planner conceived for laser guided ve-
hicles. In such industrial context, the velocity planning problem must be solved
online, since the path is composed by many path-segments whose sequence is
assigned on-the-fly, while the vehicle is moving. In warehouses, autonomous
vehicles are equipped with certified laser sensors which are used to guarantee
the safeness of the human workers and of the whole plant. The information pro-
vided by such laser sensors is used to obtain an analytical representation of the
safety constraint, which then becomes part of the optimization problem which
is solved for the generation of the optimal trajectory. The velocity planner pro-
posed is also able to limit the jerk signal in order to reduce vehicle stresses.
In the literature, when the jerk is limited, constant bounds on velocities and
accelerations are considered, as in [7–9]. Variable velocity bounds strongly
complicate the jerk-limited optimization problem, this part of the thesis pro-
poses a velocity planner which overcomes these limitations; a first version has
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appeared in [10]. Then, experimental results are presented in [11] while [12]
draws some considerations on the optimal path to be followed by vehicles.
Finally, the proposed algorithm has been improved in [13] in order to obtain
a solution similar to the one found by nonlinear solvers. More details on the
existent literature and the novelties introduced can be found in section 4.1.



Part I

Real-time management of wrist
singularities in non-redundant

anthropomorphic manipulators





Introduction to Part I

The automatic management of kinematic singularities, which are typical for trajecto-
ries planned in the operational space, is arousing a renewed interest among the sci-
entific community because the most recent strategies are suited for real-time imple-
mentations. The proposed approach is conceived for non-redundant anthropomorphic
manipulator equipped with a spherical wrist and it allows handling wrist singularities,
which may appear everywhere in the workspace.

In non-redundant systems, there are not degrees of freedom to be exploited for
the singularity avoidance, so that kinematic singularities must be handled by intro-
ducing small trajectory errors. For example, it could be managed by admitting small
tracking errors in the assigned Cartesian path or, alternatively, by reducing the tool-
frame velocity, thus altering the assigned time-law. Still, several applications do not
allow deviations from the nominal path or the assigned time-law. In such cases singu-
lar points can be managed by slightly modifying the tool-frame orientation. In fact,
in many industrial processes small orientation changes w.r.t. the nominal trajectory
have a minimal impact on the quality of the final product. The singularity avoidance
system described in this thesis is based on such concept. The degree of freedom, ac-
quired through the change of the tool-frame orientation, is used to avoid the singular
condition by preserving, simultaneously, both the assigned path and the time-law.
Additionally, the proposed methodology allows one specifying the maximum orien-
tation displacement: other works proposed in the literature minimize the amplitude
of the introduced errors, but do not explicitly bound them. A further property of the
singularity avoidance system here proposed is represented by its capability to man-
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age trajectories which are planned on-the-fly. In fact, modern industrial applications
impose developing system which can react to unforeseen events, so that trajectories
are often planned on the basis of data acquired by perceptual sensors. Finally, the
approach is effective also for manipulators moving at standard operative speeds and
it explicitly handles given limits on joint velocities and accelerations. Conversely, ex-
istent methods do not constrain velocities and accelerations between specific bounds
or consider very slow trajectories generated through a teach pendant device.

The first part of the thesis is organized as follows. Chapter 1 illustrates the meth-
ods proposed in the literature for the management of the kinematic singularities. In
addition, an earlier version of the singularity avoidance system is summarized in or-
der to describe its basic principles. At the beginning of chapter 2, the singularity
avoidance problem is theoretically analyzed and a necessary condition to be fulfilled
for the existence of a solution is devised. Subsequently, the novelties characterizing
the new singularity avoidance system are summarized, and each component of the
latter is analyzed. In details, a procedural method is proposed for the tuning of the
algorithm, so as to make it deterministic and to increase the success rate. Finally,
chapter 3 proposes the simulated results and, additionally, the results experimentally
obtained through an anthropomorphic industrial manipulator.



Chapter 1

State of the Art

Kinematic singularities must be faced when trajectories are planned in the opera-
tional space of a non-redundant anthropomorphic manipulator. Moreover such crit-
ical configurations must be managed in real time while simultaneously limiting the
joint velocities and accelerations. In this context, different methods have been pro-
posed in the literature and they are illustrated in sections 1.1. Then, section 1.2 briefly
recalls the first version proposed of the singularity avoidance system, subsequently
improved in chapter 2.

1.1 Related Works

One of the major problems that must be tackled when trajectories are planned in
the operational space is associated to the management of the so-called kinematic
singularities, i.e., configurations in which bounded Cartesian speeds lead to endless
joint speeds and bounded joint torques lead to unbounded end-effector forces. An-
thropomorphic manipulators admit three types of singularities: shoulder singularities
are only significant for hanging robots and appear when the wrist crosses the first
axis; elbow singularities are scarcely relevant since they occur at the border of the
workspace, i.e., in areas which are seldom used; wrist singularities appear when the
4th and the 6th joint axes are aligned. This work focuses on the management of wrist
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Figure 1.1: Typical planner scheme for trajectories in the operational space.

singularities since they may occur in any point of the workspace and, consequently,
they are relevant in many practical applications.

Kinematic singularities can be handled in several ways. The most commonly used
approaches react to singularities by marginally modifying the assigned paths and
time-laws. Planners for the operational space are typically based on the functional
scheme in figure 1.1: the Cartesian trajectory planner is immediately followed by an
inverse kinematics block, which is also in charge for the management of possible
kinematic singularities. All works proposed during 80th and 90th were practically
based on such conceptual scheme.

Many of the techniques in the literature derive from the original approach pro-
posed in [14] for the solution of the inverse kinematics of redundant manipulators:
the generated joint reference signals guarantee that the trajectory in the operational
space is exactly executed, while available degrees of freedom are used to accomplish
secondary tasks. The strategy was later revised and better formalized in [15]. In that
paper, the inverse kinematics was solved through a Moore-Penrose inverse of the
Jacobian matrix used jointly with a projection operator in the Jacobian null-space.
For the first time, it was explicitly remarked that such technique is potentially suited
for the management of kinematic singularities. The methodology was later extended
in [16, 17] in order to manage constraints through a task priority approach. In de-
tails, the task priority strategy was revised in [18] by explicitly considering its use for
the management of kinematic singularities. Practically, system bounds were consid-
ered as low-priority tasks to be accomplished, while the generation of the Cartesian
trajectory had the highest priority. Such approach induces a nice behavior: cyclic tra-
jectories in the operational space always lead to cyclic trajectories in the joint space.
In the same years other alternative methods were proposed for the solution of the
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inverse kinematic problem. Some of them were based on a damped least-square ap-
proach [19, 20] while others were based on closed loop schemes and were able to
manage constrained problems by means of a proper augmentation of the task space
dimension [21, 22].

Researches based on the above methods prosecuted up to nowadays as proved by
several works in the literature [23–26]. It is important to remark that, despite many
algorithms are conceived for redundant manipulators, they may also be adopted for
non-redundant ones. To this purpose, it is sufficient to introduce some degrees of
redundancy by admitting small deviations from the assigned trajectory. All men-
tioned techniques, when extended to non-redundant manipulators, show some com-
mon characteristics:

1. singularities are managed by introducing small position and orientation errors;

2. the amplitude of such errors is kept small through proper tunings, but explicit
bounds are not imposed;

3. velocities and accelerations are generically limited, but they are not forced
within given bounds.

Such characteristics may or may not be appropriate depending on the applica-
tion at hand. For applications in which the precision requirement can be relaxed,
critical configurations are managed by admitting minor path and orientation devi-
ations [23–27]. Conversely, there exist applications which do not allow deviations
from the assigned Cartesian path, so that the problem must be tackled through al-
ternative methods. If the path does not exactly cross singular configurations and the
time law is not assigned, control methods based on predictive controllers can be used
for the generation of efficient trajectories [28–32]. Alternatively, if the time law is as-
signed, the trajectory can be slowed down so as to preserve both path and orientation
of the end-effector [33–39].

The situation becomes more critical if the assigned path crosses a kinematic sin-
gularity and the time-law is given and unmodifiable. In that case, singular points
can be managed by slightly modifying the nominal orientation of the end-effector.
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In many industrial processes, indeed, small orientation changes have a minimal im-
pact on the product quality, while speed and/or path changes may worsen the final
result. Among them it is worth mentioning applications like painting [40,41], gluing,
or welding [42], for which, conversely, minor changes of the end-effector orientation
have a minimal impact on the quality of the final result [27, 43, 44]. The acquired
degrees of freedom can be used to avoid the singular configurations by preserving,
simultaneously, both the assigned Cartesian path and the time-law.

The mentioned problem may be alternatively handled by means of offline plan-
ners, but nowadays applications require trajectories generated on-the-fly on the basis
of data acquired by perceptual sensors. Some real-time planners, able to preserve the
Cartesian path, have been already proposed. They are typically conceived for the gen-
eration of slow motions like the ones deriving, for example, from the use of teaching
devices handled by human operators [4–6]. Conversely, in an industrial environment
a method which is effective also at standard operative speeds should be preferred.

1.2 Singularity Avoidance System (SAS): state of the art

A first method able to guarantee all the properties cited in the previous section has
been proposed in [45], small changes of the end-effector orientation allow dealing
with singularities even when the motion is executed at normal operative speeds. In
fact, the Singularity Avoidance Systems (SAS) represents a step ahead in the field of
the management of trajectories passing close to wrist singularities.

The strategy proposed in [45] for the management of the kinematic singulari-
ties was based on the assumption that a supervisory planner would provide real-time
trajectories for the joint actuators of an n-link manipulator. Such trajectories, being
generated in real time, might be unfeasible, i.e., they might not satisfy the following
kinematic constraint equations

q̇− ≤ q̇≤ q̇+, (1.1)

q̈− ≤ q̈≤ q̈+, (1.2)

where q̇∈Rn and q̈∈Rn indicate, respectively, the joint velocities and accelerations,
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Figure 1.2: A schematic representation of an earlier version of the Singularity Avoid-
ance System.

while q̇−, q̈− ∈ (R−)n and q̇+, q̈+ ∈ (R+)n represent the given bounds.

Unfeasible trajectories cannot be correctly followed by feedback controllers, so
that an algorithm was proposed for their real-time management. Let us briefly recall
its behavior with the aid of figure 1.2. The nominal trajectory of the tool-frame T
associated to the end-effector is planned on-the-fly, for example, by a supervisory
task. Its Cartesian components – pT , vT , and aT , i.e., its position, its linear velocity,
and its linear acceleration – are directly sent to the inverse kinematics block which
evaluates the joints reference signals. Conversely, its orientation components – 0

T R,
ωωωT , and αααT , i.e., its orientation, its angular velocity, and its angular acceleration –
are sent to the SAS which introduces slight orientation changes in order to fulfill the
constraints. Practically, the Cartesian trajectory is preserved by the SAS, while any
singular condition is avoided through minimal orientation changes.

The SAS structure is shown in figure 1.2. It is composed by several logic blocks.
The singularity detector is used to reveal if the trajectory is approaching a singular
configuration and, in that case, it activates the orientation modifier which proposes



14 Chapter 1. State of the Art

a new candidate direction for the tool frame T . The new orientation, which should
guarantee the singularity avoidance, is expressed in terms of displacement between
the nominal T and a new frame T̂ , and it is represented by means of a Roll-Pitch-Yaw
(RPY) vector ΦΦΦT̂ ,T ∈R3. Unfortunately, the trajectory modification occurs close to a
critical region and could potentially worsen an already degenerated situation: to avoid
problems, the dynamics of ΦΦΦT̂ ,T , represented by its first and second time derivatives,
must be bounded within proper limits, that are estimated by the equivalent bound
evaluator. The constraint fulfillment is achieved by means of a nonlinear filtering
system which generates, starting from ΦΦΦT̂ ,T , a new feasible orientation displacement
ΦΦΦT̃ ,T := [α β γ ]T ∈R3. The orientation synthesizer combines ΦΦΦT̃ ,T with the nominal
trajectory, in order to generate the final feasible one. Details on the whole algorithm
can be found in [45], while in the following the discussion will focus on the equivalent
bound evaluator in order to better understand its importance and the relevance of the
modifications which will be described in chapter 2.

As anticipated, the feasibility is preserved by bounding Φ̇ΦΦT̃ ,T and Φ̈ΦΦT̃ ,T within
proper limits, i.e., by imposing the fulfillment of the following constraints

Φ̇ΦΦ
− ≤ Φ̇ΦΦT̃ ,T ≤ Φ̇ΦΦ

+
, (1.3)

Φ̈ΦΦ
− ≤ Φ̈ΦΦT̃ ,T ≤ Φ̈ΦΦ

+
, (1.4)

where

Φ̇ΦΦ
− := [α̇− β̇

−
γ̇
−]T , Φ̈ΦΦ

− := [α̈− β̈
−

γ̈
−]T ,

Φ̇ΦΦ
+ := [α̇+

β̇
+

γ̇
+]T , Φ̈ΦΦ

+ := [α̈+
β̈
+

γ̈
+]T

are a set of bounds which directly descend from (1.1) and (1.2): the final trajectory
will be feasible if (1.3) and (1.4) are satisfied. In [45] it was shown that such bounds
can be obtained through a two steps procedure. The first step is algebraic and allows
rewriting (1.1) and (1.2) in the following form

˙̃q
− ≤ A(q)Φ̇ΦΦT̃ ,T ≤ ˙̃q

+
, (1.5)

¨̃q
− ≤ A(q)Φ̈ΦΦT̃ ,T ≤ ¨̃q

+
, (1.6)



1.2. Singularity Avoidance System (SAS): state of the art 15

where A(q) ∈ Rn×3 is a non-singular, known matrix, while ˙̃q
−

, ˙̃q
+

, ¨̃q
−

, and ¨̃q
+

are equivalent limits derived from q̇−, q̇+, q̈−, and q̈+. The second step would be
straightforward if A were a square matrix but, typically, n > 3, so that the conversion
admits several degrees of freedom. For this reason, in [45] the equivalent bounds were
evaluated by solving, at each sample time, an optimization problem whose cost index
was given by the amplitude of the feasible intervals in (1.3) and (1.4): evidently, it is
normally better to keep them as wide as possible. More in details, an optimal solution
of the following optimization problem is searched for

max
Φ̇ΦΦ

+
,Φ̈ΦΦ

+ ∈ (R+)3

Φ̇ΦΦ
−
,Φ̈ΦΦ
− ∈ (R−)3

min
i=1,...,6

(Γ+
i −Γ

−
i ) (1.7)

subject to

˙̃q
− ≤ AΦ̇ΦΦT̃ ,T ≤ ˙̃q

+ ∀Φ̇ΦΦT̃ ,T ∈ [Φ̇ΦΦ
−
,Φ̇ΦΦ

+
], (1.8)

¨̃q
− ≤ AΦ̈ΦΦT̃ ,T ≤ ¨̃q

+ ∀Φ̈ΦΦT̃ ,T ∈ [Φ̈ΦΦ
−
,Φ̈ΦΦ

+
], (1.9)

where, Γ
+
i and Γ

−
i are, respectively, the components of vectors

ΓΓΓ
+ := [k α̇

+ k β̇
+ k γ̇

+
α̈
+

β̈
+

γ̈
+]T (1.10)

ΓΓΓ
− := [k α̇

− k β̇
− k γ̇

−
α̈
−

β̈
−

γ̈
−]T (1.11)

which contain the desired bounds, while k is the weight factor used to properly scale
the velocity bounds w.r.t. the acceleration ones. In [45] such scaling factor was posed
equal to 10 in order to have acceleration limits 10 times larger than the velocity ones.

Problem (1.7)–(1.9) is semi-infinite but, since (1.8) and (1.9) are clearly linear, it
can be converted into a finite one and it was solved by means of an efficient real-time
algorithm appositely designed.

The SAS performance was tested in [45] through simulations and real experi-
ments. In both cases, the tests consisted in the execution of a set of parallel trajecto-
ries approaching the singularity point from different directions (see also figure 1.3):
in each test the scanning process was ended when feasibility was lost and the mini-
mum distance di from the singularity of the last feasible trajectory was acquired. A
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singular point

d16 d3

minimum distance

feasible trajectories scanning

direction

scanning

direction

trajectories

Figure 1.3: Two examples of the scanning procedure used to check the SAS perfor-
mance.

total of 20 scanning directions and 4 Cartesian speeds were considered. The mini-
mum distance points acquired in the tests are shown in figure 1.4 by means of dash-
dotted magenta lines. The singular point is located in the center of each sub-figure.
The smaller is di, i = 1,2, . . . ,20, the better the SAS performance. The solid-line area
refers to the commercial controller. Improvements are evident, even if it is possible
to notice that in some cases they are marginal.

In order to further improve the SAS performance, the planning strategy has been
modified by introducing new degrees of freedom in the problem. In fact, (1.10) and
(1.11) impose that Φ̈ΦΦ

−
= 10 Φ̇ΦΦ

− and Φ̈ΦΦ
+
= 10 Φ̇ΦΦ

+, i.e., acceleration bounds are al-
ways 10 times larger than velocity ones. Such heuristic choice is effective for many
mechatronic systems, but other choices are possible and can be used to improve the
SAS response. For example, by selecting ΓΓΓ

+ and ΓΓΓ
− as follows

ΓΓΓ
+ :=

[
k1α̇

+ k2β̇
+ k3γ̇

+ k7α̈
+ k8β̈

+ k9γ̈
+
]

;

ΓΓΓ
− :=

[
k4α̇

− k5β̇
− k6γ̇

− k10α̈
− k11β̈

− k12γ̈
−
]
,

where ki ∈Hi ⊂R+, i = 1,2, . . . ,12. Values of Φ̇ΦΦ
−, Φ̇ΦΦ

+, Φ̈ΦΦ
−, Φ̈ΦΦ

+ become each other
independent, i.e., the number of possible combinations enlarges, so that a better per-
formance might be achieved with a proper choice of ki ∈Hi. Hi are closed intervals
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Figure 1.4: Distances from the singular point obtained through the commercial con-
troller (solid red line) and the first SAS version (dash-dotted magenta line) compared
to results obtained with the parameters optimization through RBF (dashed blue line)
and DE (dashed green line). Results are reported at 4 different speeds, (a) 0.4 ms−1,
(b) 0.3 ms−1, (c) 0.2 ms−1, (d) 0.1 ms−1

which contain the configuration used in the previous formulations of the problem,
i.e., k1 = k2 = . . . = k6 = 10 and k7 = k8 = . . . = k12 = 1. The new degrees of free-
dom have been exploited by selecting k := [k1 k2 · · ·k12]

T through the solution of the
following optimization problem

min
k
{J(k)} . (1.12)

Given k, the following performance index is proposed in order to quantify the
improvements

J(k) := max
i=1,2,...,20

{di} , (1.13)

where distances di are measured for a Cartesian speed equal to 0.4 ms−1.

J(k) is a function that cannot be represented through closed form expressions; a
preliminary analysis has shown that J(k) is continuous w.r.t. its argument, but it is
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highly nonlinear and multimodal. J(k) is obtained by executing all the simulations
which are required for the synthesis of figure 1.4(a) and by recording the distance
where the feasibility is lost. Hence, the optimization problem to be solved is a black-
box one. This rules out global optimization methods returning a certificate of optimal-
ity, namely branch-and-bound methods. For this reason the attention was restricted
to two global approaches for poorly structured problems. The first one is based on
the so called Radial Basis Functions (RBF), while the second one uses Differential
Evolution concepts (DE), i.e., it is an evolutionary approach.

The solution proposed in [45] presents a performance index J(k) = 4.4 ·10−2 m,
while for the commercial controller J(k) = 6.3 ·10−2 m. Through the optimization
procedure the worst-case distance from the singularity has been roughly halved, the
best minimizers proposed by RBF admit to achieve a performance index J(k) equal
to 2.0 ·10−2 m, similar results have been obtained through the DE algorithm: J(k) =
1.9 ·10−2 m. Results obtained for the 20 scanning directions are reported in figure 1.4,
improvements introduced by the parameters optimization are evident.



Chapter 2

The Singularity Avoidance System

The system early proposed for the management of kinematic singularities has been
modified in order to improve its performance. At the beginning of this chapter, in
section 2.1, some theoretical considerations are drawn in order to analyze the criti-
cal situation. Then, section 2.2 explains the introduced novelties and the following
sections 2.3, 2.4 and 2.5 describe in details the SAS blocks.

2.1 Preliminary considerations

The analysis in the following will consider a standard anthropomorphic manipulator
equipped with a spherical wrist. Its structure is shown in figure 2.1. Frames have
been assigned according to the modified Denavit-Hartenberg method [46] and the
corresponding kinematic parameters are listed in table 2.1.

The SAS is activated, as introduced in section 1.2, only in proximity of kinematic
singularities, i.e., it operates, for a short time, within small regions of the operational
space. Inside such regions, trajectories can be reasonably approximated by their tan-
gent and a constant tool-frame orientation can be assumed. Such simplifications al-
low drawing some considerations concerning the system behavior in the vicinity of
singularities and suggest the strategy to be used for their avoidance.

According to the premise, the orientation of the ẑ6 axis is assumed constant in
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Figure 2.1: The manipulator frames assigned according to the modified Denavit-
Hartenberg method.

Table 2.1: Kinematic parameters of a typical anthropomorphic manipulator.

i αi−1 ai−1 θi di

1 0 0 q1 0
2 −π/2 L1 q2 0
3 0 L2 q3 0
4 −π/2 L3 q4 L4

5 π/2 0 q5 0
6 −π/2 0 q6 L5

the surroundings of the singularity, while no restrictions are posed on x̂6 and ŷ6. The
following proposition applies:

Proposition 1 Any linear trajectory, executed with constant ẑ6, admits at most one
wrist singular configuration if the variable associated to the first joint, i.e., q1, changes
during the motion, or two if q1 is constant.

Proof – According to the premises, unit vector ẑ6 := [zx zy zz]
T is supposed con-

stant. A wrist singularity occurs every time q5 = 0 or, equivalently, when ẑ4 = ẑ6 (see
figure 2.2). Therefore, the first part of the proposition is verified if condition ẑ4 = ẑ6
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applies for a single point of the trajectory.
Proper expressions for ẑ4 can be obtained by solving a direct kinematic problem.

Given the parameters of table 2.1, it is possible to write

ẑ4 =

c1c23

s1c23

s23

 , (2.1)

where c1 = cos(q1), s1 = sin(q1), c23 = cos(q2 + q3), and s23 = sin(q2 + q3). Let
us assume that the trajectory admits a singularity for the following configuration:
q1 = θ̄1, q2 = θ̄2, q3 = θ̄3. Evidently, axes 4 and 6 are aligned and the following
condition is satisfied

ẑ4 =

c̄1c̄23

s̄1c̄23

s̄23

=

zx

zy

zz

= ẑ6, (2.2)

where c̄1 = cos(θ̄1), s̄1 = sin(θ̄1), c̄23 = cos(θ̄2 + θ̄3), and s̄23 = sin(θ̄2 + θ̄3). Is it
possible to have another singular configuration q1 =

¯̄
θ1, q2 =

¯̄
θ2, and q3 =

¯̄
θ3 along

the same trajectory? If yes, the following equation must applyc̄1c̄23

s̄1c̄23

s̄23

=

 ¯̄c1 ¯̄c23

¯̄s1 ¯̄c23

¯̄s23

=

zx

zy

zz

 , (2.3)

where ¯̄c1 = cos( ¯̄
θ1), ¯̄s1 = sin( ¯̄

θ1), ¯̄c23 = cos( ¯̄
θ2 +

¯̄
θ3), and ¯̄s23 = sin( ¯̄

θ2 +
¯̄
θ3). If q1 is

variable along the trajectory then, clearly, ¯̄
θ1 6= θ̄1, so that (2.3) cannot be satisfied by

any combination of ¯̄
θ2 and ¯̄

θ3: the trajectory admits only one singularity. Conversely,
if q1 is constant, i.e., ¯̄

θ1 = θ̄1, then condition ẑ4 = ẑ6 is satisfied if the following
equality applies

θ̄2 + θ̄3 =
¯̄
θ2 +

¯̄
θ3. (2.4)

Let us study such eventuality. The origin of the fourth frame, i.e., the wrist position,
can be obtained from the direct kinematics of the manipulator and written as follows

p4 =

(L3c23−L4s23 +L2c2 +L1)c1

(L3c23−L4s23 +L2c2 +L1)s1

−L4c23−L3s23−L2s2

 . (2.5)
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If ¯̄
θ1 = θ̄1 and (2.4) apply, then the position of a further singular point p̄4 can be

expressed as follows

p̄4 =

(L3 ¯̄c23−L4 ¯̄s23 +L2 ¯̄c2 +L1) ¯̄c1

(L3 ¯̄c23−L4 ¯̄s23 +L2 ¯̄c2 +L1) ¯̄s1

−L4 ¯̄c23−L3 ¯̄s23−L2 ¯̄s2

 (2.6)

=

(L3c̄23−L4s̄23 +L2 ¯̄c2 +L1)c̄1

(L3c̄23−L4s̄23 +L2 ¯̄c2 +L1)s̄1

−L4c̄23−L3s̄23−L2 ¯̄s2

 (2.7)

or, equivalently, as follows

p̄4 =

k1 + k2 ¯̄c2

k3 + k4 ¯̄c2

k5 + k6 ¯̄s2

 (2.8)

where ki for i = 1, . . . ,6 are constants and defined as follows

k1 := (L3c̄23−L4s̄23 +L1)c̄1,

k2 := L2c̄1,

k3 := (L3c̄23−L4s̄23 +L1)s̄1,

k4 := L2s̄1,

k5 :=−L4c̄23−L3s̄23,

k6 :=−L2.

With a few algebraic manipulations, it can be shown that (2.8) is the equation of a
circumference lying on plane q1 = θ̄1 =

¯̄
θ1, centered in [k1 k3 k5]

T , and whose radius
is L2. It contains all the singular points which satisfy θ̄1 =

¯̄
θ1 and (2.4). Figure 2.2,

which shows a schematic side view of the manipulator, provides a graphical inter-
pretation of the result. If the manipulator is executing a linear trajectory, the singular
point circumference can be intersected, at most, into two points. �

Proposition 1 asserts that linear trajectories executed with a constant ẑ6 normally
admit no more than one kinematic singularity, since two may only appear for motions
in which q1 is constant. Consequently, if a singularity is avoided with a method which
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Figure 2.2: Side view of the anthropomorphic manipulator. Any constant vector ẑ6

generates a circumference of singular points lying on plane q1 = θ̂1. Any straight
trajectory can intersect such circumference, at most, into two points.

brings back the system to the original trajectory, no further problems have to be ex-
pected. Evidently, the singularity avoidance transient may be critical since, according
to the premises, the tool frame orientation is certainly changed, thus invalidating one
of the conditions required by Proposition 1: a novel singular point may potentially ap-
pear during the transient. Next proposition poses a necessary condition which must
be satisfied in the vicinity of the singularity: if it does not apply the system is driven
toward a further singularity.

Proposition 2 A necessary condition required for the avoidance of kinematic singu-
larities is that sgn(q̇4) and sgn(q̇6) do not change during the motion.

Proof – The tool-frame associated to the modified trajectory will be indicated in
the following by T̃ in order to distinguish it from T , i.e., from the one associated to
the nominal trajectory. The Jacobian matrix for T̃ is defined as follows

JT̃ (q) :=

[
JvT̃

(q)
JωT̃

(q)

]
.
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It is consequently possible to express ωωω T̃ , i.e., the angular speed of T̃ , through the
following equation

ωωω T̃ = JωT̃
(q) q̇ :=

[
JωT̃1

(q) |JωT̃2
(q)
]

q̇ , (2.9)

where JωT̃1
(q) and JωT̃2

(q) are 3x3 matrices obtained by partitioning JωT̃
(q). ωωω T̃ can

also be obtained through the composition rule used for angular velocities. Conse-
quently, it is possible to write

ωωω T̃ = ωωωT + 0
T R(q) T

ωωω T̃ ,T (2.10)

where ωωωT is the nominal angular speed of the tool-frame, while T ωωω T̃ ,T is the relative
angular speed between the nominal tool-frame and the modified one, described w.r.t.
T . By combining (2.9) with (2.10) and by performing some algebraic manipulations,
the following equation can be obtained

T
0 R(q) JωT̃2

(q) ˙̄̄q = T
0 R(q)

[
ωωωT −JωT̃1

(q) ˙̄q
]
+ T

ωωω T̃ ,T , (2.11)

where ˙̄q := [q̇1 q̇2 q̇3]
T while ˙̄̄q := [q̇4 q̇5 q̇6]

T . Practically, ˙̄q and ˙̄̄q are partitions of
q̇ := [ ˙̄qT | ˙̄̄qT ]T . By defining

ω̂ωω := T
0 R(q)

[
ωωωT −JωT̃1

(q) ˙̄q
]
+ T

ωωω T̃ ,T

it is finally possible to write (2.11) as follows

T
0 R(q) JωT̃2

(q) ˙̄̄q = ω̂ωω (2.12)

and, in turn, to obtain
˙̄̄q = J−1

ωT̃2
(q) 0

T R(q) ω̂ωω . (2.13)

The structure of (2.13) can be analyzed by considering the manipulator parame-
ters reported in table 2.1. To this purpose, let us redefine the joint variables as follows
qi := θ̂i+θi, where θ̂i is the value assumed by the joint variables in the singular point,
so that it is constant along the trajectory, while θi is the displacement w.r.t. such value
and it clearly changes during the motion. Evidently, θ̂5 = 0, while no restrictions are
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imposed on the other θ̂is since the discussion in the following applies to any wrist
singularity of the workspace.

According to the premises ẑT ≡ ẑ6 is constant along the nominal trajectory, so
that the tool-frame can only rotate around such axis. As a consequence, 0

T R(q) can be
obtained from the orientation assumed in the singular point by admitting further rota-
tions around the ẑ6 axis. Practically, the orientation of the tool-frame along the nom-
inal trajectory can be obtained by assuming q :=

[
θ̂1 θ̂2 θ̂3 (θ̂4 +θ4) 0 (θ̂6 +θ6)

]T
.

A few algebraic manipulations make it possible to express the three components of
(2.13) as follows

q̇4 = θ̇4 =
f1(q, q̇,T ωωω T̃ ,T )

sin(θ5)
(2.14)

q̇5 = θ̇5 = f2(q, q̇,T
ωωω T̃ ,T ) (2.15)

q̇6 = θ̇6 =
f3(q, q̇,T ωωω T̃ ,T )

sin(θ5)
(2.16)

Functions fi, which are not reported for space reasons, are highly nonlinear. However,
from (2.14) it can be inferred that

sin(θ5) =
f1(q, q̇,T ωωω T̃ ,T )

θ̇4
. (2.17)

Singularities are certainly avoided if θ5 6= 0, i.e., if the sign of θ5 does not change
along a trajectory. Consequently, (2.17) allows one asserting that such condition can
be achieved if during the execution of a trajectory the signs of f1 and of θ̇4 always
switch simultaneously or, conversely, if they do not switch at all. The first condition
can be hardly obtained with any real-time method because of the complexity of the
functions involved, so that the second method is the only one that can be actually
exploited. Similar considerations apply for θ̇6. �

The demonstration shows that an alternative solution could be potentially pro-
posed, however functions f1 and f3 depend on the Cartesian path through a set of
highly nonlinear relationships, so that it was not possible to devise analytical rela-
tions for the preservation of the feasibility. The sign maintenance is the easiest one
to be guaranteed. Practically, Proposition 2 asserts that, during any transient for the
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singularity avoidance, motion directions of joints 4 and 6 must not invert. SAS tra-
jectories fulfill such condition.

2.2 The novelties introduced

Differently from other methods in the literature, the SAS handles separately the in-
verse kinematics and the singularity problems. More precisely, the first one is solved
through a standard algorithm based on efficient closed-form equations, while singu-
larities are handled by the SAS, which only acts on the tool-frame orientation: as
shown in figure 2.3, position references are directly sent to the inverse kinematics
block, so as to guarantee that assigned Cartesian paths and time-law are preserved
with certainty.

In the following, pT (s) and 0
T R(s) specify the position and the orientation of the

tool-frame expressed as functions of the curvilinear coordinate s. Trajectories are
obtained by combining positions and orientations with time-law s(t), so that p(t) :=
p[s(t)] is a Cartesian trajectory, while 0

T R(t) := 0
T R[s(t)] is an orientation trajectory.

The same notation is used for velocities and accelerations of the tool-frame.
The main assumption made in this work is that trajectories are planned and then

immediately processed by the SAS in real time, so that there is no dead-time be-
tween the planning phase and the trajectory execution. Every time a new trajectory
is generated, the following information is provided to the SAS: the path equation,
given by pT (s) and 0

T R(s) where s is the curvilinear coordinate along the path, and
subsequently, at each sample time, the instantaneous values of 0

T R(t), pT (t), ωωωT (t),
vT (t), αααT (t), and aT (t). The output of the system is represented by a modified tra-
jectory which fulfills, for all the joints, the following velocity and the acceleration
constraints

q̇− ≤ q̇≤ q̇+, (2.18)

q̈− ≤ q̈≤ q̈+, (2.19)

where q̇ and q̈ are the first and the second time derivatives of joint variables q :=
[q1,q2,q3,q4,q5,q6]

T ∈ R6, while q̇−, q̈− ∈ (R−)6, and q̇+, q̈+ ∈ (R+)6 are user de-
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Figure 2.3: Schematic representation of the novel SAS.

fined bounds for joint velocities and accelerations. Such bounds may also be variable,
so as to account, for example, for the presence of torque constraints (see also the dis-
cussion in [45]). Far from singularities, trajectories must coincide with the original
ones, while in critical configurations minor orientation displacements can be admit-
ted in order to fulfill (2.18) and (2.19). The imposition of specific bounds represents
an improvement w.r.t. classical methods, which generically limit joint velocities and
accelerations, but do not explicitly bound them.

The novel SAS is based on the functional scheme shown in figure 2.3. Its be-
havior is synthetically recalled in the following. When the singularity detector block
ascertains that the tool-frame is moving toward a singularity, the orientation modifier
proposes a candidate angular displacement between T and T̃ – where T̃ indicates the
orientation-modified tool-frame – so as to allow its avoidance. The displacement is
specified by defining an appropriate rotation axis, described through unit-vector T k̂,
and an angular offset θ . A proper choice of T k̂ and θ allows the fulfillment of the
condition proposed by Proposition 2.

T k̂ is directly sent to the orientation synthesizer, i.e., to the block which combines
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the orientation of the nominal trajectory with the SAS angular displacement, while
θ is processed in order to allow smooth and feasible orientation changes. An instan-
taneous change of θ would indeed cause unfeasible joint speeds and accelerations.
The nonlinear filtering system (see [47,48] for details concerning its implementation)
is used to solve possible feasibility issues. It generates an output signal given by θ̃ ,
˙̃
θ , and ¨̃

θ which represents the best approximation of θ which satisfies the following
limits

θ̇− ≤ ˙̃
θ ≤ θ̇+, (2.20)

θ̈− ≤ ¨̃
θ ≤ θ̈+. (2.21)

It will be shown in section 2.5, bounds θ̇−, θ̇+, θ̈−, and θ̈+ directly descend from
q̇−, q̈−, q̇+, and q̈+, so that (1.1) and (1.2) are fulfilled as long as (2.20) and (2.21)
are satisfied.

The functional scheme of figure 2.3 is similar to the one proposed in [45], but
all the blocks have been actually redesigned on the basis of different concepts in
order to allow crossing the wrist singularities and to achieve a four time smaller
computational time. Let us summarize in the following the main changes which have
been introduced.

The previous version of the Orientation Modifier block was designed so as to
evaluate the angular displacements between T and T̃ at each sample time. As a con-
sequence, T k̂ was frequently changed in the neighborhood of critical configurations,
thus worsening the system performance. In the new approach, if the procedure pro-
posed in section 2.3 detects a singularity, T k̂ is at first selected by means of the new
analytic procedure proposed in section 2.4.1 and, then, it is kept constant until the crit-
ical configuration is passed. Furthermore, while in [45] T k̂ was chosen within a set of
26 candidate directions, in this paper any generic direction in the 3D space can be se-
lected. This choice makes the SAS effective within a wider volume of the workspace.
Finally, in the new SAS the axis-angle minimal notation replaces the XYZ Euler-
angles for the representation of the candidate angular displacements. This apparently
minor change actually reduces the problem dimensionality and complexity, thus lead-
ing to the above mentioned efficiency improvement.
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Sections 2.3, 2.4, and 2.5 will describe the novel parts of the SAS.

2.3 Singularity detector

The best SAS performance can be achieved if T k̂, i.e., the rotation axis chosen for the
singularity avoidance, is kept constant during the execution of a critical trajectory. It
is worth recalling that the actual path and orientation of the tool frame are unknown
to the SAS. As a consequence, it first finds an estimate of pT (s) and 0

T R(s) – where
s is the curvilinear coordinate – then inspects the path so as to predict the occurrence
of wrist singularities which are revealed, as known, by values of q5, i.e., of the fifth
joint variable, close to zero. Industrial manipulators usually implement very simple
path primitives given by linear segments or arcs, so that path equations can be easily
estimated from the past set-points. For example, for linear segments the estimated-
path equation can be expressed as follows

pT (s) = pT (t0)+
vT (t0)
‖vT (t0)‖

s ,

where pT (t0) and vT (t0) are the current reference signals for position and velocity.
Analogous path primitives can be obtained for circular arcs and, with similar consid-
erations, it is also possible to synthesize proper expressions for 0

T R(s). More complex
path primitives can be approximated with arcs since small deviations from the most
appropriate value of T k̂ have only a minimal impact on the system performance.
Given these premises, an estimate of pT (s) and of 0

T R(s) is supposed to be available
in the remainder of the paper.

A point close to the wrist singularity, which is then used for the evaluation of unit
vector T k̂, is obtained by means of Algorithms 1 and 2. Algorithm 1 is executed at
each sample time until a singularity, if any, is detected. It preliminary inspects pT (s)
for a length s f which depends on the current speed vT (t0) and on a lookahead time
t∗. In particular, it initially selects Ns + 1 points equally distributed along the path,
where Ns is kept small for efficiency reasons (Ns ' 10 always given good results).
For each point s it saves the following data in Arr (see lines 1–7 of Algorithm 1):
pT (s), 0

T R(s),q(s), and s. In the second part of Algorithm 1 (see lines 8–14), the
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Algorithm 1: The path is preliminarily inspected looking for possible crit-
ical configurations.

Data: t∗, lookahead time; vT (t0), current Cartesian speed;
Result: sing, singularity alarm; Sol, data required by Algorithm 2;

1 s f ←‖vT (t0)‖ t∗;
2 sing← f alse;
3 foreach i ∈ 0, . . . ,Ns do
4 s← i s f

Ns
;

5 Evaluate: 0
T R(s), pT (s);

6 q(s)← InverseKinematics
(
pT (s), 0

T R(s)
)
;

7 Arr(i)← pT (s), 0
T R(s),q(s),s;

8 foreach i ∈ 1, . . . ,Ns−1 do
9 if (|Arr(i).q5| ≤ |Arr(i−1).q5|) &

(|Arr(i).q5| ≤ |Arr(i+1).q5|)&(|q5|< ā2) then
10 sing← true;
11 Sol(0)← Arr(i−1);
12 Sol(2)← Arr(i);
13 Sol(4)← Arr(i+1);
14 break;

acquired data are scrutinized looking for a possible singularity. Practically, the in-
spection aims at discovering if q5 admits a minimum in one of the acquired points,
and if such minimum is lower than a given threshold. If both conditions are satisfied
the manipulator is probably running toward a critical configuration, so that the point
admitting the minimum value of q5 is saved together with its two adjacent points into
vector Sol in order to be later used by Algorithm 2.

If a singularity is detected, Algorithm 2 initially refines the solution provided by
Algorithm 1 by looking for the path-point which is the closest one to the singularity.
The point assumed for the evaluation of T k̂ is placed immediately before the mini-
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Algorithm 2: Search for the point along the path which is the closest one
to the singularity and evaluation of T k̂.

Data: Sol, first tentative solution; s∗, threshold;
Result: T k̂, rotation axis;

1 Step← Sol(2).s−Sol(0).s;
2 while Step > s∗ do
3 s← (Sol(2).s+Sol(0).s)/2;
4 Evaluate: 0

T R(s), pT (s);
5 q(s)← InverseKinematics

(
pT (s), 0

T R(s)
)
;

6 Sol(1)← pT (s), 0
T R(s),q(s),s;

7 s← (Sol(4).s+Sol(2).s)/2;
8 Evaluate: 0

T R(s), pT (s);
9 q(s)← InverseKinematics

(
pT (s), 0

T R(s)
)
;

10 Sol(3)← pT (s), 0
T R(s),q(s),s;

11 foreach i ∈ 1,2,3 do
12 if (|Sol(i).q5| ≤ |Sol(i−1).q5|) & (|Sol(i).q5| ≤ |Sol(i+1).q5|)

then
13 Sol(0)← Sol(i−1);
14 Sol(4)← Sol(i+1);
15 Sol(2)← Sol(i);
16 break;

17 Step← Sol(2).s−Sol(0).s;

18 Evaluate: T k̂ for Sol(0);

mum of q5, i.e., it is sufficiently close to the critical configuration to allow selecting
an appropriate rotation axis according to the procedure proposed in section 2.4.1, but
it is certainly non-singular. Such choice is important since the evaluation of T k̂ re-
quires a full rank Jacobian matrix. The selected value of T k̂ is then kept constant, i.e.,
Algorithms 1 and 2 are no more executed unless the critical configuration has been
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passed or the path has been changed.

The computational load of Algorithms 1 and 2 is mainly given by the evaluation
of T k̂. The procedure proposed in section 2.4.1 to this purpose is very efficient: its
average evaluation time, measured with a Intel Core2 Duo PC running at 3.0GHz, i.e.,
with the same PC used for the experimental tests proposed in section 3.2, is equal to
1.063 ·10−5 s, i.e., it is much smaller than the process sample time (2 ·10−3 s).

2.4 Orientation modifier

The orientation modifier is the second block of the SAS and it is devoted to the
evaluation of a proper rotation axis and the relative rotation angle in order to introduce
the required modification to the nominal orientation. Section 2.4.1 is devoted to the
synthesis of the rotation axis while section 2.4.2 shows a procedure to properly tune
the system variables, i.e. the rotation angle and the activation/deactivation distance.

2.4.1 Selection of rotation axis T k̂

The ellipsoid of manipulability provides information concerning the relationships be-
tween the velocities in the operational space and the ones in the configuration space.
In particular, its shape allows one to immediately individuate which directions of the
operational space have a minimal impact on the joint speeds, and which others should
be avoided since they would require high joint speeds. As known, the firsts coincide
with the major principal semi-axis of the ellipsoid, the seconds with the minor prin-
cipal semi-axis [49].

The synthesis of T k̂ requires knowing a configuration q corresponding to a path-
point placed very close to the singularity. As shown in section 2.3, it can be obtained
through Algorithms 1 and 2.

The relationship between velocities in the configuration space and the ones in the
operational space can be expressed as follows

vT = JT (q) q̇ , (2.22)
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where JT (q) is the Jacobian matrix associated to the tool-frame, while

vT :=

[
vT

ωωωT

]
(2.23)

is the tool-frame generalized velocity. Equation (2.22) can be inverted since q is a
non-singular point (see section 2.3), so that it is possible to write

q̇ = J−1
T vT . (2.24)

By partitioning J−1
T (q) as follows

J−1
T :=

[
JvT (q) |JωT (q)

]
, (2.25)

it is possible to rewrite (2.24) into the following form

q̇ = JvT (q)vT +JωT (q)ωωωT .

Any change of the tool-frame orientation carried out during the motion causes a
change of its angular speed. By recalling that the tool-frame associated to the modi-
fied orientation is indicated by T̃ , its angular speed can be expressed as follows

ωωω T̃ = ωωωT +ωωω T̃ ,T , (2.26)

where ωωω T̃ ,T is the relative angular speed between frames T̃ and T , while vT = vT̃

because the SAS preserves the assigned Cartesian path. Through obvious algebraic
manipulations, it can be shown that joint speeds associated to frame T̃ can be ex-
pressed as follows

˙̃q = JvT (q)vT +JωT (q)ωωω T̃

= JvT (q)vT +JωT (q)ωωωT +JωT (q)ωωω T̃ ,T

= J−1
T (q)vT +JωT (q)ωωω T̃ ,T (2.27)

or, equivalently,
˙̃q = q̇+∆q̇ , (2.28)
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where

∆q̇ := JωT (q)ωωω T̃ ,T = JωT (q)
0
T R(q)T

ωωω T̃ ,T , (2.29)

while q̇ is defined according to (2.24). 0
T R is the rotation matrix which describes

the orientation of the tool-frame w.r.t. the base, so that T ωωω T̃ ,T := [ωx ωy ωz]
T is the

angular velocity between frames T̃ and T , described w.r.t. frame T .

The first term in (2.28) cannot be modified being associated to the nominal tra-
jectory. Conversely, it is possible to act on the second one, i.e., on (2.29), in order to
avoid the singularity. Equation (2.29) creates a relationship between T ωωω T̃ ,T and ∆q̇
that can be used for the selection of an appropriate axis T k̂ around which the tool-
frame should rotate in order to avoid the singularity. In particular, T k̂ will be selected
by means of reasonings concerning the ellipsoid of manipulability, so as to guarantee
that the additional speed introduced by the SAS has a minimal impact on joints 4 and
6, i.e., the most solicited ones.

Let us further reduce the problem dimensionality. The manipulator frames are
supposed to be assigned according to the modified Denavit-Hartenberg method [50],
so that the ẑ axis of the tool-frame always coincides with the rotation axis of the
sixth joint variable, i.e., with the axis associated to q6. This implies that matrix
JωT (q) 0

T R(q) always assumes the following structure

JωT (q)
0
T R(q) :=



j11 j12 0
j21 j22 0
j31 j32 0
j41 j42 0
j51 j52 0
j61 j62 1


,

i.e., ωz only influences ∆q̇6 while it has no impact on the other joint speeds and, in
particular, on ∆q̇5. The immediate consequence of this remark is that ωz cannot be
used to force q5 away from the singular configuration, so that it can be posed equal
to zero. As a consequence, (2.29) can be simplified as follows

∆q̇ = JωT (q)
T

ωωω T̃ ,T , (2.30)
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where

JωT (q) :=



j11 j12

j21 j22

j31 j32

j41 j42

j51 j52

j61 j62


(2.31)

is given by the first two columns of J(q), while

T
ωωω T̃ ,T :=

[
ωx

ωy

]
(2.32)

contains the first two components of T ωωω T̃ ,T .
The relationship between ∆q̇ and T ωωω T̃ ,T can be studied by means of a classic

analysis based on the ellipsoid of manipulability

∆q̇T
∆q̇ := T

ωωω
T
T̃ ,T J

T
ωT
(q)JωT (q)

T
ωωω T̃ ,T = 1 . (2.33)

Matrix JωT (q) is maximum rank since position q is not singular, so that J
T
ωT
(q)JωT (q)

is positive-defined and, consequently, (2.33) is the equation of an ellipsoid which
minor principal semi-axis individuates a spinning direction which could lead to crit-
ical joint speeds. For this reason, the most appropriate direction for T ωωω T̃ ,T to be
used for the singularity avoidance coincides with the major principal semi-axis, that
can be individuated by evaluating the eigenvector of matrix J

T
ωT
(q)JωT (q) associ-

ated to the minimum eigenvalue. The computational burden is limited since matrix
J

T
ωT
(q)JωT (q) has dimension 2x2, but it can be further simplified according to the

procedure proposed in the following. In the neighborhoods of a wrist singularity, j4i

and j6i, i = 1,2 always assume modules which are much bigger than the ones of all
the other terms and, moreover, j4i '− j6i, i = 1,2. As a consequence, many terms of
J

T
ωT
(q)JωT (q) are negligible w.r.t. the others. After a few manipulations, the follow-

ing simplified matrix can be obtained

J
T
ωT
(q)JωT (q)' 2

[
j2
41 j41 j42

j41 j42 j2
42

]
. (2.34)
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The original matrix J
T
ωT
(q)JωT (q) was positive defined, with one eigenvalue very

close to zero, while the simplified one is positive semi-defined. According to the
premises, the eigenvector associated to the zero eigenvalue individuates the major
principal semi-axis of the ellipsoid of manipulability. A few manipulations lead to
the following eigenvector

T k :=
[ j42 - j41]

T√
j2
41 + j2

42

, (2.35)

which can be consequently selected as the rotation-axis for the singularity avoidance
procedure.

The effectiveness of this choice can be also indirectly verified by analyzing the
impact on the joint speeds of an additional angular velocity defined as follows

T
ωωω T̃ ,T := T k θ̇ , (2.36)

where θ̇ =
∥∥∥T ωωω T̃ ,T

∥∥∥. Velocity changes for joints 4, 5, and 6 can be obtained by
applying (2.36) to (2.30). A few algebraic manipulations make it possible to write

∆q̇4 =
j41 j42− j42 j41√

j2
41 + j2

42

θ̇ = 0 , (2.37)

∆q̇5 =
j51 j42− j52 j41√

j2
41 + j2

42

θ̇ , (2.38)

∆q̇6 =
j61 j42− j62 j41√

j2
41 + j2

42

θ̇ = 0 . (2.39)

T ωωω T̃ ,T has no impact on the speeds of joints 4 and 6 by virtue of (2.37) and (2.39),
so that there is no risk to worsen an already critical situations. Conversely, T ωωω T̃ ,T

influences the velocity of joint 5 and can be used to avoid the singularity by keeping
q5 far from zero. This result can be achieved by imposing the same sign of q5 to ∆q̇5,
i.e., by redefining T k as follows

T k := sgn(q5)sgn( j51 j42− j52 j41)
[ j42 - j41]

T√
j2
41 + j2

42

.
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The rotation axis is finally obtained by adding the missing z component to T k, ac-
cording to the following equation

T k̂ :=

[
T k
0

]
. (2.40)

Figure 2.4a schematically shows what happens when a straight trajectory passes
in the surroundings of a kinematic singularity. At the point of minimum distance
between trajectory and singularity, the motion of the first joint is subject to a sharp
acceleration, with speeds that may be unfeasible. Unit vector T k̂, associated to the
major principal axis of the ellipsoid, if evaluated in such point, indicates the motion
direction which would produce the lowest joint velocities. T k̂ can be used to generate
a small speed α T k̂ to be added to vT , so as to generate a path passing farther from
the singularity. Consequently, the speed of the first joint will be lowered.

Trajectories crossing singular points must be handled differently. Such trajecto-
ries, as suggested by the alignment between the major principal axis of the ellipsoid
and the given path, may be theoretically executed by avoiding the π turn of the first
joint (see also figure 2.4b). However, under actual operating conditions, any small
numerical rounding in the forward/inverse kinematics forces an undesired sudden
turn of joint 1. As a consequence, it is always better to force a controlled rotation of
joint 1. To this purpose, a speed α T k̂∗ can be added to the nominal vT , where T k̂∗

is obtained by rotating T k̂ of an appropriate angle. In figure 2.4 such angle is equal
to π/2 but, for the problem at hand, the actual amplitude was chosen through the
procedure later proposed in this section.

In the planar example just considered, kinematic singularities are avoided by
modifying linear velocities and, in turn, the path. However, the same concept also
applies for angular velocities, so that, for a 6 degrees of freedom manipulator, singu-
lar configurations can be avoided by changing the tool frame orientation instead of
its path. To this purpose the orientation modifier proposes a candidate rotation in the
following form

T k := θ
T k̂ . (2.41)
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Theoretical

trajectory

Actual

trajectory

A
q1

Figure 2.4: Case (a): the trajectory (dashed line) passes close to the singularity. The
ellipsoid of manipulability indicates T k̂ as a possible escape direction. Velocity α T k̂
is added to vT in order to modify the path (dash-dotted line) thus reducing the joint
speed. Case (b): the trajectory crosses the singularity. Theoretically, no link flip is
required, but minor rounding problems always force it. As a consequence, T k̂∗ must
be used instead of T k̂, which is suggested by the ellipsoid of manipulability, in order
to escape from the singularity. In this planar example the singular configuration is
avoided by modifying the linear velocity and, consequently, the cartesian path. The
same concept applies for angular velocities and the tool frame orientation in a 6 DoF
manipulator.
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Figure 2.5: Schematic representation of the 12 poses assumed by links 2 and 3 for the
experimental validation of the SAS.

2.4.2 Tuning procedure

The association of a proper value of θ to T k̂ represents a complex problem, since
no evident theoretical considerations are available for the synthesis of adequate an-
alytical equations. For evident reasons, small values of θ are desirable. In the same
way, the angular deviation from the nominal trajectory should last for a short period:
curvilinear coordinates sa := s∗− da and sd := s∗+ da, at which the SAS must be
respectively activated and deactivated, are very important. s∗ indicates a point along
the path which is located just before the singular configuration and da is the activation
distance which must be kept as small as possible.

θ and da have been tuned through a procedure totally based on simulative tests.
Its outcomes have been later verified on the actual manipulator. A set of wrist sin-
gular points, uniformly distributed in the workspace, were first selected by align-
ing the fourth and the sixth joint axes, i.e., by posing q5 = 0, and, subsequently,
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by assigning all possible combinations of q2 and q3 taken from the following sets:
q2 ∈ {−π/2 −π/4 0 π/6}, q3 ∈ {−π/6 0 π/6}. In facts, as shown in figure 2.5,
the combinations of q2 and q3 were chosen so as to cover the whole workspace. Up-
per and lower bounds on q2 and q3 were imposed by the end-strokes of the actual
manipulator.

A “star” of straight trajectories passing through the resulting 12 singular points
was then generated so as to cover all possible directions in the 3D space. Joint vari-
ables q1,q4, and q6 have no influence on the singularity analysis: the results obtained
apply independently from their values. The tuning set is potentially composed by
4440 unfeasible trajectories (370 for each singular point) but, since some of them
partially fall outside the workspace, the actual one contains 3110 cases. The fol-
lowing bounds have been assumed for velocities and accelerations (i = 1,2, . . . ,6):
q̇−i =−10 rad s−1, q̇+i = 10 rad s−1, q̈−i =−25 rad s−2, and q̈+i = 25 rad s−2.

The tuning procedure starts by first choosing, for each trajectory of the tuning
set, the proper rotation axis T k̂ and, then, the trajectory is executed at the maximum
speed (0.4 ms−1) by activating the SAS and by assuming a constant value of θ for
the whole segment: the procedure is repeated by progressively increasing θ until
a feasible trajectory is obtained. At the end of the process, a threshold value θ is
associated to each feasible trajectory of the tuning set.

As early asserted, since tuning trajectories exactly cross singular configurations,
T k̂ must be perturbed w.r.t. to the one suggested by the ellipsoid of manipulability: the
tuning procedure was repeated for different orientations of T k̂ – which must always
lie on the xy-plane of the tool-frame – trying to minimize the average value of all θs:
the best performances were achieved by adopting a rotation for T k̂ in the range [0.8,
0.9] rad.

The acquired data highlighted, for each trajectory, a relationship between θ and
the derivative of q5 w.r.t. to s, i.e., q′5(s

∗) = |[dq5(s)]/ds|s=s∗ , where s∗ indicates a po-
sition along the path located just before the singular configuration. Such relationship
is shown in figure 2.6a: for each trajectory, a dot indicates the value of θ associated to
the corresponding q′5(s

∗). Such information was used to define the following function
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θ [q′5(s
∗)] := a+b min{

∣∣q′5(s∗)∣∣ ,c} , (2.42)

which output, obtained by assuming a = 0.0147, b = 0.1033, and c = 1.6 is shown in
figure 2.6a by means of a red line. Coefficient a and b are the intercept and the slope
coefficients of the leftmost linear segment, respectively. θ is superiorly saturated by
means of c. For the problem at hand, c was chosen so as to guarantee a maximum
angular displacement equal to 0.18 rad (10.31 deg). It is worth to mention that smaller
angular displacements may be imposed by reducing c, but lower travel speeds must
be assumed in order to maintain high success rates. With the values chosen for the
three coefficients, 91.0% trajectories lie below the red line and, consequently, are
feasible.

The angular displacements obtained through (2.42) are excessive if used for ‖vT‖
lower than 0.4 ms−1 and, consequently, θ is subsequently downscaled according to
the following equation

θ := θ 0 +
θ −θ 0

0.4
‖vT‖ . (2.43)

The red lines in figure 2.6 show the output of (2.43) at different speeds for θ 0 = 0.009.
θ 0 is not critical: it represents the minimum angular displacement to be introduced
when the SAS is activated. It can be noticed that the percentage of points above the
red lines, corresponding to unfeasible trajectories, decreases together with the speed.
For ‖vT‖ = 0.1 ms−1 the success rate increases up to 96.8%. Evidently, ‖vT‖ =
0.4 ms−1 is a critical speed which strongly solicits some joints and which would
potentially require higher values for θ .

The time interval during which the SAS modifies the nominal trajectory depends
on da and must be kept as small as possible. To this purpose the tuning set was newly
executed by evaluating θ according to (2.43) and by progressively reducing da until
feasibility was lost. Simulations pointed out a relationship between q′5(s

∗) and da:
the higher

∣∣q′5(s∗)∣∣, the lower da. In the same way, a relationship between da and
‖vT‖ was observed. Good success results were obtained by selecting da through the
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Figure 2.6: For each trajectory of the test-set a blue dot associates q′5(s
∗) to the min-

imum value θ which guarantees feasibility. Red lines represent the output of (2.43)
and are used by the SAS for the evaluation of the tool-frame rotation angle.

following hyperbolic function (da−d)(
∣∣q′5(s∗)∣∣−q) = k or, equivalently,

da :=
d
∣∣q′5(s∗)∣∣+ k−qd∣∣q′5(s∗)∣∣−q

(2.44)

with
d := d0 +

d1

0.4
‖vT‖ , (2.45)

and where k = 0.1, d0 = −0.027, d1 = 0.147, and q = −0.8. The output of (2.44) is
represented by the red lines shown in figure 2.7. Coefficients k, d, and q were tuned
so as to bound as many samples as possible below the red line of figure 2.7a, i.e.,
the one corresponding to the maximum speed: k acts on the shape of the hyperbole,
while d and q change its vertical and horizontal displacement, respectively. Then the
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Figure 2.7: For each trajectory of the test-set a blue dot associates q′5(s
∗) to the min-

imum value da which guarantees feasibility. Red lines represent the output of (2.44)
and are used for the evaluation of the SAS activation distance.

obtained value of d is subsequently scaled down by means of (2.45), so as to account
for smaller longitudinal speeds: obviously d0 +d1 must coincide with the value of d
previously obtained. The subdivision between d0 and d1 is made by maximizing, for
all possible speeds, the number of samples lying below the red lines.

2.5 Orientation synthesizer and equivalent bound evalua-
tor

Once the singularity alarm has been raised, the orientation modifier proposes, by
means of (2.41), a candidate rotation T k between T and T̃ . Such rotation generically



44 Chapter 2. The Singularity Avoidance System

reduces the speed of critical joints, but it does not guarantee that (2.18) and (2.19) are
satisfied. For this reason, the orientation modifier is immediately followed by a non-
linear filtering stage, whose output θ̃ represents the best approximation of θ which
is compatible with constraints (2.20) and (2.21). Details on the filter structure and its
behavior are here omitted since they have been largely discussed in [47]. Conversely,
the evaluation of equivalent bounds θ̇−, θ̇+, θ̈−, and θ̈+ and the equations required
for the synthesis of the modified tool-frame orientation are proposed in the following.

The Orientation Synthesizer generates a modified trajectory by combining the
nominal one with T k̂ and with the output of the nonlinear filter, represented by signals
θ̃ ,

˙̃
θ , and ¨̃

θ . By virtue of the requirements, the linear components of the trajectory are
not altered by the SAS, so that its output is only given by reference signals 0

T̃
R, ωωω T̃ ,

and ααα T̃ . The modified tool-frame orientation can be obtained as follows

0
T̃

R = 0
T R T

T̃ R ,

where 0
T R is associated to the nominal trajectory, while T

T̃
R is the rotation matrix

which expresses the angular displacement between T and T̃ . It is given by an axis-
angle matrix in which the rotation axis is given by T k̂, while the angle is given by
θ̃ .

Since T k̂ is kept constant during transients, the relative angular speed between
frames T and T̃ , described w.r.t. frame T can be expressed as follows

T
ωωω T̃ ,T = T k̂ ˙̃

θ

and, consequently, the angular velocity of T̃ can be posed in the following form

ωωω T̃ = ωωωT + 0
T R T

ωωω T̃ ,T = ωωωT + 0
T R T k̂ ˙̃

θ . (2.46)

Finally, the angular acceleration can be obtained by differentiating (2.46) still
bearing in mind that T k̂ is constant. With a few algebraic manipulations it is finally
possible to obtain the following equation

ααα T̃ = αααT + 0
T Ṙ T k̂ ˙̃

θ + 0
T R T k̂ ¨̃

θ

= αααT +ωωωT × 0
T R T k̂ ˙̃

θ + 0
T R T k̂ ¨̃

θ . (2.47)
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The remainder of this section is devoted to the synthesis of the equivalent bounds
θ̇−, θ̈−, θ̇+, and θ̈+ which are required by the nonlinear filter.

The modified trajectory, by construction, avoids singularities, so that the Jaco-
bian matrix can always be inverted. As a consequence, bearing in mind (2.22), joint
velocities associated to the modified trajectory can be expressed as follows

˙̃q = J−1
T̃

vT̃ , (2.48)

where vT̃ = [vT
T ωωωT

T̃
]T is the generalized velocity associated to T̃ . According to the

premises, its linear component coincides with the one of the nominal trajectory. By
considering the same partitioning scheme proposed for (2.25), (2.48) can be rewritten
as follows

˙̃q = JvT̃
vT +JωT̃

ωωω T̃ . (2.49)

Equation (2.49) is fundamental for finding the equivalent constraints for ˙̃
θ . By virtue

of (2.49) and (2.46), bounds (2.18) can be posed into the following form

q̇− ≤ JvT̃
(q̃)vT +JωT̃

[
ωωωT + 0

T R T k̂ ˙̃
θ

]
≤ q̇+

or, analogously, bearing in mind (2.23) and (2.25), as follows

˙̃q
− ≤ a ˙̃

θ ≤ ˙̃q
+
, (2.50)

where

˙̃q
−

:= q̇−−J−1
T̃

vT , (2.51)

˙̃q
+

:= q̇+−J−1
T̃

vT , (2.52)

a := JωT̃

0
T R T k̂. (2.53)

Any θ̇ which fulfills (2.50) generates feasible joint velocities. All the terms in (2.50)–
(2.53) can be efficiently evaluated online. It must be noticed that some of them depend
on the nominal trajectory, while others depend on the modified one.

Being a a vector, (2.50) can also be posed into the following scalar form

˙̃q
−
i ≤ ai

˙̃
θ ≤ ˙̃q

+
i , i = 1,2, . . . ,6,
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where ˙̃q
−
i , ˙̃q

+
i , and ai indicate the components of ˙̃q

−
, ˙̃q

+
, and a, respectively. Since

all inequalities must be simultaneously satisfied, it can be asserted that any feasible
˙̃
θ must fulfill condition (2.20) where (i = 1,2, . . . ,6)

θ̇
− =

 max
i

{
˙̃q
−
i /ai

}
if ai > 0

max
i

{
˙̃q
+
i /ai

}
if ai < 0

, (2.54)

θ̇
+ =

 min
i

{
˙̃q
+
i /ai

}
if ai > 0

min
i

{
˙̃q
−
i /ai

}
if ai < 0

. (2.55)

The equivalent constraints for ¨̃
θ can be derived with similar manipulations. More

precisely, the generalized acceleration of T̃ , obtained by differentiating (2.22), can be
expressed as follows

aT̃ = J̇T̃
˙̃q+JT̃

¨̃q ,

and then it can be posed, by also considering (2.48), into the following form

¨̃q = J−1
T̃

[
aT̃ − J̇T̃

˙̃q
]
= J−1

T̃

[
aT̃ − J̇T̃ J−1

T̃
vT̃

]
. (2.56)

Bearing in mind the partitioning scheme suggested in (2.25) and by also recalling
that aT̃ = [aT

T αααT
T̃
]T , it is possible to write

¨̃q = JvT̃
aT +JωT̃

ααα T̃ −J−1
T̃

J̇T̃ J−1
T̃

vT̃ ,

which, in turn, can be written, with the aid of (2.47), as follows

¨̃q = JvT̃
aT +JωT̃

{
αααT +ωωωT × 0

T R T k̂ ˙̃
θ + 0

T R T k̂ ¨̃
θ

}
−J−1

T̃
J̇T̃ J−1

T̃
vT̃ . (2.57)

By substituting (2.57) into (2.19), the following inequalities can be obtained after a
few manipulations

¨̃q
− ≤ a θ̈ ≤ ¨̃q

+
, (2.58)
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where

¨̃q
−

:= q̈−−J−1
T̃

[
aT − J̇T̃ J−1

T̃
vT̃

]
−JωT̃

{
ωωωT × 0

T R T k̂ ˙̃
θ

}
,

¨̃q
+

:= q̈+−J−1
T̃

[
aT − J̇T̃ J−1

T̃
vT̃

]
−JωT̃

{
ωωωT × 0

T R T k̂ ˙̃
θ

}
,

while a is still defined according to (2.53). Vectors ¨̃q
−

and ¨̃q
+

can be evaluated
from the knowledge of the nominal trajectory, the modified one, and the accelera-
tion bounds. The equivalent constraints for ¨̃

θ can be obtained through manipulations
similar to the ones considered for ˙̃

θ . In particular, the following limits can be derived
from the scalar representation of (2.58) (i = 1,2, . . . ,6)

θ̈
− =

 max
i

{
¨̃q
−
i /ai

}
if ai > 0

max
i

{
¨̃q
+
i /ai

}
if ai < 0

, (2.59)

θ̈
+ =

 min
i

{
¨̃q
+
i /ai

}
if ai > 0

min
i

{
¨̃q
−
i /ai

}
if ai < 0

. (2.60)

By comparing the SAS proposed in this chapter with the previous version pro-
posed in [45] it is possible to infer that the total computational burden of the new
strategy is certainly much lower since the new algorithm is more compact and the
nonlinear filtering stage now manages a single signal instead of three. However, the
most relevant improvement in terms of efficiency was achieved for the computation
of the equivalent bounds, which do no more require the online solution of a linear
programming problem.





Chapter 3

Results

The system proposed was tested, at first, by means of simulated experiments. Then,
the SAS was implemented on the control system of a real anthropomorphic manipu-
lator for the execution of an experimental test campaign. Section 3.1 focuses on the
performances obtained through simulations, while section 3.2 reports the outcomes
of the experiments carried out on the Comau SmartSix-6.14 robot.

3.1 Simulation results

The early discussed tuning procedure only accounts for trajectories passing through
singularities. In order to verify if the obtained parameters can be adopted to man-
age trajectories which do not exactly cross singularities, they were tested by also
considering alternative scenarios. In particular, for each one of the 12 test configura-
tions, 4 additional points were placed 10−3 m far from the singularity and, in each of
them, a “star” of 370 trajectories was generated. The experiment was then repeated
by considering 4 more points located 2 · 10−3 m far from the singularity, and so on.
The obtained success rates are listed in table 3.1. The tuning procedure, which is
very fast and easily adaptable to alternative manipulators or working conditions, al-
ways guarantees success rates higher than 82%. Evidently, the best performances are
achieved for trajectories crossing singularities, since they were used for the system
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Table 3.1: Success rates obtained through the tuning procedure proposed in sec-
tion 2.4.2. d indicates the distance between trajectories and singular points.

‖vT‖ [m s−1]

d [m] 0.1 0.2 0.3 0.4

0 ·10−3 97.7% 96.8% 95.1% 92.3%
1 ·10−3 91.1% 87.8% 85.4% 82.7%
2 ·10−3 94.2% 91.0% 88.2% 85.9%
5 ·10−3 96.2% 94.7% 92.7% 90.7%

10 ·10−3 96.8% 95.3% 94.0% 91.9%

tuning. However for primitives passing close to singular points, the success rate drop
is limited.

It must be pointed out that 100% success rate can never be reached for several
reasons. Many configurations in figure 2.5 (see for example 4, 7, 8, 11, and 12) admit
trajectories passing close or through shoulder singularities, which are not managed by
the SAS. Furthermore, some trajectories are almost singular everywhere and, finally,
some others are characterized by two singular configurations.

3.2 Experimental results

The SAS was tested by means of a Comau Smart SiX 6-1.4 anthropomorphic ma-
nipulator. An external Linux-RTAI PC was used to generate the trajectories and to
process them with the SAS at a sample rate equal to 2 · 10−3 s. The obtained refer-
ence signals are sent, with the same sample rate, to the feedback control loops of the
robot controller through a real-time Ethernet connection.

Two experiments were performed on the real manipulator, for both of them the
following bounds were assumed for the joint velocities and accelerations (i= 1,2, . . . ,6):
q̇−i =−10 ms−1, q̇+i = 10 ms−1, q̈−i =−25 ms−2, and q̈+i = 25 ms−2. The tool-frame
linear speed was posed equal to ‖vT‖= 0.4 ms−1.

The first experiment concerned the execution of 100 random trajectories lying
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Figure 3.1: The presence of desks limits the workspace of the Comau manipulator
used for the experiments.

on the vertical plane y = 0.83 m and passing through a singular point placed in
pT = [0 0.83 1.077]T with orientation ΦΦΦT,0 = [π/2 π/2 0]T expressed through the
ZYZ RPY notation, Cartesian coordinates are expressed in meters, while angles,
expressed in radiant, were adopted for the tool-frame orientation. According to the
requirements, the trajectory generator block is totally disjointed from the SAS one.
This latter only receives, at each sample time, reference signals ΦΦΦT,0(t), pT (t), ωωωT (t),
vT (t), αααT (t), and aT (t): any decision is taken in real time by the SAS on the basis
of those signals. As specified in Section 2.2, pT (t), vT (t), and aT (t) are sent, un-
modified, to the inverse kinematics block – so as to guarantee with certainty that
the nominal-path is not changed – while the tool-frame orientation is handled by
the SAS. The maximum angular deviation from the nominal trajectories was equal
to θ̃max = 5.87 deg. All trajectories satisfied the imposed velocity and acceleration
constraints.

The second experiment was relative to the execution of a “star” of straight tra-
jectories passing through the singular points used for the tuning phase. As shown in
figure 3.1, the manipulator workspace is limited by the presence of desks. As a conse-
quence, only a part of the simulated tests were replicated in the real environment and,
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Figure 3.2: The velocity and acceleration signals for joints 4 and 6 associated to two
horizontal trajectories passing through pT : the given bounds are fulfilled.

more precisely, the ones corresponding to configurations 1, 2, 5, and 9 of figure 2.5.
The experimentally acquired success rates were even better than simulated ones, as
proved by table 3.2. The reason of such performances is that unmanageable config-
urations occur more frequently in areas which are precluded to the real manipulator.
All the trajectories that were classified “manageable” by the algorithm were actually
executed with the aid of the SAS and feasibility was never lost, i.e., all trajectories
were feasible w.r.t. the imposed velocity and acceleration constraints. Some of them
are particularly critical since they are close to a workspace border or to an elbow
singularity, which is not managed by the SAS.

Figure 3.2 shows a typical transient for joints 4 and 6, i.e., the most solicited
ones. The figure proves that, differently from other approaches in the literature, the
proposed strategy does not simply reduce joint velocities and accelerations, but it
explicitly bounds them between given limits. Similar results were obtained for all the
trajectories of the test set. Another detail, still pointed out by figure 3.2, concerns
the exchange of position between joints 4 and 6: it occurs for all the trajectories and
it is a direct consequence of Proposition 2. In order to prove such assertion, let us
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Table 3.2: Success rates obtained with the actual manipulator. d indicates the distance
between trajectory and singular point.

‖vT‖ [m s−1]

d [m] 0.1 0.2 0.3 0.4

0 96.6% 94.9% 94.7% 93.2%
1 ·10−3 95.1% 93.9% 92.9% 91.1%
2 ·10−3 96.3% 95.0% 93.9% 92.5%
5 ·10−3 97.3% 96.5% 95.4% 94.2%

10 ·10−3 97.9% 97.0% 96.5% 95.2%

consider a simplified representation of (2.14) and (2.16) obtained for very common
operating conditions. Many applications do not require the tool-frame rotation, i.e.,
x̂6 and ŷ6 can be assumed constant together with ẑ6, so that ωωωT = 0. Furthermore,
the SAS strategy actuates the angular displacement between nominal and modified
tool-frame when the system is sufficiently far from the singularity: close to critical
configurations it can be reasonably assumed T ωωω T̃ ,T = 0 and, additionally, sin(θ5) '
θ5 and cos(θ5) ' 1. Bearing in mind such premises, (2.14) and (2.16) simplify as
follows

θ̇4 = θ̇1c23 +
θ̇1c4s23 +(θ̇2 + θ̇3)s4

θ5
, (3.1)

θ̇6 =−
θ̇1c4s23 +(θ̇2 + θ̇3)s4

θ5
(3.2)

where

c4 = cos(θ̂4 +θ4) = cos(q4),

s4 = sin(θ̂4 +θ4) = sin(q4),

c23 = cos(θ̂2 + θ̂3 +θ2 +θ3) = cos(q2 +q3),

s23 = sin(θ̂2 + θ̂3 +θ2 +θ3) = sin(q2 +q3).
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Close to the singularity θ5 ' 0, so that from (3.1) and (3.2) it is possible to infer that

θ̇4 '
θ̇1c4s23 +(θ̇2 + θ̇3)s4

θ5
=−θ̇6, (3.3)

i.e., the velocities of joints 4 and 6 are each other opposite so that the positions of
the corresponding joints swap. It is important to stress that the simplifications were
only introduced in order to propose a compact representation of (2.14) and (2.16),
but (3.3) is still valid even when they do not apply.

For which concerns the performances, the average computational time, obtained
with an Intel Core2 Duo PC running at 3.0GHz, was equal to 4.211 · 10−5 s. It typ-
ically spans in the range [2.800 ·10−5,1.690 ·10−4] s: evaluation times are, roughly,
four times smaller than the ones obtained in [45] and are plenty compatible with the
manipulator sample time (2 ·10−3 s).
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An online jerk-bounded velocity
planner for autonomous vehicles

with safety requirements





Introduction to Part II

In autonomous warehouses several independent agents share their workspace. In fact,
autonomous guided vehicles directly interact with human-operated forklifts and with
other coworkers. The collaboration between humans and machines is fundamental
for the effectiveness of industrial plants, but poses several problems which must be
consequently managed. First of all, the safeness of human workers and of the overall
plant must be ensured. Serious security issues may raise in autonomous warehouses,
so that appropriate rules are imposed by the laws for their avoidance. For example,
for safety reasons, autonomous Laser Guided Vehicles (LGV) are typically equipped
with certified safety laser sensors and only move along pre-specified path segments.
Additionally to the safety requirements, industrial plants must also account for pos-
sible efficiency concerns since, evidently, productivity must be maximized. The effi-
ciency requirement is antithetic with respect to safeness. In fact, in many applications
LGVs speeds are kept limited for safety reason.

A possible method, which allows overcoming such restrictions, is represented by
the use of smart velocity planners. More specifically, such planners should own the
following three properties:

a) real-time requirements. As anticipated, LGVs do not follow a fixed path but,
conversely, paths are composed by combining variable sequences af short seg-
ments. For such reason, the velocity profile must be evaluated online during
the motion of the vehicle;

b) jerk bounded: LGVs often carry huge loads. By bounding the longitudinal jerk
between specified limits, smooth trajectories can be obtained, so as to reduce
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both the vehicle and load solicitations;

c) variable velocity bounds: safety is the first requirement that must be met. It will
be shown in the thesis that such target can be achieved by handling variable
velocity bounds for the longitudinal motion.

The approach proposed in the thesis satisfies all these requirements. For the first
time in the literature, safety constraints are directly considered in the optimization
problem which must be solved for the trajectory generation. Even if the approach
proposed is based on a heuristic procedure, it always returns feasible solutions whose
traveling times are comparable with the ones obtained through a nonlinear solver.
Conversely, nonlinear solvers show evaluation times which do not meet the real-time
requirements. Alternative real-time methods appeared in the literature do not satisfy
simultaneously the three requirements proposed above. In fact, often jerk is only min-
imized, but it is not specifically bounded, or velocity bounds are assumed constant.

This work has been supported in part by the European Project SAFERUN (Secure
And Fast rEal-time planneR for aUtoNomous vehicles) in the context of ECHORD++
(The European Coordination Hub for Open Robotics Development) financed in the
framework of the FP7 EU program. The collaboration between universities and major
companies was expected as a target of the project, in fact the obtained results has been
achieved through the partnership among University of Parma, Elettric80 and PreGel.

The second part of the thesis is organized as follows. Chapter 4 illustrates the
state of the art for which concerns the velocity planners proposed in the literature
and proposes a brief survey on the existing safety laws. Chapter 5 describes the pro-
posed algorithm. Two versions have been implemented. The first one is specifically
conceived for real warehouses, since it provides sub-optimal solutions which limit
vehicle stresses. Conversely, the second one aims at obtaining a very efficient veloc-
ity profile, in order to make it possible to compare its performances with the ones
obtained through the use of a nonlinear solver. Finally, chapter 6 reports the simu-
lated and the experimental results. The proposed algorithm has been implemented
and tested in a real warehouses: part of the experimental results directly descends
from the statistic of the industrial plant.



Chapter 4

State of the art

LGVs are largely used in autonomous warehouses for the efficient transportation of
huge loads. As asserted in [51], vehicles used in industrial contexts must be largely
autonomous: they must localize themselves, follow the assigned path, and manage
emergency situations. Hence the velocity planners cover a central role in order to
manage the concurrent needs of a warehouse, they must maximize the plant produc-
tivity while simultaneously assuring the safeness of other vehicles and, even more im-
portant, of human coworkers which share the workspace with the automated LGVs.
Section 4.1 analyzes the state of the art of the existing velocity planner, while a brief
survey relative to the existent safety regulations is presented in section 4.2.

4.1 Related works

Working spaces for humans and machines, which have been historically kept separate
for safety reasons, progressively tend to overlap due to the need of maximizing the
plant productivity. For example, the separation between the two worlds has almost
disappeared in automatic warehouses, where coworkers directly interact with LGVs
for supervision and maintenance reasons: differently from other industrial contexts,
completely disjointed working spaces cannot be conceived at all. In fact, in large
warehouses vehicles maintenance is carried out by avoiding plant stops for productive
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reasons: in case of failures, human operators necessarily enter the vehicles workspace
for the required restorations. Additionally, load and transport operations which cannot
be managed by LGVs are handled through human-operated forklifts, which naturally
share the workspace with the autonomous ones.

Working conditions in LGV plants raise serious hazard issues which are handled
at different levels. First of all, rigid rules are imposed to the vehicles motion. For
example, the plant layout is defined in advance and cannot be modified, so that hu-
man coworkers become used of the LGVs habits and naturally tend to leave free any
space which is used by the machines. Operators who need to enter zones crossed
by trajectories are spontaneously inclined to pay attention. For the same reason, ve-
hicles must never abandon the assigned trajectories, so as to avoid unexpected, and
consequently dangerous, situations. This implies that, in the presence of unexpected
obstacles along the route, which may be objects or coworkers, vehicles must be safely
stopped in order to avoid impacts.

The motion safety problem has also been widely discussed by the scientific lit-
erature, [52] and [53]. A classification of the possible hazard situations, and of the
techniques that can be used for their management, is proposed in [54]. The survey
paper classifies the known approaches into three classes on the basis of the obsta-
cle typology and of the time horizon considered. The very first approaches managed
safety as a problem of obstacle avoidance: collisions were prevented by acting on the
path and/or on the speed of the autonomous vehicle. Some algorithms handled obsta-
cles on the basis of position information [55–57], while others took decisions on the
basis of velocity considerations. Among them, it is worth citing [58] whose proposed
method was based on the so-called “Velocity Obstacles” (VO). The approach based
on VO identifies dynamically a set of speeds that must not be assumed in order to
avoid collisions, such concept was at first introduced in [58]. Subsequently a proba-
bilistic version has been proposed in [59] and the same concept was further extended
in [60], so as to consider real-time contexts and to account for multi-agent systems.
More recently the methodology has been revised both in [61], so as to account for the
presence of kinematic constraints, and in [62], where the concept of Acceleration-
Velocity Obstacles was proposed in order to guarantee the continuity of the vehicle
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speed.

The above mentioned strategies have a common denominator: the position and
the velocity of the moving obstacles are supposed to be analytically known. In real
contexts, such hypothesis is often inadmissible since autonomous vehicles have lim-
ited sensing capabilities: obstacles are detected only when they are below a given
distance from the sensor. An alternative method, which overcomes the limitations of
the VO approaches, is based on the so called “Inevitable Collision States” (ICS). T.
Fraichard and H. Asama in [63] were the first to introduce such concept and it is
used to indicate motion states that must be necessarily skipped in order to avoid col-
lisions. The initial approach to the problem was totally deterministic and based on the
knowledge of a model of the dynamic environment. Later, an efficient algorithm was
developed [64] in order to make ICSs suitable for practical applications: indeed, the
characterization of an ICS is normally difficult due to its computational complexity.
The original concept was also revised in [65] by introducing a probabilistic formu-
lation of the ICS: the motion is planned on the basis of a probabilistic estimation
of its safety. Originally the ICS concept was conceived for the car-like model, then,
in the literature, it has also been adopted for the management of other vehicles. For
example, in [66] ICSs have been reformulated in order to consider a motorcycle in-
teracting with some cars in a dynamic environment. The approach used for the safety
management in LGV based plants can be classified among the other ICS methods.
Each LGV is equipped with laser sensors which inspect a restricted area around the
vehicle: a potential obstacle is revealed only when it enters the sensors field.

In addition to the safety regulations, it must be considered that LGVs routes are
obtained by composing elementary curves, which are planned when the plant is de-
signed. Such choice is motivated by several reasons, among them it is worth citing
the traffic management. Routes can be modified at run time by the plant supervisor,
which selects the most proper path sequences depending on the tasks that must be ac-
complished. A direct consequence of such operating mode is that velocity references
must be synthesized in real time on the basis of the operating conditions, detailed in-
formation will be give in section 5.1. For such reason, vehicles trajectories are always
planned according to the path-velocity decomposition concept early proposed in [55]
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and later revised in [56].

LGV plants have different concurrent needs, for example safety is antithetic with
respect to productivity. Generated trajectories must guarantee the safety of cowork-
ers but they must also be minimum-time, compatibly with the assigned constraints.
Furthermore, it can be easily verified that the safety constraints impose variable ve-
locity bounds, such limits need to be fulfilled and they have a great impact on the
planner complexity. Moreover, one may desire to obtained jerk-limited trajectories,
in fact LGVs are used for the displacement of huge loads and smooth trajectories can
reduce vehicles and loads stresses.

In summary, a velocity planner for LGVs used in warehouses must have the fol-
lowing properties:

a) real-time capabilities;

b) the capability to handle jerk constraints;

c) the capability to handle position and time dependent velocity bounds.

Earlier real-time planners proposed in the literature can handle problems char-
acterized by constant constraints or problems admitting, at most, second order con-
straints [67]. Several real-time planners have been recently proposed in the literature,
but they are all suited to generate trajectories admitting constant bounds on speeds,
accelerations, and jerks [8, 9, 68]. Problems concerning variable-speed constraints
have already been addressed in the literature especially for applications concerning
industrial manipulators [33, 69]. Mobile vehicles have been addressed at the begin-
ning in [67] or, in more recent works, in [70–72], but up to now jerk limits have been
neglected mainly because of the computational burden they would introduce.

Table 4.1 highlights the compatibility of different velocity planners with the pro-
posed LGV application. Compared to the number of planners proposed in the past,
the list is not exhaustive: it only includes the ones with real-time or almost real-time
characteristics. As shown in table 4.1, the sole approach [84] fulfills all the required
properties but, being based on numerical integration methods, shows computational
times which may be too high depending on the application. Similarly, the technique
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Table 4.1: Properties of some velocity planners proposed in the literature: a) real-time
capabilities; b) the capability to handle jerk constraints; c) the capability to handle
position and time dependent velocity bounds. “*” indicates methods which minimize
but do not bound jerk.

(a) (b) (c)

[33, 69, 73] X

[74–77] X X∗

[70–72, 78] X X

[7–9, 68, 79–83] X X

[84] X X X

[85] X X∗ X

considered in [85] is not completely suited for the proposed application because jerk
is minimized but it is not bounded.

The previous discussion makes it possible to evince that all mentioned velocity
planners are not suited for LGV plants, bearing also in mind that they do not take into
account the safety problem.

4.2 Safety management in LGV plants

Automated plants in which humans and machines share the same working areas may
give rise to safety concerns and, consequently, they must comply with apposite rules
issued by specific committees like the American ITSDF (Industrial Truck Standards
Development Foundation) and the European ISO (International Standards Organiza-
tion). In particular, the directives which refer to Automated Guided Vehicles (AGV)
are respectively specified in the “ANSI/ITSDF B56.5-2012” document [86] for the
ITSDF committee and in the two documents “EN ISO 1525:1997” [87] and “EN ISO
1526:1997+A1:2008” [88] for the ISO committee. The ANSI and the ISO guidelines
are very similar: the first parts of both directives are dedicated to pose the safety
requirements for automatic guided industrial vehicles, while the second ones con-
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cern automated functions for manned industrial vehicles. Such international direc-
tives pose general rules and only provide a set of guidelines to be followed. In de-
tails, both directives agree that plants must be supervised by competent technicians
and trained operators who have to move carefully in the areas shared with vehicles,
since hazard situations cannot be avoided only by mechanical means. For what con-
cerns the stopping distance the “ANSI/ITSDF B56.5-2012” directive states “The de-
termination of the vehicle’s stopping distance (...) depends on many factors, (...). The
prime consideration is that the braking system in conjunction with the detection sys-
tem and the response time of the safety control system shall cause the vehicle to stop
prior to impact between the vehicle structure (...) and an obstruction (...).” The same
directive also provides an exception which is at the basis of the safety management
techniques used for LGVs: “Although the vehicle braking system may be performing
correctly and as designed, it cannot be expected to function as designed and speci-
fied (...) should an object suddenly appear in the path of the vehicle and within the
designed safe stopping distance.” In practice, this implies that safety systems must
be conceived to promptly react and stop vehicles in case of static obstacles, while in
case of moving ones which suddenly enter the LGV workspace, the kinetic energy
must be rapidly lowered, so as to minimize possible consequences. Such concept is
implemented by the ASTM F3265-17 [89] directives, which propose a methodology
for testing the vehicles reactions in case of detection of moving obstacles.

Standards posed by ISO and ANSI have been acknowledged by local legisla-
tions. For example, in Europe all machineries must be produced and installed com-
plying with the European Machinery Directive 2006/42/EC. The same directive has
been adopted by each single country of the European Community through local laws,
e.g., in Italy through Legislative Decree 27.01.2010, no. 17 and through the Legisla-
tive Decree 9.04.2008, no. 81. This latter states: “If work equipment is moving in a
work area, circulation rules must be established (...); Organizational measures must
be taken in order to prevent workers on foot entering the area of operation of the self-
propelled work equipment. If the presence of workers on foot is necessary for the
proper execution of the work, appropriate measures must be taken to prevent workers
from being injured by the equipment.”
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(a) (b)

Figure 4.1: On board safety laser sensors (yellow circles) and emergency stop devices
(cyan ellipsoids) of a LGV (Courtesy of Elettric80).

In order to comply with the safety directives, LGVs used in automated ware-
houses are equipped with certified Safety Laser Scanners (SLS), which operate sim-
ilarly to standard scanners but provide a different output. Indeed, common lasers
return the distances from possible obstacles measured along the directions scanned
by the laser beam. Starting from such information, it is potentially possible to create
a customized algorithm which reconstructs the vehicle surroundings, thus allowing
a very accurate management of the safety concerns. However, any custom algorithm
directly implemented by LGV manufacturers should undergo a long and expensive
certification process, so that companies always adopt an alternative solution. More
precisely, the market offers certified SLSs which are internally equipped with an al-
gorithm for the safety management: users specify the areas that must be kept under
control and the sensor verifies if they are free from obstacles. Practically, the sensor
output is binary, i.e., the area is clear or not, while obstacle positions are not provided
at all. The advantage of this approach is that safety algorithms are directly certified
by sensors manufactures, thus relieving LGV producers from any liability. The draw-
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back of such solution is that obstacle positions are unknown: obstacles, if detected,
are somewhere within the programmed safety area.

LGVs are equipped with several certified SLSs. At least four laser scanners are
installed by assuming the classic configuration shown in figure 4.1: sensor 1 scans
the front of the vehicle, sensor 2 is placed on its rear, while scanners 3 and 4 inspect
its lateral sides. Mentioned devices are installed under the vehicle bodywork. Such
position allows detecting obstacles up to an elevation roughly equal to 2 · 10−2 m.
Objects located over such threshold are sensed through further scanners indicated in
the figure with 5 and 6, which are located on the top of the vehicle. Additionally, each
LGV is provided with several manual emergency devices, like the ones indicated in
figure 4.1a by 7 and 8.

A limited number of safety areas can be programmed offline on each SLS of the
vehicle. They are designed depending on the plant and on the vehicle characteristics.
Shapes of the safety areas cannot be changed at runtime: the control system can
only select, among them, the most appropriate one for each segment. The number
of programmable areas is currently limited by the technology: available sensors only
admit 16 safety areas. Evidently, better performances might be obtained if additional
shapes were available. More in details, the limited number of programmable areas
sometimes imposes using the same configurations for both tight and large bends. In
the first case the vehicle speed is naturally reduced because of the kinematic limits
and, consequently, safety areas are redundantly large: since tight curves are used for
swift maneuvers in narrow spaces between shelves and columns, unnecessarily large
safety areas could cause undesired stops. In the second case, curves could potentially
be traveled at higher speeds, but the use of small areas imposes, for safety reasons,
reduced velocities. In both cases the plant efficiency is penalized.

Figure 4.2 makes it possible to appreciate how safety areas are managed in real
plants. In figure 4.2a the LGV is moving at plain speed along a straight path. In terms
of safety, the frontal zone is the most critical one, so that it is protected by a very
large safety area. Conversely, the rear part of the vehicle cannot collide with static
obstacles, so that the corresponding sensor is switched off. If the vehicle needs to
execute a turn, the speed is reduced, the frontal area is scaled down accordingly, and
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(a) (b)

(c) (d)

Figure 4.2: LGV safety areas could be modified only when the vehicle switch be-
tween two subsequent segments.

the rear area is enlarged as shown in figure 4.2b: in fact, along turns the load sweeps
laterally and may hit obstacles or coworkers. Since turns essentially imply a lateral
motion, the side areas are modified as shown in figure 4.2c and the turn is finally
executed (see figure 4.2d).

In industrial warehouses safety has been historically managed by means of trial-
and-error approaches. Designers first define the plant layout, which is obtained through
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the composition of path segments, each of them being described through appropriate
path primitives. Then, the same technicians assign, on the basis of their own experi-
ence, the most suitable set of safety areas to each segment. Areas are selected among
the ones programmed in the SLS. Subsequently, for each segment, the most proper
constant speed is selected depending on the combination between curve and safety
area: it must satisfy the vehicles constraints and it must be safe. A single safety area
and a single constant speed is assumed for each segment of the plant. Such choice is
motivated by several reasons. One of them was specified in the previous section: a
constant velocity reference guarantees a simplified real-time generation of the com-
posite speed profile. Another reason is essentially practical: each plant is composed
by thousand of segments, so that the manual choice, for each of them, of multiple
safety areas and multiple speed references would enormously complicate the design
phase.

The implementation of the system in a real plant requires a final tuning “on the
field” since safety areas may be inadequate, speeds may be unfeasible, and safety
conditions may be violated: they are all the result of heuristic choices. Since each
segment of the plant needs to be tested, the tuning process requires long times. Previ-
ous considerations make it possible to conclude that plant performances are strongly
affected by the designers experience.

The SAFERUN project aimed at the partial automation of the design process, so
as to make it more deterministic. More precisely, while plant designers still need to
select curve layouts and safety areas, a smart velocity planner synthesizes, in real
time, a speed reference which fulfills all the system constraints, including the safety
ones.



Chapter 5

SAFERUN velocity planner

The safety risks prevention and the simultaneous generation of efficient motions mo-
tivated the development of the velocity planner explained in this chapter, the proposed
planner is indicated in the following as SAFERUN Algorithm (SA). Differently from
other real-time solutions, the SA handles variable speed constraints by also managing
acceleration and jerk limits. For the first time, safety has been converted into an ana-
lytical constraint used for the synthesis of minimum-time velocity references. Hence,
the proposed planner is conceived to satisfy both the real-time and the efficiency
requirements, by simultaneously managing possible safety issues. Section 5.1 illus-
trates the problem formulation while section 5.2 shows how the velocity constraint is
computed. Finally section 5.3 explains in details the proposed algorithm.

5.1 Problem formulation

In automated warehouses, LGVs move along pre-specified paths defined when the
plant is designed. The plant layout is obtained by composing several basic primi-
tives like straight lines, circular arcs, clothoids, splines, etc. The sequence of path-
segments that LGVs must cover is variable, being possible bifurcations at the end of
each segment, like it happens in the example shown in figure 5.1. Path segments allo-
cated for each LGV are decided on-the-fly by a supervisor, which selects them on the
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Figure 5.1: The sequence of path-segments is decided on-the-fly by the supervisor.

basis of the plant status: without any loss of generality, it could be assumed that an
LGV is always aware of two path-segments, i.e., the one is traveling on and the next
one. Shortly before the end of the first path-segment, the vehicle controls if a further
one has been assigned. In case of a positive answer the velocity function is updated,
otherwise the LGV is stopped at the end of the second segment. A typical planning
case is proposed in figure 5.1. The vehicle is moving along path A and knows that
B1 will be the next segment: the initial velocity reference is planned such to generate
a stop at the end of B1. If a new path, for example C3, is assigned before the LVG
reaches the end of A, a new velocity function is evaluated. Evidently, it cannot be the
same that would have been used for C1 or C2, because of the different path shapes.
This implies that speed set-points must be necessarily planned in real time. Because
of the limited computational capabilities of the LGV control-boards, velocity refer-
ences are always obtained through computationally light algorithms. Such limitations
prevents computing the velocity reference through nonlinear optimizers, since their
computational times are not compatible with the real-time requirement.

Figure 5.2a shows the most commonly used approach. For each segment of the
composite path the velocity upper-bound is assumed constant and its value is selected
so as to satisfy simultaneously the kinematic and the safety constraints in the most
demanding point of the path. When two segments are linked together, the velocity
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Figure 5.2: Comparison between the two planning approaches: (a) standard planning
strategy; (b) novel planning strategy. Vertical solid lines separate paths A from B1 and
B1 from C3. Dashed lines indicate ṽ(s). The initial velocity references are shown by
means of solid lines, while dotted lines are used for the updated profiles.

reference is obtained by joining the respective upper-bounds by means of Double-S
profiles [90] or by means of any other lightweight planning primitive. This approach
is very common (see for example [91] for a transportation vehicle), but it has an
evident drawback: for each segment, the maximum cruising speed must be assumed
equal to the minimum value of ṽ(s). In LGV plants this is evidently reason of produc-
tivity losses and motivated the alternative, lightweight planning-strategy proposed in
section 5.3.

Figure 5.2b is instrumental for the comprehension of the velocity planning strat-
egy proposed in this work. The vehicle is initially aware of the data concerning paths
A and B1, hence a rest-to-rest velocity reference is planned so as to stop the LGV at
the end of B1. Differently from the standard planning technique, the actual velocity
upper-bound, i.e., ṽ(s), is considered. During the motion along A, segment C3 is as-
signed: the velocity profile is immediately updated in order to stop the LGV at the
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end of C3. The planning process is repeated if a new path-segment is assigned while
the vehicle is moving along B1. The use of the actual velocity constraints evidently
allows higher speeds and, consequently, plant efficiency necessarily improves.

The above considerations motivated the development of the online SA planner.
In order to properly formulate the problem, let us indicate with s(t) the LGV position
along an assigned Cartesian path. s(t) is assumed twice differentiable, so that speed
v(t) and acceleration a(t) are both continuous function. Finally, the corresponding
jerk signal, i.e., j(t), is a piecewise-constant function. The path length is known and
it is indicated by s f , while the total traveling time is represented by t f .

Functions s(t), v(t), a(t), and j(t) can always be algebraically manipulated in
order to express velocities, accelerations, and jerks as function of curvilinear coor-
dinate s, i.e., the following functions can be synthesized: v̂(s), â(s), and ĵ(s), with
s ∈ [0,s f ], defined such that v̂(s(t)) := v(t), â(s(t)) := a(t), and ĵ(s(t)) := j(t). For
such reason, the velocity function will be indifferently mentioned in the following as
v(s) or v(t).

The real-time planning problem can be formulated as follows:

Problem 1 Design an algorithm for the real-time generation of almost minimum-
time trajectories s(t) which solves the following nonlinear, semi-infinite optimization
problem

min{t f } (5.1)

subject to

s(0) = 0, s(t f ) = s f , (5.2)

v(0) = v0, v(t f ) = 0, (5.3)

a(0) = a0, a(t f ) = 0, (5.4)

0≤ v(t)≤ ṽ[s(t)], ∀t ∈ [0, t f ], (5.5)

−ã≤ a(t)≤ ã, ∀t ∈ [0, t f ], (5.6)

− j̃ ≤ j(t)≤ j̃, ∀t ∈ [0, t f ], (5.7)

where ṽ(s) : [0,s f ] =⇒ R+\{0} is the velocity upper bound function, while ã, j̃ ∈
R+\{0} represent constant limits on acceleration and jerk.
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For two practical reasons, the solution proposed is based on a heuristic method.
First of all, an exact solution can only be found by means of nonlinear programming
strategies, whose computational burden is not compatible with the real-time context
here considered. Secondly, a strict minimum-time solutions would continuously im-
pose the execution of transients while, in order to reduce the mechanical stress acting
on the LGV and, even more important, on its load, it is wise accepting suboptimal
solutions characterized by constant-speed sections. For such reason two different ver-
sion of SA are proposed in the following: the first one is specifically conceived for
LGV plants while the second one aims at demonstrating that through the proposed
heuristic procedure it is possible to obtain traveling times comparable with the ones of
a nonlinear solver, while respecting the real-time requirements which, instead, cannot
be guaranteed by a nonlinear solver.

5.2 Velocity bounding function

The solution of Problem 1 is based on the knowledge of ṽ(s). This section is devoted
to its synthesis. Let us suppose that the vehicle path is defined through a parametric
function, namely p(s) := [x(s) y(s)]T , whose curvature κ(s) and curvature derivative
dκ

ds (s) are both known. The velocity bounding function, i.e., ṽ(s), is chosen so as to
guarantee that, if the vehicle speed fulfills condition v(s) ∈ [0 ṽ(s)], a given set of
constraints, specified by the users, is automatically satisfied. The ones reported in
the following are typical for the problem at hand, but other constraints can be easily
added.

The norm of the lateral acceleration is normally limited to an assigned value
as > 0, in order to reduce path tracking errors, wheels wears, and load solicitations.
This result is achieved by imposing that v(s)≤ ṽa(s) where (see also [73, 91])

ṽa(s) :=
√

as

|κ(s)|
. (5.8)

The longitudinal velocity is also limited by the steering capability of the vehicle.
If θ is the steering angle, its first derivative is certainly superiorly limited, so that
feasible movements must fulfill inequality

∣∣θ̇ ∣∣ ≤ θ̇s, where θ̇s > 0 is a given upper
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Figure 5.3: Procedure used to build function ṽd(s). For each point s of the path a
velocity v0 is obtained by solving problem (5.11)–(5.17). Resulting points are then
interpolated through a spline function. Auxiliary functions used in the optimization
problem start from s∗

bound. With a few algebraic manipulations such constraint can be converted into the
following limit for v̂(s)

ṽb(s) :=
(1+(Lκ(s))2)θ̇s

L
∣∣dκ

ds (s)
∣∣ (5.9)

where L is the distance between front and rear wheels. Finally, a constant upper bound
ṽc > 0 is added. It may depend on the traction capabilities of the motors or, more com-
monly, on law restrictions which apply to LGV plants. Depending on the application,
further upper bounds might be considered: the final limit is obtained by combining
all of them according to the following equation

ṽ(s) := min{ṽa(s), ṽb(s), ṽc, . . .}. (5.10)

Then, a novelty of this work is related to the inclusion of the safety constraint in
the velocity planning problem. The safety laser sensors are certified devices which
only provide a binary information concerning the presence (or not) of obstacles inside
an Inspection Area (IA) surrounding the vehicle: no data is available concerning the
obstacle position. As a consequence, any algorithm for the safety management must
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only be based on such information. Currently, as explained in Section 4.2, safety reg-
ulations only consider potential collisions w.r.t. static obstacles, so that as long as the
IA is declared “clean”, the LGV can move freely inside it. The traveling distance d̂
which can be safely crossed by the vehicle before any point of its chassis could touch
the border of the IA can be evaluated for each position of the path: safety is guaran-
teed if the vehicle can be stopped before a distance ds := d̂− d̃ is covered, where d̃
is an additional safety margin added to account for potential tolerances. Bearing in
mind this idea, safe movements can be guaranteed by evaluating a bounding velocity
function ṽd(s) obtained by interpolating, through a spline function, all points v0 found
by solving, for each position s∗ of the path, the following semi-infinite optimization
problem

max
ts
{v0} (5.11)

subject to

ss(0) = 0, ss(ts) = ds, (5.12)

vs(0) = v0, vs(ts) = 0, (5.13)

as(0) = ã, as(ts) = 0, (5.14)

0≤ vs(t∗)≤ ṽ(ss(t∗)+ s∗), ∀t∗ ∈ [0, ts], (5.15)

−ã≤ as(t∗)≤ ã, ∀t∗ ∈ [0, ts], (5.16)

− j̃ ≤ js(t∗)≤ j̃, ∀t∗ ∈ [0, ts], (5.17)

where t∗ is an auxiliary time which is equal to 0 at the beginning of each transient
starting from s∗, ss(t∗), vs(t∗), as(t∗), and js(t∗) are auxiliary position, velocity, accel-
eration, and jerk functions, respectively. It should be noticed that the upper velocity
bound in constraint (5.15) is based on the original curvilinear coordinate s. As could
be seen in figure 5.3, the axis of the auxiliary position function ss(t∗) starts from s∗,
in order to access the corresponding value of ṽ(s) the vehicle position must be known
w.r.t. the beginning of the curve, in fact s = s̃+ s∗ = ss(t∗)+ s∗. The meaning of v0

is evident: it coincides with the highest value that the initial velocity can assume in
s which allows a vehicle stop within a distance ds, i.e., within the area that has been
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Figure 5.4: Flow diagram of the SA velocity planner.

declared clean from obstacles. For the same position s, any initial speed which is
lower than v0 would generate stopping distances shorter than ds. Consequently, ṽd(s)
can be assumed as the speed upper-bound which guarantees safe motions. It must be
noticed that the initial acceleration has been posed equal to ã since this choice causes
longer transients and, consequently, lower values of v0.

Problem (5.11)–(5.17) is a nonlinear, complex one. Fortunately, computational
times do not represent an issue since ṽd(s) can be evaluated offline. In fact, the ex-
pression of ṽd(s) does not depend on real-time data: it is only function of geometric
parameters like the path shape, the vehicle shape, and the IA shape.

The final velocity constraint is a combination of all the bounds and, consequently,
it is given by the following expression

ṽ(s) := min{ṽa(s), ṽb(s), ṽc, ṽd(s)}, ∀s ∈ [0,s f ] . (5.18)

5.3 SAFERUN Algorithm

In this section the general functioning of the SA velocity planner will be explained.
Two versions are proposed, the first one (SAv1) presents a velocity planner specif-
ically conceived for the application at hand. In fact, in LGV plant multiple accel-
eration and deceleration transients should be avoided in order to reduce mechanical
stresses on the vehicle and its load, due to this concept a threshold has been inserted
in SAv1 in order to stop the optimization algorithm and to obtain a velocity profile
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Figure 5.5: First iteration of the velocity planner. The initial feasible solution is repre-
sented through a solid line, while a dashed line is used for the upper velocity bound.
Upper bound v4 is active, so that a new iteration is required.

characterized by constant speed segments. Conversely, the second version (SAv2)
slightly modifies the previous algorithm in order to obtain the best velocity profile
and it further improves the solution through a function conceived “ad hoc”. The flow
diagram and the differences between the two SA versions are graphically represented
in figure 5.4.

The general flow of the first version of SA is explained by means of figure 5.4
and Algorithm 3. Algorithm 3 is able to solve Problem 1 in real time, let us analyze
its behavior. Without any loss of generality the example case here proposed consid-
ers a rest-to-rest transient, but the approach can be easily used with starting speeds
different from 0.

The Main procedure initially calls EvalMin(ṽ(s)) for a preliminary inspection
of the velocity constraint, this is also the first step of the flow diagram. In detail,
EvalMin(ṽ(s)) evaluates the number of local minima and maxima of ṽ(s), their re-
spective values and the distances along the path between adjacent minima. The fol-
lowing notation is adopted: N indicates the total number of maxima and minima,
which values are identified by vm: m∈ 2,4, . . . ,N−1 for local minima, m∈ 1,3, . . . ,N
for local maxima. Finally, v0 and vN+1 are the initial and the final velocities, respec-
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Algorithm 3: General flow of SA and the optimization function Opt(i, j,k)
Data: ṽ(s), velocity constraint function; v0, initial velocity;
Result: List, list with the feasible velocity functions;

1 Main
2 N,s,v⇐ EvalMin(ṽ(s),v0);
3 q← min

q∈[1,N]
{vq};

4 Opt(0,q,N +1);

5 Function Opt (i, j,k)
6 vl(t),sl,vr(t),sr← EvalTra j(i, j,k);
7 if sl + sr = sik then
8 AddList(i, j,vl(t));
9 AddList( j,k,vr(t));

10 else
11 Check(i, j,k,sl,sr);
12 if sl > ST/100 si j then
13 AddList(i, j,vl(t));
14 else
15 q← min

q∈[i+1, j−1]
{vq};

16 Opt(i,q, j);

17 if sr > ST/100 s jk then
18 AddList( j,k,vr(t));
19 else
20 q← min

q∈[ j+1,k−1]
{vq};

21 Opt( j,q,k);

tively. Practically, as shown in figure 5.5, odd indexes refer to maxima, while even
indexes refer to minima. The distance along the path between the mth minimum and
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Algorithm 4: Function Check called by Opt(i, j,k)
Data: v, vector of minima and maxima; si, j, distances between two minima;
Result: updated v and si, j;

1 Function Check (i, j,k,sl,sr)

2 if sl > si j then
3 p← j;
4 while sl > si,(p+2) do
5 p← p+2;

6 vp← v j;
7 sp,(p+2)← sp,(p+2)− [sl− sip];
8 s(p−2),p← s(p−2),p +[sl− sip];
9 j← p;

10 else if sr > s jk then
11 p← j;
12 while sr > s(p−2),k do
13 p← p−2;

14 vp← v j;
15 s(p−2),p← s(p−2),p− [sr− spk];
16 sp,(p+2)← sp,(p+2)+[sr− spk];
17 j← p;

the subsequent one is indicated as sm,(m+2), where m ∈ 0,2, . . . ,N−3. In the same
way, the distance between two generic minima vi and v j, where i ∈ 0,2, . . . ,N−1
and j ∈ i+2, . . . ,N +1, is referred as si, j.

Vector v := [v0 v1 · · · vN+1]
T is scrutinized to find the minimum vq, q = 1,2, . . . ,N

(line 3 of Algorithm 3). The minimum is used for the generation of the first feasible
profile. To this purpose, the algorithm calls Opt(i, j,k), which is a recursive function
that generates an almost minimum-time velocity profile through a sequence of con-
secutive refinements. Speed functions are actually synthesized by EvalTra j(i, j,k),
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which returns a minimum-time profile from vi to vk by assuming a maximum speed
equal to v j.

In order to obtain the initial velocity profile, the following minimum-time prob-
lem is solved:

min{tk− ti} (5.19)

subject to

s(ti) = si, s(tk) = sk, (5.20)

v(ti) = vi, v(tk) = vk, (5.21)

a(ti) = 0, a(tk) = 0, (5.22)

0≤ v(s)≤ v j, ∀s ∈ [si,sk], (5.23)

a≤ a(s)≤ ā, ∀s ∈ [si,sk], (5.24)

j ≤ j(s)≤ j̄, ∀s ∈ [si,sk], (5.25)

(5.26)

where v j is the minimum element of vector v, hence for the first iteration v j = vq = v4.
Then ti = 0 and tk = t f , so that the cost index coincides with the total traveling time,
si = 0, sk = s f , and vi = vk = 0 (see figure 5.5).

The optimal solution of problem (5.19)–(5.26) can be efficiently evaluated through
closed form expressions and it is given by a piecewise constant-jerk, composite func-
tion made of n ≤ 7 segments, each of them of time length tl , whose correspond-
ing jerk, acceleration, velocity, and position primitives can be expressed as follows
(l = 1,2, . . . ,n, t ∈ [0, tl])

jl(t) = jl (5.27)

al(t) = al−1(tl−1)+ jl t, (5.28)

vl(t) = vl−1(tl−1)+al−1(tl−1) t +
1
2

jl t2, (5.29)

sl(t) = sl−1(tl−1)+ vl−1(tl−1) t +
1
2

al−1(tl−1) t2 +
1
6

jl t3, (5.30)

where jl is the constant jerk value assumed for the lth segment. Equations (5.27)–
(5.30) analytically express s(t), v(t), a(t), and j(t) as functions of the time.
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Figure 5.6: Second iteration of the velocity planner. The feasible solution is repre-
sented through a solid line, while a dashed line is used for the upper velocity bound.
Upper bound v2 is not active, so that the leftmost part of the profile is no more up-
dated, while a further iteration is required for the right section, since v10 is active.

Hence the initial solution found by EvalTra j(i, j,k), shown in figure 5.5 through
a solid red line, is characterized by a bang-zero-bang jerk profile, that is jl ∈ { j,0, j},
in according with the Pontryagin principle. The profile generated can be divided into
two minimum-time transient curves, namely vl(t) and vr(t), joined by a constant
speed segment.

Depending on the shape of the first profile found by EvalTra j(i, j,k), two situa-
tions may arise:

1. the velocity function does not reach upper bound v j. In such a case, the constant
velocity section is missing, so that sl + sr = sik;

2. the velocity function reaches v j.

In the first case, the algorithm has already converged to the optimal solution, which
is represented by functions vl(t) and vr(t) that are consequently added to the List of
the final profiles (lines 7–9 of Algorithm 3). Each element in the List contains the
information required for the generation of a single transient:

• i, id number of the starting point;
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Figure 5.7: Third iteration of the velocity planner. The final feasible solution is repre-
sented through a solid line, while a dashed line is used for the upper velocity bound.

• j, id number of the end point;

• s∗, longitudinal coordinate of the starting point;

• v(t), velocity function associated to the i j transient.

In the second case, i.e., if upper bound v j is active, the initial solution may prob-
ably be improved. This is what happens for example in figure 5.5, so that a new
iteration is started (lines 14–16 and 19–21 of Algorithm 3). The original problem
is decomposed into two parts: a new trajectory is generated between v0 and v4 by
assuming a maximum speed equal to v2, and another one is generated between v4 e
v14, by assuming a maximum speed equal to v10. Figure 5.6 shows that the maximum
speed is not reached in segment s0,4, so that the corresponding velocity functions, ac-
cording to the premises, are considered optimal and saved into the List. Path lengths
s0,2 and s2,4 are modified, so as to coincide with the lengths of the raising and falling
transients, respectively. For which concerns segment s4,14, the maximum speed is
reached, so that a new iteration, whose results are shown in figure 5.7, is started. It
is worth noticing that, differently from the expectations, the profile in s10,14 is left
unchanged. This is a consequence of a design choice that was made for which, if sl

or sr are longer than 60% of the total path-segment length, the velocity function is not
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Figure 5.8: The SAv2 iteratively raises the velocity profile, so as to reduce traveling
time.

updated (lines 12,13 and 17,18 of Algorithm 3). The underlying idea is that, when
a similar configuration occurs, time improvements deriving from a further optimiza-
tion are limited, so that it could be wise to keep a constant speed in order to limit
the mechanical stresses acting on the LGV and on its load. The Stop Threshold (ST)
value can be changed depending on the user requirements: higher percentages return
solutions closer to the optimal one, but with higher evaluation times. Coming back
to the example, the 60% rule does not apply to segment s4,10 that is consequently
updated. As shown in figure 5.7, the resulting transient from v4 to v6 is longer than
the distance between the two adjacent minima. This particular case is managed by the
Check function (line 11 of Algorithm 3 calls the function explained in Algorithm 4):
the transient associated to segment s4,6 is considered definitive, while a further opti-
mization might be potentially possible in s6,10. However, the falling transient is longer
than 60% of s6,10, so that the planning process of SAv1 ends.

The second version of the SAFERUN Algorithm, SAv2, contains the whole pro-
cess shown in figure 5.4. The first step, which is EvalMin(ṽ(s)), and the choice of the
minimum among the elements of vector v performs exactly the same as the previous
version. The first difference is the removal of ST, hence Opt(i, j,k) computes the best
obtainable profile through consecutive iterations of EvalTra j(i, j,k), the detailed al-
gorithm is explained in subsection 5.3.1.
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Figure 5.8 shows the iterations performed by the second version of SA and it is
useful to understand the introduced improvements. The first two iterations, indicated
respectively with a solid red line and a dashed magenta one, performs as the pre-
vious algorithm then, starting from the third iteration, the introduced improvements
modifies the flow and the velocity profile computed by the algorithm. Looking at the
last transient, between v10 and the final velocity, the SAv2 further improves the ve-
locity profile (see the dotted-blue curve in Figure 5.8), conversely in Figure 5.7 the
algorithm was stopped because of the stop threshold. A different strategy is adopted
also in the central part of the profile, between v4 and v10 the SAv1 stops and calls the
Check function, conversely in SAv2 if the maximum admissible speed v j is reached
but ṽ(s) and v(s) do not touch each other, the value of v j is increased by selecting
from v a higher minimum in the considered interval and by repeating the optimiza-
tion procedure. For example, the dotted line in figure 5.8 does not touch v6, so that
the velocity function is re-planned by assuming v j = v8. The dash-dotted brown so-
lution replaces the dotted blue one if the latter shows a higher traveling time. The
function refinement continues until no further improvements are possible because all
the elements in v have been scrutinized.

Function Opt(i, j,k) returns a very efficient solution, which however can be fur-
ther improved. To this purpose, in SAv2 the profile returned by Opt(i, j,k) is subse-
quently processed by ImproveTra j, so as to generate a final solution characterized by
traveling times comparable with the ones obtained through a nonlinear solver. Details
on ImproveTra j are given in subsection 5.3.2, while subsection 5.3.1 explains how
EvalTra j(i, j,k) works.

The main properties of the planning approach proposed can be summarized as
follows. First of all, at each iteration the novel velocity profile reduces with certainty
the total traveling time. Moreover, the final solution is found through a sequence of
feasible steps, so that the optimization procedure can be stopped at any stage in order
to limit the evaluation time. Furthermore, the number of constant jerk segments of
the final solution depends on the complexity of ṽ(s), i.e., on the number of its local
minima and maxima: the complexity of the solution is modulated depending on the
needs.
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Figure 5.9: Algorithm 5 generates a velocity function according to the following strat-
egy: (a) starting from the unfeasible dashed red profile, a feasible solution is obtained
(dash-dotted green line) by right shifting s′i; (b) v∗ is increased and feasibility is lost
(dotted blue line); (c) a new feasible solution is obtained by shifting s′i and s′k (dash-
dotted magenta line). If improvements are achieved, the procedure is reiterated from
(b); (d) a possible final solution for which v∗ = v j. The final solution is made of 9
constant jerk intervals.

5.3.1 The EvalTraj function

This section is devoted to the explanation of EvalTra j(i, j,k), its basic principles
can be explained with the aid of figure 5.9 and Algorithm 5. EvalTra j(i, j,k) finds
an almost optimal solution for (5.19)–(5.26) based on an iterative method and by
assuming a maximum of 9 constant-jerk intervals.

After the initialization of some internal variables (lines 2–5 of Algorithm 5), the
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Algorithm 5: The EvalTra j algorithm used to find an initial velocity func-
tion.

Data: ṽ(s), velocity constraint; h := [si,sk,s′i,s
′
k,vi,vk,a,a, j, j], interpolating

conditions; v j, maximum speed for the segment; N, maximum number
of iterations.

Result: vo(s) velocity function for s ∈ [si,sk]; ho, final interpolating
conditions;

1 Function EvalTraj
2 v∗ = max{vi,vk};
3 fcs← 0;
4 tbest ← ∞;
5 Fail← 0;
6 while ( fcs = 0) & (v∗ < v j) & (Fail < N) do
7 v̂(s), tnew, fcs← DS(h,v∗);
8 if !(v̂(s)≤ ṽ(s)),s ∈ [si,sk] then
9 h←DSReduce(ṽ(s), v̂(s),h);

10 else
11 if tnew ≥ tbest then
12 Fail← Fail +1
13 else
14 tbest ← tnew;
15 vo(s)← v̂(s);
16 ho← h;
17 Fail← 0;

18 v∗← Incr(v∗) ;

algorithm enters the while cycle. The interpolating conditions for the problem, to-
gether with the acceleration and the jerk bounds are stored into vector:

h := [si,sk,s′i,s
′
k,vi,vk,a,a, j, j].
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s′i and s′k are auxiliary variables initially assigned as follows: s′i = si and s′k = sk.
At the first iteration, the maximum admissible speed, i.e., v∗, is posed equal to the
highest minimum between vi and vk. By initially neglecting the velocity constraint,
function DS(h,v∗) finds a minimum-time solution through closed form expressions
based on a double-S profile [90] (line 7). The result is the dashed red curve shown in
figure 5.9a, which is composed by 4 constant-jerk intervals. The outputs of DS(h,v∗)
are represented by velocity function v̂(s), by traveling time tnew, and by flag fcs which
indicates if v∗ has been reached. The resulting profile is often unfeasible, thus func-
tion DSReduce(ṽ(s), v̂(s),h) (line 9) right shifts the position of s′i (or left shifts s′k)
until feasibility is reestablished. To this purpose a constant speed segment is added at
the beginning (or at the end) of the profile, between si and s′i. DSReduce(ṽ(s), v̂(s),h)
returns an updated version of h and a new, certainly feasible profile – see the dash-
dotted green line in figure 5.9a – whose parameterization is subsequently evaluated by
DS(h,v∗) (line 7). If tnew is smaller than tbest (line 11), the novel profile becomes the
best one (lines 14–16) and the failure counter is reset (line 17). In any case, v∗ is in-
creased in order to repeat the procedure by assuming an higher maximum speed (line
18). Another call to DS(h,v∗) (line 7) returns the blue dotted profile in figure 5.9b.
Function DSReduce(ṽ(s), v̂(s),h) further shifts s′i and s′k in order to make the profile
feasible, so that the dash-dotted magenta curve shown in figure 5.9c is obtained. The
process continues until v j is reached (v∗ = v j), or v∗ cannot be further increased by
DS (in that case fcs is posed equal to 1), or for N consecutive iterations the solution
does not improve. Figure 5.9d shows a possible final solution, which always admits
a maximum of 9 constant-jerk intervals.

5.3.2 The ImproveTraj function

The solution provided by Algorithm 5 shows time performances compatible with the
real-time requirement. However, further improvements can be achieved by reshaping
such solution so as to make it closer to ṽ(s), thus increasing average speeds and,
consequently, reducing traveling times. This is the purpose of Algorithm 6 described
in the following.

Function ImproveTra j is called a single time for each one of the 9-interval pro-
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Figure 5.10: Velocity function improvement. a) During Phase 1 the initial solution
(solid red line) is modified by increasing v∗. The obtained unfeasible profile (dashed
magenta line) is modified by reducing ā and |a| until constraint ṽ(s) is newly satisfied
(dash-dotted green line). b) Phase 2 modifies such solution by enlarging s′i and s′k
(dashed red line) and by subsequently further reducing ā and |a| (dotted blue line)
until constraint ṽ(s) is satisfied. Solutions are accepted if traveling time reduces.

files vo(s), which compose v(s), returned by Algorithm 5. Consequently, its inputs
are given by ṽ(s) and by vo(s) together with its corresponding planning data: vector
ho := [si,sk,si

′,sk
′,vi,vk,a,a, j, j], traveling time tbest and maximum speed v j. The

function output is represented by an updated profile vo(s) and a novel vector ho.

The improving strategy considers three phases: the first 2 of them are executed
alternatively several times, while the third one represents a final refinement. The fol-
lowing flags are used: fph individuates the current phase, fim = 1 indicates that the
velocity function has been improved, fcs = 1 indicates that maximum speed cannot
be further increased, while Fail is a failure counter.
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Algorithm 6: The ImproveTra j algorithm used to improve the solution
found by EvalTra j.

Data: vo(s), tbest , best solution from Alg. 5; ṽ(s), velocity constraint; N,
maximum number of iterations; ho := [si,sk,s′i,s

′
k,vi,vk,a,a, j, j],

interpolating conditions; v j, maximum speed.
Result: vo(s) velocity function for s ∈ [si,sk]; ho, final interpolating

conditions.
1 Function ImproveTraj
2 fph← 1; fim← 0; fcs← 0;
3 Fail← 0;v∗← max

s∈[si,sk]
vo(s);h← ho;

4 while fph 6= 3 do
5 if fph = 1 then
6 v∗← Incr(v∗) ;
7 else
8 h← UpdateSiSk(h);

9 v̂(s), tnew, fcs,h← UpdateDS(h,v∗);
10 if tnew ≥ tbest then
11 Fail← Fail +1;
12 else
13 tbest ← tnew;
14 vo(s)← v̂(s);
15 ho← h;
16 fim← 1 ;

17 if [( fcs = 1)||(Fail = N)] then
18 Fail← 0;v∗← max(vo(s));h← ho;
19 if fph = 1 then
20 fph← 2;
21 else if fim = 1 then
22 fph← 1;
23 fim← 0;

24 else
25 fph← 3;
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26

27 sl,sr← EvalSP(ho,vo(s), ṽ(s));
28 if sl > 0 then
29 vo(s),ho← Left_JzJ(vo(s),sl,ho);

30 if sr > 0 then
31 vo(s),ho← Right_JzJ(vo(s),sr,ho);

As shown in figure 5.10a, initial solution vo(s) (solid red line) is always in contact
with ṽ(s). After some initializations (lines 2 and 3), Phase 1 starts and v∗ is increased
(line 6), so that an eventual call of DS(h,v∗) would return an unfeasible profile, like
the dashed magenta one shown in figure 5.10a. In order to obtain a feasible solution,
function UpdateDS(h,v∗) (line 9) modifies ā and a through an iterative bisection
method: roughly speaking, ā and |a| are reduced until feasibility is newly achieved
(see the dash-dotted green line in figure 5.10a). The output of UpdateDS(h,v∗) is
given by a novel feasible profile v̂(s) and its corresponding h. The new solution re-
places the best one if the latter is less efficient (lines 13–15). Simultaneously, the
improvement flag is raised (line 16). Conversely, if traveling time does not reduce,
the failure counter is increased (line 11).

If v∗ cannot be further increased ( fcs = 1) or if the maximum number of failures
has been reached (line 17), the failure counter is reset and the algorithm switches to
Phase 2 (line 20). The improving procedure changes. As shown in figure 5.10b func-
tion UpdateSiSk(h,v∗) enlarges interval [si

′,sk
′] by preserving v∗ (see the dashed red

line in figure 5.10b). The obtained solution becomes unfeasible, so that UpdateDS(h,v∗)
is called in order to newly achieve feasibility by further reducing the accelerations
module (see the dotted blue line in figure 5.10b). Iterations continue until the solu-
tion improves or a given number of failures has been detected. If the exit condition is
met and at least one improvement is detected during one of the two phases, the sys-
tem switches to Phase 1 and starts a new iteration. If no improvements are detected,
the algorithm enters Phase 3.

The activation of Phase 3 requires that the contact between vo(s) and ṽ(s) occurs
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Figure 5.11: Velocity function improvement. Phase 3 activates if vo(s) intercepts ṽ(s)
in the interval in which a(s) = ā or a(s) = a. Two split points sl and sr are chosen just
below the contact point and the accelerations of the first and of the last transients are
reduced, so as to increase the speed in the corresponding intervals.

for points in which the acceleration is equal to ā or a. By adding additional segments
to the velocity function – which becomes composed by a maximum of 11 time in-
tervals, instead of 9 – the traveling time can be further reduced by exploiting the
acquired degrees of freedom and, in particular, by reducing the maximum accelera-
tion modulus during the first and the last transient. The procedure can be explained
with the aid of figure 5.11. Function EvalSP(ho,vo(s), ṽ(s)) evaluates two split points
– sl and sr, respectively – located just below the contact points between vo(s) and
ṽ(s) (line 27). If vo(s) and ṽ(s) do not intersect for a(s) = ā, then improvements are
not possible and sl ←−1. Similarly, sr←−1 if the two functions do not touch each
other for a(s) = a.

If sl > 0, then function Left_JzJ(vo(s),sl,ho) (line 29) iteratively reduces the ac-
celeration used for the first transient until feasibility is lost: s′i moves left and the area
enclosed by vo(s) increases, thus reducing the transient time. A similar strategy is
applied to the final transient through function Right_JzJ(vo(s),sr,ho) (line 31).





Chapter 6

Results

The SAv1 proposed in the previous chapter has been tested at the beginning by means
of simulation tests and the obtained results are reported in section 6.1, then experi-
ments were performed, in part, in a demonstration plant and, in part, in a real ware-
house by considering actual operating conditions. In particular, the second set of tests
covered a period of several months. The achieved results are discussed in sections 6.2
and 6.3. For what concerns SAv2, only simulation results have been performed since
it is conceived to demonstrate that, through the heuristic procedure proposed, it is
possible to obtain results comparable with the one of a nonlinear solver. However it
is not used in a real warehouse since constant speed segments are almost removed
and continuous acceleration and deceleration transients are present. Obtained results
are presented in section 6.4.

6.1 Simulation results of SAv1

As early mentioned, the algorithm proposed in section 5.3 returns solutions for Prob-
lem 1 which are obtained through a heuristic strategy. The optimality of the results
will be proven in the following by comparing them with the ones achieved by using a
nonlinear programming algorithm, which evaluation times are 4 orders of magnitude
higher.
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Table 6.1: Comparison of the traveling times for the first three path-segments and
corresponding evaluation times.

Traveling times [s] Evaluation times [s]

Segment 1 Segment 2 Segment 3 Profile 1&2 Profile 2&3
SP 20.15 12.50 15.49 3.49 ·10−3 0.49 ·10−3

SAv1 20% 14.55 10.08 9.74 10.65 ·10−3 3.57 ·10−3

SAv1 60% 13.97 9.93 9.38 10.88 ·10−3 4.26 ·10−3

IPOPT 13.51 9.52 9.31 3.45 ·102 2.41 ·102

SAv1 has been tested over a set of 1000 randomly generated path-segments. For
each of them, the corresponding function ṽ(s) was evaluated through the approach
proposed in section 5.2 and the velocity profiles were calculated by means of four
methods:

1. an algorithm inspired to the one proposed in [91], which practically coin-
cides with the Standard Planner (SP) described in section 5.1 and shown fig-
ure 5.2(a);

2. SAv1 with ST=20%;

3. SAv1 with ST=60%;

4. the IPOPT nonlinear programming algorithm [92].

For all the tests, the acceleration and the jerk bounds were posed equal to ã= 0.4 ms−2

and to j̃ = 1.5 ms−3, respectively. All tests were carried out on a PC equipped with
an Intel i7-6700HQ processor running at 2.60GHz.

Figure 6.1 visually compares the results achieved with the four strategies. For
space reasons, the figure only shows the velocity profiles for the first three path-
segments, but similar behaviors have been verified for all the curves of the test-set.
As confirmed by table 6.1, the solutions found with the SP algorithm are evidently
suboptimal if compared with the ones of the other strategies. Conversely, IPOPT and
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Figure 6.1: Velocity profiles for the first three path-segments of the 1000 elements
test-set, obtained by means of the following strategies: (a) SP; (b) SAv1, ST=20%;
(c) SAv1, ST=60%; (d) IPOPT. Vertical dash-dotted lines separate the path-segments.
The dashed green line indicates ṽ(s). The initial velocity references are shown by
means of solid red lines, while dotted blue lines are used for the updated profiles.
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Table 6.2: Comparison of the traveling times and of the evaluation times for a com-
posite path made of 1000 randomly chosen path-segments.

Total Traveling Average Computing Max Computing
Time [s] Time[s] Time [s]

SP 10897 3.72 ·10−5 3.13 ·10−3

SAv1 20% 8362 2.27 ·10−3 34.95 ·10−3

SAv1 60% 8121 3.08 ·10−3 35.61 ·10−3

IPOPT 8023 62,16 1.12 ·103

SAv1 with ST=60% show very similar traveling times: this proves that SAv1 returns
almost optimal solutions with evaluation times which are compatible with the real-
time requirement.

It is interesting to notice that the solutions provided by SAv1 with ST=20% have
traveling times that are only slightly suboptimal w.r.t. the ones returned by IPOPT but,
as shown by figure 6.1, they are characterized by long constant-velocity segments, so
that they should be generally preferred in order to reduce the vehicle and the load
solicitations.

The cumulative results for the whole test-set are summarized in table 6.2: they
practically confirm the same trend observed for the first three curves.

6.2 Experiments in the demo plant

SAv1 has been implemented on the LGV controller in order to execute experiments
in a real plant. The first experiments were executed with a commercial LGV, pro-
duced by Elettric80 and named CB16, running in the demonstration plant shown in
figure 6.2. The plant was implemented in the test shed owned by the Elettric80 com-
pany. It was conceived so as to include all the curve shapes typically used in industrial
warehouses and, in particular, the ones considered critical in terms of safety or effi-
ciency. In figure 6.2, circled numbers identify the start and the end points of each
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curve, while the curves IDentification numbers (ID) are highlighted through different
colors. Four categories of curves were considered:

• asymmetric ‘U’ curves (red segments - IDs: 1, 2 and 3);

• symmetric ‘U’ curves (brown segments - IDs: 10, 11 and 12);

• 90 degrees curves (magenta segments - IDs: 4, 5, and 6);

• ‘S’ curves (blue segments - IDs: 7, 8, and 9).

The straight segments of the plant are essentially used for single-curve tests: they
are required to enter the curve at plain speed and to decelerate and stop the LGV
when the curve has been executed. Plant curves were obtained through Bézier path
primitives and were further classified on the basis of their maximum curvature. Three
representative curvatures were selected for each category of the test set. More in
details, each family includes one narrow curve, whose maximum curvature is higher
than 1.7 m−1, a medium one, whose curvature is in the range [0.8, 1.7] m−1, and
a large one, whose maximum curvature is lower than 0.8 m−1. It is worth pointing
out that narrow curves are seldom used in real plants because they would impose
unacceptably low speeds: the experimental results proved that, conversely, the SAv1
allows reasonable traveling times also for them.

Three types of experiments were executed. Experiment 1 was conceived so as to
test the safeness of the SAv1 velocity profiles and to show that the original SP can
reach the same performances only by violating the safety conditions. Experiments 2
and 3 aimed at comparing the SAv1 performances with the ones achieved through the
SP. More precisely, Experiment 2 concerned single-curve experiments, while Exper-
iment 3 involved composite paths.

Experiment 1 is described in subsection 6.2.1. The comparative analysis for Ex-
periment 2 is reported in subection 6.2.2, while subsection 6.2.3 proposes the out-
comes of Experiment 3.
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Figure 6.2: The demo plant used for testing the SAFERUN algorithm.

6.2.1 Experiment 1

As previously asserted, Experiment 1 tested the safeness of the SAv1 trajectories. The
same experiment also showed that collisions occur with certainty if the SP is tuned
so as to achieve the same performances of the SAv1.

Safety tests have been carried out by placing an obstacle along the curves accord-
ing to the technique described in the following. An LGV was then driven along the
plant by means of the SAv1 in order to verify that collisions were actually avoided
and that the stop distance from the obstacle were the one theoretically predicted.

The proper choice of the obstacle positions required some preliminary work,
since the worst case situations had to be identified. They depend on many factors like,
for example, the velocity constraint ṽ(s) that the vehicle must fulfill. The general dis-
cussion relative to the synthesis of ṽ(s) was presented in section 5.2, however some
additional details regarding its practical implementation are reported in the follow-
ing. For each position s along the path, the control system can extrapolate a distance
d̂(s) that can be safely traveled by avoiding collisions. Such distance depends on the
path, on the vehicle shape, and on the shape of the safety area: safeness is guaranteed
if the vehicle can be stopped before such distance is covered. In order to preserve a
reasonable safety margin, which is added to account for potential tolerances, in real
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plants the safety distance is always downrated as follows

d̃(s) := d̂(s)−∆d(s),

where
∆d(s) := min{dM,ad̂(s)}, a ∈ [0,1]. (6.1)

Practically, safety margin ∆d(s) is proportional to d̂(s) and it is superiorly saturated
by dM. The rationale of this choice is that, if d̂(s) is small, the vehicle speed is intrin-
sically kept small by the velocity planner, so that the safety margin can be reduced
accordingly. For the tests, it was assumed dM = 0.2 m and a = 0.1, which implies
that the maximum safety margin was equal to 0.2 m. Both parameters can be mod-
ified depending on the plant and on the vehicle characteristics. ṽ(s) is then selected
so as to guarantee that any vehicle moving at a speed v(s) ≤ ṽ(s) could be stopped
within a distance d̂(s)−∆d(s).

Some preliminary tests highlighted a behavior that was not originally foreseen
and which required the implementation of an alternative method for the evaluation of
d̃(s). Alarms generated by SLSs are always “filtered” so as to avoid false positives
caused by dust or reflected lights. As a consequence, an obstacle must be detected
by several subsequent scans before the safety area is declared unclear. Such detec-
tion method evidently introduces a latency time ∆t between the moment in which the
obstacle is detected and the one in which the vehicle reacts to the emergency. The
velocity upper bound used for the synthesis of the speed profile is clearly affected
by such latency and, in particular, higher latencies impose lower velocity limits. Dur-
ing the latency time, the acceleration can be assumed constant, so that the vehicle
approximately blindly covers the following distance

∆l = ṡ∆t +
1
2

s̈∆t2 = v(s)∆t +
1
2

a(s)∆t2.

The knowledge of ∆l is clearly important because it influences the shape of ṽ(s). Un-
fortunately, v(s) and a(s) are computed at run time, so that they are still unknown
when ṽ(s) is evaluated. A rough estimate for ∆l can be obtained by assuming that
actual velocity profiles v(s) would follow very closely ṽ(s). Such consideration sug-
gested the following procedure for the synthesis of the velocity constraint:
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1. initially assume d̃(s) = d̂(s) and tentatively evaluate ṽ(s) with the procedure
proposed in section 5.2;

2. evaluate:

∆l(s) = ṽ(s)∆t +
1
2

ā∆t2; (6.2)

3. evaluate ∆d(s) according to (6.1) and find ṽ(s) by assuming d̃(s) := d̂(s)−
∆l(s)−∆d(s).

It is worth remarking that the first term in (6.2) typically overestimates ∆l(s) since
ṽ(s) ≥ v(s). In the second term, ā could be conservatively selected equal to the ac-
celeration upper bound. However, the experience has shown that the overestimation
introduced by the first term and the subsequent use of ∆d(s), allows one imposing
ā = 0 in any practical case, with no impact on the safety.

The experimental tests have shown that the actual distance required for the com-
plete stop of the vehicle in emergency situations is generally shorter than d̂(s)−∆d(s)
because the optimal velocity profile evaluated through the SA is normally smaller
than ṽ(s). This evidently leads to higher safety standards.

A single curve of the test set – more precisely the second one, i.e., an asymmetric
‘U’ curve with a medium curvature – will be extensively discussed in the following,
while a concise analysis is provided for the remaining curves of the test set since
similar considerations apply.

The velocity constraint is obtained by considering several contributions, for each
point s of the curve, the more stringent between the safety and the kinematic speed
limits is assumed. For such reason, safety tests were only performed in path posi-
tions characterized by a safety constraint more limiting than the kinematic one: in
the other points safeness is certainly verified. Figure 6.3 shows the kinematic and the
safety limits for the second curve expressed as function of s: for the selected curve
all the points are potentially risky. The same figure reveals that seven test points were
chosen. Some of them were placed in the most critical locations of the path, i.e., the
ones in which the SAv1 velocity reference (solid blue line) touches the safety con-
straint (dashed red line): β , χ , δ , and φ . The remaining points (α , ε , and γ) were
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2

Figure 6.3: Velocity profile for the second curve of the demo plant. The following
convention is assumed: the dash-dotted magenta line indicates the kinematic con-
straint; the dashed red line indicates safety constraint ṽ(s); the solid blue line indi-
cates the SAv1 optimized profile; the solid green line indicates the SP profile used to
emulate the SAv1 performances; the dotted vertical brown lines indicates the obsta-
cles positions.

casually placed along the path for validation reasons. The physical collocation of the
obstacles was then obtained by means of simulations. For example, figure 6.4a shows
the procedure followed for point α . When the vehicle crosses point α (see the blue
shape), the SLSs verify if the safety area (see the red shape) is clean from obstacles
and, in that case, the LGV can move up to α ′ (see the green shape) without collision
risks: the distance between α and α ′ coincides with d̂(s). In such situation, the first
point in which a collision may occur is indicated by a cross: it is the place in which
the obstacle must be posed for the test concerning the α point. The same procedure
was followed for all the seven test locations. Figure 6.4b shows that, sometimes, more
than one point needs to be tested, while figure 6.5 shows that the critical impact point
may change depending on the vehicle position along the path.

The actual obstacle used for the experiments was a small carton box. The tests
revealed that the SLSs reactivity is influenced by the box orientation, so that each sin-
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Figure 6.4: Most critical collision points for the α and β experiments on curve ID 2.
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Figure 6.5: Most critical collision point for the γ experiment on curve ID 2.

gle experiment was repeated different times by turning the box in several directions:
data reported in table 6.3 refer to the worst case situations detected for each one of
the seven positions.

Tests were executed by first using the SAv1 and, then, the SP. The velocity of the
SP was augmented in order to obtain the same time performances of SAv1. In the
following, the SP with augmented speed will be synthetically referred as ASP. The
first two columns of table 6.3 list the distances between LGV and obstacle that were
measured after an emergency stop. The last column reports the theoretical values of
∆d provided by (6.1) for the seven test points.
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Table 6.3: Curve ID 2: comparisons between experimental ∆d obtained with SAv1
and with the ASP. OBS indicates the obstacle identification letter, as defined in fig-
ure 6.3. A negative value indicates a collision. ∆d is the theoretical stop distance
obtained with (6.1).

OBS
Experimental results

∆d [m−2]
ASP [m−2] SAv1 [m−2]

α 5.5 22.0 19.1
β -1.0 14.0 13.7
χ -3.0 13.5 12.7
δ -1.0 15.0 13.7
ε 46.0 30.0 20.0
φ 49.0 20.0 20.0
γ 49.0 20.0 20.0

A rapid inspection of the table reveals that the ASP caused collisions in configu-
rations β , χ , and δ . Point α is critical as well: the collision was avoided only because
of the safety margin ∆d. Conversely, with the SAv1 the final distance was always
higher or equal to the theoretical value of ∆d.

Table 6.3 can be deeply analyzed with the aid of figure 6.3:

• Configuration α: the SAv1 profile (solid blue line) is decreasing and it is
smaller than the safety constraint, so that the measured stop distance was slightly
higher than ∆d. On the contrary, the constant velocity assumed for the ASP is
slightly higher than the safe speed and, consequently, the detected stop distance
was smaller than ∆d. The situation is clearly unsafe: the collision was avoided
thanks to the added safety margin ∆d.

• Configurations β , χ, δ : the situation is similar in the three cases. The ASP
profile evidently violates the safety constraint and, consequently, a collision
occurred for all the three cases. Conversely, the SAv1 speed touches the safety
constraint, so that the vehicle was stopped at a distance from the obstacle that
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practically coincided with ∆d.

• Configuration ε: the two planning techniques generate speeds that are much
smaller than the safety constraint, hence the stopping distance from the obstacle
was, in both cases, higher than ∆d. A lower margin was obtained for SAv1 since
the LGV was accelerating at the time the obstacle was detected.

• Configurations φ , γ: the two configurations are similar. The SAv1 speed is
close to the safety constraint, so that the stop distance was similar to ∆d. The
ASP speed is much lower than the constraint, so that the LGV was stopped
very far from the obstacle.

In conclusion, for the second curve of the test set the SAv1 always guaranteed
stop distances which were higher than or equal to ∆d, while the ASP caused collisions
due to the high speeds required to obtain the same performances.

The same experiment was replicated for the other curves of the test set. However,
a single test point was placed in the most critical location of each curve. Such location
coincided with a configuration in which the SAv1 speed is very close to, or touches,
the safety constraint which, in turn, is violated by the ASP (see, for example, positions
β , χ , and δ of figure 6.3). The experimental results are listed in table 6.4, which
highlights that, in many cases, the LGV was not able to execute the ASP profile
because the required velocity was too high: the path tracking was lost and the vehicle
was stopped by the emergency controls.

Summarizing, the results obtained for Experiment 1 confirm the expectations.
For each curve of the test set, the SAv1 guarantees stop distances that are higher than
∆d(s), even considering multiple repetitions of the same experiment. Conversely, if
the cruising speed of the SP is increased in order to achieve the same traveling times,
three situations may occur: the path tracking is lost, or safety margin ∆d(s) is not
satisfied or, in the worst cases, a collision occurs.

6.2.2 Experiment 2

Experiment 2 is a single curve performance test involving all the curves of the plant.
The experiment was first simulated in the Matlab environment and, then, it was repli-
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Table 6.4: Comparison between experimental ∆d obtained with the SAv1 and with
the ASP. ID indicates the curve ID. A negative value indicates a collision. ∆d is the
theoretical stop distance obtained through (6.1). “–” indicates that the speed was too
high to correctly execute the curve.

ID
Experimental results

∆d [m−2]
ASP [m−2] SAv1 [m−2]

1 – 15.0 13.6
3 -10.0 7.5 6.5
4 – 14.5 13.8
5 2.0 9.0 7.3
6 -2.0 15.0 12.7
7 – 17.0 15.2
8 – 11.5 10.3
9 2.0 17.0 16.5
10 – 13.5 11.2
11 – 13.0 12.2
12 3.0 16.0 14.9
13 – 16.0 14.8
14 9.0 20.5 20.0
15 – 11.5 10.0
16 – 12.5 11.6
17 9.5 23.0 20.0

cated in the demo plant, so as to verify if the expected figures were met. It is worth
noticing, indeed, that velocity references were planned by neglecting the dynamic
constraints, so that discrepancies between simulated and experimental results should
have been possible. Table 6.5 summarizes the performances achieved for each one
of the 17 curves. The second and the third columns list the simulated traveling times
obtained with the SP and with the SAv1, respectively. Velocities for the SP coincide
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with the ones that would actually be used during normal operations, i.e., they are all
feasible with respect to the constraints. Traveling times do not include the launch
and the stop segments, i.e., they only refer to the execution of the test curves. The
expected percentage time-gains are shown in the fourth column and are defined as
follows

gain :=
tSP− tSAv1

tSP
·100,

where tSP and tSAv1 are the travelling times achieved with the SP and the SAv1, re-
spectively.

Columns from 5 to 7 report the analogous figures acquired in the demo plant with
the test vehicle. They are directly obtained from the LGV log files.

Simulated and actual performances are quite similar. The average time-gain, ob-
tained by considering the whole set of curves, was equal to 31.17%, i.e., it was very
close to the figure obtained through simulations, which was equal to 31.68%. It is im-
portant to point out that such result was achieved despite the reference speed of the
actual vehicle may be influenced by components of the control system which were
not simulated.

Figure 6.6 allows to visually compare the results obtained for the second curve.
Simulated and actual speeds are indistinguishable for the SP, while for the SAv1 some
small differences can be noticed. They are due to some LGV control algorithms that
were not simulated and which slightly modify the velocity reference in order to ac-
complish some secondary tasks. As previously stated, they minimally affect traveling
times, as proved by table 6.5.

Figure 6.6 also shows that velocity constraint ṽ(s) is always strictly satisfied so
that the safety requirement, as well as the kinematic constraints, are both fulfilled.
Similar figures were obtained for all the curves of the test set.

6.2.3 Experiment 3

The last set of experiments was relative to the execution of 5 composite paths and to
the acquisition of the corresponding traveling times. The plant layout is still the same
of figure 6.2. The sequences of via-points adopted for each one of the composite
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Table 6.5: Comparison between simulated and experimental results. ID is the curve
identification number (see also figure 6.2).

ID
Simulation results Experimental results

SP [s] SAv1 [s] Gain [%] SP [s] SAv1 [s] Gain [%]

1 33.26 13.23 60.23 33.46 13.39 59.98
2 15.20 12.53 17.56 15.33 12.68 17.27
3 17.84 14.09 21.01 18.07 14.27 21.00
4 9.55 6.78 28.99 9.60 6.92 27.93
5 6.48 5.55 14.38 6.52 5.61 13.98
6 9.25 7.23 21.82 9.35 7.38 21.04
7 20.25 12.19 39.83 20.62 12.54 39.17
8 13.50 9.22 31.68 13.67 9.49 30.55
9 11.15 9.56 14.28 11.33 9.78 13.70
10 59.67 11.94 79.98 60.66 11.87 80.43
11 15.02 10.32 31.30 15.09 10.4 30.98
12 12.83 10.99 14.32 12.90 11.11 13.89
13 11.11 6.28 43.47 11.27 6.47 42.56
14 7.65 6.55 14.42 7.71 6.67 13.49
15 10.81 6.80 37.09 10.89 6.97 36.03
16 31.06 14.87 52.11 31.48 15.11 52.01
17 15.11 12.69 16.04 15.32 12.88 15.85

paths are listed in table 6.6.

The results achieved for Path 1 are summarized in table 6.7, whose columns are
organized similarly to the ones of table 6.5. A good agreement between simulated
and experimental results has been verified. As expected, the highest time-gains are
detected for the segments with the highest curvatures, but the SAv1 also allowed
consistent time savings during the execution of straight segments. In fact, vehicles
driven with the SA enter and leave curvilinear paths at higher speeds and, conse-
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2

Figure 6.6: Asymmetric ‘U’ curve: comparisons between the simulated and the actual
velocity functions obtained with the SP and with the SAv1 algorithms. A solid black
line is used for the kinematic and safety constraint function ṽ(s); a dash-dotted orange
line is used for the experimental (LGV log files) SP velocity function; a dashed green
line is used for the experimental (LGV log files) SAv1 velocity function; a solid
magenta line is used for the simulated SP velocity function; a solid blue line is used
for the simulated SAv1 velocity function.

quently, straight segments following or preceding such curves are executed in less
time.

System performances can also be visually compared by means of figure 6.7. The
SAv1 velocities are everywhere higher than the SP ones, apart from the positions in
which the SAv1 profile coincides with the constraint minima. More evident improve-
ments were achieved for curvilinear segments (the 2nd, the 3rd, the 5th, and the 7th),
although time-gains were also detected for straight paths (the 1st, the 4th, and the
6th).

Simulated and experimental profiles are almost identical and differences, like in
Experiment 2, are essentially due to controller behaviors that were not modeled. For
example, in the highlighted detail, relative to the last curve of the composite path,
the two references differ: every time the vehicle is stopped, the velocity function is
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Table 6.6: The sequence of via-points for the 5 composite paths used in Experiment 3.

Path 1 1→ 2→ 9→ 12→ 7→ 1→ 2→ 4
Path 2 17→ 8→ 1→ 2→ 10→ 13→ 15→ 7→ 1
Path 3 17→ 14→ 3→ 6→ 1→ 2→ 11→ 14
Path 4 1→ 2→ 5→ 8→ 1→ 2→ 3→ 6
Path 5 17→ 13→ 4→ 7→ 16→ 3→ 6

Table 6.7: Comparison between simulated and experimental results for each segment
of composite Path 1. ID identifies the via points of the composite path (see also
figure 6.2).

ID
Simulation results Experimental results

SP [s] SAv1 [s] Gain [%] SP [s] SAv1 [s] Gain [%]

1→ 2 7.37 7.16 2.92 8.23 8.00 2.77
2→ 9 9.57 7.07 26.12 9.58 7.12 25.67
9→ 12 11.11 6.32 43.11 11.26 6.47 42.58
12→ 7 5.90 4.92 16.64 6.20 5.18 16.52
7→ 1 15.02 10.32 31.30 15.10 10.41 31.05
1→ 2 5.67 5.29 6.82 5.94 5.53 6.81
2→ 4 16.47 14.22 13.68 19.05 17.16 9.89

automatically downscaled by the control system in order to approach the end-point
at a very low speed. Such behavior guarantees a more accurate final positioning, but
it prolongs traveling times.

The visual analysis for the other four composite paths is omitted, but similar con-
siderations could be drawn. Conversely, the numerical analysis for the 5 composite
paths is proposed in table 6.8. Average time-gains are quite different depending on the
path composition. Higher gains are typical for routes obtained by composing many
narrow curves with a minor number of straight segments.

The cumulative time-gain measured for the 5 composite paths was equal to 31.13%.
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Figure 6.7: Comparison between simulated and experimental results for Path 1, ob-
tained for (a) the SP and (b) the SAv1. The vertical brown lines separate the different
segments of the composite path, while black solid lines are used for the velocity
constraint. In (a) a solid magenta line is used for the simulated results, while a dash-
dotted orange line is used for the experimental data. In (b) a solid blue line is used
for the simulated results, while a dashed green line is used for the experimental data.

Table 6.8: Comparison between simulated and experimental results. ID is the path
identification number.

ID
Simulation results Experimental results

SP [s] SAv1 [s] Gain [%] SP [s] SAv1 [s] Gain [%]

1 71.11 55.29 22.26 75.36 59.88 20.55
2 83.31 64.99 22.00 86.45 67.47 21.96
3 106.93 50.73 52.53 110.77 53.76 51.47
4 83.05 55.29 33.43 87.00 59.55 31.55
5 74.48 50.66 31.98 79.02 55.20 30.15
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(a) Model CB12 vehicle (b) Model LT3 vehicle

Figure 6.8: The two LGV models used in the industrial plant considered. (Courtesy
of Elettric80).

It was very close to the simulated figure that was equal to 32.44%.

6.3 Experiments in an actual warehouse under real opera-
tive conditions

The tests proposed in section 6.2 were relative to an ideal situation concerning a
single LGV traveling along the routes of an empty plant. Under actual operating
conditions, the plant is shared among several vehicles and also with human operators,
so that traffic problems may arise and lower time gains have to be expected.

For such reason, an extensive test campaign was executed in a real warehouse by
considering actual operating conditions. The selected plant currently uses five LGVs
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(a) (b)

Figure 6.9: Plant layouts for the CB12 vehicles (a) and for the LT3 vehicles (b).

subdivided into two categories: two model CB12 vehicles and three model LT3 vehi-
cles. Both LGVs are shown in figure 6.8. The CB12 vehicles were equipped with the
SAv1, while the LT3 machines were driven with the SP. The reason of such choice
can be understood with the aid of figure 6.9, which shows the plant layouts for the
two classes of vehicles. Working areas are clearly different, although some zones are
shared. The CB12 vehicles are mainly used to transfer goods between different loca-
tions of the plant. Conversely, the LT3 vehicles are principally used to store pallets,
so that they mainly operate within shelves: their paths are essential straight segments.
As early pointed out, the SAv1 allows marginal time improvements for straight seg-
ments, so that upgrade costs were not justified for LT3 vehicles.

The SAv1 was preliminary tested in the warehouse by executing some selected
composite paths, in order to verify its reliability. After such initial tuning phase, the
SAv1 was used to drive the two upgraded vehicles during the warehouse daily op-
erations. The performance comparisons proposed in the next subsections are based
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on the log data collected in the period from May to November 2016, i.e., when all
LGVs were still driven by the SP, and the ones acquired in the period from Septem-
ber to November 2017, i.e., after the implementation of the SAv1. The results of
section 6.3.1 refer to the performances of the sole CB12 vehicles, while the ones in
section 6.3.2 extend the comparisons to all the plant vehicles.

Owing to the high number of curves, safety tests only involved the most critical
segments, i.e., the ones with high curvatures, plus a set of randomly selected paths.
The obtained results were perfectly congruent with the ones reported in section 6.2.1
and, for this reason, they are not discussed.

6.3.1 Statistics concerning the CB12 vehicles

In real plants, like the warehouse here considered, LGVs missions change continu-
ously, so that the performance analysis cannot consider repetitive travels. For such
reasons, missions were preliminarily classified depending on the travel typology. To
this purpose, the vehicles docking stations were first grouped depending on their
function. The warehouse used for the experiment has an entry area where raw mate-
rials are unloaded from trucks and an exit area used to load the final product on the
trucks. Perishable materials are stored into a cooled region, while remaining materials
are stored into standard shelf units. Pallets are also moved from the storing sections
to the production area and viceversa. Such working organization suggested the fol-
lowing grouping scheme for the docking stations (the number of stations associated
to each functionality is indicated within brackets):

• Truck unload stations (6)

• Production stations (3)

• Fridge entrance stations (2)

• Fridge exit stations (4)

• Short term storage stations (32 – actually used: 10)

• Entry points for long term storage stations (15)

• Exit points for long term storage stations (14)

• Truck load stations (8)
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(a) Paths from the truck unload stations to fridge entry, to
the long term entry, and to short term storage stations.

(b) Paths from the truck un-
load stations and from the
short term storage stations to
the production stations.

Figure 6.10: Travel categories 1 (a) and 2 (b).

The statistical study has been carried out by considering travels involving homo-
geneous working conditions. In particular, travels were grouped into the following
four categories:

1. from the “Truck unload stations” to the “Fridge entry stations”, or to the “Short
term storage stations”, or to the “Entry stations for long term storage zone” (see
figure 6.10a);

2. from the “Truck unload stations” or from the “Short term storage stations” to
the “Production stations” (see figure 6.10b);

3. from the “Fridge exit stations” or from the “Exit stations from long term stor-
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(a) Paths from fridge exit stations and from the long term exit stations to the
production stations.

(b) Paths from the production stations and from the long term exit stations to the
truck load stations.

Figure 6.11: Travel categories 3 (a) and 4 (b).

age zone” to the “Production stations” (see figure 6.11a);

4. from the “Production stations” or from the “Exit stations from long term stor-
age zone” to the “Truck load stations” (see figure 6.11b).

Statistics were acquired for each travel category. Table 6.9 reports the compara-
tive results. In particular it contains, for each class of travel, the following data:

• number of station-to-station missions;

• the average mission times;

• the resulting time-gains.
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Table 6.9: Performance comparisons involving the CB12 vehicles.

Category
Number of missions Average times

Gain [%]
2016 2017 2016 [s] 2017 [s]

1 4862 1827 113.63 101.41 10.71
2 798 254 164.06 161.87 1.33
3 1976 471 118.72 109.64 7.65
4 893 284 131.56 130.12 1.09

Time-gains in table 6.9 evidently depend on the travel category. For example,
missions of categories 2, 3 and 4 pass through (at least) one normally closed gate.
The time required to open the gate imposes a stop to the LGV and, consequently,
the SA does not operate for long periods: any stop – especially long ones – affects
negatively the statistics, since average mission-times increase and percentage time-
gains necessarily decrease. The most critical situations occur for the paths of category
4, since they often require crossing two gates.

Mission times are also affected by the LGV backward movements required to
approach a load/unload station. Backward movements worsen the average perfor-
mances, since they impose an additional stop in order to revert the motion direc-
tion and, furthermore, they require a point-to-point movement executed at a very low
speed (0.3 ms−1 according to the “EN ISO 1525:1997” [87]), during which the SAv1
does not operate.

The plant traffic can be more or less invasive depending on the mission cate-
gory and, consequently, its effect on the statistics may be different. Traffic stops may
be caused by human operators or by the interaction with other LGVs. For example,
category 2 missions intersect the LT3 paths in many points, so that CB12 vehicles
are stopped very frequently. Finally, the SA performances depend on the number of
straight segments of each mission: improvements are essentially expected for curvi-
linear segments.

The average traveling time, evaluated over the entire set of missions, was equal
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Table 6.10: Performance comparisons involving both the CB12 and the LT3 vehicles.

LGV type
Number of missions Average times

Gain [%]
2016 2017 2016 [s] 2017 [s]

LT3 8095 2639 157.91 156.28 1.03
CB12 8529 2836 121.41 111.11 8.48

to 121.41 s for the SP, while it reduced to 111.11 s when the SAv1 was adopted. The
average time-gain for the two CB12 vehicles, obtained by considering a weighting
factor which depends on the number of travels, was equal to 8.48%.

6.3.2 Statistics concerning all the vehicles

The SAv1 installed on the CB12 vehicles has a positive influence also on the perfor-
mances of the LT3 vehicles which still use the SP. A short analysis is proposed in
the following in order to quantify the cumulative effects on the plant efficiency. The
same statistical analysis proposed in subsection 6.3.1 has been repeated by also con-
sidering the performances of the LT3 machines, i.e., the ones that were not upgraded.
Table 6.10 reports the results acquired for the two classes of LGVs. It is worth notic-
ing that a small time-gain was detected also for the LT3 vehicles: they found more
frequently an empty route, so that traveling times reduced accordingly.

The statistical analysis has been finally repeated by simultaneously considering
all the five LGVs. The average traveling time, measured when all vehicles were driven
through the SP, was equal to 139.18 s. Conversely, in the period from September
to November 2017, the average traveling time decreased to 132.88 s. As a conse-
quence, for the considered plant and time periods, the SAv1 allowed a weighted,
omni-comprehensive time-gain equal to 4.53%. This result was achieved despite only
two vehicles were upgraded over the five used in the plant. Since the working con-
ditions in the two test periods were exactly the same and no further changes were
introduced in the plant, it can be asserted that efficiency improvements were only due
to the SAFERUN Algorithm.
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6.4 Simulation results of SAv2

The SAv2 has been extensively tested so as to check its performances in terms of
optimality of the solution and convergence time. Once again the results provided
by the SAv2 have been compared with the ones obtained through IPOPT [92]. This
time, in order to obtain fair comparisons, a different strategy has been used: similar
degrees of freedom were conferred to both algorithms, which use the same piecewise
constant-jerk planning primitive. According to (5.28)–(5.30), acceleration, velocity,
and position are continuous functions over time interval [0, t f ], where t f := ∑

m
l=1 tl is

the total traveling time, and tl is the time associated to each constant-jerk segment. m
is the total number of time intervals.

By defining a bounding box B ⊂ (R+)m which contains the origin and vector
t := [t1, t2, . . . , tm]T , the IPOPT problem was formulated as follows

min
t∈B

{
t f
}

(6.3)

subject to (i = 1,2, . . . ,m)

j ≤ ji ≤ j (6.4)

a≤ ai(t)≤ a, ∀t ∈ [0, ti] (6.5)

0≤ vi(t)≤ ṽ[s(t∗)], ∀t ∈ [0, ti], t∗ =
i−1

∑
l=1

tl + t (6.6)

a1(0) = 0,v1(0) = 0,s1(0) = 0 (6.7)

am(tm) = 0,vm(tm) = 0,sm(tm) = s f , (6.8)

where s f is the total path length. Constraints (6.4)–(6.6) refer to the given kinematic
bounds, while (6.7) and (6.8) represent interpolating conditions. Evidently, (6.3)–
(6.8) is a semi-infinite optimization problem, which is solved by discretizing (6.5)
and (6.6).

It must be pointed out that, while the nonlinear solver assumes an assigned value
for m, both versions of the SA selects the number of subintervals depending on the
complexity of the velocity constraint. In order to have a fair comparison between the
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two methods, each planning problem was first solved with the SAv2 and the obtained
value of m was then used for IPOPT, thus guaranteeing “similar” degrees of freedom.
Notice the use of term “similar”: while IPOPT can assume any jerk value in

[
j, j
]
,

the SA can only assume ji = j, ji = 0 or ji = j, so that more degrees of freedom are
actually granted to the nonlinear solver.

The first test experiments were executed by considering the same LGV plant
proposed in section 6.2 and shown in figure 6.2. Comparisons are made by only con-
sidering the traveling times along the 17 curves, i.e., by neglecting the acceleration
and deceleration transients. The second column of table 6.11 shows the performances
of the SAv2, while the third one proposes the analogous times which were obtained
in section 6.2 with the SAv1: in all the cases, traveling times reduce. The percentage
gains reported in the fourth column are obtained by means of the following equation

gain =
tSAv2− tSAv1

tSAv2
·100 , (6.9)

where tSAv2 and tSAv1 are the traveling times for the second and the first versions of SA,
respectively. Since gains in the fourth column of table 6.11 are all negative, the SAv2
always performs better than the SAv1. The average time-gain is equal to -8.73% with
a standard deviation equal to 5.78%.

The same velocity planning problem was then solved with IPOPT. In the first test
campaign, the SP solution was used as the initial solution for the solver (see the solid
red profile shown in figure 5.5). The traveling times obtained for the 17 paths are
listed in the 5th column of table 6.11 and are referred as IPOPT1. The percentage
gains in the 6th column are obtained through the following equation

gain =
tSAv2− tIPOPT

tSAv2
·100 , (6.10)

hence positive values indicate that IPOPT returns faster trajectories. The analysis
of the 6th column highlights that in many cases the SAv2 provides better minimizers
and, indeed, the average time-gain is equal to -4.68%, with a standard deviation equal
to 9.29%. The reason of such result is that (6.3)–(6.8) is a highly multimodal problem,
so that the nonlinear solver is easily entrapped in local minima.
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Table 6.11: Traveling times and gains of SAv2 compared with the previous SAv1 and
IPOPT.

SAv2 SAv1 IPOPT1 IPOPT2

ID time [s] time [s] gain [%] time [s] gain [%] time [s] gain [%]

1 12.68 13.23 -4.34 12.74 -0.45 12.68 0.00
2 12.21 12.53 -2.62 12.20 0.10 12.17 0.31
3 13.57 14.09 -3.83 13.42 1.11 13.40 1.26
4 5.77 6.78 -17.50 5.80 -0.59 5.77 0.00
5 5.34 5.55 -3.93 5.41 -1.28 5.34 0.00
6 6.65 7.23 -8.72 6.58 0.99 6.64 0.14
7 10.69 12.19 -13.93 13.17 -23.19 10.65 0.42
8 8.33 9.22 -10.68 10.88 -30.65 8.27 0.73
9 9.05 9.56 -5.64 9.01 0.45 9.00 0.53

10 9.80 11.94 -21.84 9.61 1.95 9.80 0.00
11 9.47 10.32 -8.98 10.59 -11.79 9.43 0.45
12 10.54 10.99 -4.27 10.55 -0.12 10.54 0.00
13 5.60 6.28 -12.14 5.67 -1.18 5.58 0.47
14 6.29 6.55 -4.13 6.26 0.50 6.27 0.30
15 5.79 6.80 -17.44 6.64 -14.59 5.74 0.87
16 14.02 14.87 -6.06 14.02 0.01 14.00 0.12
17 12.39 12.69 -2.42 12.50 -0.91 12.39 0.00

In order to improve the performances of IPOPT, the same tests were executed
by initializing the algorithm with the SAv2 solutions. Consequently, the IPOPT per-
formances can only be equal or better than the SAv2 ones. The achieved results are
reported in the last two columns of table 6.11, where they are referred as IPOPT2.
The average time-gain was equal to 0.34% with a standard deviation equal to 0.38%.
Figure 6.12 shows the velocity profiles obtained for the 11th curve: the SAv2 and the
IPOPT2 solutions are clearly equivalent, while IPOPT1 was stuck at a local minima.
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Figure 6.12: The velocity profile generated for curve 11 in figure 6.2. The segment
is preceded and followed by straight segments used to accelerate and stop the LGV.
The magenta solid line is the solution provided by the SAv2, while the blue dashed
line and the green dotted one are the solutions found by IPOPT when starting from
the SAv2 solution or from the SP one, respectively.

Some preliminary considerations can be drawn. Differently from IPOPT, the
SAv2 does not suffer of convergence problems, so that it always returns optimized
feasible solutions. Only marginal improvements are obtained by starting IPOPT from
the SAv2 solutions: despite the SAv2 is based on a heuristic technique it provides al-
most optimal solutions. Additionally, the computational times of the two approaches
differ for several orders of magnitude: the SAv2 has shown an average computational
time equal to 5.92 ·10−2 s, while for IPOPT1 and for IPOPT2 it was equal to 2 ·104 s
and to 7 · 103 s, respectively. Such times were obtained with an Intel i7-2670QM
processor running at 2.20Ghz and in a MATLAB environment: significantly better
performances are expected from C implementations, but the IPOPT strategy would
remain unsuited for real-time applications.

The performance test was then repeated by considering an extended set of 1000
curves and a working environment similar to the one of a real warehouse. The veloc-
ity functions were planned by initially generating a profile for the first two adjacent
segments and considering a rest-to-rest motion (see the solid blue line in figure 6.13).
Then, a new segment was added to the chain and the velocity profile was updated by
generating a move-to-rest transient involving the last two segments (see the dashed
green line in figure 6.13). The process was repeated until all the 1000 curves were
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Figure 6.13: Velocity profiles obtained with SAv2 (a) and with IPOPT (b). Both algo-
rithms first plan v(s) for segments 1 and 2 (solid blue line), then for segments 2 and
3 (dashed green line), and finally for segments 3 and 4 (dotted magenta line). ṽ(s) is
represented through a solid black line.

evaluated. Such operating mode mimics the typical working conditions of real ware-
houses, in which the routes of autonomous vehicles are decided in real time by adding
new curves to already planned paths.

The experiment was first executed with SAv2 and, then, it was repeated with
IPOPT. The initial solutions for IPOPT were still given by the SP profiles. The SAv2
returned feasible solutions for all the 1000 test cases, while very low success rates
were achieved with IPOPT: the nonlinear programming algorithm improved the ini-
tial guesses in only 615 cases because of the “entrapping” problem early pointed out.
In order to improve the performances of IPOPT, the program was executed several
times by perturbing the initial guesses. Because of the very high computational times
– the management of each curve requires more than 1 hour – repeated attempts only
involved critical configurations and a maximum of 5 runs for each of them. Despite
the use of such strategy, in 28 cases IPOPT was still not able to improve the ini-
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tial solution and in 283 cases returned traveling times longer than the ones provided
by SAv2. By considering performance index (6.10) and by limiting the analysis to
the 972 curves in which IPOPT improved the initial guess, an average gain equal to
0.25% was measured with a standard deviation equal to 3.74%. Hence, the two plan-
ning strategies are potentially equivalent: slightly better average performances have
been obtained with IPOPT but, in any case, differences between the two methods
are limited to ±4%. The actual difference between the two algorithms is represented
by the average evaluation time: for the SAv2 it was equal to 5.39 · 10−2 s, while
for IPOPT it reached 4 · 103 s. In facts, the SA heuristic strategy represents a valid
alternative to nonlinear solvers which, in turn, cannot be used in real-time contexts.





Conclusions

This thesis has dealt with the optimal trajectory planning problem for robotic systems
subject to kinematic and safety constraints. Proposed methods allow the real-time
management of the planning problem, by simultaneously considering and avoiding
possible critical configurations which could appear during the motion.

The technique proposed in the first part of the work aims at the automatic han-
dling of wrist singularities occurring in non-redundant anthropomorphic manipula-
tors. It is explicitly suited to trajectories planned on-the-fly, being totally based on a
real-time strategy. Differently from alternative methods in the literature, it preserves
the user-defined Cartesian path and time-law. The orientation of the tool-frame is
slightly modified in order to avoid critical configurations, however the maximum dis-
placement from the nominal trajectory is bounded and predefined. In addition, joint
velocities and accelerations are not generically reduced, but they are explicitly lim-
ited within assigned bounds. In particular, a procedural method has been proposed
for the tuning of the algorithm, so as to make it more deterministic and to increase
success rates. Results were experimentally validated on a real manipulator by means
of extensive tests. A very good agreement has been verified between simulated and
experimental results.

At the moment, some preliminary tests have been performed by considering
curvilinear paths and by assuming the algorithm “as it is”. Clearly, for curvilinear
paths Proposition 1 does not apply, so that multiple singular points may appear along
a single curve. The success rate will necessarily decrease depending on the path cur-
vature and on the orientation of the osculating-circle associated to the path, but pre-
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liminary statistics show very promising performances.

The real-time velocity planner for autonomous vehicles, proposed in the second
part of the thesis, generates reference signals which fulfill a set of given bounds on
velocity, acceleration, and jerk. Differently from other known planners, the velocity
constraint is variable and, more precisely, it depends on the position of the vehicle
along the path. It is synthesized such to guarantee safe motions and the fulfillment
of several kinematic constraints. In particular, one of the planner characteristic is
that it can analytically handle safety concerns which were early managed through a
trial-and-error approach. The variability of the speed bound prevents one adopting
other known real-time planners. The problem could have been potentially solved by
means of nonlinear programming strategies, but their computational burden is not
compatible with the real-time requirement which characterizes LGV applications.
The planning strategy proposed solves all that issues.

A set of comparative tests have proved that feasible solutions can be generated
with short evaluation times: a novel velocity reference can be obtained, in the worst
case, in less than 5 · 10−2 s and, consequently, trajectories can be updated on-the-
fly. Simultaneously, solutions provided are characterized by traveling times which
are comparable to the ones obtained through a nonlinear programming algorithm.
A second version of the velocity planner has been studied in order to improve the
obtained solutions and to achieve the same performances of a nonlinear solver.

A set of real experiments were carried out, at first, by using a demonstration
plant. The experimental results highlighted performances which are very close to
the expected ones. This is very important since it implies that good predictions of
the plant behavior can be achieved through the execution of preliminary simulations.
Subsequently, the velocity planner has been implemented in an industrial plant and
it has gone through a significant validation period under real operative conditions.
During such period, which lasted three months, the planner proved its reliability;
indeed it remains operative in that industrial plant. Elettric80 will plan to upgrade the
existent industrial plants and to propose the novel planning methodology to further
customers.

Summarizing, the SA represents an important step toward the complete automa-
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tion of the design phase for LGV based plants. Next steps will concern the automatic
selection of curves and safety areas, which will be chosen so as to increase the plant
efficiency while preserving safe operating conditions.
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