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A B S T R A C T

The challenge to fully grasp and to harness the bizarre phenomena which take place
in the quantum realm is crucially linked to the ability to engineer and manipulate
quantum systems with high precision. The scientific progress in this direction is
opening new routes for the investigation of fundamental quantum physics, and
it is at the same time paving the way to the development of the first quantum
technologies.

This thesis is dedicated to the search of strategies for high-fidelity and noise-
tolerant quantum control. A versatile theoretical framework is set up for the
design of optimized control protocols based on accelerated adiabatic processes.
The benefits of the adiabatic dynamics, rooted in its intrinsic stability versus
control imperfections, are released from the requirement of slow evolution: this is
achieved thanks to the theoretical construction of accelerating control Hamiltonians
which dynamically counteract deviations from the target dynamics. Our framework
provides a methodical way to engineer these Hamiltonians by introducing fast
modulations of the initially-available control parameters, and it results from the
interplay between the theory of counterdiabatic fields and Floquet-Magnus average
Hamiltonian theory. As compared to other shortcut-to-adiabaticity strategies, our
control method keeps the system always close to the exact adiabatic path while
not requiring the implementation of new Hamiltonian couplings. Moreover, the
flexibility in the construction of the accelerating Hamiltonians offers a fertile ground
for the hybridization with optimal control techniques.

The general setup is applied to exemplary control problems of relevance in
quantum optics and quantum information processing. First, a protocol is designed
for the generation of entanglement between effective two-level systems coupled
through a transmission line, in the experimental context of circuit quantum electro-
dynamics. Second, an accelerated version of the widespread technique of stimulated
Raman adiabatic passage is presented, which dramatically enlarges its range of
applicability for implementations both in the optical and in the microwave regime.

The results strongly support the potential of the quantum control framework
developed in this thesis. In particular, our methodology offers the opportunity
to flank high fidelities and small error sensitivity with on-demand adaptability
to experimental constraints and the flexibility for integrations with other control
techniques. This makes it a valuable resource for applications in many branches of
quantum science, with a natural outlet in quantum computation and simulation.
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1 I N T R O D U C T I O N

Despite almost one century has passed since the theory of quantum mechanics
[116] was soundly established, the challenge to harness the unique features of
the quantum domain and their potential technological implications are nowadays
fueling a strong expansion of the research in quantum science. The counterintuitive
behavior of quantum systems, as compared to the physics we are used to at
human-size (energy) scales, has been longly promising the rise of a large-scale
technological revolution. Indeed, genuinely quantum phenomena such as coherence
or entanglement are expected to make possible, for instance, the implementation
of new algorithms which would revolutionize modern computing [122, 128], high-
precision sensors [47], simulators allowing to probe and predict the behavior of
physical systems which are too complex to be efficiently simulated on classical
computers [71]. The possibility to exploit this potential is ultimately bonded to the
capability to actively manipulate quantum systems at will. In recent years, the great
development of the experimental skills to engineer and control quantum systems
has allowed to test in the laboratory quantum phenomena which were studied
only theoretically before, and to construct the first quantum devices [128]. In the
same days as this thesis is being written, the results of the first experiment claiming
to have demonstrated quantum supremacy, i.e. the solution of a computational
problem inaccessible to classical computers (with state-of-the-art algorithms and in a
reasonable time), have been published [9]. Even though quantum computers are still
arguably at a prototypical stage, other devices such as quantum sensors are already
being exploited for cutting-edge applications [1]. Furthermore, great potential is
foreseen in hybrid classical-quantum strategies, which are being also investigated
quite intensively. For instance, the optimal calibration of quantum control tasks can
benefit from hybrid feedback procedures: the simulation of the quantum dynamics
is performed directly on a programmable quantum hardware, whose output data
are rerouted to an optimization routine performed on a classical computer [55, 92,
179], which may also take advantage of machine learning techniques [151].

Time-dependent quantum control. With the increase of experimental capabilities,
the call for new theoretical techniques for the design of efficient control protocols
has flowed into the rapid growth of the theory of quantum control [41, 57]. This
subject has attracted more and more attention from the scientific community,
and has featured joint efforts from very diverse scientific backgrounds besides
quantum physics, such as applied mathematics, electrical and systems engineering,
and chemistry to name a few. Beyond its relevance for supporting the design of
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2 introduction

experiments, quantum control theory is also providing new perspectives on the
theory of quantum mechanics.

While reviewing the full branches of this field is a challenging task which goes
beyond our scope here, it is possible to divide the different quantum control
strategies into fairly general categories, which allow us to better frame the context
of this thesis. A first distinction regards whether the physical processes which
are exploited for control are coherent or incoherent, that is, if they can be fully
described by unitary evolutions or if they involve non-unitary phenomena such as
decay, measurements or thermalization. We will focus here strictly on the first case.
Secondly, we will consider so-called open-loop control: this entails that the control
procedure is calibrated once and for all upon preventive numerical simulations,
before being operated on the system. An alternative is to use feedback strategies,
in which the calibration is performed by updating, iteratively or “on-the-fly”, the
control parameters following test evolutions on the system.

Experimental progress has recently sparked much interest in the use of so-called
pulse-shaping techniques, which aim at exploiting the ability to modulate the
profile of the control fields in time. The possibility to engineer precise, smooth
time-dependencies of the driving forces provides a further degree of freedom
which can be used to develop optimized control strategies. This has, in turn,
channeled much efforts in the study of the time evolution of systems with explicitly
time-dependent Hamiltonians. The increase of complexity in solving the time-
dependent Schrödinger equation for this kind of problems makes the prediction
of the system’s behavior a formidable task, which often requires the adoption of
carefully selected approximation techniques [149]. A most widespread class of time-
dependent control protocols is based on a phenomenon that can be understood
under one of these approximations, and which was already described theoretically
in the early development of quantum mechanics [21]. This is the so-called adiabatic
theorem [2, 116, 137, 149].

Quantum adiabaticity. Let us consider a quantum system prepared in some eigen-
state of the Hamiltonian. If one parameter λ in the Hamiltonian is varied in a
continuous manner, for each of its values it is possible to diagonalize the “instan-
taneous” (or “snapshot”) Hamiltonian H(λ) and to obtain a new set of “instanta-
neous” eigenvectors. Unless the energy levels become degenerate for some value
of the evolving parameter, for each initial eigenvector one can identify a continu-
ous path in state space by joining the corresponding eigenvectors of the snapshot
Hamiltonian for all values of λ. Loosely speaking, the adiabatic theorem states
that, if the parameter variation occurs very slowly as compared to the characteristic
timescales of the system, then the state of the system follows this path faithfully at
all times. No excitations (or deexcitations) towards other (instantaneous) energy
levels occur throughout the evolution. It is then immediate to formulate a control
protocol based on this result [Figure 1.1]. Let us assume that the system is initially
prepared in the eigenstate |n(λi)〉 of the Hamiltonian H(λi) corresponding to the
value λi of the control parameter. Let us further assume that the target state is
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Figure 1.1: Bloch-sphere representation of the instantaneous eigenvectors of a driven
two-level Hamiltonian. When the control parameter λ(t)→ −∞, the eigenvec-
tors of the two-state Hamiltonian H(t) = λ(t)σ̂z + gσ̂x, where σ̂x and σ̂z are the
Pauli matrices, are eigenstates of σ̂z. The ground state coincides with state |0〉,
while the excited state lies along |1〉. As the parameter is changed, reaching its
zero value λ(t) = 0, the eigenvectors of H(t) are those of σ̂x, i.e., the superposi-
tions (|0〉 ± |1〉)/

√
2. Finally, when λ(t)→ +∞, the instantaneous eigenstates

are again eigenstates of σ̂z, but with exchanged eigenvalues as compared to
the −∞ case. An adiabatic variation of λ(t) in this Hamiltonian, for the system
prepared in the ground state at λ(t)→ −∞ for instance, would then realize a
population inversion between states |0〉 and |1〉.

the eigenstate |n(λ f )〉 of the Hamiltonian H(λ f ) corresponding to the value λ f of
the parameter. Then, by slowly varying λ(t) from λi to λ f , the adiabatic theorem
guarantees that the system will reach the target state. Adiabatic drivings have the
great advantage that they are by construction robust against imperfections in the
implementation of the protocol (due to the absence of excitations). This model is at
the base, or has contributed to the development, of many fields of research, such as
the discovery of quantum geometric phases [14], adiabatic [2] and holonomic [175]
quantum computation, quantum annealing [20], quantum critical dynamics [127]
to name a few.

Despite the success and widespread diffusion of the adiabatic methods, the
requirement of very slow evolutions is an extremely weak point for their use
as control strategies. Indeed, time is, with very few exceptions, one the most
precious resources for experiments in the quantum realm. This is especially due to
the fact that every quantum system is inevitably affected, to some extent, by the
interaction with the surrounding environment. The latter may induce decoherence,
i.e. destruction of quantum superpositions, and dissipation, i.e. loss of energy,
which impose a maximal lifetime within which the system exhibits quantum
features or can be reliably manipulated. Moreover, the longer the time required for
a single operation on the system, the more errors originating from uncontrollable
sources accumulate. Even in the case in which these effects are not relevant at the
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Figure 1.2: Field of research. Within the field of quantum control, we focus in this thesis
on a set of coherent open-loop strategies, i.e., protocols for which control is
achieved with a coherence-preserving process [57]. Moreover, these protocols do
not adapt iteratively based on information acquired from the system, but realize
“single-shot” state transfers calibrated on preventive simulations. Among the
wide pool of methodologies in this area of research, we consider a class which
is characterized by its connection with the concept of quantum adiabaticity,
that is, of slowly driven evolutions. Going to further detail, we develop a
theoretical framework for constructing accelerated adiabatic protocols, which
can be framed within the field of shortcuts to adiabaticity [76].

single-operation level, one would like to be able to perform the largest possible
number of operations on the system within the total available time window. This is
essential, for instance, when a quantum algorithm is being implemented.

Shortcuts to adiabaticity. The attempt to maintain the characteristic benefits of
adiabaticity whilst achieving fast operational times has opened an entire new field
of research, now commonly known as “shortcuts to adiabaticity” (STA) [29, 76, 152].
A shortcut to adiabaticity is typically defined as a protocol which produces the
same final conditions as those which would be given by an adiabatic variation
of the control parameters, though in a shorter time [76]. For the purposes of the
present thesis, we will also add the further characterization that shortcut methods
do not rely on any form of adiabatic approximation. In other words, we distinguish
shortcuts from “truly” adiabatic methods by the fact that the evolving system
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state for the shortcuts is not, strictly speaking, an instantaneous eigenstate of the
control Hamiltonian. This distinction implies that optimized adiabatic methods
such as the local adiabatic and boundary cancellation drivings to be described
in Section 2.2 fall into the class of adiabatic methods rather than shortcuts. Even
though earlier work in this direction was already present in the literature [63, 154],
the origin of the field is usually traced back to the works of Demirplak and Rice
[48], and Berry [15], who independently pursued one common core idea. These
authors developed a scheme, dubbed “counterdiabatic” (cd) [48] or “transitionless”
driving [15] scheme, which, given an initial Hamiltonian H(t), produces an exact
tracking of the adiabatic states of H(t) in arbitrarily short time. This is achieved by
introducing a separate control Hamiltonian Hcd(t) which dynamically decouples
those states. The growth and establishment of the STA field has then experienced
a boost starting from 2010, when the term “shortcut to adiabaticity” was first
introduced [34], and the first experimental verification of the cd framework was
performed shortly afterwards [13]. Since then, many different STA frameworks
have been developed theoretically, see [10, 27, 33, 34, 37, 46, 59, 82, 84, 113, 115,
124, 136, 143] for instance (see the reviews [29, 76, 152] for a more complete list),
and a number of them has been realized in experiments, in a variety of platforms
including superconducting circuits [104, 157, 169], trapped ions [5], colour centers
[93, 174, 177], micromechanical oscillators [103, 114] and cold atoms [13, 58, 139].
They have been also applied in the context of quantum critical dynamics [30, 31],
and quantum thermodynamics [28, 32]. As it is pointed out in Ref. [76], the strength
of STA resides in the wide pool of methodologies which they offer to address one
problem. This gives the opportunity to choose the best strategy for a given specific
context.

The Hamiltonian Hcd(t), though guaranteeing perfect adiabatic tracking, turns
out to be a tricky object. First, even if an explicit algorithm exists to determine
it, this requires the full spectral properties of the original Hamiltonian H(t), i.e.
eigenvalues and eigenvectors, for all values of time. Although this is not a lim-
itation for few-level quantum systems, or in cases in which information on a
small subset of the spectrum is sufficient within the relevant dynamics, it becomes
prohibitive in a many-body scenario. Second, and more importantly, it typically
involves time-dependent control of matrix elements which are not within the set of
initially accessible interactions, i.e., of the control parameters in the original H(t).
This feature makes the scheme hard to be implemented experimentally for most
problems, even for few-level systems. Many STA are variants and extensions of the
counterdiabatic scheme which try to circumvent either of these two difficulties. A
general theme in these strategies is to find interaction-picture frames where the con-
trol Hamiltonian has entirely realizable components. If this is possible, then one can
interpret the interaction picture as a new lab-frame physical process, and realize the
latter rather than the counterdiabatic driving [10, 50, 82]. As a result, under suitable
conditions on the boundary properties of the rotating-frame transformations, the
system will match the initial and final state of the true adiabatic evolution, while
deviating from the adiabatic path at intermediate times. In other words, the speed
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up is achieved by allowing transitions during the evolution, provided initial and
final states still match the desired ones.

These methods typically permit to realize arbitrarily-fast state transfers, in princi-
ple, but the initial concept of adiabaticity, i.e. the system being in an instantaneous
eigenstate of the driven Hamiltonian, is lost. Hence, although the problem of time
economy is solved, this might be at the price of losing stability against potential
protocol errors. Moreover, in the laboratory, experimental constraints are typically
present on the strength of the control Hamiltonian which can be implemented.
These set a lower bound to the minimum timescale over which the total pulse area
necessary for attaining a given state transfer can be reached, a problem also related
to the concept of quantum speed limits [45]. These are bounds on the minimal time
(or rate) over which a system is able to evolve. Given that one cannot accelerate
the adiabatic process at very fast timescales, one may wonder if some degree of
adiabaticity, and the related robustness, can be still exploited before resorting to
fully-nonadiabatic shortcuts.

In this thesis. The work presented in this thesis attempts to complement the STA

field with a method which, in a way, represents a smooth link between truly adia-
batic methods and more traditional STA. More precisely, we introduce a framework
for constructing a class of shortcuts which, on the one hand, do not demand the
implementation of new controlled Hamiltonian couplings. On the other, it still
produces a dynamics which approximates the adiabatic evolution closely at all
times. By varying the total timescale of the evolution, for fixed shape of the drivings,
it is possible to move smoothly from a quasi-adiabatic regime, in which the shortcut
acts as a weak correction to the original Hamiltonian H(t), to a fully fast-forward
regime in which the shortcut is the dominant part of the system Hamiltonian.
Besides, the latter case constitutes an efficient method also if H(t) is completely
absent. Therefore, depending on the available time resources in a hypothetical
experiment, one can straightforwardly adapt the protocol for achieving the desired
precision in the given time.

The fundamental idea behind our framework is that of using rapid modulations
in the control parameters. When averaging over the fast timescale, these modula-
tions produce effective time-dependent Hamiltonians that are forced to match the
counterdiabatic Hamiltonian Hcd(t). For this reason, the method will be dubbed
“effective counterdiabatic driving”. By first studying the matrix structure of Hcd(t),
it is shown by control-theoretic arguments that, for finite-dimensional systems, it is
always possible to construct realizable shortcuts which approximate the dynam-
ics generated by Hcd(t). The procedure for designing explicitly the shortcuts is
based on the use of the Floquet-Magnus average Hamiltonian theory [23, 25, 74].
This is typically used to engineer synthetic Hamiltonians via fast periodic driving.
Although the construction can be operated following a systematic procedure, the
methodology maintains a large degree of flexibility, which allows one to tailor the
protocol over the specific problem at hand.
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Figure 1.3: Map of the thesis. In Part i, we will introduce the concept of quantum adi-
abaticity, and the shortcut-to-adiabaticity method known as counterdiabatic
driving. The latter will be then combined with geometric control theory in the
order to assess general properties of the counterdiabatic Hamiltonian Hcd(t)
( ). After introducing average Hamiltonian theory, we will integrate such
a tool with the theory of adiabaticity ( ) for engineering effective counter-
diabatic Hamiltonians which induce accelerated adiabatic evolution without
requiring the implementation of new Hamiltonian couplings. This general
theory, denoted as “effective counterdiabatic driving”, will then be applied to
real quantum control problems in Part ii.

Once the general theory is established, we discuss in detail two potential ap-
plications. Our strategy is used to find efficient shortcuts in problems which, we
believe, may be of interest in various experimental setups. The first application
concerns the construction of a protocol for entangling two qubits in the context
of circuit quantum electrodynamics (cQED) [16, 75, 172]. The specific experimen-
tal setup which we consider is that of two superconducting qubits which are
dispersively coupled to a waveguide and which interact thanks to the exchange
of virtual photons through the waveguide. As a first step, an adiabatic sweep is
designed such that the adiabatic path connects the initial separable states |↑↓〉 and
|↓↑〉 of the two qubits with the final entangled states (|↑↓〉 ± |↓↑〉)/

√
2. In this

context, we compare the performance of a variety of optimized adiabatic sweeps.
Subsequently, these sweeps are accelerated and assisted through the addition of
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an effective counterdiabatic Hamiltonian, which is implemented by making the
qubit-cavity coupling to oscillate fast. As a result, high fidelities are achieved in
competing timescales while maintaining stability against protocol imperfections
and environmental noise.

The second application is the construction of an accelerated version of the
widespread STImulated Raman Adiabatic Passage (STIRAP) technique [165]. The
latter produces population transfers between two states of a three-level system
which cannot be coupled by a direct transition, by coupling them to a common
—often lossy— intermediate state via laser pulses. If the pulse sequence satisfies
suitable criteria, the state transfer is achieved by tracking an adiabatic state which
evolves only in the space spanned by the initial and target state. For this problem,
the effective counterdiabatic field can be realized simply by introducing corrections
to the main laser pulses on symmetric frequency sidebands, and it greatly enlarges
the parameter space in which STIRAP returns large protocol fidelities. The shortcut
is efficient also in the presence of dissipation and decoherence phenomena, both
considering experimental implementations in the optical regime, namely a Rydberg
excitation, and in the microwave regime, namely a superconducting circuit.

The structure of the thesis is as follows (Figure 1.3). In the Background part, Part i,
the fundamental concepts of quantum adiabaticity are described (Chapter 2) and
the foundations of average Hamiltonian theory are introduced (Chapter 3). Then,
the general theory underpinning our STA framework is developed in Part ii, Chapter
4, where basic examples are also discussed. Part iii is dedicated to applications of
the method in two contexts, namely the construction of the protocol entangling
two qubits in cQED (Chapter 5) and of frequency-modulated STIRAP (Chapter 6).
Each Chapter contains a final Section "Discussion" where an outlook regarding its
specific contents is presented. In the final Chapter "Conclusion and perspectives", 7,
we discuss ideas for future developments of the whole framework presented in this
thesis. These will focus principally on possible extensions of our methodologies to
the field of open quantum systems [22], but also on the use of quantum control
techniques for testing and improving quantum simulation algorithms, a field which
is attracting much interest in recent times (in this direction, see, e.g., Ref.s [77, 79,
89, 106, 107]).



Part I

B A C KG R O U N D





2 Q U A N T U M A D I A B AT I C I T Y

The concept of quantum adiabaticity is the central starting point of the work pre-
sented in this thesis. Its essence is contained in a result dubbed the “adiabatic”
theorem of quantum mechanics [116], whose core concept can be summarized as
follows. Let us considers a system being in an eigenstate of the initial Hamilto-
nian. If some microscopic parameter is modified continuously in time in a very
slow manner, then the system is expected to remain at all times close to the corre-
sponding instantaneous eigenvector of the time-dependent Hamiltonian. Starting
from the seminal work of Berry on the geometric phase [14], it was recognized
that adiabaticity is intimately related to geometric aspects of the state space of a
quantum system [120], and hence it is nowadays often presented with emphasis
on a geometric angle. We will follow this approach, to some extent, introducing
the concept of adiabatic gauge potential [94], in Sec. 2.1. We will then overview
a derivation of an adiabatic theorem in Sec. 2.1.2. This gives us the opportunity
to introduce in a natural way many of the quantities which play a central role
in this thesis, such as global and local adiabatic approximations and boundary
cancellation methods (Sec. 2.2). The final goal of this Chapter is to present the
counterdiabatic driving scheme [15, 48], i.e., a shortcut-to-adiabaticity methodology
which produces exact adiabatic dynamics arbitrarily fast, in principle, by a 100%
compensation of nonadiabatic effects.

2.1 adiabatic approximation

2.1.1 Adiabatic gauge potential

A quantum system featuring some internal parameter λ(t) which changes in time
can be described by a Hamiltonian H[λ(t)] which is explicitly time-dependent. One
such system may be, for instance, a spin coupled to time-varying magnetic fields.
Let us assume that the Hilbert space H of the system has dimension N. For each
value of λ(t), the so-called snapshot Hamiltonian H(λ) can be instantaneously
diagonalized leading to the spectral decomposition

H(λ) =
N−1

∑
n=0

En(λ) |nλ〉〈nλ| , (2.1)

11



12 quantum adiabaticity

where {En(λ)}n=0,...,N−1 are the instantaneous eigenenergies, which we assume to
be never degenerate for any value of λ, while {|nλ〉}n=0,...,N−1 are the instantaneous
eigenvectors, satisfying the eigenvalue equation

H(λ) |nλ〉 = En(λ) |nλ〉 . (2.2)

The evolution in time of the quantum system is fully determined by the time-
dependent Schrödinger equation. In terms of the evolution operator U(λ), and by
changing variable from t to λ(t), this reads

ih̄
∂U(λ)

∂λ
=

1
λ̇

H(λ)U(λ), U(0) = 1, (2.3)

where the dot denotes the time derivative, λ̇ = ∂λ/∂t. We will not assume, for now,
any specific time dependence for the parameter λ(t) and, without loss of generality,
we take it to vary in the interval λ(t) ∈ [0, 1]. In many treatments of adiabaticity
though, λ(t) is chosen to represent a measure of the actual physical time t in units
of a relevant global timescale of the evolution t f , accordingly to λ = (t− ti)/t f ,
where ti is the initial time. This may be a useful reference example for the reader,
and we will resort to it often in the next Chapters.

Adiabaticity deals with studying the behavior of equation (2.3) in the asymptotic
limit of slow driving, “λ̇→ 0”. For doing so, it is convenient to look at the system
from a very specific “comoving” frame. This is defined, for each value of λ, by the
basis of instantaneous eigenvectors {|nλ〉}. The transformation which brings the
initial “fixed” basis |n0〉 to the comoving basis |nλ〉 = Uλ |n0〉 is described by the
unitary operator Uλ, reading

Uλ =
N−1

∑
n=0
|nλ〉〈n0| . (2.4)

Like for all unitary transformations, it is possible to identify its corresponding
generator. This is defined by

Aλ = ih̄
∂Uλ

∂λ
U†

λ. (2.5)

This will be a most important quantity for all the following treatment, and it goes
under the name of adiabatic gauge potential [94]. The nomenclature “gauge potential”
is typically referred to generators of continuous translations in parameter space.
Inserting equation (2.4) into (2.5), one finds that Aλ acts as the λ-derivative operator

Aλ = ih̄
N−1

∑
n=0
|∂λnλ〉 〈nλ| = ih̄∂λ, (2.6)

consistently with the fact that Aλ generates displacements associated with a varia-
tion of λ. Indeed, a small variation of λ induces a variation of the instantaneous
eigenvectors as |nλ+dλ〉 ' |nλ〉 − i

h̄Aλ |nλ〉. This can be better seen by taking the
derivative of the diagonalization equation

U†
λH(λ)Uλ = Hd(λ), (2.7)
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where Hd(λ) is the diagonal matrix (in the initial λ = 0 basis)

Hd(λ) =
N−1

∑
n=0

En(λ) |n0〉〈n0| . (2.8)

This way, after a few manipulations, one finds the relation [84]

∂H(λ)

∂λ
=

i
h̄
[H(λ),Aλ] + ∂Hd(λ), (2.9)

where ∂Hd(λ) = UλHd(λ)U†
λ is a diagonal matrix in the basis of instantaneous

eigenvectors whose eigenvalues are the “generalized forces” [94] ∂En(λ)/∂λ,

∂Hd(λ) =
N−1

∑
n=0

∂En(λ)

∂λ
|nλ〉〈nλ| . (2.10)

equation (2.9) highlights the fact that a variation of H(λ) resulting from changing
λ is governed by two components: the variation of instantaneous eigenvalues, with
the eigenbasis fixed, is generated by ∂Hd(λ), while the variation of instantaneous
eigenvectors is determined by i[H(λ),Aλ]/h̄, i.e., by the adiabatic gauge potential.
Indeed, ∂Hd(λ) commutes with H(λ). By further taking, in equation (2.9), the
commutator with H(λ) on both sides, one obtains the relation

[H(λ), ∂λH(λ)] =
i
h̄
[H(λ), [H(λ),Aλ]] . (2.11)

This expression can be used to formulate variational principles which allow one to
derivate approximate adiabatic gauge potentials [94], and they are a particularly
precious tool when the exact diagonalization of the Hamiltonian is hard. An explicit
recipe for computing the adiabatic gauge potential Aλ starting from the system
Hamiltonian can be obtained by first taking the derivative with respect to λof
the eigenvalue equation (2.2). After a few manipulations, and assuming that no
degeneracies among the instantaneous levels occur at any time, one finds that

〈mλ|∂λnλ〉 =
〈mλ| ∂λH(λ) |nλ〉

En(λ)− Em(λ)
, (2.12)

if n 6= m. Combining with equation (2.6), we obtain the desired connection with
H(λ), namely

Aλ = ih̄ ∑
n
〈n|∂λnλ〉 |nλ〉 〈nλ|+ ih̄ ∑

n 6=m
|mλ〉

〈mλ| ∂λH(λ) |nλ〉
En(λ)− Em(λ)

〈nλ| . (2.13)

In the next section we will see that the adiabatic gauge potential is a core quantity
in the context of quantum adiabaticity.



14 quantum adiabaticity

2.1.2 Adiabatic theorem

By moving to the frame defined by Uλ according to U(λ) = UλU1(λ), the Schrödinger
equation (2.3) becomes

ih̄
∂U1(λ)

∂λ
= U†

λ

[
1
λ̇

H(λ)−Aλ

]
UλU1(λ)

=

[
H(λ)

λ̇
− Āλ

]
U1(λ), (2.14)

where we have used the unitarity of Uλ, i.e.,

U†
λUλ = UλU†

λ = 1 ⇒ ∂U†
λ

∂λ
Uλ + U†

λ

∂Uλ

∂λ
= 0, (2.15)

and we have indicated with a bar the rotating-frame quantities

H(λ) = U†
λH(λ)Uλ; Āλ = U†

λAλUλ. (2.16)

The term H(λ) is, by definition of Uλ, diagonal,

H(λ) = Hd(λ). (2.17)

The term Āλ is a “centrifugal” term instead arising from the fact that we are looking
at the dynamics from a moving frame.

The diagonal term H(λ) generates the dynamical phase factors, i.e., it provides
each instantaneous eigenvector with a phase depending on the time-integral and
the corresponding eigenenergy,

|nλ〉 −→ e−
i
h̄

∫ t
t0

En(t′)dt′ |nλ〉 . (2.18)

In order to proceed in the derivation of an adiabatic theorem, it is convenient to
adsorb these factors into the basis frame by means of a further transformation
U1(λ) = Ud(λ)U2(λ) with

Ud(λ) = exp
(
− i

h̄

∫ λ

0

H(λ1)

∂tλ1
dλ1

)
, (2.19)

=
N−1

∑
n=0

exp
(
− i

h̄

∫ λ

0
En(λ1)λ̇

−1
1 dλ1

)
|n0〉〈n0| . (2.20)

As a result, using also equations (2.20), equation (2.14) becomes

ih̄
∂U2(λ)

∂λ
= −

N−1

∑
n,m=0

eiωnm(λ)A(n,m)
λ |n0〉〈m0|U2(λ), (2.21)

where we have introduced the integrated transition frequencies

ωnm(λ) =
1
h̄

∫ λ

0
[En(λ1)− Em(λ1)]∂tλ

−1
1 dλ1 (2.22)
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and the matrix elements of the adiabatic gauge potential in the basis of instanta-
neous eigenvectors,

A(n,m)
λ = 〈nλ|Aλ|mλ〉 ; A(n)

λ = 〈nλ|Aλ|nλ〉 , (2.23)

which can be computed from (2.13). From a first inspection of the r.h.s. of equation
(2.21), we see that, when n 6= m and assuming that the eigenenergies En(λ) and
Em(λ) are distinct for all λ, the matrix elements are multiplied by phase factors
which oscillate quickly if λ̇ � 1 for all times. Therefore, we can anticipate that,
once integrated, one expects these terms to average out. This is not the case though
for the diagonal elements, which are fully determined by the gauge potential Aλ,
since ωnn = 0. As for the case of the dynamical phases, we adsorb these elements
into the basis frame with the transformation [U2(λ) = Ug(λ)U3(λ)]

Ug(λ) =
N−1

∑
n=0

ei
∫ λ

0 A
(n)
λ′ dλ′ |nλ〉〈nλ| . (2.24)

The new basis vectors are then

|ψn(λ)〉 = ei
∫ λ

0 A
(n)
λ′ dλ′− i

h̄

∫ λ
0 En(λ′)(λ̇′)−1dλ′ |nλ〉 . (2.25)

The transformation (2.24) leads to the Schrödinger equation

ih̄
∂U3(λ)

∂λ
= − ∑

n 6=m
eiωnm(λ)−iγnm(λ)A(n,m)

λ |n0〉〈m0|U3(λ). (2.26)

We have introduced the notation

γnm(λ) =
∫ λ

0
[A(n)

λ′ −A
(m)
λ′ ]dλ′. (2.27)

We can now formally integrate equation (2.26) over the full variation of the param-
eter λ(t) ∈ [0, 1], given the initial condition U3(0) = 1,

U3(1)− 1 =
i
h̄ ∑

n 6=m
|n0〉〈m0|

∫ 1

0
eiωnm(λ)A(n,m)

λ U3(λ)dλ. (2.28)

Then, by considering the operator norm of the l.h.s., defined as

‖X‖ = sup{‖X |ψ〉‖ : |ψ〉 ∈H and ‖|ψ〉‖ = 1}, (2.29)

we have that

‖U3(1)− 1‖ ≤ 1
h̄ ∑

n 6=m

∥∥∥∥
∫ 1

0
eiωnm(λ)A(n,m)

λ U3(λ)dλ

∥∥∥∥ . (2.30)

Let us consider the integral in equation (2.28). Assuming that the energy levels
never cross, we can rewrite

eiωnm(λ) =
1

i∂λωnm(λ)

∂

∂λ
eiωnm(λ), (2.31a)

=
−iλ̇

Enm(λ)

∂

∂λ
eiωnm(λ), (2.31b)
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U(λ) = UλUd(λ)Ug(λ)U3(λ)

lab frame

align with instantaneous eigenvectors

dynamical phases

geometric phases

1

ελ → 0

Figure 2.1: Sequence of convenient rotating-frame transformations in the derivation of
the adiabatic theorem.

where we have used equation (2.22) and we have introduced the notation Enm(λ) =

En(λ)− Em(λ). Then, we can integrate by parts, obtaining

∫ 1

0
eiωnm(λ)A(n,m)

λ U3(λ)dλ =

[
−iλ̇eiωnm(λ)

En(λ)− Em(λ)
e−iγnm(λ)A(n,m)

λ U3(λ)

]1

0

−
∫ 1

0
eiωnm(λ) ∂

∂λ

[
λ̇e−iγnm(λ)

iEnm(λ)
A(n,m)

λ U3(λ)

]
dλ. (2.32)

Now, let us assume that |dλ(t)/dt| is bounded by a small constant ελ for all
times. Then we have

∥∥∥∥
∫ 1

0
eiωnm(λ)A(n,m)

λ U3(λ)dλ

∥∥∥∥ ≤

ελ

[
|A(n,m)

0 |
|En(0)− Em(0)|

+
|A(n,m)

1 |
|En(1)− Em(1)|

]

+ ελ

∥∥∥∥∥
∫ 1

0
eiωnm(λ) ∂

∂λ

[
e−iγnm(λ)

iEnm(λ)
A(n,m)

λ U3(λ)

]
dλ

∥∥∥∥∥ . (2.33)

Let us insert equation (2.33) into equation (2.30), and let us recall that the lab-
frame propagator U(λ) is related to U3(λ) by U(λ) = UλUd(λ)Ug(λ)U3(λ) (this
is summarized in Figure 2.1). By reverting the rotating-frame transformations Uλ,
Ug and Ud, we have obtained the following version of the adiabatic theorem.

Theorem 1. (Adiabatic theorem) Given a N-dimensional quantum system driven by a
control parameter λ(t) with Hamiltonian H[λ(t)] = ∑N−1

n=0 En(λ) |nλ〉〈nλ|, if the instan-
taneous eigenvalues En(λ) never cross for any value of λ and if |dλ/dt| ≤ ελ for all times
t, then the propagator satisfies

U(λ) =
N−1

∑
n=0

e−
i
h̄

∫ λ
0 dλ′En(λ′)(λ̇′)−1−

∫ λ
0 〈nλ′ |∂λ′nλ′ 〉dλ′ |nλ〉〈n0|+ O(ελ). (2.34)
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Therefore, in the adiabatic limit the system instantaneously follows the states
|ψn(λ)〉 of equation (2.25), which are thus called adiabatic states. The transformation
(2.34) (negleting the O(ελ) term) is called adiabatic transformation instead. The phases

ei
∫ λ

0 A
(n)
λ′ dλ′ = e−

∫ λ
0 〈nλ′ |∂λ′nλ′ 〉dλ′ (2.35)

are the so-called geometric (or Berry) phases [6, 14, 38]. Note that, when one incorpo-
rates these phases into the eigenvectors, by redefining

|n′λ〉 = e−
∫ λ

0 〈nλ′ |∂λ′nλ′ 〉dλ′ |nλ〉 , (2.36)

then by taking the derivative with respect to λ, and projecting over 〈n′λ|, we obtain

〈n′λ|∂λn′λ〉 = 0. (2.37)

Hence, the choice of phases (2.35) implies that the variation of eigenvector produced
by a variation of the parameter λ is orthogonal to the eigenvector itself. Since this
is the condition which defines parallel transport along a curve in a curved space
[120], this choice of phases is known as parallel transport gauge. We now slightly
refine equation (2.32) in order to obtain quantitative conditions for adiabaticity.
Proceeding in the same way as in equation (2.32), integrating by parts the remain
integral in the same manner, we find

[
−iλ̇eiωnm(λ)

En(λ)− Em(λ)
e−iγnm(λ)A(n,m)

λ U(λ)

]1

0

−
[

λ̇eiωnm(λ)

Enm(λ)

∂

∂λ

(
λ̇e−iγnm(λ)

Enm(λ)
A(n,m)

λ U(λ)

)]1

0

+
∫ 1

0
eiωnm(λ) ∂

∂λ

[
λ̇

iEnm(λ)

∂

∂λ

(
λ̇e−iγnm(λ)

iEnm(λ′)
A(n,m)

λ U(λ)

)]
dλ. (2.38)

Therefore, the leading ελ-order term is given only by the first term in (2.32). The
norm of such term is

∣∣∣∣
[

dλ

dt

]

λ=0

∣∣∣∣
|A(n,m)

0 |
|En(0)− Em(0)|

+

∣∣∣∣
[

dλ

dt

]

λ=1

∣∣∣∣
|A(n,m)

1 |
|En(1)− Em(1)|

. (2.39)

Hence, deviations from adiabaticity are determined to the leading order by two
quantities, namely the (matrix elements of the) adiabatic gauge potential and
the energy gaps. As a rule of thumb, one can thus expect the system to evolve
adiabatically if these terms are negligible. Using equation (2.13), and taking the
first term in equation (2.39), one obtains the condition, for all m 6= n,

max
λ

∣∣∣∣
dλ

dt

∣∣∣∣
|〈mλ| ∂λH(λ) |nλ〉|
|En(λ)− Em(λ)|2

� 1. (2.40)

This is the so-called global adiabatic condition, stating that nonadiabatic transitions can
be neglected if the nonadiabatic couplings divided by the corresponding squared
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energy gaps are small quantities. In the next section, we will see how different
perspectives on the adiabatic condition and more precise error estimates on the
adiabatic perturbation expansion can be used to conceive optimized adiabatic
drivings.

2.2 optimized adiabatic sweeps

When one wants to exploit an adiabatic process for control, the central requirement
is the choice of the exact time dependence of the driven parameter λ(t), which
encodes the variation of the system Hamiltonian. It is common practice to use the
global adiabatic condition (2.39) as the standard criterium for designing adiabatic
drivings, i.e., drivings which are slow enough to guarantee that the adiabatic
theorem holds. However, when an economy of the total timing of the driven
evolution becomes an important aspect, that condition may be, in some cases,
too restrictive. An analysis of this limitation has lead to the development of local
adiabatic drivings, i.e., controls which satisfy an instantaneous version of the
adiabatic condition (2.39) at all instants of the evolution. On the other hand, given
that the total evolution time is sufficiently large for equation (2.39) to be satisfied,
one could still optimize the global adiabatic driving so to minimize nonadiabatic
errors. In this direction, further inspection of the derivation of quantitative adiabatic
theorems (i.e., which quantify the magnitude of the deviations) reveals that errors
at order εn

λ are dependent on the n-th derivative of the Hamiltonian evaluated at
the beginning and at the end of the evolution, ∂n

λH(0) and ∂n
λH(1). Hence, the level

of approximation can be arbitrarily improved by choosing shapes of the driving
with vanishing derivatives at the boundary up to the desired order. This eventually
leads to error estimates which are exponentially small in the adiabatic parameter
[2, 105].

We elaborate in this section on these two different approaches to the optimization
of adiabaticity, which are typically referred to as local adiabatic drivings and
boundary cancellation methods.

2.2.1 Local adiabatic driving (LAD)

In the context of adiabatic quantum computation [2], it was shown that, by selecting
drivings which satisfy a “local-in-time” version of the adiabatic condition, much
evolution time can be saved [134]. The idea comes from the observation that, since
transitions grow quadratically with the inverse gap [equation (2.39)], undesired
transitions are greatly enhanced in the vicinity of points in the time-dependent
spectrum where energy levels get very close to one another. Therefore, even though
the global adiabatic condition is determined by these points, and must be satisfied
around them, for the majority of the dynamics such a condition is way too rigid.
Rather than looking at the dynamics globally, one can then break the total time
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window into smaller subintervals, and apply the adiabatic condition (2.39) to each
of those. In the limit of infinitesimally small intervals, the condition (2.39) must be
satisfied at all points, i.e.

∣∣∣∣
dλ

dt

∣∣∣∣
| 〈mλ| ∂λH(λ) |nλ〉 |
|En(λ)− Em(λ)|2

� 1, (2.41)

This condition is dubbed the local adiabatic condition. In Ref. [134], this idea
was used to produce an adiabatic protocol realizing a quantum search algorithm
with equivalent performance as the Grover algorithm [122]. The concept of local
adiabatic driving was then also connected with geometric aspects of adiabaticity,
being generalized to the idea of the quantum adiabatic brachistochrone [133].

2.2.1.1 LAD 1 – à la Roland-Cerf

For application in the next Sections, we use the principles of Sec. 2.2.1 in order to
derive two different local adiabatic drivings (LADs) for a driven two-level system,
as an example. With some caveats, these drivings can be directly used also for
more-level problems, as we will do in Chapter 5. Let us consider a two-level system
with Hamiltonian

H(t) = gλ(t)σ̂z + x0σ̂x, (2.42)

where σ̂x and σ̂z are the Pauli matrices,

σ̂x =

(
0 1

1 0

)
, σ̂y =

(
0 −i

i 0

)
, σ̂z =

(
1 0

0 −1

)
, (2.43)

and where g > 0, x0 > 0 and the dimensionless λ(t) is assumed to vary smoothly
from an initial value λ0 > 0 to zero in a monotonic manner, i.e., λ(t) ≥ 0 and
∂tλ(t) ≤ 0. Our purpose is to engineer the time-dependence of λ(t) in such a way
that the local adiabatic condition (2.41) is fulfilled. The Hamiltonian (2.42) has the
instantaneous energy gap

∆E(λ) = 2g
√

λ2(t) + (x0/g)2. (2.44)

After computing the instantaneous eigenvectors, one finds the nonadiabatic cou-
pling

|〈1λ| ∂λH(λ) |0λ〉| =
x0√

λ2(t) + (x0/g)2
. (2.45)

The local adiabatic condition (2.41), fixing the error to ε, then produces the following
differential equation,

dt
dλ

= − x0

4εg2[λ2(t) + (x0/g)2]3/2 . (2.46)



20 quantum adiabaticity

By integrating both sides, one finds an expression for t(λ) which can then be
inverted in order to find λ(t). The result is

λ(t) =
x0λ0(1− t/t f )

g
√
(x0/g)2 + λ2

0
t
t f
(2− t

t f
)

, (2.47)

where we have introduced the total time t f , which is computed given t(λ) and it
reads

t f =
λ0

4εx0

√
λ2

0 + (x0/g)2
. (2.48)

2.2.1.2 LAD 2 – quantum adiabatic brachistochrone

Since more precise adiabatic conditions typically depend on the norm of the
Hamiltonian and its derivatives [2], Ref. [133] proposes the generalized local
adiabatic condition

∣∣∣∣
dλ

dt

∣∣∣∣
‖∂λH(λ)‖

∆E2(λ)
< ε, (2.49)

with ‖M‖ =
√

tr[MM†] the Hilbert-Schmidt norm. Even if, for a two-level system,
this condition is very similar to (2.41), it leads to a slightly different local adia-
batic driving. For the Hamiltonian (2.42), equations (2.49) and (2.44) produce the
differential equation

dt
dλ

= −
√

2
4εg[λ2(t) + (x0/g)2]

. (2.50)

Integration of the latter with the initial condition t(λ0) = 0 gives the total time

t f =
α

2
√

2εx0
, (2.51)

where α = arctan(gλ0/x0). Recalling that λ0 > 0 and g > 0, the total time t f is
positive. The solution for λ(t) is instead

λ(t) =
x0

g
tan[α(1− t/t f )]. (2.52)

2.2.2 Boundary cancellation driving (BCD)

Let us now consider equation (2.33), assuming that the adiabatic parameter ελ is
sufficiently small for the expansion to converge. Since it holds that

|A(n,m)
λ | ≤ ‖∂λH(λ)‖

|Enm(λ)|
, (2.53)

we see from equation (2.39) that the leading order deviation from adiabaticity can
be bounded to zero if

‖∂λH(λ)‖|λ=0 = 0, and ‖∂λH(λ)‖|λ=1 = 0. (2.54)



2.3 counterdiabatic driving 21

Analyzing the subsequent term in equation (2.38), at order ε2
λ, one can show that it

vanishes if
∥∥∂2

λH(λ)
∥∥ vanishes at the initial and final points. Pushing the expansion

to higher orders in ελ reveals that order n in the adiabatic parameter can be set to
zero by setting to zero the n-th time derivative of the Hamiltonian at the initial and
final times [66]. In general, a function with n derivatives vanishing at the boundary
can be obtained by interpolating a polynomial of sufficiently large degree. In
the following analyses, we will use, for instance, a polynomial with three zero
derivatives at the boundary, namely

λ(t) = λ0

[
1− 35

(
t
t f

)4

+ 84
(

t
t f

)5

− 70
(

t
t f

)6

+ 20
(

t
t f

)7
]

, (2.55)

where t f is the total time. A function whose derivatives can be easily set to zero to
arbitrary order was introduced in Ref. [132]. This is

Θk(x) =
Bx(1 + k, 1 + k)
B1(1 + k, 1 + k)

, (2.56)

where

Bx(a, b) =
∫ x

0
ya−1(1− y)b−1dy, (2.57)

with |x| ≤ 1, <(a) > 0, <(b) > 0 is the incomplete Beta function [119]. The function
(2.56) has exactly k vanishing derivatives. Accordingly, we will consider the BCD

λ(t) = λ0

[
1−Θk

(
t
t f

)]
. (2.58)

In Chapter 5, we will compare the performance produced by all these different
optimized adiabatic sweeps. Contextually, we will see that, in general, one cannot
identify the best adiabatic driving in a univocal way. Rather, the best choice fun-
damentally depends on the specific timescale in which one wishes to operate the
control protocol.

2.3 counterdiabatic driving

The use of optimized adiabatic sweeps can improve the performance of global
adiabatic drivings by far. Nonetheless, they often work over timescales which are
still irremediably susceptible to decoherence and substantial noise accumulation.
This has brought to birth and induced the rapid expansion of a new field of research,
now widely recognized under the name of “shortcuts to adiabaticity”. Its purpose
is to develop new techniques for accelerating adiabatic processes, while possibly
trying to maintain their intrinsic robustness. Whatever protocol producing the same
final conditions as those given by an adiabatic variation of the control parameters
can be classified as a shortcut to adiabaticity [76]. Alternatively, using a terminology
adopted in other contexts [26], it can be called a fast-forward method.
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The origin of this field can be traced back to the introduction of so-called counter-
diabatic (cd) fields by Demirplak and Rice [48–50]. The same ideas were introduced
afterwards and independently by Berry [15], under the name of transitionless (tsl)
quantum driving. These authors fundamentally operated a change of perspective in
the physical interpretation of the adiabatic gauge potential (2.5). Indeed, it was clear
from earlier works that this quantity essentially governs the rate of nonadiabatic
transitions, and as such it appears, in different forms, as a technical tool in many
derivations of adiabatic theorems. The new perspective lies in the observation
that it should be possible to completely cancel undesired transitions exactly if one
is able to dynamically compensate the effect of the gauge potential at all times.
Indeed, let us consider equation (2.14). If, in the rotating frame, Āλ was absent, then
the equation could be easily integrated, since H is diagonal, giving the adiabatic
evolution exactly (in the parallel-transport gauge). In order to cancel Āλ, one can
then formally add a counterdiabatic term in the initial lab-frame Hamiltonian,

H(λ)→ Htsl(λ) = H(λ) + Hcd(λ), (2.59)

such that, in the rotating frame, it exactly cancels Āλ. It is then easy to determine
Hcd(λ), since it must hold that

Hcd(λ)

λ̇
− Āλ = 0. (2.60)

The counterdiabatic Hamiltonian must be

Hcd(λ) = λ̇Aλ. (2.61)

Therefore, Hcd(λ) corresponds to the adiabatic gauge potential associated with
a variation of the Hamiltonian in time. Hence, Hcd(λ) trivially features all the
interesting properties of the adiabatic gauge potential, explored in Sec. 2.1. From
(2.6), we see that Hcd(t) acts like the time-derivative operator. Moreover, by choosing
the parallel-transport gauge for the instantaneous eigenvectors of H(t) and using
equation (2.13), it explicitly reads

Hcd(t) = ih̄ ∑
n 6=m

|mt〉〈mt| ∂tH(t) |nt〉〈nt|
En(t)− Em(t)

, (2.62)

where we are implicitly assuming that no degenacies occur. Hence, it is purely
off-diagonal in the basis of instantaneous eigenvectors.

As an example, we now derive the counterdiabatic Hamiltonian for a two-level
system. To this end, let us consider the Hamiltonian

H(t) = ux(t)σ̂x + uz(t)σ̂z. (2.63)

This can describe, for instance, a spin 1/2 driven by time-dependent magnetic
fields. The instantaneous eigenstates of the Hamiltonian of equation (2.63) can be
written in the parametrized form

|E+(t)〉 = − sin θ(t) |0〉+ cos θ(t) |1〉 , (2.64a)

|E−(t)〉 = cos θ(t) |0〉+ sin θ(t) |1〉 , (2.64b)
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Adiabatic
process

H(λ)

Diagonalization

Counterdiabatic
Hamiltonian

∑n En(λ) |nλ〉〈nλ|

Hcd(λ) = ih̄ ∑
|nλ〉〈nλ| ∂λH(λ) |nλ〉〈nλ|

En(λ)− Enλ)

Counterdiabatic scheme

Figure 2.2: Algorithm for computing the counterdiabatic Hamiltonian. Given a Hamil-
tonian H(λ) describing the adiabatic process to be accelerated, the cd scheme
first requires diagonalization of H(λ). Then, the spectral information, together
with the derivative ∂λ H(λ), is used for computing the cd Hamiltonian Hcd(λ).

where

2θ(t) = arctan
[

ux(t)
uz(t)

]
(2.65)

is the mixing angle, which is also the azimuthal angle of the Hamiltonian vec-
tor from the “z” axis. Using these expressions, the counterdiabatic field can be
computed using equation (2.62) or (2.5) [48], and it reads

Hcd(t) = h̄
∂θ(t)

∂t
σ̂y, (2.66)

where

∂θ(t)
∂t

=
1
2

uz(t)∂tux(t)− ux(t)∂uz(t)
u2

x(t) + u2
z(t)

. (2.67)

Therefore, for a two-level system evolving with a real Hamiltonian having com-
ponents along the Pauli matrices σ̂x and σ̂z, the counterdiabatic correction evolves
along σ̂y. This property will be explored in further detail in Chapter 4. Now we
will discuss the counterdiabatic field for a class of problems of great relevance in
the context of adiabaticity, related to the phenomenon of the avoided level crossing.

2.4 example 1: landau-zener-majorana-stückelberg
model

In this section, we discuss a prototypical example of adiabatic and nonadiabatic
effects. This is the so-called Landau-Zener-Majorana-Stückelberg (LZMS) model [101,
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111, 145, 148, 176]. The model represents the simplest description of a phenomenon
which is ubiquitous in quantum physics, namely that of the avoided level crossing.
Despite its simplicity, the model is able to capture many important aspects of
adiabaticity locally in general spectra, which are then retrieved also in more
complex scenarios. The formulation features a two-level system which is subject to
the Hamiltonian

H(t) =
h̄λ(t)

2
σ̂z +

h̄Ω
2

σ̂x. (2.68)

with the time evolution starting far at negative times and λ(t) linearly swept in
time, λ(t) = Λt with λ(t) now not being restricted to [0, 1] only. For understanding
the physics described by this Hamiltonian, let us first assume that the coupling is
zero, Ω = 0. In this case, the time evolution makes the two instantaneous energy
levels ±h̄λ(t)/2 cross at time t = 0, the highest one exchanged with the lowest one
and vice versa. The instantaneous eigenvectors are the stationary states |0〉 and
|1〉, but the role of the ground and the excited state is exchanged together with
the levels. If the system is initially prepared in an eigenstate, it will remain there
for the whole evolution. When the coupling is turned on instead, Ω 6= 0, the two
instantaneous eigenvalues are E±(t) = ± h̄

2

√
λ2(t) + Ω2. These do not cross any

more at time zero, but they rather repel each other, following hyperbolas which
get closest at t = 0, with a value of the gap equal to h̄Ω (Fig. 2.3). Because of
this, the phenomenon is called avoided crossing or anticrossing. The instantaneous
eigenvectors are now time dependent, and they can be written in the parametrized
form of equation (2.64) with a mixing angle

θ(t) =
1
2

arctan
[

Ω
λ(t)

]
. (2.69)

Let us consider the situation of large negative and positive times, such that
|λ(t)| � Ω. If λ(t) is negative, then the ground state is very close to the fixed basis
vector |0〉 while the excited state is close to |1〉. For positive large times instead,
the ground states tends to the state |1〉, while the excited state gets closer and
closer to |0〉. At time equal to zero, the two instantaneous eigenstates are in a flat
coherent superposition of the basis states, |E±(0)〉 = (|0〉 ± |1〉)/

√
2 (see Fig. 1.1

in the Introduction). If the rate of the evolution is sufficiently slow, the adiabatic
theorem holds and the dynamics follows the instantaneous eigenstates. If this is the
case, adiabatic passage can be used to prepare the system in interesting states. For
instance, if the whole sweep is performed, a state-flip can be achieved, while, if one
stops at the anticrossing time, a flat superposition can be produced. The LZMS model
is of particular interest in the study of adiabaticity since it permits to characterize in
an exact manner the deviations from the adiabatic regime. As such, it is a precious
resource also for the investigation of complex phenomena [42, 43, 144]. Indeed,
assuming that the system is initially in the ground state, it is possible to compute
analytically the asymptotic t→ ∞ probability of nonadiabatic transition, i.e., the
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Figure 2.3: Avoided level crossing. Scheme of the time-dependent energy levels of the
Hamiltonian (2.68). When the system is driven through the avoided crossing,
the bare state |0〉 and |1〉 mix, so that the instantaneous ground state, matching
|0〉 for λ(t)→ −∞, is in a equally balanced superposition at the anticrossing
time λ(t) = 0, and it matches state |1〉 asymptotically for λ(t)→ +∞. Hence,
in the limit of adiabatic driving, a system prepared in |0〉 evolves along the
ground state adiabatic path and the protocol realizes a population inversion
between the bare states.

probability that the system has jumped away from the instantaneous adiabatic
states. With the condition that the sweep starts at t→ −∞, such a probability is

Pn.a. = exp
(
−πΩ2

2Λ

)
. (2.70)

Equation (2.70) is dubbed the Landau-Zener-Majorana-Stückelberg formula. It was
derived by Landau [101] using semiclassical methods, by Zener [176] solving the
time-dependent Schrödinger equation in terms of Parabolic Cylinder Functions
[119], and by Majorana [111] who solved the equation using asymptotic methods
(which produce an integral representation of the solution found by Zener). The
LZMS formula (2.70) is exact in the asymptotic limit t → ∞, but it is often used
as an approximation for the finite-time dynamics. For studying the finite-time
case, it is convenient to rewrite the LZMS Hamiltonian in a way which makes more
transparent the role of the total duration of the protocol. For this purpose, let us
consider a symmetric sweep of total duration t f which starts at time ti = tc − t f /2
and terminates at time tc + t f /2, where tc is the anticrossing time. Let us call
h̄λ0 = h̄ε(ti) the value of the gap at the initial (and also at the final) time ti and
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Figure 2.4: Dynamics of the finite-time LZMS model. In the upper panel, the population
dynamics is shown for the system initially prepared in the ground state, as
a function of the rescaled time. The line indicates the population of
the ground state, while the red line ( ) is the population of the excited
state. The line shows the populations corresponding to the exact adiabatic
states. The energy sweep is too fast for the system to remain close to the
instantaneous ground state during the evolution, and starts to deviate from the
adiabatic dynamics after the anticrossing. This is further evidenced in the lower
panel, where the instantaneous infidelity, i.e., the probability of nonadiabatic
transition, is represented. The infidelity remains very close to zero until the
avoided crossing is reached. It then experiences a jump followed by decaying
oscillations around the value predicted by the LZMS formula (2.70), which is
indicated with the thin gray line ( ). The parameters used for the simulation
are λΩ = 20, τΩ = 20.

let us introduce the rescaled time s = (t− ti)/t f which then varies in the interval
s ∈ [0, 1]. Further, we measure energy in units of the coupling h̄Ω and the time in
units in Ω−1. Defining the dimensionless parameters λΩ = λ0/Ω and τΩ = t f Ω,
the LZMS Schrödinger equation finally becomes in the dimensionless form

i
∂U(s)

∂s
= τΩHLZMS(s)U(s), (2.71)

where

HLZMS(s) =
[

λΩ

(
s− 1

2

)
σ̂z + σ̂x

]
. (2.72)

In terms of the new dimensionless parameters, the LZMS formula is PLZMS =

exp (−πτΩ/2λΩ) .
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What happens in the finite-time case can be seen from the upper panel of Fig. 2.4,
in which the evolution of populations over a finite interval of time are shown, being
produced by numerical integration of the Schrödinger equation. One can see that
the system does not experience substantial transitions until it passes through the
anticrossing. This is the basis of the ideas presented in Secs. 2.2.1. The probability of
transitions then jumps and starts to oscillate around the value predicted by the LZMS

formula, with the oscillations decaying as time goes by. Finite-time LZMS problems
have been longly studied from the theoretical point of view in the literature, see,
for instance, Ref.s [161, 162]. A fundamental point regarding the LZMS formula is
the fact that the probability of nonadiabatic transitions decays exponentially in the
limit of slow dynamics, i.e, with respect to the total duration τΩ. This feature turns
out to be a universal characteristic of nonadiabaticity [44, 60, 81].

Let us now focus on the counterdiabatic treatment for the LZMS problem. Using
the explicit expressions for the instantaneous eigenvectors (equation (2.64)) the
counterdiabatic Hamiltonian has the form of equation (2.66), namely

Hcd(s) = fcd(s)σ̂y (2.73)

with profile

fcd(s) = −
1

2τΩ

λΩ

λ2
Ω

(
s− 1

2

)2
+ 1

. (2.74)

This function exhibits a Lorentzian profile with peak centered on the anticrossing. It
is now evident that fcd(s) decays like τ−1

Ω for large durations. This is an interesting
point: although the probability of nonadiabatic transitions, see the LZMS formula,
is exponentially weak in τΩ, the counterdiabatic correction which compensates it
behaves linearly in τ−1

Ω [15]. The total transitionless Hamiltonian then reads

Htsl(s) = τΩ

[
λΩ

(
s− 1

2

)
σ̂z + σ̂x

]
+ fcd(s)σ̂y. (2.75)

2.5 example 2: sequence of avoided crossings

In the following, we will discuss a more complex situation, in which a three-level
system is driven in time in such a way that its spectrum exhibits a sequence of
avoided crossings. This problem was studied in Ref. [150]. The purpose of this
example is first of all that of going beyond a simple two-level case. This allows
us to test the features of the counterdiabatic construction in a more complex
scenario. Furthermore, we will see how the complexity of the matrix structure
of the counterdiabatic Hamiltonian Hcd(t) grows when the dynamical problem
becomes more involved. This motivates the necessity of approximate methods for
implementing Hcd(t), which is the central theme of this thesis.
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Figure 2.5: Time-dependent spectrum of the three-level system. Instantaneous energy
levels of the Hamiltonian of equation (2.76) as a function of time. The instanta-
neous ground state and the instantaneous first excited state form a sequence
of two avoided crossings arising from a direct coupling between states |0〉
and |1〉. A smaller anticrossing is instead present between the instantaneous
first-excited and second-excited eigenstates |E0(t)〉 and |E+(t)〉, which is due
to a second-order coupling between states |1〉 and |2〉.

The Hamiltonian we consider now is, in dimensionless form,

H(s) = τΩ




dΩ + λΩ
(
s− 1

2

)
1 0

1 −2dΩ 1

0 1 dΩ − λΩ
(
s− 1

2

)


 . (2.76)

This Hamiltonian may describe an effective spin 1 system. For instance, it may
describe a portion of the spectrum of a molecular nanomagnet driven by external
magnetic fields [39], or of a nitrogen-vacancy colour center [56]. In this case, the
diagonal driving term would be produced by the coupling to a latitudinal magnetic
field linearly sweeping along the z direction, whilst the off-diagonal coupling
would be produced by a longitudinal magnetic field along the x direction. Then,
the parameters λΩ and 3dΩ, in units of the x-field coupling, would correspond
to the rate of variation of the latitudinal magnetic field and to the axial zero-
field-splitting parameter [67], respectively. The time-dependent spectrum of the
Hamiltonian of equation (2.76) is shown in Fig. 2.5. The three levels produce in
time a sequence of three avoided crossings, which occur at times s = 1/2± dΩ/λΩ,
s = 1/2. The one between the upper and the intermediate level is smaller than the
other two, since it results from an effective coupling at second-order [150]. The
counterdiabatic Hamiltonian is not accessible analytically for all times and values
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of the parameters, but only in special cases such as dΩ = 0 or s = 1/2. In the
dΩ = 0 case, the Hamiltonian (2.76) is a pure spin-1 Hamiltonian,

H(t) = λΩ(s− 1/2)Ŝz + Ŝx, (2.77)

where {Ŝx, Ŝy, Ŝz} are the spin-1 matrices. The counterdiabatic Hamiltonian is then
similar in structure to the case of a two-level system. Indeed, it reads [150]

H(dΩ=0)
cd (s) =

∂θ(s)
∂s

Ŝy, (2.78)

where tan θ(s) = 1
λΩ(s−1/2) . The case s = 1/2 leads instead to the counterdiabatic

Hamiltonian

Hcd(1/2) =
i√
2

∂θ(t)
∂t

∣∣∣∣
s=1/2




0 1 −
√

2dΩ

1 0 −1√
2dΩ 1 0


 . (2.79)

The eigenvalues at this time instant are instead

E+(1/2) = −dΩ

2
+

1
2

√
8 + 9d2

Ω, (2.80)

E−(1/2) = −dΩ

2
− 1

2

√
8 + 9d2

Ω, (2.81)

E0(1/2) = dΩ. (2.82)

Therefore, the smaller anticrossing at time s = 1/2 has width
√

8 + 9d2
Ω.

The general case (i.e., dΩ 6= 0 and s not fixed to 1/2) is computed numerically,
and Hcd(t) has the overall purely imaginary structure

Hcd(t) =




0 −i f (01)
cd −i f (02)

cd

i f (01)
cd 0 −i f (12)

cd

i f (02)
cd i f (12)

cd 0


 , (2.83)

with the time profile of the cd functions f (ij)cd = 〈i|Hcd(t) |j〉 shown in Fig. 2.6.
The 〈2|Hcd(t) |0〉 matrix element is the one reaching maximal value at s = 1/2,
which, from equation (2.79), is dΩ. We immediately see that the realization of the
Hamiltonian (2.83) necessitates independent control in time over all the imaginary
off-diagonal elements.

It is interesting to study how the control elements inside Hcd(t) change as the
separation between the avoided crossings, quantified by the parameter dΩ/λΩ, is
varied [150]. One finds that these typically decay like power laws for all values of
dΩ/λΩ and thus no definite decay scale can be defined. Hence, it is not possible
to treat sequential anticrossing separately in an exact manner. The presence of
adjacent anticrossings always influences the correcting control fields needed to
suppress nonadiabatic transitions arising from the selected one. One can still resort
to approximate methods: if the parameter dΩ/λΩ is sufficiently large, one can
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Figure 2.6: Sequential avoided crossings: elements of the counterdiabatic Hamiltonian.
Temporal dependence of the matrix elements of the counterdiabatic Hamilto-
nian of equation (2.83) for the three-level system described by the Hamiltonian
of equation (2.76), determined numerically using equation (2.62) for parameters
dΩ = 1, λΩ = 17, τΩ = 1.

benchmark numerically a separation threshold which allows to treat each avoided
crossing separately while achieving at least some prefixed lower bound on the final
fidelity [150]. Another simplification can be operated in the case in which one is
interested in driving adiabatically only the ground state |E−(t)〉. In this case, if
the anticrossing between the upper levels occurs far in energy from the ground
state (dΩ � 1), one may avoid to implement the 〈2|Hcd(t) |0〉 correction, since this
does not compensate transitions originating directly from the ground state |E−(t)〉.
However, due to the non-complete separability of the avoided crossing problems,
this procedure cannot lead to unit fidelity, and some transition probability always
survives due to imperfect compensation. Moreover, the presence of level |E+(t)〉, if
neglected in the correcting Hamiltonian, prevents in general beneficial repopulation
from state |E0(t)〉 to the ground state |E−(t)〉: the population loss due to diabatic
transitions occurring at the first anticrossing cannot be recovered from inverse
diabatic transitions at the third anticrossing, since it may be partially transferred to
level |E+(t)〉 during the s = 1/2 anticrossing. Both these approximation schemes
still require the time-dependent control of new couplings not present in the original
H(t).
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2.6 discussion

In this Chapter we have explored the concept of adiabaticity, its use for quan-
tum control purposes, and its limitative requirement of long evolution timescales,
quantified by adiabatic conditions (Section 2.1). We have seen in Section 2.2 that
adiabatic drivings can be optimized following different criteria, such as by exploit-
ing local adiabatic conditions (Section 2.2.1), or improved error bounds on adiabatic
perturbative expansions (Section 2.2.2). Contextually, we have described in Section
2.3 the idea of shortcut to adiabaticity, introducing the scheme of counterdiabatic
driving. This allows one to solve the problem of slow evolutions at the cost of
introducing new control elements in the Hamiltonian. We have exemplified all
these concepts by discussing the problem of adiabaticity breaking in the vicinity
of avoided crossings in the time-dependent energy spectrum (Sections 2.4 and
2.5). These elements will be the central starting point for the development of the
technique which will be discussed in Chapter 4. The core of this methodology is
that of providing a framework for constructing shortcut-to-adiabaticity Hamilto-
nians which do not require an exceed of control resources. Moreover, the method
provides a smooth connection between purely adiabatic and purely fast-forward
strategies. The second ingredient for proceeding in this task is presented in the
following Chaper 3, Average Hamiltonian Theory. This represents a means for
constructing effective Hamiltonians given a limited set of control parameters, and it
will provide us with the tools for developing the theory of effective counterdiabatic
driving in Chapter 4.





3 AV E R A G E H A M I LTO N I A N T H E O R Y

In Chapter 2, we have discussed the case in which the driving Hamiltonian varies
over timescales much larger than those characteristic of the driven system. In this
Chapter instead, we will consider a situation in which control modulations are
introduced that vary over timescales much faster than those of the system. We
will see how this fast driving regime can be used to engineer effective “average”
Hamiltonians, according to the so-called Floquet-Magnus average Hamiltonian
theory [23, 25, 74]. First of all, in Section 3.1, we introduce some concepts from
geometric control theory [41] which will be useful for the analysis in Chapter
4. Then, in Section 3.2 the concepts of Magnus and Floquet-Magnus expansions
will be discussed. These provide the basis for the construction of approximate
counterdiabatic fields in the following Chapter 4.

3.1 some concepts from (geometric) control the-
ory

Quantum control theory is often divided conceptually into two main branches. The
first one concerns the mathematical study of the controllability of a given quantum
system [41, 54]. This tries to answer questions such as the reachability—that is,
which target states can be attained by a controlled evolution given a certain fixed
set of control knobs on the system. This kind of analysis often return a yes/no
answer to a target problem, without providing a constructive way to determine the
actual control procedure. The second branch regards then the synthesis of controls,
also called motion planning, which aims at designing suitable control sequences in
practice.

While most of the content of this thesis can be categorized under to the second
branch, it will be helpful for the forthcoming discussion to recall some concepts
from controllability theory. It is important to remark that we will consider finite-
dimensional systems, for which the theory is well established. It is first of all
essential to formally rewrite the controlled Hamiltonian of the system in a general
form which highlights how external control can affect its structure. Namely, we
put the attention to the fact that the Hamiltonian of a controlled system can be first
of all decomposed into two parts, namely a driven part —which is explicitly time
dependent — and a time-independent, so-called drift, part. Secondly, the driven
part can be further decomposed by taking into account which are the different
matrix components whose coefficients can be tuned in time in an independent
manner. The latter coefficients are the control parameters, which might describe the

33
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coupling to an external field or simply the variation of some intrinsic parameter of
the system. The decomposition then reads [41]

H[u(t)] = H0 +
M

∑
k=1

uk(t)Hk, (3.1)

where H0 represents the part of the Hamiltonian which cannot be externally
influenced, called the drift Hamiltonian, while the matrices {Hk}k=1,...,M represent
the control Hamiltonians, whose strength is varied in time by means of the control
functions u(t) = {u1(t), . . . , uM(t)}. The time-dependence intrinsic in H(t) origins
only from the functions u(t). We will use the following notation,

H = {H0, H1, . . . , HM}, (3.2)

for referring to the different matrix components of H(t) according to the control
decomposition (3.1).

For a quantum system of dimension N, Hamiltonians can be represented as
N × N Hermitian matrices. Since the zero of the energy scale is arbitrary, these
can always be redefined to be traceless by the transformation H → H − tr(H)/N.
The set of traceless N × N skew-Hermitian matrices −iH is the Lie algebra su(N),
which has dimension N2 − 1 (the “−1” comes from the condition of zero trace).
By matrix exponentiation, a “Hamiltonian” −iH, which belongs to the algebra
su(N), generates the evolution operator U(t) = e−iHt, which is an element of
SU(N), the Lie group of all special unitary matrices (i.e., unitary matrices with
unit determinant). The time-dependent Schrödinger equation (in units of h̄)

i
∂U(t)

∂t
= H(t)U(t), U(0) = 1, (3.3)

with the Hamiltonian (3.1), defines a right-invariant system of differential equations.
This means that, because of the group property, the propagator U(t) solving (3.3)
does not depend on the choice of the initial state. This is important since it allows
to lift the problem of controllability from the state space to the group. One can
hence study which unitary transformations can be generated from the given control
Hamiltonians, rather than focus on what vector states can be attained.

The set of all propagators Uu which can be obtained at time t as a solution of the
Schrödinger equation

i
∂Uu

∂t
= H(u)Uu, (3.4)

by tuning the control functions u(t), is called the reachable set at time t, denoted by
Rt. The reachable set R is then the union of the reachable sets at all positive times

R = ∪t≥0Rt. (3.5)

Given a controlled quantum system with the Hamiltonian (3.1), a central quantity
in the study of controllability is the dynamical Lie algebra L of the system. This
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is defined as the set containing the matrices −iH = {−iH0,−iH1, . . . ,−iHM},
the commutators [−iHj,−iHk] of matrices from −iH, all nested commutators
[−iHi, . . . ,−[iHj,−iHk]] of an arbitrary number of matrices, and all possible linear
combinations of these elements. For determining L in practice, one can operate an
algorithmic procedure for constructing a basis of L. This works as follows. First,
the commutator involving each possible pair of Hamiltonians in −iH is computed.
For each new resulting matrix, one checks whether it can be expressed or not as
a linear combination of matrices from the initial set. If this is the case, the new
matrix is discarded, otherwise it is added to the basis set. Next, one considers
the commutator of the new basis elements with the original ones and repeats the
procedure. This is iterated, taking commutators of newly obtained matrices with
all the basis elements determined up to the previous step, until no new linearly
independent matrices are found. An explicit algorithm is provided, for instance, in
Ref. [140].

The set of states which can be reached by the system through control is intimately
related to the possible “directions” in state space along which the system can be
stirred. These, in turn, are fundamentally determined by the set of Hamiltonian that
can be realized. Indeed, each Hamiltonian can be thought of intuitively as a rotation
vector. One then knows that new “directions” can be generated by combining
rotations. For instance, Euler-angles decomposition of a three-dimensional rotation
shows explicitly that whatever rotation in three dimensions can be obtained by
combining rotations along only two orthogonal axes. Therefore, loosely speaking,
the reachable set for a finite-dimensional system is characterized by the set of all
possible combinations of “Hamiltonian rotations”.

Mathematically, these concepts are rigorously expressed by the so-called Lie
Algebra Rank Condition [41, 73] which states that the reachable set R is equal to
the connected Lie group generated by the dynamical Lie algebra L of the system

R = eL. (3.6)

This result was first derived in Ref. [86], and it was first used for studying control-
lability properties of quantum systems in [80].

It is worth mentioning that the condition (3.6), even though it is a powerful
criterium for finite-dimensional systems, does not hold for the case of infinite-
dimensional, or open, quantum systems. This is due to the fact that, in the latter
case, the control Hamiltonians may not generate a compact group [70]. Compactness
of the Lie group is necessary for the reachability of “negative-time” propagators,
eiH0t, generated by some drift part H0 of the control Hamiltonian. Indeed, if the Lie
group is compact, then the quantum recurrence theorem holds [19], stating that

∀ε > 0, ∃ TR > 0 :
∥∥∥e−iH0TR − 1

∥∥∥ < ε, (3.7)

for a given matrix norm. This result means that for every propagator U(t) = e−iHt

there exists some positive time TR such that U(t) gets arbitrarily close to the identity,
i.e., is recurrent to the value U(0). By virtue of equation (3.7), one can then reach
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the propagator eiH0t by letting the system evolve sufficiently long to be t-close to
recurrence, so that one can interpret

eiH0t = e−iH0(TR−t). (3.8)

The quantum recurrence theorem in general does not hold for systems with con-
tinuous energy spectra. A simple example in which the system Lie group is not
compact is thus a free particle: the propagator generated by the momentum op-
erator p̂ in that case, e−i p̂t is never recurrent to the identity for any t > 0. In
the case of open quantum systems [22], recurrence is in general prevented since
environment-induced noise introduces irreversibility in the dynamics of quantum
systems. In the Markovian regime (see Section 5.1.2), this shows up mathematically
in the fact that the dynamical maps form a semigroup, rather than a group (the
implications for control theory are discussed, e.g., in Ref.s [64, 73, 90]).

In the study of controllability, it is important to characterize the properties and
the structure of the system Lie algebra L. A useful tool in this direction is that of a
Cartan decomposition [41]. This is a decomposition of L into the form of a direct
sum

L = h⊕ p, (3.9)

with the property that h is a subalgebra of L, and the following commutation
relations hold

[h, h] ⊆ h, [h, p] ⊆ p, [p, p] ⊆ h. (3.10)

The latter notation means that the commutator of any two distinct elements of h
belongs to h, the commutator of any two distinct elements of p belongs to h as
well, but the commutator of an element of h with an element of p belongs to p

instead. Cartan decompositions have been used in different contexts for the study of
controllability [41, 54, 88], and they will help us in Chapter 4 to better characterize
how the matrix structure of the counterdiabatic Hamiltonian Hcd(t) is related to
that of the original Hamiltonain H(t).

3.2 floquet-magnus expansion

In standard quantum mechanics courses, it is shown, in the framework of time-
dependent perturbation theory, that the solution U(t) of the time-dependent
Schrödinger equation,

i
∂U(t)

∂t
= H(t)U(t), (3.11)

can be formally written as a Dyson series [137, 149], involving a time-ordered
exponential,

U(t) = T e−i
∫ t

t0
H(t′)dt′ . (3.12)
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For many applications, it can however be convenient to use different formal rep-
resentations of the propagator. One of these, which will be of our interest for the
forthcoming discussion, has a (non time-ordered) exponential form, and is called
the Magnus expansion [18, 109, 149]. We present here its main features and we
refer to the Review [18] for proofs and further details, for instance concerning
convergence properties. The Magnus expansion reads

U(t) = e−iHeff(t)t, (3.13)

where the effective Hamiltonian Heff(t) is an infinite sum, Heff = H(0)
eff + H(1)

eff +

H(2)
eff + . . . whose first terms read

H(0)
eff (t) =

1
t

∫ t

0
dt1H(t1), (3.14a)

H(1)
eff (t) = −

i
2!t

∫ t

0
dt1

∫ t1

0
dt2[H(t1), H(t2)], (3.14b)

H(2)
eff (t) = −

1
3!t

∫ t

0
dt1

∫ t1

0
dt2

∫ t3

0
dt3 ([H(t1), [H(t2), H(t3)]]

+[H(t3), [H(t2), H(t1)]]) . (3.14c)

Hence, the first term is essentially the time average of the driven Hamiltonian, while
at following orders there appear combinations of nested commutators of H(t). As
compared to the more standard Dyson expansion (3.12), the Magnus expansion has
a few properties which make it more appealing for our purposes. First of all, due
to its exponential form and the fact that all terms are skew-hermitian, a truncation
of the (exponent of the) expansion still returns a unitary operator. If this were not
the case, it would have been harder to identify a proper effective Hamiltonian for
the closed system, since the generator of the truncated operator might have been
non-hermitian. In a different context, this property is of great interest in numerical
analysis since it allows one to design norm-conserving numerical integrators [18].
Secondly, the explicit dependence on commutators of the Hamiltonian (at different
times) puts in evidence which are the new elements of the system Lie algebra that
are produced at each term of the expansion.

Now, let us consider the case in which the controlled Hamiltonian is periodic,

H(t + T) = H(t), (3.15)

with a small period T = 2π/ω. Then, it can be expressed as a Fourier series with
terms oscillating at the (large) driving frequency ω and its harmonics nω (n is an
integer),

H(t) = ∑
n

Hneinωt. (3.16)
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This form may describe a system driven by external magnetic fields or subject to
shaken potentials. The Fourier components of H(t) are thus defined by

Hn =
1
T

∫ T

0
H(t)e−inωt. (3.17)

Since the Hn components may represent, or be proportional to, the amplitude
(Rabi frequency) of a control field, we will also dub them control amplitudes.
Inserting the expression (3.16) into equation (3.14), and considering the integration
interval over a period of the fundamental frequency, 2π/ω, one obtains the explicit
expressions for the effective Hamiltonian in terms of the Fourier components of
H(t) [117],

H(0)
eff = H0, (3.18a)

H(1)
eff = ∑

k=1

[Hk, H−k]

kω
− ∑

k 6=0

[Hk, H0]

kω
e−ikωt0 , (3.18b)

H(2)
eff = ∑

m 6=0

[[H−m, H0], Hm]

2m2ω2 + ∑
m 6=0

∑
n 6=0,m

[[H−m, Hm−n, Hn]

3mnω2

− ∑
m 6=0

[[Hm, H0], H0]

m2ω2 e−imωt0 − ∑
m,n 6=0

[[Hm, Hn], H−n]

3mnω2 e−imωt0

+ ∑
m,n 6=0

[[Hn, H−n], Hm]

3mnω2 e−imωt0 − ∑
m 6=0

∑
n 6=0,m

[[Hn, Hm−n], H0]

2mnω2 e−imωt0

+ ∑
m,n 6=0

[[Hm, Hn], H0]

2mnω2 e−i(m+n)ωt0 − ∑
m,n 6=0

[[Hm, H0], Hn]

2mnω2 e−i(m+n)ωt0 . (3.18c)

Now, let us assume that the driving frequency ω is much larger than the frequency
scales of the system. In this way, one may assume that the above expansion is
perturbative with respect to small 1/ω. This high-frequency expansion is often
termed Floquet-Magnus expansion [25]. If ω is sufficiently large, the system’s dynam-
ics features a fast oscillating micromotion that tracks around a global macromotion
governed by the leading-order effective Hamiltonian. Hence, while the effective
Hamiltonian does not encapsulate the full dynamical properties, it controls the
average behaviour of the system.

We list here some further important properties of the Floquet-Magnus expansion,
namely related to its time symmetry [23]

• H(t) is time-symmetric: If H(t) is symmetric over one period, i.e., H(t) =

H(T − t), then all odd-order terms in the Floquet-Magnus expansion vanish

H(2n+1)
eff = 0, n = 0, 1, . . . ; (3.19)

• H(t) is time-antisymmetric: If H(t) is anti-symmetric over one period, i.e.,
H(t) = −H(T − t), then the full Floquet-Magnus expansion vanishes

H(n)
eff = 0, for all n. (3.20)
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Symmetries Floquet-Magnus expansion

Hamiltonian Effective Hamiltonian

H(t) = H(t− T) H(2n+1)
eff = 0, n = 0, 1, 2, . . .

H(t) = −H(t− T) H(n)
eff = 0 for all n

[S, H(t)] = 0 for all t [S, H(n)
eff ] = 0 for all n

Table 3.1

Let us now derive a further symmetry. Let us suppose that a certain operator S
commutes with the time-dependent Hamiltonian H(t) at all times t. Then, having
in mind the decomposition of equation (3.1), this means that S commutes with all
the matrices H. If this is the case, the Jacobi identity implies that S commutes with
all elements of the system Lie algebra L generated by the matrices H.

Hence, in mathematical language, S belongs to the centralizer C(L) of the system
Lie algebra L,

C(L) = {s such that [s, Hk] = 0 for all Hk ∈ L}. (3.21)

If this is the case, since all terms in the Magnus expansion – and hence all orders of
the effective Hamiltonian – generated by H(t) are elements of L, then necessarily
all order of the effective Hamiltonian must also commute with S,

[H(n)
eff , S] = 0, for all n. (3.22)

This is important since it means that, whenever one targets some specific synthetic
Hamiltonian, if this Hamiltonian does not share the symmetry S with H(t) then it
cannot be generated effectively by H(t).

In order to engineer a target Hamiltonian, one needs to identify the lowest-order
Magnus term which contains the desired algebraic structure. Then, assuming that
the Fourier components of the Hamiltonian are freely controllable, these can be
chosen so to make vanish terms at higher orders in ω and undesired terms at the
same order. In this way, say that the desired Hamiltonian term appears at the n-th
Magnus term, then the interaction will be suppressed by a factor ω−n. In some
cases, it is possible to counteract this effect by amplifying the control amplitudes
in the Hamiltonian. When these become of the order of the driving frequency,
more exotic effects may take place [25]. Indeed, if one Fourier component Hn gets
multiplied by ω, for instance, then all Magnus terms containing products of k
components Hn will be amplified by a factor ωk, thus altering the perturbative
expansion. In other words, the order in ω of the expansion would no more match
the order of the Magnus term. This effect is a fundamental resource that can be
exploited to bring higher-order terms to leading order, making the corresponding
interaction dominant. A proper treatment for reestablishing the matching between
the order in ω and the order of the Magnus terms would require to move to an
interaction picture with respect to the amplified terms. This would correspond to
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resumming all terms at the same ω-order in the lab-frame expansion. However,
the exact computation of the interaction picture Hamiltonian is often unfeasible, in
which cases the methodology must be applied with additional care in the original
expansion.

3.3 discussion

In the beginning of this Chapter, in Section 3.1, we have introduced useful basic
concepts from the mathematical theory of controllability. These will help us, in
the next Chapter, to characterize on general grounds the matrix structure of the
counterdiabatic Hamiltonian. Moreover, they will allow us to show that such a
Hamiltonian can always be approximated, in principle, by modulating the initially
available control Hamiltonians.

Starting from Section 3.2, we have discussed a methodology for constructing
effective evolutions by means of external control. The general idea is that systems
which are driven periodically with a large frequency, as compared to their natural
frequency scales, tend to exhibit a dynamics which can be separated into two dif-
ferent timescales. These define an average behavior, that is exact if one looks at the
evolution only at multiples of the fundamental driving period, and a microscopic
motion surrounding the average one. The average evolution, in which we are inter-
ested in, is captured by the concept of an effective Hamiltonian. This Hamiltonian
can be computed mathematically in an approximate way, using high-frequency
expansions of the propagator. In particular, one can consider a Magnus expansion,
introduced in Section 3.2, computed at the end of one oscillation period. This
can be truncated, in the limit of large frequency, and the (approximate) effective
Hamiltonian can be recovered from the leading-order term. In general, the effective
Hamiltonian depends on the choice of the initial time (see equation (3.18)). Physi-
cally, this means that it depends on the choice of the global phases of the control
fields. Let us point out that also different techniques can be used for estimating the
average Hamiltonian. For instance, one may use the idea of (block) diagonalization
of the Floquet quasienergy operator in the extended Floquet-Hilbert space (see Ref.
[149] for a definition), which can be achieved, for instance, through degenerate
perturbation theory [61], or using flow-equation approaches [159, 166] (see [87, 170,
171] and Section 4.1.2 for the concept of flow equation).

In the next Chapter, we are going to use Average Hamiltonian Theory for
engineering approximate counterdiabatic fields.



Part II

E F F E C T I V E C O U N T E R D I A B AT I C S C H E M E





4 E F F E C T I V E C O U N T E R D I A B AT I C
D R I V I N G

In this Chapter, which constitutes the core of this thesis, we introduce the new
methodology for constructing shortcuts to adiabaticity. This is based on the adap-
tations and use of the average Hamiltonian theory presented in Chapter 3 for
designing approximate counterdiabatic fields. Our goal is to construct shortcuts
which (i) enforce the dynamics to follow approximately the exact adiabatic dynam-
ics, and (ii) realize this purpose without requiring the implementation of couplings
which are absent in the original Hamiltonian H(t). Our first step, in Section 4.1,
is to study more in detail how the matrix struture of the counterdiabatic (cd)
Hamiltonian Hcd(t) is related to that of H(t). In particular, we will show that, in a
certain sense, H(t) always contains sufficient structure for being able to “simulate”
Hcd(t). In Section 4.2 we will proceed by developing an explicit procedure for
designing the shortcut Hamiltonians. This will be done by assuming the possibil-
ity to introduce fast oscillations in the control parameters of H(t). The average
(macromotion) dynamics produced by the oscillating controls will be determined
by means of average Hamiltonian theory, see Chapter 3. The new control elements
are then enforced to match the desired adiabatic dynamics at stroboscopic times.
We will exemplify the procedure in a number of examples, concerning avoided
crossing problems (Section 4.2.2) and the generation of entanglement (Section 4.3.2).
In Section 4.4, we compare the performance of our method with the traditional
adiabatic approximation (described in Section 2.1.2), better characterizing how the
new protocol accelerates the reference adiabatic process. For probing the robustness
of our methodology against control imperfections, a discussion regarding the effect
of potential phase errors in the implementation of the rapidly modulated driving
fields is addressed, in Section 4.5. In the final part of the Chapter, Section 4.6, we
present a preliminary analysis which sets the ground for further extensions of
the general theory introduced here to quantum many-body systems. This regards
the construction of shortcuts under strict constraints on the locality of the driving
fields, and the engineering of dominant many-body terms in the driving-induced
effective Hamiltonian.

4.1 structure of the counterdiabatic hamiltonian

We have seen in Section 2.3 that counterdiabatic Hamiltonians can be designed to
produce perfect adiabatic following, without transitions, in an arbitrarily small time.
We have also seen that the counterdiabatic Hamiltonian Hcd(t) equals the adiabatic
gauge potential with the varying parameter being the physical time (Section 2.1)

43
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and, hence, it directly inherits all its properties, which were discussed in Section 2.1.
In this Section, we will elaborate on the algebraic properties of Hcd(t). In particular,
we will try to answer two fundamental questions:

1. How does Hcd(t) relate to the structure of the time-dependent system Hamil-
tonian?

2. Is it possible to “simulate” the action of Hcd(t) without introducing additional
control components in the Hamiltonian?

For this purpose, we will exploit two different connections for the theory of
counterdiabatic fields, one involving geometric control theory introduced in Section
3.1, the other one related to the theory of flow equations.

4.1.1 Control-theory perspective

For addressing these problems, we first of all adopt a decomposition of the Hamil-
tonian, assuming that the system’s Hilbert space in finite-dimensional, from a
control-theory perspective, as it was described in Section 3.1. In particular, the
Hamiltonian can be written in the general form (3.1),

H(t) = H0 +
M

∑
n=1

un(t)Hn, (4.1)

where H0 is the drift Hamiltonian, {H1, . . . , HM} are the hermitian control Hamilto-
nians (which are assumed to be linearly independent), while u(t) = {u1(t), . . . , uM(t)}
are the real-valued control functions. As described in Section 3.1, this decomposi-
tion is motivated by the fact that, given a system driven by time-dependent external
fields or by tuning some internal parameter, it is always possible to distinguish,
first of all, the part of the Hamiltonian matrix which is not controllable, and which
is hence time independent, from the time-dependent part. The latter can then be
decomposed by identifying which are the different matrix components that can be
controlled in time in an independent manner.

Our first result states that Hcd(t) always belongs to the dynamical Lie algebra
L of the system. This is important in our context especially for (at least) two
reasons. First of all, it means that the evolution produced by the counterdiabatic
Hamiltonian Hcd(t) can be emulated, to arbitrary precision, by suitably combining
the initial control Hamiltonians. In other words, there exist control sequences
achieving adiabatic dynamics approximately, which require tuning of the functions
u(t) only. Therefore, no new control Hamiltonians are needed, contrary to the case
of exact counterdiabatic driving.

Second, the result restricts the possible matrix structure of Hcd(t) before requiring
its explicit computation. If the quantum system is fully controllable, then the
dynamical Lie algebra L coincides with the whole su(N). If this is the case, then
−iHcd(t), being a traceless skew-Hermitian matrix, is obviously within L. For large
systems which are not fully controllable though, the Lie algebra L may have a much
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smaller dimension than su(N). In that situation, the number of new Hamiltonians
needed to implement Hcd(t) does not necessarily scale with the system size, and it
can remain small. We formalize these findings in the following Theorem.

Theorem 2. Let the Hamiltonian H(t) of the driven finite-dimensional system be expressed
in the form

H(t) = H0 +
M

∑
n=1

un(t)Hn, (4.2)

and let L be the dynamical Lie algebra generated by the skew-hermitian matrices {−iHk}k=1,...,M.
Then, the generator produced by the counterdiabatic Hamiltonian, −iHcd(t), corresponding
to H(t), belongs to L for all times t.

Proof. Proving that a matrix Hx belongs to the Lie algebra L of the system can
typically be done via one of the two ways:

1. Show that the unitary propagator Ux(t) = e−iHxt generated by Hx can be
expressed as a concatenation of propagators generated by elements of L, thus
of elements of the group eL;

2. Show that Hx can be expressed as a linear combination of elements of L —that
is, of the control matrices {Hk}k=1,...,M and their possibly nested commutators.

Here we will follow the first strategy. The proof of the theorem is essentially a
consequence of the adiabatic Theorem 1 of Section 2.1.2. Indeed, the adiabatic
Theorem states that, in the asymptotic limit of slow evolution, the exact adiabatic
dynamics can be achieved to arbitrary precision by varying the control functions in
H(t). The adiabatic dynamics differs in general from the one induced by Hcd(t) by
relative phase factors associated to each instantaneous eigenvector of H(t). Let us
fix one instant in time t = t̂, and let us consider the “freezed” Hamiltonian Ĥcd =

Hcd(t̂). Let Ucd(t) be the solution of the Schrödinger equation with Hamiltonian
Hcd(t), i.e., in units of h̄,

i
∂Ucd(t)

∂t
= Hcd(t)Ucd(t). (4.3)

From equation (2.59), we have that Hcd(t) = Htsl(t)− H(t). Let Mtsl(t) and M(t)
be the exponents of the Magnus expansions (see Section 3.2), produced by Htsl(t)
and H(t), respectively. Then, the solution of (4.3) can be written in the Magnus
form

Ucd(t) = eMtsl(t)−M(t)+R(t), (4.4)

where

R(t) = −1
2

∫ t

0
dt1

∫ t1

0
dt2 ([Htsl(t1), H(t2)] + [H(t1), Htsl(t2)]) + . . . (4.5)

involves nested integrals of nested commutators containing both Htsl(t) and H(t).
We can estimate the strength of this term by formally expanding in Taylor series the
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Hamiltonians in (4.5) for small t around the midpoint of the integration interval,
t∗ = t/2. One then obtains that R(t) = O(t3),

R(t) = − 1
12

(
[H[1]

tsl , H[0]]− [H[0]
tsl , H[1]]

)
t3 + O(t4), (4.6)

where we used the notation

H[n]
x =

1
n!

∂nHx(t)
∂tn

∣∣∣∣
t=t∗

. (4.7)

Now, we can use an exponential decomposition known as Zassenhaus formula
[109] to split Ucd(t) as the product

Ucd(t) = Utsl(t)U†(t)e−
1
2 [Mcd(t),M(t)]eO(t3). (4.8)

Expanding again around the point t∗, one obtains the bound

−1
2
[Mcd(t), M(t)] = O(t2). (4.9)

By the adiabatic Theorem 1, Section 2.1.2, the exact adiabatic evolution Utsl(t) can
be obtained by a slow modulation of H(t). We denote the adiabatic propagator of
equation (2.34) as Uad(t): even though it matches the transitionless solution Utsl(t),
we want to emphasize that they result from different dynamical processes (one
involving only variations of control functions u(t), whilst the other requiring new
Hamiltonian couplings). Therefore, we have that

Ucd(t) = Uad(t)U†(t)eO(t2) + O(ελ). (4.10)

Next, we observe that we can rewrite

Ĥcd =
1
t

∫ t̂+t

t̂
Hcd(t1)dt1 + O(t). (4.11)

By exponentiating, and by virtue of the Magnus expansion, we have that

e−iĤcdt = Ucd(t̂ + t, t̂)eO(t2) (4.12)

By equation (4.10) we finally obtain

e−iĤcdt = Uad(t̂ + t, t̂)U†(t̂ + t, t̂)eO(t2) + O(ελ). (4.13)

Hence, we find that the group element generated by the “freezed” counterdia-
batic Hamiltonian at whatever time instant t̂, can be approximated by combining
two evolutions governed by H(t): a “forward”-in-time adiabatic evolution and a
“backward” finite-time one.

The second result gives a sufficient condition for the counterdiabatic Hamiltonian
Hcd(t) to be always completely outside from the set of controllable matrices and
their linear combinations. This, in some cases, allows one to determine the matrix
structure of Hcd(t) before proceeding to the diagonalization of H(t). In particular,
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J3

J2

J1

~Hcd(t)

~H(t)

~H(t + dt)

∂tH‖ = ∂Hd(t)

∂tH⊥ = i[H(t), Hcd(t)]

Figure 4.1: Structure of the counterdiabatic Hamiltonian. The Hamiltonian H(t) =

u1(t)J1 + u2(t)J2, where {Jk}k=,1,2,3 are angular momentum generators,
[Jj, Jk] = iεjk` J`, can be represented as a vector ~H(t) = {u1(t), u2(t), 0} of

length
√

u2
1(t) + u2

2(t) evolving on the plane spanned by J1 and J2. Then, a
variation of this vector with time can be decomposed into two components: a
component ∂tH‖ parallel to ~H(t), i.e., a variation of length, which is generated
by the matrix ∂Hd(t) of equation (2.10), and a perpendicular component ∂tH⊥

generating rotations, which corresponds to a variation of the eigenvectors of
H(t). This is generated by −iHcd(t), whose representative vector lies then
orthogonally to the {J1, J2} plane. (Figure adapted from [124])

we identify a class of Hamiltonians which, in a certain sense, generalizes that of real
symmetric Hamiltonians. For the latter, it is easy to show that the corresponding
Hcd(t), for whatever (allowed) time-dependence of H(t), never has real components:
it is purely imaginary, skew-symmetric. Indeed, if the Hamiltonian H(t) has only
real entries, then it can be diagonalized by a real orthogonal matrix O(t). If that
is the case, then the adiabatic gauge potential would be, according to definition
(2.5), equal to ih̄∂tO(t)O†(t), and therefore it would be purely imaginary. Another
simple example is that of the angular momentum algebra with the three generator
{J1, J2, J3}. Given H(t) as a combination of two generators, say H(t) = u1(t)J1 +

u2(t)J2, the cd field turns out to be proportional to the third one Hcd(t) ∝ J3. This
can be seen without calculating it explicitly, by recalling that Hcd(t) is orthogonal
to both H(t) and ∂tH(t) (as discussed in Section 2.3), and hence must lie outside
the plane spanned by J1 and J2. An interesting visualization can be obtained
from equation (2.9). Indeed, we can represent the three generators as a triad of
orthogonal vectors in three dimensions, see Figure 4.1. The Hamiltonian H(t)
can be interpreted as a time-dependent vector ~H(t) whose length is equal to its
larger eigenvalue, evolving on the plane spanned by J1 and J2. Then, by equation
(2.9), one can see that ∂Hd(t), by inducing a variation of eigenvalues, generates
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the stretching of the Hamiltonian vector along its own direction. On the other
hand, Hcd(t) induces rotations on the plane, and can then be represented as a
rotation vector orthogonal to that plane, i.e., lying along J3. We now formulate these
statements as a theorem, using the concept of Cartan decomposition introduced at
the end of Section 3.1.

Theorem 3. Let us suppose that the system Lie algebra L admits a Cartan decompo-
sition L = h ⊕ p. Further, given the decomposition of the Hamiltonian in the form
(4.1), suppose that the linear span span{−iHk}k=0,...,M ∈ p and that also −i∂Hd(t) =
−i ∑n ∂tEn(t) |n0〉〈n0| ∈ p. Then, the counterdiabatic Hamiltonian belongs to the subalge-
bra h.

Proof. If span{−iHk}k=0,...,M belongs to p, then it means that both −iH(t) ∈ p and
−i∂tH(t) ∈ p. If i∂Hd(t) ∈ p as well, from Equation (2.9) and (2.61) we have that
[H(t), Hcd(t)] ∈ p, since it can be written as a combination of i∂tH(t) and i∂Hd(t).
From the commutation relations (3.10) defining a Cartan decomposition, then it
must hold that −iHcd(t) ∈ h.

For the case of fully-controllable real Hamiltonians, the system Lie algebra
is L = su(N) and the Cartan decomposition is su(N) = so(N) ⊕ I(N), where
so(N) is the algebra of N× N real skew-symmetric matrices, while I(N), being the
orthogonal complement of so(N) in su(N), is the set of purely imaginary symmetric
matrices. In the next subsection we will use some results from the theory of flow
equations [87, 170, 171] for showing that, under certain general conditions, the
matrix structure of the counterdiabatic Hamiltonian can be found by considering a
single commutator of the control Hamiltonians span{−iHk}k=0,...,M.

4.1.2 A connection with the theory of flow equations

In the context of many-body physics (or generally infinite-dimensional systems),
the exact diagonalization of the system Hamiltonian may not be accessible, and
approximate methods need to be used. The Hamiltonian is, for the moment,
assumed to be independent of time. A successful technique in this direction,
developed in the 90s [171], makes use of the idea of infinitesimal one-parameter
unitary transformations. These transformations are constructed in such a way that,
as the parameter ` “flows” from zero towards infinity, the unitarily-transformed
Hamiltonian becomes closer and closer to a certain desired form, reaching it exactly
in the asymptotic limit. This form can be strictly diagonal, in which case the flow
gets rid of off-diagonal terms, or it can be a non-interacting representation of an
initially interacting system, in which case the flow gets rid of the interaction part.
Hence, a powerful aspect of this method is that, by truncating the flow at a finite
parameter value, one still recovers approximate solutions to the problem. The
Hamiltonian corresponding to the value ` of the flowing parameter is defined by

H(`) = U(`)H(0)U†(`). (4.14)
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By taking the derivative of equation (4.14), and introducing the generator

η(`) =
dU(`)

d`
U†(`), (4.15)

one obtains the following differential equation which rules the variation of Hamil-
tonian induced by the flow,

dH(`)

d`
= [η(`), H(`)]. (4.16)

The system of differential equations described by (4.16) defines the set of so-called
flow equations, which give name to this approach [87, 170, 171]. If these equations
are solved, one is able to determine both the generator and the diagonalized/de-
coupled form of the Hamiltonian. For the unitary flow to induce diagonalization
or decoupling, the fundamental point is the choice of this generator η(`). This
is such that, as ` increases, the undesired matrix elements of the given Hamilto-
nian decrease tending eventually to zero. The flowing Hamiltonian H(`) can be
decomposed into the form

H(`) = Htg(`) + Hint(`), (4.17)

where Htg(`) is target form of the Hamiltonian (diagonal, for example) while Hint(`)

is the interaction part which one wishes to eliminate. The necessary condition can
be formulated, for instance, by imposing that the trace of H2

int(`) decreases with
the flow, i.e.,

d
d`

tr[H2
int] ≤ 0. (4.18)

It can be proven [87] that the condition (4.18) can be satisfied by choosing the
canonical generator (originally proposed by Wegner in Ref. [171])

η(`) = [Htg(`), Hint(`)] = [Htg(`), H(`)], (4.19)

provided the following conditions on the flowing Hamiltonian hold,

tr
[
Htg(`)Hint(`)

]
= 0, (4.20a)

tr
[

dHtg(`)

d`
Hint(`)

]
= 0. (4.20b)

The latter imply that both the diagonal/decoupled part of the flowing Hamiltonian
Htg(`) and its derivative with respect to ` must be completely orthogonal, in the
matrix sense of the Hilbert-Schmidt inner product, to the interaction Hamiltonian
Hint(`). Note that the conditions (4.20) are automatically satisfied in the case in
which Htg(`) is diagonal and Hint(`) is completely off-diagonal. If for some value
of ` the generator (4.19) vanishes, then the flow reaches a stationary point in
which Htg(`) and Hint(`) commute. Although conditions (4.18) and (4.20) give
a justification for the choice of the canonical generator (4.19), they still do not
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Figure 4.2: Flow equations and counterdiabatic driving. For each value t of time, the
snapshot Hamiltonian H(t) can be diagonalized through the flow-equations
method: this introduces a family of continuous unitary transformations, gener-
ated by η(t; `), which make the Hamiltonian “flow” towards its diagonal form.
In the limit `→ +∞, if diagonalization is achieved, the generator η(t; `→ +∞)

matches the counterdiabatic generator at time t, −iHcd(t).

guarantee success of the procedure. Hence, they rather imply that the canonical
form is a good starting ansatz for the generator.

Let us now return to the theory of counterdiabatic fields, and consider the
Hamiltonian of the system to be time-dependent again. For each value of time, the
diagonalization procedure which defines the instantaneous counterdiabatic field
Hcd(t) can in principle be operated by means of the flow-equations method. This
requires to “freeze” the snapshot Hamiltonian H(t) and to introduce the flowing
Hamiltonian

H(t; `) = Hd(t; `) + Hint(t; `), (4.21)

with the corresponding generator η(t; `). Then, since Hcd(t) is defined as (i times)
the generator of the unitary transformation which diagonalizes H(t), the generator
of the flow η(t; `) eventually matches −iHcd(t) at the end of the flow

η(t; `) `→∞−→ −iHcd(t). (4.22)

First of all, in the spirit of flow-equations, this means that such a methodology can
in principle be used for constructing approximate counterdiabatic corrections, by
terminating the flow at intermediate steps. This procedure is reminiscent of the
ideas used in the variational methods proposed in Ref.s [37, 143]. Second, we can
apply the results on the structure of the generator of the flow η(t; `) for probing
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the structure of Hcd(t). Let us now consider the case in which the Hamiltonian of
the system can be decomposed as follows

H(t) = ∑
n

un(t)Hn + ∑
m

um(t)Hm, (4.23)

where the matrices {Hn} are diagonal and their linear span is orthogonal to the
linear span of the matrices {Hm},

tr[HnHm] = 0 for all n, m. (4.24)

Notice that, for instance, the two-level LZMS Hamiltonian of section (2.4) can be
written in this form. If this is the case, then one can define the flowing Hamiltonian
at fixed time t,

H(t; `) = Hd(t; `) + Hint(t; `), (4.25)

with

Hd(t; `) = ∑
n

un(t; `)Hn; Hint(t; `) = ∑
m

um(t; `)Hm. (4.26)

Hence, the flow maintains Hd(t; `) within the span of the matrices {Hn} and Hint

within the span of the matrices {Hm}. The flowing Hamiltonian (4.25) then satisfies
the conditions of equation (4.20), and thus the ansatz generator of the flow can be
taken to be of canonical form,

η(t; `) = [Hd(t; `), Hint(t; `)], (4.27a)

= ∑
n,m

un(t; `)um(t; `)[Hn, Hm]. (4.27b)

Equations (4.27)a-b, together with (4.22) give us an important result concerning
the counterdiabatic Hamiltonian Hcd(t): in many case, a good initial ansatz for the
structure of Hcd(t), under the conditions assumed here, is obtained by considering
a single commutator of the independent matrix components of H(t). This aspect
is very interesting in view of the procedure which will be presented in the next
section for constructing effective counterdiabatic Hamiltonians.

The results of this section give some criteria for restricting the possible matrix
structure of the counterdiabatic Hamiltonian. However, they do not provide a
systematic method for constructing approximate counterdiabatic corrections. A
scheme for achieving this task is developed in the following Section, based on
the design of time-dependent effective Hamiltonians via the average Hamiltonian
theory introduced in Chapter 3.

4.2 effective counterdiabatic fields

The results of Section 4.1 prove the theoretical possibility of achieving an approxi-
mate adiabatic dynamics by using only the initially available controls. What those
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results do not show, is how to operate the construction of the controls in practice.
Moreover, the Lie-algebraic controllability (Section 3.1) analysis is in general not
concerned with the actual timescales for control. For instance, the validity of the Lie
algebra rank condition (equation (3.6)) is based on the property of compactness of
the system Lie group, which guarantees that, given sufficient time, evolutions get
arbitrarily close to the starting point. This is essential since it provides an interpre-
tation for “backward-in-time” evolutions. Although this can be taken as an explicit
recipe for reaching the negative-time propagator eiHt, the resulting protocol would
be rather poorly performing, requiring an unreasonable time. The purpose of this
section is to provide a systematic strategy to construct effective counterdiabatic
Hamiltonians which can speed up the adiabatic state transfer. The methodology we
introduce is based on average Hamiltonian theory (AHT), as presented in Chapter
3.

The general idea is the following. Given the original Hamiltonian H(t), we
complement it with a control Hamiltonian Hecd(t), such that the total system
Hamiltonian is now H(t) + Hecd(t). The correction Hecd(t) is chosen to have the
same matrix structure of H(t), i.e., both Hamiltonians can be written in the form
of equation (3.1) with the same control matrices H but different control functions
u(t). The control functions in Hecd(t) are then chosen to be oscillating rapidly with
respect to the dynamics induced by H(t). In this way, the system is expected to
respond to the average Hamiltonian produced by Hecd(t) as predicted by AHT.
Our goal is then to tailor the control functions in such a way that this average
Hamiltonian matches the counterdiabatic Hamiltonian Hcd(t) in the limit of fast
driving.

From Theorem 2, we know that, since −iHcd(t) is in the system Lie algebra L,
the Hamiltonian Hcd(t) can be expressed as a (in general unknown) combination
of commutators of control matrices from H. This suggests that it is convenient to
adopt a Magnus representation, introduced in Section 3.2, of the propagator, since
these commutators appear explicitly.

In the spirit of AHT, we consider a fully-controllable ansatz decomposition for
Hecd(t), namely

Hecd(t) =
M

∑
k=1

uk(t)Hk, (4.28)

and we choose an ansatz for the control functions u(t) as a truncated Fourier series
with Nh harmonics of a fundamental frequency ω = 2π/T,

uk(t) =
Nh

∑
j=1

[ck,j cos(jωt) + sk,j sin(jωt)]. (4.29)

The driving frequency ω, for AHT to work, will need to be much larger than the
fundamental frequencies of the system. For instance, in the case of avoided crossing
problems, ω needs to be much larger than the inverse minimal gap. With the
explicit choice of equation (4.29), we can compute the Floquet-Magnus expansion
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via equations (3.18). The 0-th order is zero, since there are no non-oscillating
components in the functions (4.29), hence no zero Fourier components of the
Hamiltonian,

H(0)
eff =

1
T

∫ T

0
Hecd(t)dt = 0. (4.30)

The first order is

H(1)
eff =

1
2ω

1,Nh

∑
k,j

(
∑
n>0

(ck,n − isk,n)(cj,n + isj,n)

)
[Hk, Hj]. (4.31)

One then has to go on with the calculation of higher orders until the matrix
structure necessary to implement Hcd(t) appears. As we will see, for many few-
level problems this happens already at the first Magnus term, as suggested by the
theory of flow equations discussed in Section 4.1.2. Once the desired structure
is found, the amplitudes of the driving fields {ck,n, sk,n} are used to enforce the
effective Hamiltonian to be equal to Hcd(t), at the end of one oscillation period,
up to the largest possible order in large driving frequency ω−1. In principle, the
procedure should be repeated for each period of evolution, producing in general
discontinuous field amplitudes {ck,n, sk,n} in each interval. We will see though that,
in all the cases which we will treat in this Chapter and in Part iii, an interpolation
among different periods is straightforward and leads to smooth control functions
uk(t).

4.2.1 Single-spin Lie algebra

For exemplifying the procedure, let us compute an effective counterdiabatic (ecd)
field for a system whose dynamical Lie algebra is su(2). This describes, for instance,
a single spin driven by magnetic fields. Let us suppose that the control Hamil-
tonian of the system can contain only two of the three generators {σ̂x, σ̂y, σ̂z}. In
other words, let us suppose that the experimenter is able to produce independent
magnetic fields along two orthogonal directions only, say x and z. The ansatz form
of the ecd control Hamiltonian is

Hecd(t) = ux(t)σ̂x + uz(t)σ̂z. (4.32)

For a Hamiltonian with this structure, the counterdiabatic field has the form
Hcd(t) = fcd(t)σ̂y, as discussed in Section 2.3. The Hamiltonian of equation (4.32),
with the choice of functions (4.29), produces the following first-order average
Hamiltonian, using equation (4.31),

H(1)
eff =

1
ω ∑

n>0

1
n
(sx,ncz,n − cx,nsz,n) σ̂y. (4.33)

It is thus evident that the first-order effective Hamiltonian has already the desired
σ̂y structure. Then, we need to equate the corresponding coefficients

1
ω ∑

n>0

1
n
(sx,ncz,n − cx,nsz,n) =

1
T

∫ T

0
fcd(t)dt. (4.34)
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Since this is obtained by truncating the Magnus expansion of Hecd(t) to order
T, for comparing the average Hamiltonian Heff with Hcd(t) order by order we
also formally expand Hcd(t) in Taylor series for small T. This translates into
expanding fcd(t). In particular, it is technically convenient to expand fcd(t) around
the midpoint of the integration interval and then integrate term by term. This
produces a higher level of approximation [O(T3)] as compared to expanding at the
end of the period [O(T2)], due to time symmetry with respect to the integration
period. Indeed,

∫ T

0
dt fcd(t) =

∞

∑
n=0

1
n!

dn fcd(t)
dtn

∣∣∣∣
t=T/2

∫ T

0
dt
(

t− T
2

)n

, (4.35a)

=
∞

∑
n=0

1
(2n + 1)!

d2n fcd(t)
dt2n

∣∣∣∣
t=T/2

(
T
2

)2n+1

. (4.35b)

Then, asking H(1)
eff to be equal to Hcd to first order in T implies the following

equation for the field amplitudes

− 1
ω

L

∑
n=1

1
n
(sx,ncz,n − cx,nsz,n) = fcd(T/2), (4.36)

which gives

L

∑
n=1

1
n
(sx,ncz,n − cx,nsz,n) = −ω fcd(T/2). (4.37)

A fundamental point which is evident from equation (4.37) is that, for the equality
to be satisfied, the amplitudes need to be proportional to some power of ω, in
such a way that their product is exactly proportional to ω. The reason for this is
clear: while the counterdiabatic Hamiltonian Hcd acts at first order in ω−1 in its
Magnus exponent, the average Hamiltonian H(2)

eff comes into play at second order.
Therefore, in order to have the dynamics produced by Heff to be playing on exactly
the same timescale as that produced by Hcd(t), the strength of the Hamiltonian Heff

need to be amplified by a factor ω. This can be somehow interpreted as realizing a
“real-time” simulation of Hcd(t). However, the proportionality of the amplitudes
to ω must be handled with great care. Indeed, if the strength of the Hamiltonian
gets comparable with the perturbative parameter ω−1, problems may arise with
the Magnus expansion. This, for a start, may no longer converge, making the
whole construction break down. More subtle effects can happen instead when only
a subpart of Heff is multiplied by some positive power of ω (e.g., just the σ̂z in
equation (4.32) term), as discussed in Section 3.2. If that is the case, the numbering
of the Magnus addends may no more coincide with the corresponding order in T:
some terms with the same order in T may appear inside different Magnus terms,
so a truncation would no more be possible. In general, this issues should be treated
by finding an appropriate interaction picture. This permits to formally re-sum all
elements in the Magnus expansion with the same perturbative order.
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Let us now simplify the problem by considering only one single harmonic, and
by considering that only one oscillating function is used along each direction.
Specifically, we choose ck,n>1 = sk,n>1 = 0 and cz,1 = sx,1 = 0. The control functions
are now ux(t) = cx cos(ωt) and uz(s) = sz sin ωt. Equation (4.37) then simplifies to

szcx = ω fcd(T/2). (4.38)

If we assume that fcd(t) is positive for all times t, then a possible solution of
equation (4.38) is

sz = cx =
√

ω fcd(T/2). (4.39)

It is now straightforward to extend the solution to all periods: indeed, the method
remains first-order in 1/ω if we simply substitute fcd(T/2)→ fcd(t). Finally, the
corresponding effective counterdiabatic field is then

Hecd(t) =
√

ω fcd(t)[cos ωtσ̂x + sin ωtσ̂z]. (4.40)

4.2.2 Two-level LZMS problems

Let us consider the Landau-Zener-Majorana-Stückelberg (LZMS) model described
in Section 2.4. This problem follows under the class treated in the previous Section,
with the only caveat that, in this case, the profile of the cd field fcd(t), given in
equation (2.74), is always negative for all times. Introducing the variable s =

(t− ti)/t f , where ti and t f are the initial and final times, the Schrödinger equation,
in dimensionless units, reads

i
∂U(s)

∂s
= τΩ[HLZMS(s) + Hecd(s)]U(s), (4.41)

with τΩ defined before equation (2.71), HLZMS(s) as in equation (2.72) and Hecd(s)
to be defined below. Using the results of Section 4.2.1, we take, as a solution of
equation (4.38), the choice

cx = −sz = −
√

ω| fcd(s)|, (4.42)

with fcd(s) given in equation (2.74) and where now ω is dimensionless. The result-
ing ecd Hamiltonian is then

Hecd(s) =
√

ω| fcd(s)|[− cos(ωτΩs)σ̂x + sin(ωτΩs)σ̂z]. (4.43)

The dynamics produced by this Hamiltonian is compared with the actual adiabatic
dynamics in Figure 4.3. In this Figure, the evolution of the populations and of the
instantaneous infidelity is shown, for the system initially prepared in the ground
state. These results are obtained using the parameters λΩ = 20, τΩ = 20, ω = 15.
As expected, the dynamics oscillates quickly around the target one, remaining
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Figure 4.3: Effective counterdiabatic driving for the LZMS problem. The upper panel rep-
resents the evolution of the populations of states |0〉 ( ) and |1〉 ( ),
with the system initialized in the instantaneous ground state (which almost
coincides with |0〉) at time s = 0. In the lower panel, the evolution of the instan-
taneous probability of nonadiabatic transitions is depicted, which represents
the deviation of the evolving system state from the instantaneous ground state.
The inset highlights the rapidly oscillating character of the micromotion. The
parameters used, in relation to equations (2.71), (2.72) and (4.43), are λΩ = 20,
τΩ = 20, ω = 15. (Figure reproduced from [124])

always close. The envelope of the infidelity is proportional to fcd(s) and exhibits
thus a peak at the crossing time, while tending to zero at the beginning and at the
end of the protocol. The latter effect is important, since it implies that errors due to
the oscillation patterns get negligible when the sweep is complete.

4.3 further examples

4.3.1 Three-level avoided crossings

Let us now construct an effective counterdiabatic field for the problem described in
Section (2.5), involving a sequence of avoided crossings in a three-level system. For
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this purpose, we start by choosing the following ansatz for the structure of the ecd

Hamiltonian,

Hecd(t) =
√

ω




u3(t) u1(t) 0

u1(t) 0 u2(t)

0 u2(t) −u3(t)


 . (4.44)

This Hamiltonian can be written more compactly in terms of the following Gell-
mann matrices,

λ̂1 =




0 1 0

1 0 0

0 0 0


 , λ̂3 =




1 0 0

0 −1 0

0 0 0


 , (4.45)

λ̂6 =




0 0 0

0 0 1

0 1 0


 , λ̂8 =

1√
3




1 0 0

0 1 0

0 0 −2


 , (4.46)

becoming

Heff(t) =
√

ω
[
u1(t)λ̂1 + u2(t)λ̂6 + u3(t)Ŝz)

]
, (4.47)

where Ŝz = (λ̂3 +
√

3λ̂8)/2 is the spin-1 operator along z. Concerning the control
functions, we make a choice which gives easily solvable constraint equations,
namely we take

u1(t) = c1,1(t) cos(ωt)− c1,2(t) cos(2ωt), (4.48a)

u2(t) = s2,1(t) sin(ωt)− c2,3(t) cos(3ωt), (4.48b)

u3(t) = s3,2(t) sin(2ωt) + s3,3(t) sin(3ωt). (4.48c)

The reasoning behind this choice goes as follows. The necessary matrix terms for
realizing the cd Hamiltonian are the Gell-mann matrices λ̂2, λ̂5 and λ̂7. These can
be obtained as single commutators of the initial control matrices, indeed

λ̂2 = i[λ̂1, Ŝz]; λ̂5 = i[λ̂6, Ŝz]; λ̂7 = i[λ̂6, λ̂1]. (4.49)

Then, the results on the two-level problem gives us immediately a strategy for
producing the commutator dynamics at first order in ω−1. Moreover, from the
general theory, one knows that different harmonics of the fundamental driving
frequency ω do not “interact” in the first term: this is why we choose a different
harmonic for each commutator in the control functions. With the choice (4.48), the
first-order constraint equations for the oscillation amplitude are

1
4

c1,2s3,2 = − f (12)
cd (T/2), (4.50a)

1
6

c2,3s3,3 = − f (23)
cd (T/2), (4.50b)

1
2

c1,1s2,1 = − f (13)
cd (T/2). (4.50c)
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Figure 4.4: Effective counterdiabatic dynamics for a three-level system. The line
displays the ecd dynamics of the populations as a function of the rescaled time
s = t/t f . The populations stay always close to those of the adiabatic states
with quick oscillations around it, as shown in the inset. The final infidelity
is ∼ 10−4. This evolution is to be compared with the one produced by the
simple LZMS-like sweep, represented with the curve, which attains a final
infidelity ∼ 10−2. (Figure reproduced from [124])

A possible solution, taking into account also the sign of the counterdiabatic func-
tions, is

c1,1(t) = −sgn
[

f (13)
cd (t)

]√
2| f (13)

cd (t)|, c1,2(t) = s3,2(t) = 2
√
| f (12)

cd (t)|,

s2,1(t) =
√

2| f (13)
cd (t)|, c2,3(t) = s3,3(t) =

√
6| f (23)

cd (t)|, (4.51)

where recall that the f (ij)cd (t) functions are determined numerically. The dynamics
produced by the resulting ecd field is shown in Figure 4.4, for parameters τΩ = 25,
λΩ = 40, dΩ = 5/2. The solid blue line ( ) represents the ecd evolution of the
populations, as compared to the red curve ( ) which represents the uncorrected
dynamics. For a given final fidelity with these parameters, a speed up of around
2.5 times is attained.

4.3.2 Two-qubits entanglement

The power of quantum information processing is strongly connected to the manipu-
lation of entanglement between single logical elements of a quantum computational
architecture [122, 128]. Hence, since this is a hard task, the capability of producing
entanglement is a central problem in quantum control.

In this section, we consider a prototypical system composed of two interacting
qubits and we describe an adiabatic protocol for creating entanglement between
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them. We then show how this protocol can be accelerated by using the effective
conterdiabatic scheme developed in this Chapter. The Hamiltonian of the system is
chosen as

H(s) = −B(s) [σ̂z
1 + σ̂z

2 ]− g(s) [σ̂x
1 σ̂x

2 + σ̂z
1 σ̂z

2 ] . (4.52)

The variable s ∈ [0, 1] is the rescaled time t/t f , where t f is the total duration of
the protocol. Accordingly, the Schrödinger equation is i∂sU(s) = t f H(s)U(s). The
two qubits are thus driven by a latitudinal “magnetic” field B(s), which modifies
the energy gap of the bare qubits. Moreover, they are connected by an interaction
of tunable strength g(s). By rotating frame through the transformation eiπ/4[σ̂x

1 +σ̂x
2 ],

we see that this interaction becomes σ̂+
1 σ̂−2 + σ̂−1 σ̂+

2 , i.e., it describes hopping of
excitations between the rotated-frame basis vectors [i |ψ+〉 ± |φ−〉]/

√
2 (up to global

phases), where

|ψ+〉 =
1√
2
(|00〉+ |11〉), |φ−〉 =

1√
2
(|01〉 − |10〉). (4.53)

We identify, in the Hamiltonian of equation (4.52), the control matrices

H1 = σ̂z
1 + σ̂z

2 , (4.54a)

H2 = σ̂x
1 σ̂x

2 + σ̂z
1 σ̂z

2 . (4.54b)

When the local term H1 is much stronger than the interaction H2, that is, if B� g,
then the system’s eigenstates are tensor products of bare states of the two qubits.
When the interaction is dominant instead, g � B, the eigenstates of the full
Hamiltonian can be entangled states of the qubits. Therefore, an adiabatic evolution
interpolating the first regime with the second one could be used to prepare the
system in an entangled state. In particular, if one initially selects the separable
state |00〉, this is adiabatically connected to the Bell state (|00〉+ |11〉)/

√
2. For

inspecting this scenario more in detail, we will assume a constant g = 1 interaction
(this makes ε measured in units of 1/g, and t f measured in units of g), and an
adiabatic linear ramp

B(s) = ε(1− s). (4.55)

For constructing the ecd correcting Hamiltonian, we first need to determine the
cd Hamiltonian. In this task, the results of Section 4.1 help us to find the matrix
structure of Hcd(t). For a start, since Hcd(t) must be orthogonal to both H(t) and
the time derivative ∂tH(t) at all times, we find that Hcd(t) cannot have matrix
components along H1 and H2. The control matrices {H1, H2} generate a four-
dimensional dynamical Lie algebra L which is isomorphic to u(2), the algebra of
unitary two-by-two matrices. The other two basis elements can be taken to be:

H3 = σ̂x
1 σ̂

y
2 + σ̂

y
1 σ̂x

2 , (4.56a)

H4 = σ̂x
1 σ̂x

2 − σ̂
y
1 σ̂

y
2 . (4.56b)
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Therefore, as it holds that L ⊂ su(4) with strict sign, the system is not fully
controllable. By Theorem 2, Hcd(t) must be searched within L and thus one can
conclude that it must be a combination of the remaining two basis elements of the
Lie algebra, H3 and H4. For completing this analysis, we proceed in the explicit
computation of Hcd(t). By means of an initial basis rotation, defined by the unitary

U0 = |00〉〈00|+ |φ+〉〈01|+ |φ−〉〈10|+ |11〉〈11| , (4.57)

where |φ+〉 = (|01〉 + |10〉)/
√

2 and |φ−〉 is as in equation (4.53), it is possible
to cast H(s) in a partially-diagonalized form in which two levels are already
decoupled from the remaining two. This is

U†
0 H(s)U0 =




−1 + 2ε(s− 1) 0 0 −1

0 0 0 0

0 0 2 0

−1 0 0 −1− 2ε(s− 1)




. (4.58)

The two-by-two matrix defined by the four non-zero off-diagonal elements of
equation (4.58) can then be diagonalized with another unitary U1(s). In conclusion,
the overall diagonalizing matrix is U(s) = U1(s)U0 and the counterdiabatic field,
using equation (2.5) and (2.61), is

Hcd(s) = fcd(s)H3, (4.59)
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Figure 4.5: Two-qubit entanglement: populations and infidelity. In the top panel, the
evolution of the occupation probability of the bare state |00〉 is depicted for
the linear-ramp adiabatic sweep ( ) and for the ecd protocol ( ). The

indicates the exact adiabatic evolution. The lower panel is dedicated to
the evolution of the infidelity between the system state and the instantaneous
adiabatic state. (Figure reproduced from [124])
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with

fcd(s) =
1

2t f

ε

1 + 4ε2(s− 1)2 . (4.60)

The counterdiabatic Hamiltonian (4.59) physically describes simultaneous excitation
or de-excitation of the two qubits (as more evident by rewriting H3 in the form
H3 = −2i[σ̂−1 σ̂−2 + σ̂+

1 σ̂+
2 ]). Moreover, it can be obtained from the commutator of

the initial control matrices,

H3 = 2i[H1, H2]. (4.61)

Then, we now have all the elements to construct an ecd field. Indeed, proceeding as
in Section 4.2.1, one obtains the ecd Hamiltonian

Hecd(s) =
√
| fcd(s)|ω

[
− cos(ωst f )H1 + sin(ωst f )H2

]
. (4.62)

By integrating the initial adiabatic driving with this correcting Hamiltonian, the
adiabatic state transfer producing the entangled state can be greatly accelerated for
a fixed target fidelity. For instance, using parameters ε = 5, t f = 5, ωt f = 20π and
constraining the maximal strength of the ecd Hamiltonian to S(Hecd) ≤ S(H)/2
[see the definition of strength S(·) in equation (4.63)], one obtains an infidelity of
0.017. The evolution of the infidelity and of the population of state |00〉 for this
example is shown in Figure 4.5. The same infidelity would be achieved by the
adiabatic linear sweep in 12 times the same total duration.

4.4 comparison with the adiabatic approximation

In order to further characterize the performance of the ecd method, it is interesting
to compare its efficiency with that of the standard adiabatic approximation, with
a focus on the resources used by the two protocols. In particular, it can be easily
seen from the Schrödinger equation that a dilation of the total time can always be
traded for a rescaling of the Hamiltonian. That is, the evolution time can be halved
by doubling the “strength” of the Hamiltonian. Hence, a proper comparison of
the temporal performance of two control protocols should be operated for fixed
total “strength” of the involved control Hamiltonians. Here, we will use a general
definition of the “strength” for performing this study, although the analysis can
be tailored to more specific experimental constraints. The definition we use is the
following,

S(Hx) = max
t
‖Hx(t)‖ (4.63)

where ‖M‖ = tr
[
MM†] is the Frobenius norm. We then study the final infidelity

attained by the protocols, in the case of the LZMS problem, as a function of the
total duration τΩ, and for a fixed ratio of the corresponding strengths— namely,
we impose the constraint

S(Hecd) ≤ kS(H) (4.64)
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Figure 4.6: Comparison between ecd method and adiabatic approximation 1 – Hecd(t)
alone. Log-log plot of the final protocol infidelity as a function of the total
duration τ for a LZMS problem. The ( ) squares represent the LZMS adiabatic
(uncorrected) method, which is well described by the LZMS formula (2.70)
[ ]. Each other curve corresponds to the ecd approach for different ratios
k between the strength of the ecd Hamiltonian and the LZMS Hamiltonian, as
defined in equation (4.64). (Figure adapted from [124])

for different ratios k. For the case in which Hecd(t) as a standalone shortcut (and
not H(t) + Hecd(t)) is used, the results are shown in Figure 4.6. The exponential
decay of the infidelity given by the LZMS driving is immediately evident, with
the numerical data ( ) well interpolated by the LZMS formula (2.70) ( ). As
predictable from the fact the ecd method is built upon a perturbative construction in
large driving frequency, the decay in the infidelity for such a protocol is polynomial
instead. As a consequence, when the adiabatic limit is well satisfied, the standard
adiabatic method gives the best results. Crucially though, this is not the case for
intermediate-range timescales, where the ecd method gives much higher fidelities
at given durations. For instance, an ecd Hamiltonian with the same strength of
the LZMS one [k = 1 in equation (4.64)] achieves fidelity 0.999 around twenty
times faster than the adiabatic dynamics. Using less intense ecd Hamiltonians still
produces consistent speed ups: for k = 1/4, a fidelity of 0.9999 requires a total time
which is almost three times shorter than that needed using the LZMS sweep. Next,
we consider the situation in which Hecd(t) is used as an adiabaticity-assisting term,
rather than as a full shortcut—i.e., the total applied Hamiltonian is H(t) + Hecd(t).
The corresponding results are displayed in Figure 4.7. Since the infidelity exhibits a
fast varying behavior for different τΩ ( ), the individual points shown represent
an average of twenty surrounding points. For fixed ratio k, an initial temporal region
emerges in which the ecd correction is not strong enough for efficiently canceling
nonadiabatic transitions as wished. For larger durations, the infidelity behavior is
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Figure 4.7: Comparison between ecd method and adiabatic approximation 2 – H(t) +
Hecd(t). Final infidelity, in log-log scale, for the application of the total shortcut
Hamiltonian H(t) + Hecd(t), as a function of the total duration, for different
strength of the correcting Hamiltonian (different ratios k in equation (4.64)). The

curve represents the standard adiabatic LZM protocol. (Figure adapted
from [124])

similar to the one in Figure 4.6: a power-law decay which reaches smaller infidelities
with respect to the adiabatic case. One can see that, even with rather weak ecd

corrections, a great improvement is achieved. For instance, a correction with half
the strength of the original Hamiltonian [k = 1/2 in equation (4.64)] produces a
fidelity of 0.9999 with a speed up of around seven times, while a k = 1/4 correction
needs less than a half the total time required by the LZMS sweep, for the same final
fidelity. As a final analysis, we investigate the final infidelity obtained as a function
of a different characterization of the strength. More specifically, we now take a
fixed total duration equal to one and we study the infidelity produced by (i) the
amplified Hamiltonian τΩH(t) when raising τΩ, and (ii) the Hamiltonian Hecd(t)
when raising the driving frequency ω. As a figure of merit for the comparison, we
take

∫ 1

0
ds ‖HX(s)‖ , (4.65)

where the norm is chosen to be the Frobenius norm. The quantity in equation (4.65)
can be understood, to a certain extent, as a measure of the total area of the control
pulses. In this respect, it may be interpreted physically as the total amount of energy
injected into the system by the driving. Moreover, it is connected to definitions of
intrinsic quantum speed limits [94]. In Figure 4.8, the final infidelity as a function
of the quantity in equation (4.65) is represented. We find a similar behavior as
recognizable from Figure 4.7, with the curve representing the ecd method ( )
decaying like a power law. The curve is always well below the curve corresponding
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Figure 4.8: Performance vs generalized pulse area for the control Hamiltonians. Final
infidelity as a function of the generalized pulse area defined in equation (4.65)
for the ecd protocol ( ), and for standard LZMS ( ). (Figure adapted from
[124])

to the adiabatic dynamics ( ) within the region considered, proving that our
protocol is efficient also with respect to the energetic resources used.

4.5 robustness against phase imperfections

In the procedure for constructing the effective counterdiabatic scheme, we assumed
up to now that the oscillating fields have specific fixed phases. From the experi-
mental point of view, it is extremely important to better characterize what is the
response of the protocol to potential imperfections in these phases. Indeed, perfect
phase relations are often challenging to be attained in the lab, and the experimenter
might be suspicious on the practical performance of the ecd protocol. For this
reason, in all the applications of the method to specific experimental problems
which are discussed in Part iii, an ad hoc analysis is dedicated to the sensitivity
of the protocol on phase errors in the control fields. Before treating these specific
cases, in this Section we first discuss the problem from a general perspective.

4.5.1 Global phases

If a global phase φ ∈ [0, 2π) is added to all the control fields, it can always be
reinterpreted as a variation in the choice of the initial time t0 in the Magnus
expansion. Indeed, if we consider the transformation ωt −→ ωt + φ, where ω =
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2π/T is the driving frequency, a change of integration variable in the Magnus
expansion, equation (3.14), would produce a shift of the initial time

t0 −→ t′0 = t0 + φ/ω. (4.66)

This in turn leads to a different effective stroboscopic Hamiltonian, which is
unitarily equivalent to the initial one. In fact, one can notice that the stroboscopic
propagator, given the new initial time t′0 > t0, can always be related to the original
one through the decomposition

U(T + t′0, t′0) = U(T + t′0, T + t0)U(T + t0, t0)U†(t′0, t0). (4.67)

Due the periodicity of U(t), U(T + t) = U(t), this is equivalent to

U(T + t′0, t′0) = U(t′0, t0)U(T + t0, t0)U†(t′0, t0). (4.68)

By writing the propagators U(T + t′0, t′0) and U(T + t0, t0) as exponentials, and
using the fact that U(t)e−iHtU†(t) = e−itU(t)HU†(t), we find

e−iTHeff[t′0] = e−iTU(t′0,t0)Heff[t0]U†(t′0,t0), (4.69)

which confirms that the two effective Hamiltonians are related to each other by a
unitary transformation,

Heff[t′0] = U(t′0, t0)Heff[t0]U†(t′0, t0). (4.70)

Therefore, one can predict that the variation of the global phase may lead to
undesired effective Hamiltonians, and consequently to the generation of evolutions
which are different from what one sought. Nonetheless, one can see that the
correction to the initial time induced by the variations of phase, see equation (4.66),
decays like 1/ω. For very large driving frequency, the effective Hamiltonians tend
to be the same.

Let us elaborate on this point for case of the ecd Hamiltonian. In all the examples
we have seen so far, the matrix structure of the counterdiabatic Hamiltonian is
achievable by means of a single commutator of some of the control Hamiltonians.
Therefore, the desired matrix structure typically appears in the first-order term
in the exponent of the Floquet-Magnus expansion (3.18b). From equation (3.18b)
we see that such a term is produced by the “interaction” of Fourier components
of the Hamiltonian at opposite frequencies, Hk and H−k, and their interaction
with the non-oscillating component H0. By inspection of equation (3.18b), we see
that, since the ecd Hamiltonian does not have any zero-frequency component, the
dependence on the initial time t0, and thus on the global phase, disappears from
the first-order term. However, even if H0 = 0, from equation (3.18c) we see that
at the following order some t0-dependent term still survives. Recalling that each
Fourier component is proportional to

√
ω for these examples, we can conclude that

variations of the global phase of the fields produce an error of O(ω−1/2) in the
effective counterdiabatic Hamiltonian, which can be neglected consistently with the
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initial level of approximation (in which H(2)
eff and the following terms are neglected).

Hence, if the frequency is large enough for the scheme to work in the absence of
imperfections in the global phase, then one should not expect substantial losses of
performance if such imperfections are present.

4.5.2 Relative phases

Let us now discuss the effect of hypothetical errors in the relative phase among
the different Fourier components. Again, let us focus on the case in which the
matrix structure of Hcd(t) appears at the first-order term in the Floquet-Magnus
expansion.

From equation (3.18b), we see that phase offsets can have an effect at this level
only if they take place between Fourier components with exactly opposite frequency.
If this is not the case, then the error shows up at the following order and can be
neglected as discussed for global phases. If it is the case instead, one should expect
that the deviation from the desired effective Hamiltonian scales linearly with the
phase offset which, in turn, translates into a quadratic dependence in the fidelity.
Indeed, say that Hk and H−k are shifted in phase by δφ. Then, equation (3.18b) for
small δφ would become

H(1)
eff =

∞

∑
m=1

[H−m, Hm]

mω
e−imδφ '

∞

∑
m=1

[H−m, Hm]

mω
+ O(δφ). (4.71)

We thus see that the method is more sensitive to errors in the relative, rather
than global, phase of the fields, provided these affect opposite-frequency Fourier
components of the ecd Hamiltonian.

Let us now discuss these aspects more in detail with the help of a specific
example.

4.5.3 A case study

The general discussion of Sections 4.5.1 and 4.5.2 has shown that the effective
counterdiabatic construction is in general not much sensitive to errors in the global
phase of the modulations, while it should suffer more from potential errors in the
relative phase. Here we will make a quantitative analysis of these effects, using as
a test ground the reference model of a two-level system. Specifically, let us consider
the two-level problem described by the Hamiltonian

H(t) = λ(t)σ̂z + x0σ̂x, (4.72)

with the locally adiabatic sweep function λ(t) derived in Section 2.2.1.2, equation
(2.52), which varies from an initial value λ0 to zero in a total time t f = 1. Let us
then consider the effective counterdiabatic field derived in Section 4.2.1,

Hecd(t) = ux(t)σ̂x + uz(t)σ̂z, (4.73)



4.5 robustness against phase imperfections 67

where we also introduce phase shifts φg (global) and φr (relative) in the control
functions, which then read

ux(t) = X
√

ω cos(ωt + φg + φr); uz(s) = Z
√

ω sin(ωt + φg). (4.74)

Let us denote with ηT the nonadiabatic coupling between the two instantaneous
eigenvectors at time T/2, namely

ηT = 〈0t|∂t1t〉|t=T/2 =
〈0t| ∂tH(t) |1t〉
E0(t)− E1(t)

∣∣∣∣
t=T/2

. (4.75)

In Appendix A, we derive the following expansion of the infidelity IT at the end
of the first period, up to order T3,

IT = η2(1− cos φr)
2T2 +

2
π

{
(Xλ sin(φg + φr) + Zx0 cos φg)

2

+
η2

T
x2

0 + λ2
cos2 φr

(
Xx0 sin(φg + φr)− Zλ cos φg

)2
}

T3. (4.76)

This expression allows us to grasp how the presence of the phases φg and φr affects
the performance of the quantum control protocol.

Let us first analyze the dominant term which, in the limit of small T, is responsible
for the global behavior of the infidelity when varying the relative phase φr. This
term reaches its minimum when φr = 0, in which case it vanishes. This corresponds
to the choice of perfect π/2 phase offset between the control fields, as obtained in
Sections 4.2.1 and 4.2.2. On the other hand, the term becomes maximal when the
two control fields have a phase offset φr = π. Let us remark that it is also symmetric
with respect to the sign of φr. This implies that, if higher-order terms are negligible,
values of φr different from zero always reduce the fidelity, IT(φr) ≥ IT(0). It is
then interesting to proceed analyzing the following term in equation (4.76). Unless
φg + φr = 0, one can see that terms sin φr are present, which make it asymmetric
with respect to the sign of φr. Crucially, when φr is small, one can expect that some
values exist for which the two terms in equation (4.76) compensate one another,
leading to larger fidelities accidentally, as compared to the φr = 0 case. A second
important aspect is the explicit dependence on φg, which we can investigate by
setting φr = 0. What one learns from this is that, even though the relative phase is
fixed, the global phase can be exploited to further minimize the infidelity. Finally,
if φr becomes so small to be comparable with T, then the expression of equation
(4.76) is not a useful perturbation expansion any more, since higher order terms
might be larger than those at order T2 and T3 which are considered. Hence, one
cannot predict in detail the behavior of the infidelity in this regime.

For exploring these properties in a quantitative manner, we resort to numerical
tools, referring to the specific example of an avoided crossing problem (see Sec 2.4).
In particular, we consider the effective counterdiabatic Hamiltonian of equation
(4.40), with the locally adiabatic sweep function of equation (2.52). In the case of
perfect phase relation (φr = 0 in equation (4.74)), the evolution of the infidelity is
shown in Figure 4.9, where the dynamics is also represented on the Bloch sphere.
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Figure 4.9: Effective counterdiabatic evolution of a two-level system. In the right panel,
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From Figure 4.10 we show that the first term of equation (4.76) describes very
well the behaviour of the infidelity when a rather large relative phase offset −π ≤
φr ≤ π is present (with φg + φr fixed to zero). For inspecting how the method is
sensitive to this offset, and for highlighting the region close to zero, we report in
this figure the values of the infidelity in semi-logarithmic scale, for different values
of the time step T. The symbols represent numerical data, the blue dashed curves
( ) are the prediction given by the first term in equation (4.76), whilst the red
lines ( ) are produced by considering all terms in equation (4.76). First of all,
we point out that choosing φr ' ±π can lead to a decrease in fidelity of more
than two order of magnitude, and this effect is more stressed as the period T is
diminished. While the leading-order term in (4.76) is a good description far from
zero, it completely deviates from the numerical values in the vicinity of zero. This
regime is well-captured instead by the following-order term.

The dependence of the infidelity on the global phase is depicted in Figure 4.11,
by considering φr = 0, which cancel the leading-order term of equation (4.76). Also
in this case, the second term of (4.76) provides a good description. The asymmetry
of such a term with respect to the sign of the global phase shift is reflected in
the infidelity, which is not symmetric with respect to φg. Remarkably, minima in
the infidelity do not actually lie at φg = 0. It has been tested numerically that
optimizing this values can produce an improvement up to one order of magnitude
in the fidelity at the end of the whole protocol.
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indicate the prediction given by equation (4.76). (Figure adapted from Ref.
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Finally, Figure 4.12 reports the ratio between the infidelity as a function of φr

and the unperturbed value IT(0) for values of the relative phase φr in the vicinity
of zero, and with different panels corresponding to different oscillation periods T.
One can see that small asymmetries are present with respect to zero, witnessing
the fact that small phase errors need not necessarily spoil the protocol. These
asymmetries tend to disappear as the driving frequency is increased (i.e., as the
period T becomes smaller).

4.6 local effective counterdiabatic driving

In this Section, we report some preliminary analyses dedicated to a further potential
development of the theory presented in this Chapter, whose investigation has begun
towards the end of the PhD program. In particular, the results presented here may
be useful for future applications of the ideas and methodologies introduced in this
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thesis, which have been focused on few-level systems, to adiabatic problems in
complex quantum many-body scenarios.

Throughout this Chapter, we have used the control fields for engineering effective
counterdiabatic Hamiltonians. Importantly, the latter always originated entirely
from the combination of the control modulations, rather than from the interplay
between the modulations and the original Hamiltonian. For instance, in the cases
we have discussed, the structure of the counterdiabatic Hamiltonian Hcd(t) could
be found via the commutator of the initial control matrices, say H1 and H2. The
commutator dynamics produced by [H1, H2] was then reproduced effectively by
introducing modulations both along H1 and H2. This construction has the advan-
tage that the correcting Hamiltonian can be used as a shortcut even in the absence
of the original Hamiltonian. As discussed at length in Section (4.4), this would
correspond to the limit of purely fast-forward driving.

However, one may wonder whether the effective counterdiabatic scheme could be
applied in situations where the control resources are more limited. With reference
to our example involving H1 and H2, one may imagine to be able to control
H1 but not H2. This is particularly relevant for many-body systems, where the
implementation of the ecd scheme may require tuning many-body interactions,
which is in general a hard request in most experimental setups. An immediate
simple example of this situation is the two-qubit problem presented in Section
4.3.2: in that case, control over the two-body term σ̂x

1 σ̂x
2 + σ̂z

1 σ̂z
2 was assumed. This

raises the interesting question of whether effective counterdiabatic driving can be
achieved by means of only local control.

For this purpose, in this Section we present two proof-of-principle analyses along
these lines. The first one, in Section 4.6.1, shows that a shortcut protocol can be
realized in a two-level system by only “local” (σ̂z) control. The second analysis, in
Section 4.6.2, regards the construction of effective many-body interactions starting
from fixed two-body terms and local control. This is relevant in view of more
complex scenarios. In particular, we describe the construction of dominant three-
body terms in a linear chain of qubits, which can be driven only by local fields.
This investigation, though being relevant in our shortcut-to-adiabaticity framework,
has also a much broader range of application, for instance in the field of quantum
simulation (see, e.g., Ref.s [117, 142]).

4.6.1 Locally driven two-level system

We show the construction of a local effective counterdiabatic protocol for the LZMS

two-level problem described in Section (2.4). We use the term “local” referring to
the fact that we will assume that control can be operated only on the bare-level
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spacing, and not on the coupling. The Hamiltonian of the control problem, as a
function of the rescaled time s = (t− ti)/t f ∈ [0, 1], is

H(s) =HLZMS(s) + Hecd(s) (4.77a)

=τΩ

{[
λΩ

(
s− 1

2

)
+ u(s)

]
σ̂z + σ̂x

}
, (4.77b)

where HLZMS(s) is the LZMS Hamiltonian with dimensionless parameters intro-
duced in equation (2.72), while Hecd(s) is the correcting Hamiltonian which acts
only along σ̂z,

Hecd(s) = u(s)σ̂z. (4.78)

We will assume the following ansatz for the control function u(t),

u(s) =
L

∑
k=1

uk(s) cos[kωs + φk(t)]. (4.79)

The variation of the amplitudes uk(s) and phase φk(s) is assumed to be slow as
compared to the driving frequency ω, and we will thus assume that they can
be treated as constant over a single period T = 2π/ω. Our objective now is to
construct the effective Hamiltonian produced by our driving scheme, and to tune
it so to match the exact counterdiabatic Hamiltonian, according to the general
principles of effective counterdiabatic driving introduced in Section 4.2. Since
the control is expected to be the dominant term, and proportional to the driving
frequency as it was the case in Section 4.2, it is convenient to do so in the frame
which is comoving with the oscillating driving Hamiltonian. This transformation
defines the so-called “toggling” frame,

Uω(s) = exp
(
−iτΩ

∫ s

0
dt′u(t′)σ̂z

)
. (4.80)

Let us recall that, at stroboscopic times sn = n 2π
τΩω , n = 1, 2, . . . , the time integral

in equation (4.80) vanishes due to the oscillating character of u(s). At those times,
Uω(sn) is equal to the identity 1, ensuring matching between toggling-frame and
laboratory-frame effective Hamiltonians. Moreover, let us point out that the effect
of the transformation (4.80) on the computational states |0〉 and |1〉 is that of
providing each of those states with rapidly oscillating phase factors. Therefore,
their occupation probabilities are not affected by Uω(t). If one tracks only those, no
differences would be appreciable from the evolutions in the toggling and laboratory
frame. This effect, in similar contexts, was exploited for instance in Ref.s [13, 58, 82],
and it is reminiscent of strategies used, e.g. in [8]. The rotating-frame Hamiltonian
obtained after the transformation (4.80) reads

Hω(s) =U†
ω(s)HLZMS(s)Uω(s), (4.81a)

=τΩ

[
λΩ

(
s− 1

2

)
σ̂z + cos

(
2τΩ

∫ s

0
dt′u(t′)

)
σ̂x

− sin
(

2τΩ

∫ s

0
dt′u(t′)

)
σ̂y

]
. (4.81b)
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This Hamiltonian has components along all the three Pauli matrices. Let us then
compute the 0-th order Floquet-Magnus term (Section 3.2) —that is, the time
average of Hω(t). Evaluation of the time integral of nested trigonometric functions
can be expressed in terms of a generalized version of the Bessel functions of the first
kind. These functions are introduced in Appendix B, and are denoted as J (L)

n (z, Φ).
The 0-th order effective Hamiltonian is then

H(0)
ω (s) = τΩ

[
λΩ

(
s
2
− 1

2

)
σ̂z + ReJ (L)

0 (z, Φ) σ̂x − ImJ (L)
0 (z, Φ) σ̂y

]
, (4.82)

where z is the vector

z =

{
2u1τΩ

ω
,

2u2τΩ

2ω
, . . . ,

2uLτΩ

Lω

}
, (4.83)

while Φ is the vector of phases Φ = {φ1, . . . , φL}. Hence, H(0)
ω features a LZMS-

like Hamiltonian with a renormalized coupling ReJ (L)
0 (z, Φ) as compared to

the original Hamiltonian, plus a σ̂y term. Since, for whatever number of control

harmonics L, it holds that |ReJ (L)
0 (z, Φ) | ≤ 1, the coupling renormalization can

never increase the σ̂x coupling. In the case in which one chooses only one harmonic,
L = 1, and zero phase φ1 = 0, the σ̂y term in (4.82) vanishes, since J (L)

0 (z, Φ) =

J0(2uk/ω), and H(0)
ω matches the original LZMS Hamiltonian HLZMS(t). For non-

zero phase, denoting z1 ≡ z and φ1 ≡ φ, the effective Hamiltonian becomes

H(0)
ω =

[
λΩ

(
s
2
− 1

2

)
σ̂z + cos(z sin φ)J0(z)σ̂x − sin(z sin φ)J0(z)σ̂y

]
. (4.84)

Now we have enough free parameters and we can tune z = z(s) and φ = φ(s)
so to change the prefactors of σ̂x and σ̂y. This feature can then be exploited for

having H(0)
ω (t) to match the full counterdiabatic Hamiltonian of equations (2.73)

and (2.74).
Since the squared sum of the prefactors is limited by |J (L)

0 (z, Φ) |2 ≤ 1, for hav-
ing nonzero σ̂y component the σ̂x component cannot be maximized to 1. Therefore,

one cannot use H(0)
ω for reproducing the conterdiabatic Hamiltonian exactly. Still,

one can set the σ̂x coupling to a lower value and have the σ̂y component matching
the corresponding cd correction. In other words, the driving would produce an
effective Hamiltonian which describes a different LZMS process, characterized by
a smaller minimal gap, with related dressed coupling gdr, but which includes
the cd correction. Then, one must verify numerically whether the approximately
corrected process leads to higher fidelities. In general, one can anticipate that this
may depend rather strongly on the specific choice of parameters. For instance, if
the total duration is too short, the value of the counterdiabatic correction to be
mimicked would become too large as compared to the maximal σ̂y component
achievable by tuning z and φ. On the other hand, if the duration is very large, one
can expect that the basic adiabatic approximation performs well, as in the case of
Section 4.4. In any case, we will show an example in which the shortcut protocol
allows one to achieve a larger final fidelity.
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Figure 4.13: Local effective counterdiabatic driving for a two-level system. (a) Profile of
the z(s) function obtained by numerically solving equation (4.87), which is
related to the time-dependent amplitude u1(t) of the driving field by equation
(4.83) with L = 1. (b) Profile of the time-dependent phase φ(s) given by
equation (4.86). (c) Populations of the bare states |0〉 and |1〉 of a LZMS process
in the absence ( ) and in the presence ( ) of the local ecd correction.
The value of the parameters considered are λΩ = 20, τ = 28, gdr = 0.6,
ωτΩ = 2000. In the first case, the fidelity reaches a value of ∼ 0.976, while the
shortcut produces a final fidelity of 0.998.

For a dressed gap gdr, this procedure and equation (4.84) give the equations

cos[z(s) sin φ(s)]J0[z(s)] = gdr, (4.85a)

− sin[z(s) sin φ(s)]J0[z(s)] = fcd(s). (4.85b)

Let us proceed with a possible solution of these equations. Inverting equation
(4.85a), assuming that z(s) and J0[z(s)] are different from zero for all t, we find the
expression of φ(s) as a function of z(s),

φ(s) = ± arcsin
[

1
z(s)

arccos
(

gdr

J0[z(s)]

)]
. (4.86)
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By taking the square of the two equations (4.85a) and (4.85b), and summing them
up, we find an equation for z(s):

J0[z(s)] =
√

g2
dr + f 2

cd(s). (4.87)

The solution of equation (4.87) must be found numerically. Since J0[z(s)] needs
to be positive for positive gdr from Eq, (4.85a), and since for the LZMS problem
the counterdiabatic correction fcd(s) is negative, one finds that the sign of φ(s) in
equation (4.86) must be chosen as negative. In Figure 4.13, we show the evolution
of the populations of the bare states, together with the corresponding shape of
φ(s) and z(s). The parameters used are λΩ = 20, τΩ = 28, gdr = 0.6, ωτΩ = 2000.
The protocol allows to achieve a final infidelity which is ten times larger than that
produced by the basic adiabatic protocol. This proof-of-principle example shows
that the effective counterdiabatic scheme can be efficiently used for constructing
shortcuts also in the limit of local driving. This is a very promising first step for
the applicability of the method in more complex situations, dealing eventually
with quantum many-body problems. Further improvement of the protocol can be
expected by performing a more refined parameter optimization. For instance, one
can explore for different solutions for z(s) and φ(s), or introduce further driving
harmonics for having more freedom in the search of optimal solutions. The solution
which we propose here requires a rather quick variation of z(s) and φ(s) around
the avoided crossing. This calls for a large driving frequency: it might be interesting
to search for solutions which allow one to reduce its value as much as possible, for
reducing also the strength of the modulation.

In the next section we will discuss a different development of these ideas. Specif-
ically, we study the realizability of selected synthetic many-body terms through
local control.

4.6.2 Synthesis of many-body interactions

In this section, we discuss the possibility of generating dominant many-body terms
through local control in a chain of two-level systems. This problem is important in
our context for investigating the possibility of constructing effective counterdiabatic
fields in many-body quantum systems, and also for quantum simulation in a more
general sense. Previous work in this direction, using techniques similar to those
applied here, but aiming at the engineering of synthetic two-body terms only, has
been pursued, e. g., in Ref. [97]. After discussing the general setup, we will show
an explicit example in which non-trivial three-body interactions are constructed.

Let us consider a one-dimensional chain of N qubits, which interact with a two-
body nearest-neighbors interaction, with open boundary conditions. The general
form of this interaction is

Hint =
N−1

∑
k=1

∑
α,β=x,y,z

Jαβσ̂α
k σ̂

β
k+1, (4.88)
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where Jαβ are the coupling constants. Now, let us introduce the time-dependent
control Hamiltonian, which is assumed to contain only local terms. We assume that
the local field on each site can vary along a fixed direction in three-dimensional
space, which is identified by a unit vector nk. The Hamiltonian then reads

Hlc(t) = ω
N

∑
k=1

bk(t)nk · σ̂, (4.89)

where σ̂ = {σ̂x, σ̂y, σ̂z} is the vector of Pauli matrices. The local fields are assumed
to be periodic with frequency ω = 2π/T, involving a number L of harmonics, and
they can be written, in units of ω, in the form

bk(t) =
L

∑
j=1

Ωk,j cos(jωt + φj). (4.90)

Relevant quantities in the forthcoming analysis will be the time integrals (measured
in units of the driving frequency) of the local fields (4.90), which we denote as

Bk(t) = ω
∫ t

0
dt′bk(t′) =

L

∑
j=1

Ωk,j

j
sin(jωt + φk,j)−

L

∑
k=1

Ωk,j

j
sin(φk,j). (4.91)

The choice of different initial times can be always recast into the form (4.91) by a
suitable shift of the phases φk,j. Since the control Hamiltonian (4.89) is the strongest
interaction, it is convenient to move to the toggling frame comoving with the
driving, via the transformation

Uω(t) = exp
(
−i
∫ t

0
Hlc(t′)dt′

)
. (4.92)

Since Hlc(t) = Hlc(t + T) is periodic, Uω(t) is equal to the identity at stroboscopic
times, guaranteeing that at those points the laboratory and toggling frames are
matching. Hence, effective Hamiltonians computed in the toggling frame are
valid also in the laboratory frame. Note that, if one would not assume the local
oscillation direction nk to be constant in time, the transformation (4.92) would
not be in closed form in general. Since the control is local, the rotating-frame
transformation amounts to compute local rotations of the Pauli matrices only. The
toggling-frame Schrödinger equation, in units of h̄, then reads

i
∂U(t)

∂t
= Hω(t)U(t), (4.93)

with the Hamiltonian

Hω(t) =
N

∑
k=1

∑
ξ,η=x,y,z

h(k)ξ,η(t)σ
ξ
k σ

η
k+1, (4.94)

where

h(k)ξ,η(t) = ∑
α,β=x,y,z

Jαβc(α)k,ξ (t)c
(β)
k+1,η(t). (4.95)
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Therefore, Hω(t) contains only two-body interactions. The quantities c(α)k,ξ represent

the coefficient of the matrix σ̂
ξ
k resulting from the rotating-frame transformation of

the matrix σ̂α
k ,

c(α)k,ξ =
1
2

tr
[
U†

ω(t)σ̂
α
k Uω(t)σ̂

ξ
k

]
. (4.96)

Using the following “rotation relation” for the Pauli matrices [129],

eiθn·σ̂ a · σ̂ e−iθn·σ̂ = cos 2θa · σ̂ − (n× a) · σ̂ sin 2θ

+ [1− cos 2θ](n · σ̂)(n · a), (4.97)

the coefficients c(α)k,ξ (t) can be given in a single expression as follows,

c(α)k,ξ (t) = [n2
k,α + (1− n2

k,α) cos 2Bk(t)]δξ,α

+ [nk,αnk,α−1(1− cos 2Bk(t)) + nk,α+1 sin 2Bk(t)] δξ,α−1

+ [nk,αnk,α+1(1− cos 2Bk(t))− nk,α−1 sin 2Bk(t)] δξ,α+1, (4.98)

where α− 1 and α + 1 indicate the preceding and successive elements of α in the
cyclic set (x, y, z), respectively.

In the construction of the effective Hamiltonian, much care should be taken in the
choice of the initial ansatz for the drivings. In particular, one should keep in mind
the symmetry properties described in Section 3.2 (see Table 3.1 for a summary). For
instance, the choice of a driving scheme leading to a toggling-frame Hamiltonian
which is time-symmetric in the integration period would make all odd-order terms
in the Floquet-Magnus expansion to vanish (see Table 3.1). Hence, this can be a
great resource for selecting interactions which appear at even-order terms. Indeed,
it would allow not only to simplify the problem by avoiding to deal with the
minimization of odd-order terms, but it would also guarantee a higher level of
approximation: for a given target 2n-term, also the following 2n + 1 one would
be zero by construction. If one plans instead to target interactions appearing at
odd-order terms, time-symmetry must be avoided. Finally, one should keep in mind
that effective Hamiltonians inherit from Hω(t) all the “full-dynamics” symmetries,
i.e. those arising from operators which commute with Hω(t) at all times. Hence,
effective Hamiltonians which do not posses these symmetries are not achievable
with the present AHT scheme. In conclusion, the driving pattern must be conceived
in such a way that Hω(t) does not possess symmetries preventing the realization
of desired interactions.

4.6.3 Computation of the effective Hamiltonian

Let us discuss some general aspects related to the computation of the Floquet-
Magnus expansion for the Hamiltonian (4.94).

The 0-th order term contains two-body terms and involves the computation of
the time average of the coefficients h(k)ξ,η(t) of equation (4.95). This in turn requires
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in general to compute time integrals of the product of two coefficients c(α)k,ξ (t) of
equation (4.98), which involve trigonometric functions whose argument contain the
Fourier summations (4.91). This type of integrals can be calculated and manipulated
efficiently by using the generalized Bessel functions J (L)

n (zk, φk) introduced in
Appendix B. In particular, it turns out that one obtains expressions where the
controllable terms depend on the generalized Bessel function of order n = 0 only.
For optimizing the numerical evaluation of these functions, it is convenient to
rewrite products of sines and cosines in the expressions c(α)k,ξ (t) as sines and cosines
of the sum/difference of their arguments, e.g.,

cos[2Bk(t)] sin[2Bk+1(t)] =
1
2
(sin[2(Bk(t) + Bk+1(t))]− sin[2(Bk(t)− Bk+1(t))]) .

(4.99)

This is helpful since the sum 2[Bk(t)± Bk+1(t)] can be simplified by noting that,
for each harmonic `ω of the driving frequency appearing in Bk(t) and Bk+1(t)
[equation (4.91)], one can find variables z±k and Φk such that

2Ωk,`

`
sin(`ωt + φk,`)±

2Ωk+1,`

`
sin(`ωt + φk+1,`) = z±k,` sin(`ωt + Φk,`). (4.100)

These variables are

z±k,` =

√(
2Ωk,`

`

)2

+

(
2Ωk+1,`

`

)2

± 2
(

2Ωk,`

`

)(
2Ωk+1,`

`

)
cos (φk+1,` − φk,`)),

(4.101a)

Φk,` = Arg
[(

2Ωk,`

`

)
ei`ωt+iφk,` ±

(
2Ωk+1,`

`

)
ei`ωt+iφk+1,`

]
. (4.101b)

This eventually allows one to reduce the number of terms to be computed in the
evaluation of the expression (B.4) for the functions J (L)

n (zk, φk). The 0-th order
effective Hamiltonian can then be used for creating effective two-body terms, as
recently proposed in Ref. [97].

4.6.4 Example: construction of three-body interactions

As an example problem, we now discuss the construction of synthetic three-body
terms starting from a chain with Ising-type interaction, namely, in units of the
coupling,

Hint =
N−1

∑
k=1

σ̂z
k σ̂z

k+1. (4.102)

Let us assume that all sites are driven by a transverse magnetic field along the x
direction, so that the control Hamiltonian reads

Hlc(t) = ω
N

∑
k=1

bk(t)σ̂x
k , (4.103)
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with the local fields as in equation (4.90). Moving to the toggling frame (4.92), the
Hamiltonian becomes

Hω(t) =
1
2

N−1

∑
k=1

{
[cos[2(Bk(t) + Bk+1(t))] + cos[2(Bk(t)− Bk+1(t))]] σ̂z

k σ̂z
k+1

+ [sin[2(Bk(t) + Bk+1(t))]− sin[2(Bk(t)− Bk+1(t))]] σ̂z
k σ̂

y
k+1

+ [sin[2(Bk(t) + Bk+1(t))] + sin[2(Bk(t)− Bk+1(t))]] σ̂
y
k σ̂z

k+1

+ [cos[2(Bk(t)− Bk+1(t))]− cos[2(Bk(t) + Bk+1(t))]] σ̂
y
k σ̂

y
k+1

}
,

(4.104)

where the quantities Bk(t) are the time integrals of the local fields bk(t) and were
introduced in equation (4.91). The Hamiltonian (4.104) is the starting point for
constructing the Floquet-Magnus expansion, whose first terms are analyzed in the
following.

4.6.4.1 Zero-th Floquet-Magnus term

The 0-th term of the Floquet-Magnus expansion involves the time average of the
Hamiltonian (4.104). The integrals of the trigonometric functions can be expressed
in terms of the generalized Bessel function J (L)

0 (z, Φ) (see Appendix B). The 0-th
order effective Hamiltonian then reads

H(0)
ω (t) =

1
2

N−1

∑
k=1

{
Re
[
J (L)

0

(
z+k , Φk

)
+ J (L)

0

(
z−k , Φk

)]
σ̂z

k σ̂z
k+1

+ Im
[
J (L)

0

(
z+k , Φk

)
−J (L)

0

(
z−k , Φk

)]
σ̂z

k σ̂
y
k+1

+ Im
[
J (L)

0

(
z+k , Φk

)
+ J (L)

0

(
z−k , Φk

)]
σ̂

y
k σ̂z

k+1

+Re
[
J (L)

0

(
z−k , Φk

)
−J (L)

0

(
z+k , Φk

)]
σ̂

y
k σ̂

y
k+1

}
, (4.105)

where the variables z±k = {z±k,1, . . . , z±k,L} and Φk = {φk,1, . . . , φk,L} were introduced
in equation (4.101a) and (4.101b). Therefore, the 0-th effective Hamiltonian can be
shaped in order to distort the two-body interaction. A interesting situation is that
in which one would like to achieve dominant more-than-two–body interactions.
In this case, one would like to make the 0-order become zero, for quenching the
two-body terms. From equation (4.105), this implies the relations

J (L)
0

(
z+k , Φk

)
= 0, J (L)

0

(
z−k , Φk

)
= 0. (4.106)

Let us then proceed to the computation of first-order effective Hamiltonian.

4.6.4.2 First Floquet-Magnus term

The first-order term of the Floquet-Magnus expansion can be written in the form:

H(1)
ω =

N−1

∑
k=1

C(k)
x σ̂x

k +
N−1

∑
k=2

[
C(k)

yxzσ̂
y
k−1σ̂x

k σ̂z
k+1 + C(k)

zxyσ̂z
k−1σ̂x

k σ̂
y
k+1

+C(k)
yxyσ̂

y
k−1σ̂x

k σ̂
y
k+1 + C(k)

zxzσ̂z
k−1σ̂x

k σ̂z
k+1

]
. (4.107)
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The explicit expressions for the coefficients C(k)
α are quite lengthy, hence we

discuss how they are obtained and report only two examples in Appendix C. The
calculation of the integrals involved in this Floquet-Magnus terms, see equations
(C.1) and (C.2) in Appendix C, are essentially linked to the calculations of integrals
of the form

I(1)exp =
∫ T

0
dt1e(−1)a2i[Bk(t1)±Bk+1(t1)]

∫ t1

0
dt2e(−1)b2i[Bj(t2)±Bj+1(t2)]. (4.108)

These can be expressed in terms of generalized Bessel functions as follows

I(1)exp =
2π

ω2 [πJ (L)
0

(
z±k , Φk

)
J (L)

0

(
z±k+1, Φk+1

)

− iJ (L)
0

(
z±j , Φj

) −∞,∞

∑
n 6=0

1
n
J (L)

n
(
z±k , Φk

)

+ iJ (L)
0

(
z±k , Φk

) −∞,∞

∑
n 6=0

1
n
J (L)

n

(
z±j , Φj

)

− i
−∞,∞

∑
n 6=0

1
n
J (L)

n
(
z±k , Φk

)
J (L)
−n

(
z±j , Φj

)]
. (4.109)

These expressions are the starting point for the optimization procedure described
in the next section.

4.6.4.3 Effective three-body Hamiltonian

Let us now discuss the explicit proof-of-principle procedure for constructing a non-
trivial dominant three-body interaction on the chain of qubits. Given the expressions
for the coefficients of the different interaction terms in the effective Hamiltonian (see
equations C.1 and (C.2) in Appendix (C) for an example), we resort to a numerical
optimization procedure for achieving the desired final effective Hamiltonian. In
particular, we minimize, by means of a stochastic gradient algorithm, a cost function
representing the distance from the target Hamiltonian, which is formulated in terms
of the coefficients of the different terms appearing in H(0)

ω and H(1)
ω . In particular,

since we want to select a specific three-body term, this amounts to minimizing
all the coefficients at the zero-th order (equation (4.106)), and all coefficients C(k)

which correspond to undesired interactions at the first order. The amplitudes and
phases of the control fields are the free parameters of this minimization. Our choice
of target synthetic interaction is

Htg = J
N−1

∑
k=2

[σ̂
y
k−1σ̂x

k σ̂
y
k+1 − σ̂z

k−1σ̂x
k σ̂z

k+1]. (4.110)

Starting from the expressions for the coefficients in equation (4.107), it can be
shown that this interaction appears when the local effective σ̂x

k terms are set to
zero, while the terms σ̂z

k−1σ̂x
k σ̂z

k+1 and σ̂
y
k−1σ̂x

k σ̂
y
k+1 are not individually tunable in

this case. Running the optimization over the whole chain is of course impractical,
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Figure 4.14: Driving scheme for constructing three-body terms. Even and odd sites are
driven by different local fields. The driving parameters are determined follow-
ing a numerical optimization, with the purpose of generating translational-
invariant, dominant, three-body interaction terms.

and physical intuition also suggests that, since the target interaction is absolutely
symmetric with respect to translations along the chain, also the driving scheme
should somehow present a similar symmetry. In this spirit, we focus our numerical
analysis on a chain of three qubits, labeled with k = 1, 2, 3, and we search for a
sequence of two local driving fields be(t) and bo(t) such that

1. drivings applied to odd sites are equal, b1(t) = b3(t) = bo(t), and different
from those at the even site, b2(t) = be(t);

2. the driving sequence produces a dominant interaction of the form of equation
(4.110) on the three qubits;

3. the control sequence obtained by exchanging the even-site driving with the
odd-site one, b1(t) = b3(t) = be(t) and b2(t) = bo(t) produces the same
interaction, with the same strength, as in point 2.

If these three conditions are satisfied, then the solution found can be directly
extended to the whole chain. The driving scheme is depicted in Figure 4.14. Let us
denote with Hoeo the effective Hamiltonian resulting from choice 1 of the drivings
(truncated at the first Floquet-Magnus term), while Heoe corresponds to choice 2.
Different cost functions are being tested for ensuring the validity of these conditions.
A possible choice, giving good results, is

F ({bk,l}, {φk,l}) =
∥∥∥∥
{

1− tr(HoeoHtg)

‖Hoeo‖
, 1− tr(HoeoHeoe)

‖Hoeo‖

}∥∥∥∥ (4.111a)

=

√(
1− tr(HoeoHtg)

tr(H2
oeo)

)2

+

(
1− tr(HoeoHeoe)

tr(H2
oeo)

)2

(4.111b)

The two elements of the vector appearing on the r.h.s. of Equation (4.111a) repre-
sent, respectively, the deviation from 1 of the normalized overlap between Hoeo and
(i) the target Hamiltonian, (ii) the Hamiltonian Heoe. As the number of harmonics
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Figure 4.15: Effective three-body interaction. (a) Stroboscopic dynamics produced by the
effective Hamiltonian on a chain of N = 4 qubits with the choice of driving
amplitudes and phases of equation (4.112)a-e, for ω = 100. (b) Exact evolution
produced by the target Hamiltonian (4.110) with the same coupling strength
J = 1.58× 10−3 obtained in the effective Hamiltonian. In both panels, the
dashed lines indicate the populations of the basis states |0000〉, |1001〉, |0101〉,
|1010〉, |0011〉, |1100〉, |1000〉, |0111〉 (which result completely overlapped on
the r.h.s., and almost overlapped in the l.h.s.), while the solid lines refer to the
other eight basis states.

and different relative phases is raised, the number of free parameters grows fast.
Therefore, a sampling of random initial conditions for the gradient-based minimiza-
tion which is sufficiently large to span the relevant parameter space becomes rather
time consuming. For this reason, we have first characterized a set of approximate
solutions of equation (4.106), which requires less computational effort, and we then
used this restricted set as a base for starting the random search. In Figure 4.15 we
report the dynamics produced by one of the solutions found on a chain of four
qubits. This solution is obtained by considering local fields of the form of equation
(4.90) with L = 2 harmonics and ω = 100. The numerical values for the parameters
are

b1,1 = −1.838× 10−3, b1,2 = 4.532, (4.112a)

φ1,1 = 0.4231, φ1,2 = −0.5458, (4.112b)

b2,1 = 1.9508× 10−3, b2,2 = 4.4493, (4.112c)

φ2,1 = 1.6544, φ2,2 = 2.0540, (4.112d)

b3(t) = B1(t); b4(t) = B2(t). (4.112e)
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Figure 4.15a represents the effective stroboscopic dynamics starting with initial
state

|ψ0〉 = |ψ+〉 ⊗ |ψ+〉 ⊗ |ψ+〉 ⊗ |ψ+〉 , (4.113)

where |ψ+〉 = (|0〉+ |1〉)/
√

2, while Figure 4.15b corresponds to the exact evo-
lution produced by the Hamiltonian (4.110) with J = 1.5837× 10−3 equal to the
corresponding value in the effective Hamiltonian. The initial state |ψ0〉 is chosen in
such a way that it allows to discriminate the desired interaction from the undesired
ones present in equation (4.107). The results confirm that the effective Hamiltonian
approximatively matches the target three body term, showing the efficiency of the
general methodology. Further investigations are directed in the first place towards
the search of solutions improving this matching, possibly by exploiting further
harmonics in the driving fields. A second aspect regards the possibility of reaching
a higher level of selectivity of the interaction in the example treated in this Section,
by considering possible distortions of the direction of the local fields. These may
allow to break the symmetries which prevent the individual addressability of terms
like σ̂z

k−1σ̂x
k σ̂z

k+1 in the absence of effective local terms.

4.7 discussion

In this Chapter, we have introduced a framework for constructing shortcut-to-
adiabaticity Hamiltonians, by combining two different ideas. The first one is that of
counterdiabatic driving (described in Chapter 2, Section 2.3), i.e., of introducing
correcting fields which dynamically prevent nonadiabatic transitions. The second
one is that of engineering effective interactions by means of rapid modulations of the
control parameters. This technique allows one to construct effective counterdiabatic
Hamiltonians without the necessity of introducing new Hamiltonian couplings.
The construction is made according to Floquet-Magnus average Hamiltonian theory
(Chapter 3), which describes how to individuate effective Hamiltonians governing
the average behavior of the system. We then exemplified the procedure in a number
of different contexts (Sections 4.2.2 and 4.3), with particular attention to avoided
crossing problems, which represent a primary example of (non)adiabatic physics.

The advantages of our methodology can be placed at different levels. First
of all, the shortcuts can be operated in a wide regime of timescales, providing
a smooth connection between truly adiabatic strategies and arbitrary-time fast-
forward methods (see Section 4.4). Contextually, the methodology can be used
both for constructing adiabaticity-assisting protocol, in which the driving acts as a
weak perturbative correction to a reference adiabatic scheme, or as a standalone
fast-forward method, in which the driving Hamiltonian represents the dominant
interaction. For a given timescale of interest, this in general requires to adapt the
values of the driving frequency and the strength of the driving (amplitude of the
control fields).
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The procedure for constructing the shortcut Hamiltonians leaves plenty of room
for integration with optimal control strategies [73]. Indeed, the effective coun-
terdiabatic Hamiltonian can be further shaped by taking into account possible
optimization principles, such as the minimization of cost functions related to the
use of certain experimental resources, or of some specific feature of the controlled
dynamics. The optimization can then be carried out over the set of amplitudes of
the control fields which act over different harmonics of the fundamental driving
frequency. These general ideas were investigated, for instance, in Ref. [160], where
polychromatic drivings were used for reducing the deviation produced by the
micromotion dynamics.

The analysis from the point of view of control theory, in Section 4.1, provided
interesting results regarding the characterization of the structure of the counterdia-
batic Hamiltonian. The fact that the latter belongs to the dynamical Lie algebra of
the system (Theorem 2, Section 4.1), despite being in a sense a direct consequence
of the adiabatic theorem, is a powerful information. Indeed, it guarantees that our
approximating scheme can be applied independently from the properties of control-
lability of the system. A second aspect of relevance comes from the connection with
the theory of flow equations (Section 4.1.2). This allowed us to argue that, in many
cases, the matrix structure of Hcd(t) can be found by taking a single commutator
of the control Hamiltonians composing H(t). The importance of this can be traced
back to the following point: one can expect that it is sufficient to calculate only the
first-order effective Hamiltonian in the Floquet-Magnus expansion (equations (3.18)
in Section 3.2). It would be also interesting to elaborate on the use of flow equation
approaches as a different route for constructing effective counterdiabatic fields.
Indeed, since they can be used to produce partial diagonalization (by truncating
the flow), and thus to approximate counterdiabatic Hamiltonians, they may be also
used for constructing effective counterdiabatic fields without requiring the exact
spectral properties of the Hamiltonian. We mention that these ideas seem to find
quite a few similarities with the variational approaches proposed in Ref.s [37, 143].
This connection as well may be worth a further exploration.

A natural extension of this kind of analysis would regard infinite-dimensional
systems. As discussed in Section 3.1, a number of technical problems arise when
one tries to formally bring the counterdiabatic scheme to the infinite-dimensional
setting. For instance, the concept of adiabatic state needs to be refined when
continuous spectra are present. In this case, variations of the adiabatic theorem
have been proposed in which the preservation of instantaneous eigensubspaces is
related to continuous strips in the spectrum [108]. Another pathological situation is
found when degeneracies occur. In this case, what one can aim at is the preservation
of instantaneous degenerate eigensubspaces, when the degree of degeneracy is
maintained during the evolution. No particular issues should be present instead
when the infinite-dimensional spectrum involves only non-degenerate discrete
levels. More generally, the whole machinery described in this Chapter can be safely
applied whenever the quantum control problem involves only subparts of the
spectrum of the system where the above-mentioned problems are not present.
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Finally, the possibility of realizing local effective counterdiabatic driving (Section
4.6) is very appealing for the potential extension of the method to many-body
quantum systems. The good preliminary results motivate further investigation in
this direction. At the same time, the technique developed in Section 4.6.2 for the
synthesis of dominant effective many-body terms can be of interest on its own,
beyond the strict shortcut-to-adiabaticity framework, and it may develop towards a
separate dedicated study.

The next Part, iii, of this thesis is dedicated to applications of the framework
developed in this Chapter. The first application, presented in Chapter 5, deals with
the problem of entanglement creation in a superconducting circuit, one of the most
promising architectures for building quantum technologies. The second application
covers the improvement of one of the most widespread adiabatic control techniques,
namely the stimulated Raman adiabatic passage.
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5 E N TA N G L E M E N T P R O D U C T I O N I N
C I R C U I T Q E D

This Chapter is dedicated to the application of the methodology developed in
Chapter 4 for quantum control in the field of circuit quantum electrodynamics
(cQED), i.e., in the realm of superconducting circuits [17, 51, 75, 141, 172]. We will
construct an accelerated adiabatic protocol whose purpose is to generate, with
high precision and low noise sensitivity, entanglement between the fundamental
computational units encoded in the system. This objective is of central importance
for metrological applications [47] and for the implementation of entangling gates in
quantum algorithms [122]. The present analysis also shows how our methodology
can be efficiently applied to control an appropriately restricted subspace of a larger
Hilbert space.

Superconducting qubits are, nowadays, one of the most rapidly expanding exper-
imental platforms for building quantum technologies. At a more fundamental level,
over the last ten years they have proven to be a precious resource for the progress
of physical sciences, allowing to probe experimentally quantum effects which could
not be addressed in the lab before. Indeed, since their first implementations [121],
they have been largely involved, for instance, in the study of quantum compu-
tation, from algorithms [52, 147] to multiqubit entanglement [53] and quantum
error correction [11, 131], quantum simulation [12, 35, 102], and quantum optics
(e.g., Jaynes-Cummings physics [62]). A 53-qubit cQED hardware has been used
in the first experiment claiming to have achieved quantum supremacy [9]. The
appeal of cQED can be traced back also to the fact that it is ultimately based on
electrical circuits, and it can be implemented on chips. This has proven, in the case
of non-quantum technology, to be an easily scalable architecture.

The general context of cQED is presented in Section 5.1, where the relevant
Hamiltonian of the system is introduced. We will also discuss the dynamical
equations modeling the interaction of the system with the surrounding environment.
This formulation will help us to analyze the stability of the protocol in realistic
noisy situations, in Section 5.7. In Section 5.2, we describe the specific system
that we will analyze, which consists of two driven qubits coupled to a common
transmission line. As a first step towards the design of the final protocol, we define
a reference adiabatic process. This is conceived in such a way that the adiabatic
evolution connects separable states to entangled states. Moreover, we compare the
performance produced by different choices of adiabatic sweep functions, which are
chosen along the principles of Section 2.2. We will then proceed in the computation
of the exact counterdiabatic (cd) Hamiltonian in Section 5.4, which turns out to
require new couplings which cannot be realized in standard architectures. This
motivates the introduction, in Section 5.5, of an effective counterdiabatic scheme
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constructed according to the general theory described in Chapter 4. The results
produced by the shortcut protocol are analyzed in Section 5.6, where we show
that large fidelities can be attained in competitive evolution timescales, even in
the presence of experimental constraints. We also compare the performance of
shortcuts tailored over different original optimized adiabatic sweeps. We finally test,
in Section 5.7, the robustness of the protocol against imperfections in amplitude,
frequency and phase of the control modulations, and we show that promising
results are maintained in the presence of environment-induced noise.

5.1 circuit quantum electrodynamics

Superconducting circuits are, in essence, electric circuits composed of LC oscillators
characterized by two quantum effects: superconductivity and the Josephson effect.
These two ingredients make the circuit behave as a nonlinear quantum mechanical
oscillator, that is, as a full-fledged artificial atom. Differently from other quantum
computational candidates such as real atoms, ions, electrons or photons, supercon-
ducting qubits are macroscopic objects, of the order of few µm. They are typically
divided into three categories, which are briefly named as charge, flux and phase
qubits. Among these, a specific type of charge qubit, called the transmon [91], is
becoming dominant, especially thanks to its long coherence times.

For building a full quantum device, superconducting qubits need of course to
interact with each other. Years of development of cavity quantum electrodynamics,
the field which describes the interaction of atoms with single photons confined
within a cavity, have paved the way for a circuit implementation of the same setup.
This allows one to achieve strong qubit-qubit interaction in an efficient way, and
has given origin to the field of circuit quantum electrodynamics (cQED) [16, 167].
In this model, superconducting qubits are coupled to transmission line resonators.
This architecture permits one to implement single-qubit operations, while having a
switchable qubit-qubit interaction which is mediated by the exchange of virtual
photons via the transmission line. In the next Section, we will present a full
description of this model.

5.1.1 Jaynes-Cummings interaction

The purpose of this Section it to discuss the typical Hamiltonian describing a cQED

system. The interaction of a set of N (artificial) atoms with a single mode of the
quantized electromagnetic field can be described via the Hamiltonian

H = h̄
∞

∑
k=1

[
ωk b̂†

k b̂k +
αk

2
b̂†

k b̂†
k b̂k b̂k

]
+ h̄ωr â† â + h̄

N

∑
k=1

gk(b̂k + b̂†
k )(â + â†). (5.1)

The atoms are treated as anharmonic oscillators with bosonic field operators b̂k, b̂†
k ,

transition frequencies ωk and anharmonicity αk. They are coupled with strength
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h̄gk to the electromagnetic field. The latter is characterized by field operators â and
â† and has transition frequency ωr. By performing a two-level approximation for
the atoms, and setting h̄ = 1, the Hamiltonian of equation (5.1) simplifies to

H = ωr â† â +
2

∑
k=1

ωk

2
σ̂z

k +
2

∑
k=1

gk

[
σ̂+

k â + σ̂−k â†
]
+

2

∑
k=1

gk

[
σ̂+

k â† + σ̂−k â
]

. (5.2)

Finally, let assume the rotating wave approximation (RWA) [112, 168]. This amount
to neglecting terms oscillating at the sum of frequencies of the qubits and/or of
the resonator, ±(ωk1 + ωk2) and/or ±(ωk + ωr), which are referred to as counter-
rotating terms. These are produced by the doubly-exciting and doubly-annihilating
combination of operators σ̂+

k â† and σ̂−k â, for instance, as can be seen by moving to
the interaction picture with respect to the noninteracting part of the Hamiltonian
(5.2). The physical intuition behind this is that these terms oscillate at frequen-
cies which are way larger then those arising from the corresponding differences,
±(ωk1 −ωk2) and ±(ωk −ωr), which are called rotating terms and are produced
by the operators σ̂+

k â and σ̂−k â†. Therefore, one expects that their effects average
out if one considers phenomena which occur on timescales close to those set by
the rotating terms. The consequence of the RWA is that the last summation term in
equation (5.2) is neglected, and the Hamiltonian becomes

HJC = ωr â† â +
2

∑
k=1

ωk

2
σ̂z

k +
2

∑
k=1

gk

[
σ̂+

k â + σ̂−k â†
]

. (5.3)

This Hamiltonian thus features a Jaynes-Cummings interaction, a well-studied
model of quantum optics [112, 168], which conserves the total number of excitations
in the qubits-resonator system. Indeed, the Hamiltonian of equation (5.3) commutes
with the operator N = 1 + σ̂z

1 /2 + σ̂z
2 /2 + ∑k â† â which counts the number of

excitations.
The dispersive regime is identified by the condition that the detuning between the

qubits’ transition frequency and the transition frequency of the resonator is much
larger than the coupling g. When this condition is fulfilled, and if the two qubits
are brought in resonance with each other, a resonator-mediated coupling makes
them interact. This originates from the transmission of a virtual photon through
the resonator, and can be exploited in order to implement two-qubit operations
[110]. In the rotating frame defined by the unitary transformation

U1 = exp

[
−

2

∑
k=1

g
δk
(â†σ̂−k − âσ̂+

k )

]
, (5.4)
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where we have introduced the detuning δk = ωk −ωr between the k-th qubit and
the resonator, the Hamiltonian (5.2), up to second order in g/δk, becomes

U1HU†
1 =ωr â† â + ∑

k

[
ωk

2
+

g2

2δk
(2â† â + 1)

]
σ̂z

k

+
1
2 ∑

k,`

g2

δk
(σ̂−` σ̂+

k + σ̂+
` σ̂−k ) + ∑

k
g(â†σ̂+

k + âσ̂−k )

+ ∑
k

g2

δk
[â2 + (â†)2]σ̂z

k + ∑
k,`

g2

δk
(σ̂−` σ̂−k + σ̂+

` σ̂+
k ). (5.5)

In the RWA, the last three terms are neglected. In the frame defined by U1, we
see that a hopping term between the two-qubits emerges (first term at the second
line). When the qubits are at resonance, δ1 = δ2 ≡ δ, within a subspace with fixed
number of excitations (n+ 1), an avoided crossings builds up between energy levels
corresponding to the {|n ↑↓〉 , |n ↓↑〉} states. Here, n corresponds to the number of
excitations of the electromagnetic field, while ↑↓ refers to the states of the qubits.
The width of such anticrossing (the minimal gap) is twice the qubit-qubit coupling,
that is, from the perturbative Hamiltonian (5.5), 2g2/δ. This phenomenon has been
already exploited both for performing an

√
i SWAP two-qubit gate [110], which

is an entangling quantum gate [122]. Moreover, it has been used for studying
Landau-Zener-Majorana-Stückelberg (LZMS) phenomena [130].

5.1.2 Model of dissipation and decoherence

Real quantum systems are always affected, to a variable extent, by the interaction
with the external environment, whose effect is that of introducing noise in the
system dynamics. This noise manifests itself into the dissipation of energy and into
decoherence/dephasing processes, which imply the destruction of superpositions
of energy eigenstates. These phenomena cannot be described by the standard time-
dependent Schrödinger equation, since they cannot be the result of any unitary
process. A proper description is provided by the theory of open quantum systems
[22], and it requires the use of equations of motion for the density matrix of the
system which extend the standard Heisenberg equation. When certain fairly general
conditions on the system-environment interaction are satisfied, one can prove that
these equations must have a specific structure, known as Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) form. The set of typical physical approximations which
allow one to derive equations of this form starting from a microscopic description
of the combined system-environment pair are usually collected under the name
of Born-Markov approximation. Let us denote with HS the Hilbert space of the
system and with HE the Hilbert space of the environment. Let us further indicate
with dens(H) the set of density matrices defined on the Hilbert space H. The Born
approximation assumes that the coupling between system and environment is weak,
such that, while the system is disturbed by the environment, the environment is not
altered by the presence of the system. This allows to decompose the density matrix
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ρ̂SE(t) ∈ dens(HS ⊗HE) of the combined system in the separable form ρ̂S(t)⊗ ρ̂E

for all times, where ρ̂S(t) ∈ dens(HS) describes the state of the system while
ρ̂E ∈ dens(HE) describes the state of the environment. The Markov approximation
implies that (i) the time-variation of the state of the system at time t depends only
on its current state ρ̂S(t), and (ii) that the state of the system varies over timescales
much longer than those characteristic of the environment. The resulting equations of
motion are dubbed GKSL (often just Lindblad) Markovian master equations [22]. In
the following, and also in Chapter 6, we make use of this formalism for studying the
robustness of the effective counterdiabatic protocol against environment-induced
noise.

The relevant incoherent processes which can occur in the superconducting
circuit under analysis are spontaneous emission from the superconducting qubits,
dephasing with respect to their bare states and photon leakage from the resonator.
These phenomena can be included into the description of the system by means of
the following GKSL master equation [17], which provides an evolution equation for
the system density matrix ρ̂(t),

∂ρ̂(t)
∂t

= − i
h̄
[H(t), ρ̂] + κD[â]ρ̂ +

2

∑
k=1

γ
(k)
r D[σ̂−k ]ρ̂ +

2

∑
k=1

γ
(k)
φ D[σ̂z

k ]ρ̂, (5.6)

where γ
(k)
d and γ

(k)
φ are the relaxation and decoherence rates for qubit k, while κ

is the damping rate of the resonator. The operator D, which is referred to as the
Lindblad dissipator associated to a collapse (or jump) operator X, has the following
explicit form,

D[x] = Xρ̂X† − 1
2

{
XX†, ρ̂

}
.

5.2 adiabatic entangling protocol

Starting from the general model of equation (5.3), we now focus on the specific
system over which we are going to concentrate our analysis. We consider an
architecture composed of two superconducting qubits coupled to a coplanar trans-
mission line resonator. The type of qubit which we choose is a so-called tunable
coupling qubit (TCQ), as proposed in Ref. [65, 146]. A particular feature of the TCQ,
as suggested by its name, is that not only its transition frequency can be tuned in
time, but its coupling to the resonator as well. This high degree of controllability
is achieved by connecting three superconducting island through superconducting
quantum interference devices (SQUIDs). By changing the external magnetic flux ap-
plied to the SQUIDs, the dipole moment of the two pair of islands can be combined
in a parallel or antiparallel way. The first case results in a strong coupling of the
qubit with the resonator, while in the second case this coupling is quenched [65].

Let us take the dressed basis defined by the vectors |n, ↑↓, ↑↓〉, where n indi-
cates the number of field excitations, while ↑↓ refers to the bare state of each
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qubit. Let us focus on a two-excitation manifold defined by the four basis states
{|n− 1, ↑↑〉 , |n, ↑↓〉 , |n, ↓↑〉 , |n + 1, ↓↓〉}. By considering a frame rotating at the res-
onator frequency ωr, the Hamiltonian (5.3) can be rewritten like

H =




δ1+δ2
2 g2 g1 0

g2
δ1−δ2

2 0
√

2g1

g1 0 δ2−δ1
2

√
2g2

0
√

2g1
√

2g2 − δ1+δ2
2




. (5.7)

By considering the dispersive regime, this Hamiltonian features the formation of an
avoided crossing between the intermediate states |n ↑↓〉 and |n ↓↑〉 when the two
qubits are in resonance at the same frequency, δ1 = δ2, as discussed in Section 5.1.1.
For simplicity, from now on we will consider a small total number of excitations,
equal to 2, in which the system is in a fully quantum regime.

Our proposal is to exploit the emerging anticrossing for adiabatically preparing
an entangled two-qubit state. This is possible by driving the qubits adiabatically
from an initially large detuning, where the qubits are effectively decoupled, to the
point where the avoided crossing occurs, which mixes the qubits bare basis into
entangled states. If the system is initially prepared in a separable state |↑↓〉, by
tracking the corresponding adiabatic state it will end up in an entangled singlet
state |ψs〉 = (|↑↓〉 − |↓↑〉)/

√
2. Since the total duration of the resulting process

turns out to be prohibitively long for realizing an efficient state-transfer protocol,
we will combine the use of optimized adiabatic sweeps (see Section 2.2) with the
ecd framework for achieving satisfactory fidelities in a short time, maintaining a
strong stability against experimental protocol imperfections.

For simplicity, we will consider equal coupling g1 = g2 ≡ g between the two
qubits and the cavity. Nonetheless, the present analysis holds for unequal couplings
as well. The central difference in that case is basically the relative position between
the avoided crossing and the point where the system instantaneous eigenstate is
the target state |ψs〉. For achieving the desired entangled state then, the final stop
time of the adiabatic protocol should be reset to this new point.

Let us assume that the protocol takes place over a total time t f . We then introduce
the sweep function f (t) describing the instantaneous half-detuning between the
qubits in units of g,

f (t) =
δ1 − δ2

2g
. (5.8)

During the adiabatic ramp, f (t) varies from an initial value f0 to zero. Introducing
the dimensionless quantities s = t/t f , τ = t f g, δg = (δ1 + δ2)/2g, the Schrödinger
equation reads

i
∂U
∂s

U(s) = τH(s)U(s), (5.9)
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Figure 5.1: Sketch of the adiabatic entangling protocol. In the initial configuration (left),
the two qubits, having transition frequencies ω1 and ω2, are detuned from each
other by 2g f0, while being largely detuned by δ1 � g and δ2 � g from the
resonators’s transition frequency ωr. They are coupled to the resonator with
strength g. The system is in the first-excited state, which is the separable state
|↓↑〉. The detuning between the two qubits is then adiabatically changed in
time until the final configuration is reached (right). The two qubits are now in
resonance with each other, and they interact via a resonator-mediated coupling
g0. In the adiabatic limit, the system follows the instantaneous excited state,
reaching the entangled state (|↑↓〉 + |↓↑〉)/

√
2 at the final time t f . (Figure

reproduced from [125])

with the rescaled Hamiltonian

H(s) =




δg 1 1 0

1 f (s) 0
√

2

1 0 − f (s)
√

2

0
√

2
√

2 −δg




. (5.10)

The whole setup is sketched in Figure 5.1. We will work with realistic experimen-
tal parameters within standard ranges, with reference to those used, for instance,
in Ref.s [52, 110, 141]. In particular, we consider a resonator frequency ωr/2π = 8.2
GHz and qubit-cavity coupling g/2π = 50 MHz. The well-controllable transition
frequencies of the qubits in the microwave range are instead varied from initial
values ω1/2π = 6.01 GHz and ω2/2π = 5.99 to a final equal value 6.00 GHz. The
avoided crossing for these parameters has width 2g0 ' 14 MHz. These are the
values which will be used in the numerical simulations. In terms of the dimension-
less quantities introduced in equation (5.10), these values translate into δg = −44,
f0 = 0.2. The next step in our analysis is to choose an efficient adiabatic ramp.
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Figure 5.2: Adiabatic sweep functions. Temporal profile of the different adiabatic drivings
under analysis. (Figure reproduced from [126])

5.3 optimizing the adiabatic sweep

In Section 2.2, we discussed how the temporal profile of an adiabatic sweep can
be optimized in order to achieve a satisfactory adiabatic approximation in finite
time. In particular, we have introduced two different local adiabatic drivings (LADs),
and two boundary-cancellation drivings (BCDs). Building on that discussion, we
inspect now in detail how these sweeps perform in the present context, also in
comparison with a simple linear ramp. In particular, we will study how the fidelity
of the protocol is affected by that choice. Adapting to the system under analysis,
the possible functional dependences which we consider are

1. Linear LZMS ramp,

fLZ(s) = f0[1− s]; (5.11)

2. [BCD] Regularized Beta function,

fβ(s) = [1−Θk(s)] (5.12)

where Θk(x) is defined in equation (2.56);

3. [BCD] Polynomial

fpl(s) = f0[1− 35s4 + 84s5 − 70s6 + 20s7] (5.13)

with three time-derivatives vanishing at the boundary;

4. [LAD] Tangent,

ftan(s) =
g0

g
tan[γ(1− s)] (5.14)

where γ = arctan(g f0/g0).
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Figure 5.3: Final infidelity as a function of the total duration for different sweep func-
tions. The use of optimized adiabatic sweeps greatly improves the protocol
fidelity, at given total time, with respect to a basic linear LZMS ramp. The
infidelity for BCDs follows initially the behavior of the LZMS curve, but when
adiabatic timescales are reached, it decays exponentially fast both for fpl and fβ.
The infidelity for LADs, excluding accidental peaks, shows a behavior linearly
decaying with the total time, which reaches fidelities between 0.9 and 0.999

faster than other methods, both for fRC and ftan, before getting overcome by
BCDs at around 1 µs. [Figure reproduced from [125]].

5. [LAD] Roland-Cerf-like,

fRC(s) =
g0 f0(1− s)

g
√
(g0/g)2 + f 2

0 s(2− s)
. (5.15)

The temporal profile of these functions, with the parameters of the problem treated
in this Chapter, is shown in Figure 5.2. By numerically integrating the Schrödinger
equation (5.9) for different total time τ, and using the different sweep functions just
enumerated, one obtains a behavior of the final fidelity as reported in Figure 5.3.
The function giving smaller fidelity, in general, for a given total time, is the linear
ramp by far. The latter requires at least 10 µs for reaching a 0.999 fidelity. The BCDs
initially follow the LZMS curve, but the fidelity then decays exponentially fast from
around 700 ns, reaching 0.9999 in less than 3 µs. The global behavior for fβ and fpl

is basically the same, with the exponential-decay regime starting slightly earlier for
fpl. Finally, also the LADs share a common global trend, with fRC presenting a rather
large set of pronounced minima in the infidelity. Even though these can reach very
small values, they are highly unstable with respect to the choice of the total time.
Therefore, one expects that they cannot be exploited for a systematic optimization
of the protocol. LADs make fidelities above 0.9 and 0.99 accessible from much



98 entanglement production in circuit qed

−0.5

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1

−0.1

0

0.1

0.
5

0.
6

0.
7

0.
8

0.
9

t f
H

cd

t/tf

H
(1,2)
cd

H
(1,3)
cd

H
(1,4)
cd

H
(2,3)
cd

H
(2,4)
cd

H
(3,4)
cd

Figure 5.4: Imaginary part of the matrix entries of the Hcd(t) Hamiltonian[equation
(5.16)]. The by far dominant matrix element of the counterdiabatic Hamiltonian
Hcd(t) is H(2,3)

cd (s) (and its complex conjugate), corresponding to a nonadiabatic
coupling between state |1 ↑↓〉 and |1 ↓↑〉. (Figure adapted from [125]).

shorter times, around 200 ns and 400 ns respectively. However, neither ftan nor fRC

can reach fidelities larger than 0.999 in less than one µs. In conclusion, excluding
the linear ramp, we can identify two time regimes depending on whether LADs
or BCDs achieve lower infidelities, but, still, the total protocol duration needed for
interesting precision levels is too large for these adiabatic methods to be appealing
in practice. The situation will get different instead, if the same adiabatic sweeps
are supported by effective counterdiabatic driving fields, as we will analyze in the
following Sections.

5.4 counterdiabatic hamiltonian

Since the time-dependent Hamiltonian (5.10) cannot be diagonalized analytically,
we resort to a numerical evaluation of the counterdiabatic field. First of all, the
Hamiltonian is real-valued, hence the cd Hamiltonian Hcd(t) is fully imaginary (as
discussed in Section 4.1). Considering the form 5.13 for the sweep function, the
matrix entries

H(k,l)
cd (s) = Im 〈k|Hcd(s)|l〉 , (5.16)

with {|0〉 , |1〉 , |2〉 , |3〉} = {|0 ↑↑〉 , |1 ↑↓〉 , |1 ↓↑〉 , |2 ↓↓〉}, are depicted in Figure
5.4. It is immediately evident that the H(2,3)

cd (t) component is largely dominant
with respect to all the others. This component couples directly the two states
|1 ↑↓〉 and |1 ↓↑〉 which, being those involved in the avoided crossing, also attain
the smallest gap. Therefore, the global adiabatic condition (2.40) indicates that
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nonadiabatic transitions are substantially determined by this term. For this reason,
in the following we will neglect the other entries in the cd Hamiltonian and define
a “partial” cd Hamiltonian

Hp(s) =
H(2,3)

cd (s)
2

[
σ̂x

1 σ̂
y
2 − σ̂

y
1 σ̂x

2
]

(5.17)

which we target to realize. If one is able to implement this coupling directly in the
Hamiltonian, numerical inspection shows that fidelities above 99.999% would in
principle be attainable at whatever timescale. However, due to the fact that Hcd(s)
scales like 1/t f , the faster the protocol, the stronger the H(2,3)

cd (s) component is. For
instance, the Hamiltonian (5.17) would produce 0.99999 fidelity in 50 ns requiring
a maximal value of H(2,3)

cd around 10 MHz. By dividing the value depicted in Figure

5.4 by t f , it is possible to extrapolate the maximal value of H(2,3)
cd corresponding to

different total times t f .

5.5 effective counterdiabatic control

The matrix σ̂x
1 σ̂

y
2 − σ̂

y
1 σ̂x

2 composing the counterdiabatic Hamiltonian (5.17) is in
general not implementable directly in the experimental setup under analysis (see
Section 5.2). Indeed, it would require time-dependent control of an imaginary
qubit-qubit coupling. For this reason, we here proceed in the derivation of an
effective counterdiabatic field which can be realized assuming fast tuneability of
the coupling g in time.

We notice that the matrix structure of the partial counterdiabatic field, σ̂
y
1 σ̂x

2 −
σ̂x

1 σ̂
y
2 , can be generated from the set of initial control matrices through the commu-

tator of the matrices Ĉ1, Ĉ2 defined as

Ĉ1 =




0 1 0 0

1 0 0 0

0 0 0
√

2

0 0
√

2 0




, Ĉ2 =




0 0 1 0

0 0 0 1√
2 0 0 0

0
√

2 0 0




. (5.18)

Indeed, it holds that

σ̂
y
1 σ̂x

2 − σ̂x
1 σ̂

y
2 = 2i[Ĉ1, Ĉ2].

Following the general method described in Chapter 4, a simple ansatz for the ecd

Hamiltonian is then

Hecd(t) = u1(t)Ĉ1 + u2(t)Ĉ2. (5.19)

Using the previous results on the construction of the commutator dynamics (see
Section 4.2.1), we choose the control functions to be

u1(t) = A
√

ω sin(ωt); u2(t) = B
√

ω cos(ωt). (5.20)
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The exponent of the Magnus expansion (introduced in Section 3.2) generated by
Hecd, to the lowest order in T = 2π/ω, is then equal to

M̂ecd(T) = −iT
AB
4
[
σ̂x

1 σ̂
y
2 − σ̂

y
1 σ̂x

2
]
+ O

(
T3/2

)
. (5.21)

For obtaining the shortcut, this term needs to be equated to the Magnus exponent
generated by Hp(t), which, once expanded in small T, reads

M̂p(T) = −iT
H(2,3)

cd (T/2)
2

[
σ̂x

1 σ̂
y
2 − σ̂

y
1 σ̂x

2
]

. (5.22)

The resulting equation for the control amplitudes is then AB = 2H(2,3)
cd . Since H(2,3)

cd
is positive at all times for the sweep function f (s) = fpl(t), a straightforward
solution is

A(t) = B(t) =
√

2H(2,3)
cd (t), (5.23)

which leads to the shortcut Hamiltonian

Hecd(t) =
√

2ωH(2,3)
cd (t)

[
sin(ωt)Ĉ1 + cos(ωt)Ĉ2

]
. (5.24)

Hence, the effective counterdiabatic Hamiltonian requires quick modulation of the
qubit-resonator coupling.

5.6 results

Now that the shortcut Hamiltonian is determined, equation (5.24), we discuss its
performance in terms of the final infidelity as a function of the total duration of the
protocol. Besides, we correlate these results with constraints on the experimental re-
alizability of the protocol. Specifically, since the ecd Hamiltonian requires control on
the qubit-resonator couplings, we consider different ratios k between the maximal
amplitude needed by the control functions and the initial coupling g, k =

√
ωA(t)

g .
Indeed, a too large coupling would break the strong coupling approximation, mak-
ing the Jaynes-Cummings Hamiltonian (5.3) inappropriate for the description of
the system. From equation (5.23), we see that this condition implies a bound on the
maximal driving frequency utilizable, namely

ωmax =
k2g2

2 maxt

∣∣∣H(2,3)
cd (t)

∣∣∣
. (5.25)

As a further constraint, we take into account the fact that a too large driving
frequency ω can break the RWA as well (c.f. Section 5.1.1). For this reason, we also
fix an overall maximal ceiling on the frequency, which is applied even if equation
(5.25) is satisfied. The choice of the ceiling is arbitrary, but in general it should be
such that no resonances with any transition occur and such that counterrotating
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Figure 5.5: Final infidelity of the protocol as a function of the total duration for a poly-
nomial BCD sweep. Broken curves correspond to the results of the ecd protocol
(5.24) for an fpl adiabatic drive and the fixed value of the driving frequency
indicated in the legend, whilst the red curve ( ) indicates those correspond-
ing to the unassisted fpl sweep. The colored curves represent the results for
the ecd protocol when an upper bound is imposed to the maximal norm of the
correcting Hamiltonian, as per equation (5.25) for different ratios k. The color
scale indicates the maximal amplitude reached by the ecd fields in units of the
coupling g. (Figure reproduced from [125])

terms are still at a rather large frequency. Here, we consider as main reference
value ωmax/2π = 7 GHz, in which case terms neglected by the RWA oscillate at
about (ωr + ω1,2)/2π = 14 GHz at least. In any case, results for different ceilings
between 4 and 8 GHz are still shown in the Figures below with broken black lines.

5.6.1 Accelerated BCD

In Figure 5.5, the results are shown for the case in which the ecd method is used
to speed-up a boundary cancellation method, namely fpl of equation (5.13). For
k = 1, which implies an amplitude of the driving equal to g, an improvement is
obtained with respect to the standard adiabatic method in a large-time regime. For
instance, 0.999 fidelity is achieved with a 30% acceleration. However, since the total
time still exceeds 2µs, stronger drivings would be preferable. Already for k = 2,
the improvement is more net and fidelities above 0.999 start to become accessible
from about 700− 800 ns.

Three regimes can be recognized from the colored curves: for fast timescales,
H(2,3)

cd is very large and the constraint on the maximal amplitude (5.25) strongly
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Figure 5.6: Final infidelity of the protocol as a function of the total duration for a LAD

sweep. Results equivalent to those shown in Figure 5.5 for the choice of the
reference adiabatic sweep ftan. The infidelity produced by the latter, in the
absence of ecd correction, is represented by the ( ) curve. (Figure reproduced
from [125])

limits the maximal admissible driving frequency. The control is not sufficiently
strong to compensate nonadiabatic transitions, and it becomes rather detrimental
for the system dynamics. Then, for intermediate timescales, the method starts to
be efficient and the infidelity decays polynomially with the timescale while the
frequency is raised. Finally, the frequency reaches the 7 GHz ceiling, it remains
constant at such value, and the infidelity decays exponentially. The choice of k
determines how soon —that is, starting from which total time—the “7-GHz regime”
is reached.

5.6.2 Accelerated LAD

The case in which a LAD is accelerated is represented in Figure 5.6. The sweep
function considered is ftan, since it gives the best results in the unassisted case. We
see immediately that lower infidelities are attained for a total time below one µs
with respect to the BCD case of Section 5.6.1. Now, fidelities of at least 0.999 are
obtained for k = 1 starting from around 500 ns. Fidelities of 0.99 can be obtained
instead in around 65 ns with k = 3 and in 130 ns with k = 1. Hence, this protocol
achieves the best results in the temporal regime in which we are interested in, and
we will take it as the reference one for the following analyses.



5.7 robustness 103

5.6.3 Generalization to different parameters

All the results presented in this Chapter relate to the initial choice of system
parameters made in Section 5.2. In this Section, let us discuss how these results
generalize to different choices of these parameters. A central element in the whole
analysis is the strength g of the coupling between each qubit and the resonator. If
the value of g is increased, maintaining the qubit-resonator detunings δk fixed, then
the global timescales for the protocol become shorter, for all possible choices of the
sweep functions. This is easily explained in the light of a standard LZMS model: if
g/δ increases, following an increase of g to the value ḡ > g, the avoided crossing
between states |↑↓〉 and |↓↑〉 (see Section 5.1.1) becomes larger, g2/δ→ ḡ2/δ. From
the point of view of adiabaticity, this is substantially equivalent to rescaling the
duration by a factor ḡ2/g2 > 1. Hence, nonadiabatic transitions are reduced.

If the detuning δres between the qubits (at the their resonant configuration) and
the resonator is changed, two different effects must be taken into account. On
the one hand, raising δres diminishes the ratio g/δres which is involved in the
dispersive regime approximation. Making g/δres smaller is in general beneficial
since it further justifies the adiabatic elimination of states (belonging to the given
excitation manifold) not involved in the protocol, i.e. |2 ↓↓〉 and |0 ↑↑〉. On the
other hand, raising δres also diminishes the ratio g2/δres which characterizes the
width of the avoided crossing, thus leading to a dilation of the timescales necessary
to attain the adiabatic regime. In conclusion, the values of g and δres should be
carefully balanced in such a way that the ratio g/δres is minimized, while g2/δres is
maximized.

A third important parameter is the g f0, which quantifies the initial gap between
the levels |↑↓〉 and |↓↑〉. The larger this value becomes, the faster the initial transient
becomes in local adiabatic drivings, making those prevail in performance with
respect to other methods. Of course, this is true provided the temporal rate of
variation of the sweeps remains feasible experimentally. On the other hand, as g f0

diminishes, all different sweep functions will tend to be well approximated by a
simple linear (LZMS) ramp, giving then very similar results.

In the next Section, we will analyze how small variations of the parameters affect
the overall performance of the protocol.

5.7 robustness

The results discussed in Section 5.6 bring evidence of the efficiency of the shortcut-
to-adiabaticity method introduced in this Chapter. However, it is important to
benchmark how the performance can be affected by the potential presence of
unexpected errors in the protocol. First, we address here the effect of static shifts in
the control parameters, namely frequency, amplitude and relative phase of the fields.
Second, we take into account possible dissipative effects due to the interaction with
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the environment. We perform these analysis using as a basis the ecd-LAD protocol
discussed in Section 5.6.2, for driving frequency ω/2π = 7 GHz.

5.7.1 Imperfections in the control parameters

Concerning parameter shifts, we introduce the perturbations ε = {εω, εφ, εA} such
that the parameter get distorted from their ideal values as

ω −→ ω[1 + εω], (5.26a)

cos(ωt) −→ cos(ωt + πεφ), (5.26b)

A(t) −→ A(t)[1 + εA]. (5.26c)

We take the perturbations ε to be random variables uniformly distributed over an
interval [−εmax, εmax], where we choose εmax = 5%. For quantifying the effect of
these control errors on the system evolution, we study the average final infidelity
produced over a number Nε of realizations, which is

〈
I f (ε)

〉
ε
=

1
Nε

∑
ε

I f (ε). (5.27)

We then study the relative error in the final infidelity due to the error, which,
calling I

(0)
f the final infidelity for ε = 0, is

1−
〈
I f (ε)

〉
ε

I
(0)
f

. (5.28)

This quantity is depicted in Figure 5.7 as a function of the total duration. An error
bar is associated to each point, representing one standard deviation, defined as

σ
(
I f
)
=

√〈
I2

f (ε)
〉

ε
−
〈
I f (ε)

〉2
ε
, (5.29)

together with maximal and minimal values, indicated by asterisks and squares,
respectively. The average values are typically lower than zero, indicating that, as
expected, the method is spoiled by the presence of errors. However, the minimum
values (asterisks) always lie at positive values. This means that sometimes small
errors can accidentally lead to higher fidelities, as explained in detail in Section 4.5.

In the worst case, the infidelity increases by about 6 times with respect to the
unperturbed value. On the other hand, the standard deviation always remains
below 100%. This implies that, even if the infidelity fluctuates quite a lot in value
if errors are present, it always increases by less than one order of magnitude.
Therefore, since in typical quantum computation applications one targets a certain
order of magnitude of the fidelity, we find that imperfections within 5% in the
control parameter can be neglected to a good approximation. In order to elaborate
on this feature, we report, in the lower panel of Figure 5.7, the average value of the
logarithm of the infidelity,

〈
log10 I f

〉
ε

, (5.30)
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Figure 5.7: Two-qubit entanglement in cQED: robustness against protocol errors. Con-
sidering the accelerated LAD scheme of Section 5.6.2, the empty circles ( ) in
the upper panel represent the average relative error in the final infidelity as a
function of the total protocol duration, for relative errors within 5% present
in amplitude, frequency and relative phase of the ecd control fields [equations
(5.26) and (5.27)]. The average logarithmic infidelity is depicted instead in the
lower panel, where the red line reports the unperturbed results ( ). The error
bars represent one standard deviation, whilst asterisks ( ) and squared points
( ) refer to maximal and minimal values, respectively (Figure reproduced from
[126])

still as a function of the duration. Each point is accompanied by an error bar
indicating one standard deviation, σ(X) =

√
〈X2〉ε − 〈X〉2ε with X = log10[I f (ε)].

One can see from Figure 5.7 that the infidelity in the presence of errors remains
close to the unperturbed value, with the error bars always extending less than one
order of magnitude. As an example, a fidelity larger than 0.999 can be obtained
from 400 ns even with parameter imperfections.

5.7.2 Environment-induced noise

For analyzing the effect of dissipation and decoherence on the protocol, we make
use of the GKSL master equation formalism introduced in Section 5.1.2. This takes
into account photon leakage from the resonator, together with spontaneous emis-
sion and dephasing for the two qubits. We numerically solve the master equation
for the full ecd Hamiltonian considering three photonic states of the cavity, assum-
ing, for convenience, equal decay rates for the two qubits, γ

(1)
r = γ

(2)
r ≡ γ and

γ
(1)
φ = γ

(2)
φ = γ/2. Figure 5.8 reports a color map representing the final infidelity
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as a function of the damping rate of the qubit γ and of the resonator κ. The fidelity
maintains large values, remaining well above 98% for typical parameters, such as
γ/2π = 5 kHZ and κ/2π = 5 kHz. Even for larger rates, around 10− 15 kHz, the
fidelity never drops below 97%. In this context, we have also analyzed numerically
the validity of the RWA approximation, both in the closed and open system setting.
This has been done by using the full Hamiltonian of equation (5.2), again consider-
ing a truncation of the Fock Hilbert space to 3 photonic states. The corresponding
dimension of the density matrix is 12× 12. The outcome of the simulations confirm
that the approximation is valid also in the presence of the driving. The major fea-
ture which is observed is the renormalization of the width of the avoided crossing
induced by the presence of further levels of the spectrum. This phenomenon can
produce a global improvement of the protocol due to the effect of the minimal
anticrossing gap on the adiabatic dynamics described in Section 5.6.3. This can be
explained by means of the following perturbative argument. Let us start with the
Hamiltonian of equation (5.5), keeping also the counterrotating terms, and let us
introduce the quantity ∆k = ωk + ωr. We then perform a unitary transformation
whose aim is that of “removing” from the Hamiltonian the counterrotating term of
order g, leaving only second-order terms. This transformation reads

U2 = exp

[
−

N

∑
k=1

g
∆k

(σ̂−k â− σ̂+
k â†)

]
. (5.31)
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As a result, the Hamiltonian in this new frame reads

U2U1HU†
1 U†

2 =ωr â† â +
N

∑
k=1

{
ωk

2
+

1
2

(
g2

δk
+

g2

∆k

)
(2â† â + 1)

}
σ̂z

k

+
1
2

N

∑
k,n=1

(
g2

δk
− g2

∆k

)
[σ̂+

k σ̂−n + σ̂−k σ̂+
n ]

+
N

∑
k=1

g2

δk
[â2 + (â†)2]σ̂z

k +
N

∑
k,n=1

g2

δk
[σ̂−k σ̂−n + σ̂+

k σ̂+
n ]. (5.32)

Inspecting the hopping interaction at the second line of equation (5.32), we see that
one effect of not assuming the RWA shows up in terms of a renormalization of the
coupling, which is modified according to

g2

δk
−→ g2

(
1
δk
− 1

∆k

)
. (5.33)

Interestingly, we see that the coupling strength can thus be either reduced or
increased, depending on the sign of δk = ωk −ωr, and hence on whether the transi-
tion frequency of the k-th qubit is larger or smaller than the resonator frequency
ωr, for a fixed detuning. If one chooses ωk < ωr, the coupling can be maximized
(in absolute value) for our parameters to ≈ −8.2 MHz, while its minimal value is
≈ −5.5 MHz. This numbers match the numerical estimates. By maximizing the
coupling strength, the global timescales of adiabaticity are reduced, as discussed in
Section 5.6.3, leading to the desired fidelities even in a shorter time.

5.8 discussion

This Chapter has been dedicated to a first application of the framework introduced
in Chapter 4 to a problem of relevance in the field of quantum control. This has fea-
tured the production of two-qubit entangled states in a model describing a typical
architecture of superconducting circuits. Summarizing the analysis, we have first
conceived a reference adiabatic protocol for achieving this task (Section 5.2). In this
context, we have compared, in Section 5.3, different choices of optimized adiabatic
sweep functions (whose general concepts were introduced in Section 2.2), by bench-
marking the performance, in terms of final fidelity, for different total durations of
the protocol (for a given set of realistic parameters). This has allowed us to individ-
uate different temporal regimes according to the corresponding best-performing
sweep function. We have then calculated numerically the exact counterdiabatic
Hamiltonian in Section 5.4, according to the theory described in Chapter 2, Section
2.3, and we have ascertained that these corrections are not implementable in the
architecture under analysis. We have then introduced shortcut corrections to the
protocol, which produce an effective counterdiabatic field via rapid modulation of
the qubit-resonator couplings. In the present experimental context, this procedure
can be implemented provided one assumes that tunable-coupling qubits of the
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type proposed, e.g., in Ref.s [65, 146] are used. Finally, we compared accelerated
protocols associated to the different optimized adiabatic sweeps, keeping track of
possible experimental constraints on the magnitude of amplitude and frequency of
the modulation. We find that the performance hierarchy, at a given total timescale,
among the different sweep functions is in general replicated for the corresponding
accelerated protocols. In the temporal regime of interest for practical applications,
the largest fidelity is attained by an accelerated local adiabatic driving (Section 5.4).

Interestingly, by operating a smart choice of the configuration of the transition
frequencies of qubits and resonator, one can make the level shift induced by the
presence of the full spectrum to be positive. The result of this is an enlargement of
the avoided crossing exploited for creating entangled superposition states, which
then translates into a global reduction of the total timescales needed for ensuring
adiabatic tracking for all the choices of sweep.

Further investigation for this protocol can be directed towards the design of
different modulation schemes realizing the same effective Hamiltonian. Indeed,
having different control options which produce the same effective counterdiabatic
correction would make the protocol more flexible with respect to the specific
control resources available in the laboratory. A possibility can be that of trading
modulations in the coupling with stronger modulations of the transition frequencies
of the qubits. Stronger modulations are needed since the desired coupling would
appear at higher-order terms in the Floquet-Magnus expansion in this case. One
can predict though that, due to the strong driving, this procedure could lead to a
shortcut protocol which is quite far from being adiabatic, hence arguably becoming
more sensitive to external noise.

A separate interesting investigation, going beyond the topics covered in this
thesis, would regard a detailed analysis of the effect of the driving scheme on
dissipative effects. When including the presence of the environment in our model
(Section 5.7), we have assumed a typical form of the dissipators well tested for
the type of system considered. Although this is expected to give good qualitative
information on what to expect in a realistic implementation, in the limit of strong
driving further effects may be observed. For instance, decoherence phenomena may
be distorted by the presence of the controls, in such a way that dressed states of
the whole controlled qubit-resonator system may couple to the environment. We
will extend this discussion in the final Chapter 7.

In the next Chapter, we will treat a different application, whose objective is
that of realizing fast and robust population transfers in a three-level system and
associated quantum gates. This is naturally implementable experimentally in the
optical regime with atoms, as well as in the microwave regime of superconducting
circuits described in this Chapter.



6 T H R E E - L E V E L A C C E L E R AT E D S TAT E
T R A N S F E R S

In this Chapter we discuss a second application of the method developed in this
thesis, whose purpose is that of optimizing the performance of one of the most
widespread quantum control methodologies for few-level systems. In particular,
the method is used for constructing an accelerated counterpart of the STimulated
Raman Adiabatic Passage (STIRAP) [165] technique. Using the effective counter-
diabatic (ecd) framework, we construct corrections to the standard control pulses
of this protocol which allow one to strongly relax the conditions on the control
parameters usually imposed by adiabaticity constraints. As a result, large fidelities
become accessible in an extremely larger parameter space. We first introduce the
basics of STIRAP in Section 6.1, and of the corresponding exact counterdiabatic (cd)
correction in 6.2. The shortcut method is constructed in Section 6.3. Its realizability
in explicit experimental platforms, in the optical and microwave regimes, is dis-
cussed in Section 6.3.2. The performance of the method is then analyzed in detail
in Section 6.4, in terms of transfer fidelity, protocol speed and robustness against
implementation errors and dissipative effects. Finally, a further application for the
realization of quantum gates based on accelerated fractional-STIRAP [99, 163] is
the subject of Section 6.5.

After the quantum computation application discussed in Chapter 5, this con-
tributes a second example of a fundamental building block of a quantum circuit
whose performance is enhanced by our method.

6.1 stirap

STIRAP is among the most diffused quantum control techniques [164, 165]. The
fundamental model of STIRAP involves a three-level system driven by external
laser fields. The purpose of the protocol is that of producing population transfer
between two states |0〉 and |2〉 which cannot be coupled by a dipole-transition
moment, while avoiding transient populations in potentially lossy intermediate
states. This technique was first introduced in a series of works, Ref.s [68, 69, 96],
being rather established with Ref. [69], and, since then, it has become a standard
in many branches of physics and chemistry. The great success of STIRAP can be
traced back to its robustness against moderate variations of the intrinsic parameters
of the control sequence, and against population losses by spontaneous emission
from other states involved in the process.

The protocol is realized by exploiting a laser coupling between each of the
two states and an intermediate state |1〉. The three levels may lie in different
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Figure 6.1: Level configurations for STIRAP. (a) Λ configuration; (b) ladder configuration.

configurations, such as the lambda (Λ) or the cascade/ladder (Figure 6.1). In the
Λ scheme, the ordering of the energy levels corresponding to the three states is
E1 > E2, E1 > E0, while in the ladder one the ordering is E2 > E1 > E0. For
simplicity, we will just consider the latter, even though all the following treatment
can be straightforwardly adapted to the Λ case.

A central feature of STIRAP is that, despite the involvement of the third in-
termediate state, it does not induce population transients in such a state (in the
ideal limit). Therefore, the method is highly robust against potential excitation
losses from state |1〉. This is possible thanks to a so-called “counterintuitive” pulse
sequence. The name originates from the fact that the first control laser, realizing the
“Stokes” pulse, does not couple to the occupied state |0〉, but it rather couples the
initially unoccupied states |1〉 and |2〉 instead. The second so-called “pump” pulse
is then applied sequentially, and it couples states |0〉 and |1〉 completing the desired
population transfer (see Figure 6.2). This procedure generates a time-dependent
eigenvector of the driven Hamiltonian which evolves only in the subspace spanned
by the |0〉 and |2〉 states. If the temporal features of the pulses are suitably designed,
the system adiabatically follows this state and the desired population transfer is
achieved.

In a frame rotating at the driving frequencies, and in the rotating-wave approxi-
mation, the Hamiltonian of STIRAP can be written as

H(t) =
1
2




0 Ωp(t) 0

Ωp(t) 2∆p Ωs(t)

0 Ωs(t) 2δ


 , (6.1)

where ∆p is the detuning of the pump laser from the |0〉-|1〉 transition, ∆s is the
detuning of the Stokes pulse from the |0〉-|2〉 transition, δ = ∆p + ∆s is the two-
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photon detuning of the |0〉-|2〉 transition, Ωp(t) and Ωs(t) are the Rabi frequencies
of the pump and Stokes pulses, respectively. For STIRAP to work, it is required that
δ = 0. Many different time profiles have been studied for these Rabi frequencies. A
typical choice is to use Gaussian shapes. For definiteness, we use such pulses as
well in the following, whose explicit form is

Ωp(t) = Ω0,p exp

[
−
(

t− τ

Tw

)2
]

, (6.2a)

Ωs(t) = Ω0,s exp

[
−
(

t + τ

Tw

)2
]

. (6.2b)

In this way, the pulses have standard deviation Tw/
√

2 and their peaks are separated
in time by 2τ > 0. We will assume equal peak values, i.e., Ω0,s = Ω0,p ≡ Ω0. It is
further convenient to introduce dimensionless parameters, namely

tw = t/Tw, Ω0w = Ω0Tw, τw = τ/Tw. (6.3)

The Hamiltonian of (6.1) can be diagonalized exactly for all times [165]. Intro-
ducing the “adiabatic energy” Ω(t) =

√
Ω2

p(t) + Ω2
s (t) [100], the instantaneous

eigenvectors can be written in the parametrized form

|b−(t)〉 = cos φ(t) |b(t)〉 − sin φ(t) |1〉 , (6.4a)

|b+(t)〉 = sin φ(t) |b(t)〉+ cos φ(t) |1〉 , (6.4b)

|d(t)〉 = cos θ(t) |0〉 − sin θ(t) |2〉 , (6.4c)

where

|b(t)〉 = sin θ(t) |0〉+ cos θ(t) |2〉 (6.5)

will be dubbed the “bright state”. The mixing angles θ(t) and φ(t) are defined by
the relations

tan θ(t) =
Ωp(t)
Ωs(t)

; tan 2φ(t) =
Ω(t)
∆p

. (6.6)

In the case of resonant STIRAP [∆p = 0], the angle φ(t) simplifies to φ(t) = π/4.
The instantaneous eigenvalues are

E±(t) =
1
2

[
∆p ±

√
∆2

p + Ω
2
(t)
]

, Ed(t) = 0. (6.7)

The zero-energy state |d(t)〉 is known as the “dark” state [7] and, remarkably,
it has no components along |1〉. Here lies the essence of STIRAP: if a system,
initially prepared in |0〉, is driven adiabatically, then it will follow the instantaneous
dark state ending up in the desired state |2〉 with no overlap over |1〉 during the
evolution. In order to find what conditions need to be fulfilled by the pulses in
order to induce adiabatic dynamics, we can use the adiabatic condition (2.40). The
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Figure 6.2: Ladder STIRAP configuration and sketch of the pulse sequence. (a) Scheme
of the energy levels and of the laser couplings for STIRAP in ladder configu-
ration. (b) temporal dependence of the Rabi frequencies of the pump, Stokes,
and ideal counterdiabatic pulses. (Figure adapted from [126])

nonadiabatic coupling 〈n|∂tm〉 can be computed using the expressions (6.4), while
the minimum gap is given by equations (6.7). At resonance [∆p = 0], this leads to
the condition

max
t

|Ωs(t)∂tΩp(t)−Ωp(t)∂tΩs(t)|
Ω

2 � min
t
|Ω(t)|. (6.8)

If relation (6.8) is satisfied, then one can expect the system to adiabatically follow
the instantaneous dark state. Further details on different adiabatic conditions can be
found in Ref. [165]. We will see in the next Sections that the adiabaticity constraint
strongly reduces the space of parameters which can be used for implementing the
protocol. This leaves room for the introduction of a shortcut technique which aims
at enhancing STIRAP beyond this limitation.

6.2 counterdiabatic stirap

Direct application of the theory of transitionless quantum driving to STIRAP pro-
duces a counterdiabatic (cd) field which oddly requires time-dependent control of
the |0〉− |2〉 transition [48]. Indeed, using the expressions (6.4) for the instantaneous
eigenvector of the STIRAP Hamiltonian (6.1) together with equation (2.62), one
finds the counterdiabatic Hamiltonian

Hcd(t) =
1
2

Ωcd(t)




0 0 i

0 0 0

−i 0 0


 , (6.9)
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with

Ωcd(t) = 2∂tθ(t) = 2
Ωs(t)∂tΩp(t)−Ωp(t)∂tΩs(t)

Ω
2
(t)

. (6.10)

For the case of Gaussian pulses as in equation (6.2a), the cd Rabi frequency Ωcd(t)
reads

Ωcd(t) =
Ωpeak

cd

cosh
(

Ωpeak
cd t

) , (6.11)

where Ωpeak
cd = 4τ/T2

w denotes its peak value. The time profile of Ωcd(t) is sketched
in Figure 6.2 in relation to the pump and Stokes pulses. It is always nonnegative
(since we are considering τ > 0) and it reaches its maximum at the time in which
the STIRAP pulses cross. The shape of the counterdiabatic pulse for other time-
dependencies of the STIRAP pulses can be found in Ref. [72]. Note again that the
counterdiabatic Hamiltonian (6.9) is orthogonal to the STIRAP Hamiltonian, see
the discussion in Section 4.1.

It is interesting, for the forthcoming analysis, to compute the protocol transfer
time for cd driving. We define the latter as the time necessary for the system to
evolve from an initial state characterized by an occupation p(i)0 of the atomic bare

state |0〉 to a final state with occupation p( f )
2 of state |2〉. In order to do so, we

recall that cd-STIRAP makes the system follow the instantaneous dark state exactly.
Therefore, given the parametrization (6.4c) in terms of the mixing angle θ(t) defined
in equation (6.6), the instantaneous populations of the system are

p0(t) = cos2 θ(t); p2(t) = sin2 θ(t). (6.12)

One can then substitute the explicit expressions of the Gaussian Rabi frequencies,
equation (6.2a), into the expression (6.6) of θ(t). After having plugged the result
into equation (6.12), one can invert the resulting equations in order to get the time
t at which the populations are p0 and p1, which reads

t(p0) =
1

Ωpeak
cd

log

[√
1− p0

p0

]
, (6.13)

t(p2) =
1

Ωpeak
cd

log
[√

p2

1− p2

]
. (6.14)

Eventually, the total transfer time is the difference τcd = t
(

p( f )
2

)
− t
(

p(i)0

)
, which

reads

τcd =
1

Ωpeak
cd

log




√√√√√
p( f )

2 p(i)0(
1− p( f )

2

) (
1− p(i)0

)


 . (6.15)

This quantity diverges in the limit p( f )
2 → 1 or p( f )

0 → 1, consistently with the
fact that the dark state matches the bare states |0〉 and |2〉 only asymptotically for
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infinitely large (negative and positive, respectively) time. Moreover, once initial
and final populations are fixed, the transfer time is completely determined by the
maximal Rabi frequency Ωpeak

cd .

6.3 frequency-modulated stirap

6.3.1 Construction of the shortcut Hamiltonian

Let us now discuss the construction of an effective counterdiabatic field for STIRAP.
The fundamental constraint which we require is that the shortcut Hamiltonian can
be realized by simply adding dynamical corrections to the basic pump and Stokes
pulses. In this way, direct implementability of the resulting protocol is guaranteed
without needing substantial modifications, if any, of the experimental setup. For
this reason, let us start by considering a shortcut Hamiltonian in the general form

Hfmod =
1
2




0 f (t) 0

f ∗(t) 0 g(t)

0 g∗(t) 0


 , (6.16)

where f (t) and g(t) are polychromatic (i.e., multi-harmonic) drives. Accordingly,
we write them as

f (t) =
−∞,+∞

∑
k 6=0

Ω f ,k(t)e−ikωt; g(t) =
−∞,+∞

∑
k 6=0

Ωg,k(t)e−ikωt. (6.17)

Now, let us consider the fundamental harmonic ω only, and let us compute the first
average Hamiltonian terms using equations (3.18)a-b. Since we have excluded the
non oscillating k = 0 term in equation (6.17) the zero-th order term in the Floquet-
Magnus expansion vanishes by construction. The first order effective Hamiltonian
reads instead

H(1)
eff =

1
4ω

[
(|Ω f ,−1|2 − |Ω f ,1|2)[|0〉〈0| − |1〉〈1|]
+ (|Ωg,−1|2 − |Ωg,1|2)[|1〉〈1| − |2〉〈2|]
+ (Ω f ,−1Ωg,1 −Ω f ,−1Ωg,−1) |0〉〈2|
+ (Ω∗f ,−1Ω∗g,1 −Ω∗f ,1Ω∗g,−1) |2〉〈0|

]
. (6.18)

This Hamiltonians contains the terms necessary to build up Hcd, namely |0〉〈2| and
|2〉〈0|. However, also diagonal terms are present, differently from the case of the
two-level system and the cQED one presented in Chapters 4 and 5. These physically
correspond to ac-Stark shifts of the energy levels induced by the drivings, and need
to be set to zero in order to have the effective Hamiltonian actually mimic the cd

Hamiltonian.
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For the Hamiltonian of equation (6.18) to match the counterdiabatic Hamiltonian,
the following equations need to be solved:

|Ω f ,1|2 − |Ω f ,−1|2 = 0 (6.19a)

|Ωg,1|2 − |Ωg,−1|2 = 0 (6.19b)

1
4ω

[
Ω f ,1Ωg,−1 −Ωg,1Ω f ,−1

]
= i

Ωcd(t)
2

(6.19c)

Since Ωcd(t) is real and always non-negative with our choice of STIRAP pulses, a
possible solution can be obtained by taking first

Ω f ,1 = Ω f ,−1, Ωg,1 = −Ωg,−1. (6.20)

Then, one can choose Ω f ,1 = iΩg,−1 = Ωd, obtaining finally

Ωd(t) =
√

ωΩcd(t). (6.21)

For the Gaussian pulses of equation (6.2a), the latter equation together with equa-
tion (6.11) gives

Ωd(t) =

√√√√√
ωΩpeak

cd

cosh
(

Ωpeak
cd t

) . (6.22)

It is interesting to note that, due to the proportionality to
√

Ωcd(t), the Rabi
frequency of the ecd control fields vanishes where Ωcd(t) does. This is the case,
importantly, at the beginning and at the end of the protocol. Therefore, not only
the switching on and off of the ecd fields is smooth, but also the micromotion
oscillations are suppressed at the final time, where measurements are performed.
The effective counterdiabatic Hamiltonian, joining equations (6.16), (6.17) and (6.21),
is thus

Hecd(t) = Ωd(t)




0 cos(ωt) 0

cos(ωt) 0 sin(ωt)

0 sin(ωt) 0


 . (6.23)

For testing the effect of potential phase variations in the control fields, we generalize
the Hamiltonian (6.23) by introducing a global phase φG and a relative phase φR

between them. The complete shortcut Hamiltonian we will analyze reads then as
follows:

Hfmod(t) = Ωd(t)
{

cos(ωt + φG)[|0〉〈1|+ |1〉〈0|]+

sin(ωt + φG + φR)[|1〉〈2|+ |2〉〈1|]
}

. (6.24)

We will call the latter fmod Hamiltonian. Physically, the Hamiltonian Hfmod(t)
describes control over two frequency sidebands of the pump and Stokes pulses,
detuned by ±ω from the corresponding carriers. The symmetry in the action
over each sideband produces symmetric light shifts, see equation (6.18), which
compensate each other to the dominant order. This compensation is imposed,
mathematically, by the constraint equations (6.19a) and (6.19b).



116 three-level accelerated state transfers

6.3.2 Possible experimental implementations

The fmod-STIRAP Hamiltonian of equation (6.24) can be realized experimentally by
generating sidebands of the pump/Stokes STIRAP pulses at frequencies ±ω for
both transitions. These need then to be suitably combined in order to produce
the proper phase relations producing the oscillating terms as in equation (6.24).
We will see in Section 6.4.3, that the method is rather robust with respect to
potential imperfection in the phase manipulation. In the limit of large detuning
∆p � 1, under which the state |1〉 can be eliminated, the shortcut Hamiltonian can
be physically understood as describing a time-dependent two-photon transition
between initial and target states, and in this sense it can be connected also to a
different shortcut method introduced in Ref. [72] and implemented experimentally
in [157]. In the forecoming analysis, we will consider two possible implementations,
one in the optical and another in the microwave regime. The first one involves a
Rydberg STIRAP excitation, as realized for example in Ref. [78], while the second
one consists in a superconducting circuit as realized in Ref. [157]. In the case of
the Rydberg excitation, the generation of the sidebands can be done using the
same resources needed for STIRAP. In particular, an input laser intensity Iin is first
equally divided between the two driven transitions, resulting in a Rabi frequency
Ωin/

√
2 for each branch. Then, the two laser beams can be processed in order

to generate the desired sidebands with a maximal carrier-sideband conversion
efficiency of αm = 0.9 [36]. In the superconducting circuit setup, the sidebands can
be produced separately by using specifically-dedicated microwave sources, as done
in Ref. [157].

For convenience, we treat the perturbations arising from the interaction of the en-
vironment in a common framework for both the experimental platforms considered.
Specifically, we use the following Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)
master equation (see the general introduction in Section 5.1.2) for the density matrix
ρ(t) of the three-level system [157],

∂ρ(t)
∂t

= −i[H(t) + Hfmod(t), ρ(t)]

+
2

∑
k=1

Γk−1,k

(
Ckρ(t)C†

k −
1
2

{
C†

k Ck, ρ(t)
})

, (6.25)

where the collapse operators Ck are defined as Ck = |k〉〈k + 1|. The master equation
(6.25) describes population losses within the three levels involved in STIRAP.
Therefore, strictly speaking, it would not be entirely correct for the treatment of
the Rydberg excitation, because in such a system losses are often towards external
energy levels. Nonetheless, since we are considering a ladder STIRAP configuration
and we are interested in being in the upper level |2〉, equation (6.25) is a bona
fide approximation. This is also confirmed by numerical tests. Concerning the
decay parameters Γ01 and Γ12, we will use the values of Ref. [40] for a Rydberg
excitation, namely Γ01Tw = 7 and Γ12Tw = 0.003, and those of Ref. [157] for the
superconducting circuit, namely Γ01Tw = 0.017 and Γ12Tw = 0.023.
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Figure 6.3: Dynamics of the populations for STIRAP and fmod-STIRAP. The broken
lines indicate the evolution of the occupation probabilities in the absence
of dissipation, for STIRAP ( ) and fmod-STIRAP ( ), with parameters
Ω0w = 12, τw = 0.7, ωTw = 60. The colored curves ( for STIRAP and

for fmod-STIRAP) report the results in the presence of dissipative effects,
obtained by numerical integration of the GKSL master equation (6.25) assuming
the decay parameters of a Rydberg excitation described in Section 6.3.2, namely
Γ01Tw = 7, Γ12Tw = 0.003. (Figure reproduced from [126])

A separate analysis is performed for potential applications in systems with strong
decoherence effects, such as color centers implanted in solid-state materials. For
taking into account this phenomenon, we introduce, in equation (6.25), artificial
decoherence channels modeled by the collapse operators Ck =

√
γk |k〉〈k|, with

k = 0, 1, 2. The rates γk are taken to vary within a few order of magnitudes larger
than Γ12 = 0.003.

6.4 protocol features

6.4.1 Population transfers

First of all, we compare the final fidelity produced by the fmod-STIRAP protocol
with that obtained using STIRAP. For the system initially prepared in STIRAP’s
dark state at the initial time t = −6Tw, the evolution of the populations is shown
in Figure 6.3 in a temporal window t/T = [−3Tw, 3Tw], for parameters τ = 0.7Tw,
Ω0Tw = 12, ωTw = 60. The black broken curves ( for STIRAP and for
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Figure 6.4: Final infidelity for STIRAP and fmod-STIRAP as a function of the parame-
ters of the STIRAP pulses. (a) Infidelity produced by STIRAP at the final time
t = 4Tw with system initialized in the instantaneous STIRAP dark state at time
t = −8Tw. (b) Final infidelity produced by fmod-STIRAP in the same time
interval as for panel (a) for driving frequency ωTw = 60. For the experimental
setup described in Section 6.3.2, a fixed maximal laser intensity limits the maxi-
mal intensity which can be dedicated to the sidebands and, consequently, it
limits the maximal implementable driving frequency (see equations (6.26) and
(6.27) in the main text and related discussion). The red solid lines ( ) indicate
the boundary below which the corresponding driving frequency is achievable,
while the red dashed line ( ) signals the minimal Ω0Tw achievable assum-
ing maximal carrier-sideband conversion efficiency αm = 0.9. In both panels,
the black regions indicate parameter sets for which the final fidelity does not
reach 0.9. (Figure adapted from [126])

fmod-STIRAP) indicate results in the ideal case, i.e., in the absence of dissipative
effects. On the other hand, colored solid curves ( for STIRAP and for fmod-
STIRAP) indicate results in the presence of dissipation for the decay parameters of
a Rydberg excitation Γ01Tw = 7, Γ12Tw = 0.003 introduced in Section 6.3.2. In the
ideal case, fmod-STIRAP produces a fidelity getting monotonically very close to
one, while STIRAP settles on values slightly above 0.95. When dissipative effects
are taken into account, the performance of STIRAP further diminishes as compared
to the shortcut: the fidelity drops to values around 0.75 whereas fmod-STIRAP
still remains above 0.9. This example not only shows that the shortcut protocol
is very efficient in the ideal situation, but also that it maintains its efficiency
against environmental disturbances. For making a more thorough comparison,
we explore a wide range of parameter values in Figure 6.4. In order to do so, we
consider different realistic values of the maximal Rabi coupling Ω0w of the pump
and Stokes pulses and of the pulse-shift τw. The infidelity at time t/Tw = 4, for
the system initialized in the |0〉 state at time t/Tw = −8, is shown in Figure 6.4
using a logarithmic color scale. In both panels, the black areas indicate parameter
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regions where the final fidelity is below 0.9. It is immediate to see that STIRAP
(6.4a) gives fidelities above 0.9 in a restricted region. On the other hand, fmod-
STIRAP achieves high fidelities (6.4b) almost everywhere, reaching peak values of
0.999999 in substantially extended sectors. Therefore, the shortcut protocol first of
all improves the STIRAP state transfer for a fixed total time. Moreover, it greatly
enlarges the range of applicability of STIRAP to parameter domains which where
not usable before. It is interesting to note that STIRAP and fmod-STIRAP give
their best results for similar parameters. For what concerns the oscillations around
the target adiabatic path during the evolution, we show in Figure 6.5 how their
peak value behaves as the driving frequency is raised, for different values of the
temporal separation τ/Tw of the pump and Stokes pulses. The peak goes down
rapidly with a power-law decay, witnessing that the dynamics produced by fmod-
STIRAP is always very close to the instantaneous dark state. This is exactly the
great advantage of our method.

Let us now discuss what is the effect of potential constraints on the power
resources necessary to realize the fmod control fields. If an upper bound is imposed
on the Rabi frequency Ωpeak

d , according to equation (6.21), it translates into an upper
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Figure 6.5: fmod-STIRAP: peak of the oscillations around the adiabatic path. In the
upper panel, the peak of the oscillations in the time-dependent infidelity is
shown, for varying pulse separation τ/Tw and driving frequency ωTw. A
latitudinal profile taken at τ/Tw = 0.7 is reported in the lower panel. The black
area excludes those points where the fidelity is below 0.9. (Figure adapted from
[126])
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bound on the driving frequency which can be used. If the latter becomes too small,
the modulation is no more quick enough to effectively counteract nonadiabatic
transition, and the whole shortcut construction is no more efficient. For instance, let
us focus on the experimental setup discussed in Section 6.3.2 involving a Rydberg
excitation. Let us assume that a maximal carrier intensity Ω2

in for each transition
can be used, and that the sidebands are generated starting from this same carrier
(as discussed in 6.3.2). Then, the maximal Rabi frequencies of the main STIRAP
pulse, Ω0, and of the two ±ω sidebands, Ωpeak

d , are constrained by the relation

Ω2
0 + 2(Ωpeak

d )2 ≤ Ω2
in. (6.26)

Using equation (6.22), equation (6.26) then becomes

τ

Tw
≤ Ω2

in −Ω2
0

8ω
. (6.27)

This inequality implies a reduction of the parameter space which can be explored
when using the fmod protocol for the given driving frequency ω. For ΩinTw =

40 and for different driving frequencies, the boundaries defined by (6.27) are
represented in Figure (6.4)b ( ). If a limitation of 90% is taken on the efficiency of
the carrier-sideband conversion, a further bound Ω0 ≥ 10%Ωin must be taken into
account: this is depicted with a in Figure 6.4b. For all the choices of driving
frequencies considered in the latter Figure, one can still select (Ω0w, τw) points
where the protocol gives optimal fidelity. This shows that the method can be used
with great benefit also under strict experimental constraints.

For testing the robustness against dissipative and decoherence effects, the same
results of Figure 6.4b are reproduced in Figure 6.6 when the system is open. Figure
6.6 is obtained using the GKSL master equation (6.25), with the decay parameters of
a Rydberg excitation in (a), while using the decay parameters of a superconducting
circuit in (b). In the case of the optical implementation, state |2〉 is very stable,
and fidelities above 95% can be obtained even in the presence of environmental
disturbance at the final time t/Tw = 4. The superconducting circuit presents a
larger decay rate from state |2〉 and consequently the final fidelity is lower. Still, also
in this case it remains above 0.9 for basically all sets of parameters for τ/Tw ≥ 0.2.

For systems with strong decoherence, we can individuate two different situations.
First of all, dephasing processes involving the intermediate state |1〉 of the STIRAP
process have little effect on the performance of the protocol, since this state is
almost never populated during the evolution, thanks to the construction of the
adiabatic process exploited. This type of decoherence is present, for instance, in the
nitrogen-vacancy centre system studied in Ref. [178], even though in a Λ (rather
than ladder) level configuration.

Secondly, for addressing the situation of dephasing affecting our “computational”
basis |0〉 and |2〉 in a quantitative way, we consider the addition to the master
equation of the jump operators C0 and C2 as described in Section 6.3.2.

The relaxation rate from state |1〉 which we have used in Figure 6.6a, Γ01Tw = 7,
is very strong, hence we judge that choosing an even stronger decoherence rate
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would not be meaningful for realistic contexts. Therefore, we take as a reference
point the relaxation rate of state |2〉, namely Γ12Tw = 0.003, and we study the final
infidelity for different ratios of this value and the artificial dephasing rates γ0 and
γ2, with the same other parameters of Figure 6.6a. The results are reported in the
panels (c)-(d) of Figure 6.6 for rates γ0Tw = γ2Tw = 0.03 [in 6.6c] and γ0Tw = 0.3,
γ2Tw = 0 [in 6.6d]. The results for γ0Tw = 0.3, γ2Tw = 0 are equivalent to those in
6.6d. One can see that, even for decoherence rates a hundred times larger than Γ01

over one of the two states, the fidelity above 0.9 can be obtained for a wide set of
control parameters. This supports the interest in our protocol also for systems with
strong dephasing effects.

6.4.2 Protocol speed

For characterizing how fast the target state transfer can be performed, given a
limited amount of resources, we compare in this section the total transfer time for
the different protocols. Specifically, we measure the time elapsed from the state
being with probability p(i)0 in state |0〉 to being in state |2〉 with probability p( f )

2 . We

will choose p(i)0 = p( f )
2 = 0.99.

As a first benchmark, we consider the transfer time for a “π′′-pulse linking
state |0〉 and |2〉 directly with Rabi frequency Ω(which is not realizable in the
experimental contexts under analysis). In the two-level subspace, this saturates the
quantum speed limit [45]. The Hamiltonian realizing this pulse is

Hπ = iΩ/2[|2〉〈0| − |0〉〈2|]. (6.28)

Considering an initial state |ψi〉 and a final state |ψ f 〉 which are separated by an
angle Θ f ,i in the subspace they span, the transfer time between these two is [45]

τπ =
2Θ f ,i

Ω
=

2 arccos|〈ψ f |ψi〉 |
Ω

. (6.29)

If we parametrize the initial and final states as |ψk〉 = cos θk |0〉+ eiφk sin θk |2〉, the
populations of the bare states |0〉 and |2〉 can be written like p(i)0 = cos2 θi and

p( f )
2 = sin2 θ f . Then one has that Θ f ,i = θ f − θi, leading eventually to the following

expression of the transfer time as a function of the populations p(i)0 and p( f )
2 :

τπ =
2
Ω

[
arcsin

√
p( f )

2 − arccos
√

p(i)0

]
. (6.30)

The total pulse area is simply
∫ t f

ti

Ωdt = Ωτπ. (6.31)

Using equation (6.30) with p(i)0 = p( f )
2 = 0.99, we find the numerical transfer time

τπ = 2.74/Ω. (6.32)
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Figure 6.6: Final infidelity for STIRAP and fmod-STIRAP as a function of the param-
eters of the STIRAP pulses. (a) Infidelity produced by fmod-STIRAP in the
presence of relaxation for the Rydberg excitation discussed in Section 6.3.2. The
master equation (6.25) with decay parameters Γ01Tw = 7, Γ12Tw = 0.003 has
been used, with the final time t = 4Tw and with the system initialized in the
instantaneous STIRAP dark state at time t = −8Tw. The driving frequency used
is ωTw = 120. (b) The same quantity of panel (a), obtained using the decay
parameters of the superconducting circuit discussed in Section 6.3.2, namely
Γ01Tw = 0.017, Γ12Tw = 0.023, and using the driving frequency ωTw = 35. In
both panels, the black regions indicate parameter sets for which the final fidelity
does not reach 0.9. (c)-(d) The same results shown in (a) with the introduction
of artificial decoherence channels C0 and C2 (see the last paragraph in Section
6.3.2) for dephasing rates γ0Tw = γ2Tw = 0.03 in (c), and γ0Tw = 0.3, γ2Tw = 0
in (d). [Panels (a) and (b) adapted from [126]]

The case of STIRAP was analyzed in detail in Ref. [72], where numerical simulations
produce a transfer time

τst = 7.05/Ω0 (6.33)
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for pulses with optimized parameters Tw = 3.00 and τ = 0.175Tw. The case of
cd-STIRAP can be obtained from equation (6.15). This, for our choice of initial and
final occupations, gives the numerical value

τcd = 4.59(5)/Ωpeak
cd . (6.34)

It is not immediate to compute the transfer time for fmod-STIRAP, because of
the quickly oscillating character of the dynamics of the populations. In order to
obtain an estimate, we first perform a fit of the evolution of the populations using
a sigmoid fit function of the form

p(t|µ, ν) =
eµt+ν

1 + eµt+ν
. (6.35)

By inverting the latter equation, the estimate for the time at which the population
pn of state |n〉 is pn = p, at given fit parameters µn and νn, is

t(pn = p) =
1

µn

[
log
(

p
1− p

)
− νn

]
. (6.36)

Then, the transfer time for the fmod protocol is estimated as τfmod = t
(

p( f )
2

)
−

t
(

p(i)0

)
, which gives

τfmod =
1
α2

[
log

(
p( f )

2

1− p( f )
2

)
− β2

]
− 1

α0

[
log

(
p(i)0

1− p(i)0

)
− β0

]
. (6.37)

Since fmod-STIRAP aims at reproducing the same evolution as that given by the
exact counterdiabatic Hamiltonian, in the limit of infinite driving frequency we
expect the fmod transfer time to match that of the cd scheme. This is confirmed by
the results shown in Figure 6.7a: for a fixed maximal Rabi coupling of the cd field
Ωpeak

cd , as the driving frequency is raised the transfer time gets closer and closer to
τcd ( curve in logarithmic scale). Also, it gets closer and closer to the quantum
speed limit given by τπ of equation (6.30), as visible from the red dashed curve
( ), whose values are depicted on the right vertical axis (in red color). However,
due to the proportionality of the fmod Rabi coupling with the square root of the
driving frequency ω [equation (6.21)], the maximal amplitude of the control fields
also increases together with ω. As a consequence, the total pulse area required
becomes larger as well. This is shown in Figure 6.7b, where the total pulse area of
the control fields on the sidebands, divided by that of the π-pulse, is depicted.

6.4.3 Robustness with respect to phase errors

A possible argument against the use of shortcut-to-adiabaticity protocols in the
context of STIRAP is the fact that these protocols require very specific phase
relations among the control fields [165]. Imperfections arising in experimental
implementations may then spoil the theoretical efficiency of the shortcuts. In order
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Figure 6.7: Transfer time for the fmod-STIRAP protocol. (a) In black ( ), with ref-
erence to the l.h.s. axis, difference between the transfer time achieved by
fmod-STIRAP (equation 6.37) and the transfer time of cd-STIRAP (equation
(6.15)), in units of T. In red ( ), and with reference to the r.h.s. axis, ratio
between the transfer time of fmod-STIRAP and that of a π-pulse, given by
equation (6.30). (b) Ratio between the total pulse area of the fmod-STIRAP
pulses along the pump/Stokes sidebands and the area of a π pulse. In both
panels, the parameters used are Ω0w = 10, τw = 0.7, and the transfer time has
been computed considering initial occupation p(i)0 = 0.99 of state |0〉 and final

occupation p( f )
2 = 0.99 of the target state |2〉. (Figure adapted from [126])

to rule out this potential criticism to the present fmod-STIRAP protocol, we analyze
its performance when variations of the phases φG and φR, defined in equation
(6.24), occur. First of all, we study the effect of the global phase φG on the final
fidelity of the state transfer. This is represented in Figure 6.8a for different values of
the driving frequency ω. One can see that the fidelity does not decrease below 0.999,
thus signaling a very good stability of the method. The minima in the infidelity may
not lie at the φG = 0 value, even though, as the frequency is raised, this value gets
closer and closer to being a minimum. Indeed, as ω−1 in increased, the truncation
of the Floquet-Magnus effective Hamiltonian (introduced in Section 3.2) becomes a
better and better approximation, thus making the higher-order effects negligible.
With them, also the displacement of the minima vanishes. For not-large-enough
frequencies instead, this analysis is useful for selecting an optimized value of the
global phase. In Figure 6.8b, we report the infidelity as a function of the relative
phase φR, in units of π. Phase errors of magnitude up to 10%π still do not reduce
the fidelity below 0.999. Moreover, for very small values, a small improvement can
be found, which can be traced back to the effects explained in Section 4.5, i.e., to
the “destructive interference” between the leading-order term and higher orders in
the Floquet-Magnus expansion. This is possible in the regime in which the errors
are comparable in magnitude with the modulation period. In agreement with the
general treatment of Section 4.5, we find that errors in the global phase hardly
affect the performance of the protocol. Although large relative-phase shifts can
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Figure 6.8: fmod-STIRAP: phase dependence of the final infidelity. (a) Final infidelity
of the fmod-STIRAP protocol as a function of the global phase φG of the
control fields. (b) Final infidelity as a function of the relative phase φR between
the control fields, for φG = 0. The inset shows that, for very small phase
imperfections, small accidental improvements can be obtained. (Figure adapted
from [126])

strongly reduce the final fidelity, if one assumes small errors the protocol does not
suffer relevant limitations arising from this type of imperfections, and this is a very
interesting feature for experimental implementations.

In the next Section, we will extend the fmod-STIRAP protocol to a modified
version of STIRAP which aims at the realization of quantum gates, that is, the
fundamental logical operations at the base of quantum algorithms. This applica-
tion also complements Chapter 5 in the study of protocols useful for quantum
information processing.

6.5 accelerated quantum gates

6.5.1 fractional STIRAP and single-qubit gates

The basic STIRAP can be modified in order to efficiently construct protocols
realizing quantum gates [98, 99, 135, 156]. One of these protocols exploits the idea of
fractional-STIRAP (fSTIRAP) [163]. This aims at producing an arbitrary superposition
of the |0〉 and |2〉 atomic states, i.e., it produces the state transformation

|ψ(ti)〉 = |0〉 fSTIRAP−→ |ψ(t f )〉 = cos η |0〉 − e−iξ sin η |2〉 , (6.38)
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with arbitrary ξ and η. This is achieved by maintaining the pump/Stokes sequence
of STIRAP, though using different envelopes for the pulses, namely [163]

Ω(f)
p (t) =Ω0 sin(η)e−iξe−(

t−τ
Tw )

2

, (6.39a)

Ω(f)
s (t) =Ω0e−(

t+τ
Tw )

2

+ Ω0 cos(η)e−(
t−τ
Tw )

2

. (6.39b)

Differently from STIRAP, even if the Stokes pulse still precedes the pump pulse, now
the two pulses vanish simultaneously as t grows to +∞. For better understanding
how fSTIRAP works, let us recall that, in the limit of true adiabatic driving, the
system remains in the instantaneous dark state [equation (6.4c)]. The mixing angle
θ(t) of equation (6.6), for the pulses in (6.39), satisfies the following relations,

tan θ(t) t→−∞−→ 0, tan θ(t) t→+∞−→ tan η, (6.40)

thus confirming the transfer of equation (6.38). If fSTIRAP is applied to an initial
state |2〉, then the system would follow an instantaneous eigenstate which is
different from the dark state. Let us consider the non-resonant case ∆p 6= 0, and let
us assume a large detuning ∆pTw � 1. In this case, the intermediate state |1〉 can
be adiabatically eliminated [24] and, using equations (6.4), the system follows the
state |b(t)〉 of equation (6.5). The state transformation would thus be

|2〉 fSTIRAP−→ e−iΦb [eiξ sin η |0〉+ cos η |2〉]. (6.41)

Since the instantaneous eigenvectors |b(t)〉 has non-zero eigenvalue, differently
from the dark state, such a state also acquires during the evolution a dynamical
phase Φb which, using equations (6.7), reads

Φb =
1
2

∫ +∞

−∞
dt
[

∆p −
√

∆2
p + Ω

2
(t)
]

. (6.42)

In the basis {|0〉 , |2〉} then, for t→ +∞ the fSTIRAP adiabatic dynamics produces
the propagator

U f (η, ξ) = |D(+∞)〉〈0|+ e−iΦb |X(+∞)〉〈2| ,

=

(
cos η eiξe−iΦb sin η

−e−iξ sin η e−iΦb cos η

)
. (6.43)

If the dynamical phase Φb could be eliminated, this matrix would describe an
arbitrary single-qubit quantum gate. This is not possible within the single-fSTIRAP
framework. Nonetheless, it is possible to achieve this objective by suitably combin-
ing two fSTIRAPs in sequence [99]. Let us in fact consider a “reversed” fSTIRAP
process, having the pulses of equation (6.39) swapped and substituting τ with −τ,
i.e.,

Ω(rf)
p (t) =Ω0e−(

t−τ
Tw )

2

+ Ω0 cos(η)e−(
t+τ
Tw )

2

, (6.44a)

Ω(rf)
s (t) =Ω0 sin(η)e−iξe−(

t+τ
Tw )

2

. (6.44b)
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(Figure adapted from [126])

Now, the mixing angle θ(t) satifies

tan θ(t) t→−∞−→ cotanη, tan θ(t) t→+∞−→ +∞, (6.45)

and the instantaneous eigenvectors at t → −∞ are thus |D(−∞)〉 = sin η |0〉 −
cos η |2〉 and |b(−∞)〉 = cos η |0〉+ sin η |2〉, while at t → ∞ they are |D(+∞)〉 =
|2〉 and |b(+∞)〉 = |0〉. The dynamical phase acquired by state |b(t)〉 is the same
as for fSTIRAP. Accordingly, the propagator for the “reversed” fSTIRAP then reads

Ur f (η, ξ) = |2〉〈D(−∞)|+ e−iΦb |0〉〈b(−∞)| ,

=

(
e−iΦb cos η e−iΦb sin η

sin η − cos η

)
. (6.46)

Therefore, we finally see that, by performing in sequence one reversed fSTIRAP
and one fSTIRAP, the total propagator becomes

R(2η, ξ) =U f (η, ξ)Ur f (η, ξ),

=e−iΦb

(
cos 2η eiξ sin 2η

−e−iξ sin 2η cos 2η

)
. (6.47)

Up to a negligible global phase e−iΦb , the propagator R(2η, ξ) realizes an arbitrary
single-qubit rotation of angles 2η and ξ and, by choosing η and ξ, it can then be
used for implementing an arbitrary single-qubit quantum gate. In practice, the



128 three-level accelerated state transfers

combined pulses which need to be applied for realizing the whole sequence are [99]

Ω(g)
p (t) = Ω(rf)

p (t + td/2) + Ω(f)
p (t− td/2), (6.48a)

Ω(g)
s (t) = Ω(rf)

s (t + td/2) + Ω(f)
s (t− td/2), (6.48b)

where we have introduced the delay time td between the two fSTIRAPs. The
temporal profile of these pulses is depicted in Figure 6.9.

6.5.2 Accelerated Hadamard gate

We now develop an effective counterdiabatic scheme for speeding up the adiabatic
transfer associated with the fSTIRAP quantum gate described in Section 6.5.1. Since
the matrix structure of the original STIRAP Hamiltonian does not change, the only
feature of the exact counterdiabatic Hamiltonian (6.9) which must be varied is
the Rabi frequency Ωcd(t), by adapting it to the new pump and Stokes pulses.
Consequently, also the structure of the effective counterdiabatic Hamiltonian (6.24)
needs not to be changed: it is sufficient to modify Ωd(t). Before doing so, let us
emphasize that, strictly speaking, the realization of the full fSTIRAP quantum gate
is not entirely adiabatic, even in the limit of infinite time. Indeed, when the switch
between the first and the second fSTIRAP occurs, the system does not follow the
same instantaneous eigenvector of the system. This is evident by comparing the
expressions for the instantaneous eigenstates at the end of the first fSTIRAP with
those at the beginning of the second fSTIRAP. For instance, let us consider the case
η = π/2, ξ = 0 and initial state |0〉. During the first fSTIRAP, the system follows the
dark state |d(t)〉 ending up in state |2〉. Then, during the second fSTIRAP, the system
follows the bright state |b(t)〉 instead, ending up eventually in the superposition
state e−iΦb(|0〉+ |2〉)/2. Although the change of instantaneous eigenvector does
not have an appreciable effect in terms of nonadiabatic transitions in practice, it
may lead to confusing results in the calculation of the exact cd-fSTIRAP. In fact,
if one tries to compute the Rabi frequency Ωcd(t) starting from the combined
pulses of equation (6.48), the result would exhibit a very pronounced and sharp
peak around the switch time t = 0. This peak would be very hard to be realized
in an experiment, and its presence would actually not produce an appreciable
improvement of the protocol. In conclusion, the Rabi frequency Ωcd(t) must be
computed separately for the two fSTIRAPs using equations (6.39) and (6.44), and
then summed up. The resulting pulse shape is represented in Figure 6.9, in relation
to the global pump and Stokes pulses. Once Ωcd(t) is determined, the fmod Rabi
frequency Ωd(t) is straightforwardly obtained from equation (6.21). In Figure 6.10

we report numerical results on the evolution of the occupation probabilities for
the realization of a Hadamard gate [122], which requires η = π/8 and ξ = 0
in equation (6.47). These results were obtained using the parameters Ω0Tw = 15,
τw = 1/2, td = 6Tw, ∆p = 35Tw, ωTw = 100. The blue dot-dashed lines ( )
indicate the populations for the fSTIRAP protocol, which leads to a final fidelity of
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The standard fSTIRAP ( ) produces a final fidelity of 0.998. If the fmod

correction is added, the final fidelity reaches 0.99998 ( ). (Figure adapted
from [126])

0.998. The frequency-modulated fractional STIRAP (fmod-fSTIRAP) ( ) produces
a final fidelity of 0.99998, therefore achieving a much more precise state transfer.
This example shows that the shortcut protocol has an interesting potential for
applications in quantum computation problems, as well as in quantum simulation.

6.5.3 Gate robustness

Let us now investigate the behavior of the accelerated Hadamard gate with respect
to different choices of the parameters and the presence of low-frequency dynamical
noise. For the first case, we report in Figure 6.11 a study of the final infidelity of
the protocol when the fundamental parameters Ω0 and τ are changed, as it was
done for the complete population transfer in Figure 6.4. The driving frequency
used in producing Figure 6.11b is ωTw = 100 and the integration time was fixed to
t/Tw ∈ [−8, 8]. These results show that, also in the case of the implementation of a
quantum gate, the shortcut maintains a great robustness with respect to the choice
of control parameters, achieving fidelities above in almost all the parameter space
considered.
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Figure 6.11: Hadamard gate: infidelity for different control parameters. Final infidelity
produced by the fSTIRAP-based gate (left panel) and by the corresponding
accelerated protocol (right panel), as a function of the pulse peak and pulse
separation of the two fSTIRAP processes involved. The driving frequency used
is ωTw = 100, and the integration time is t ∈ [−8Tw, 8Tw]. (Figure adapted
from [126])

Concerning potential dynamical noise, we test the protocol against the presence
of slowly varying imperfections in the time-dependent amplitude of the ecd control
fields. This amounts to modify, in equation (6.24), the Rabi frequency as

Ωd(t) −→ Ωd(t)[1 + δΩd(t)]. (6.49)

The variation δΩd(t) is chosen of the form

δΩd(t) =
5

∑
k=1

[αk cos(ωkt) + βk sin(ωkt)] , (6.50)

where the constant αk, βk are drawn from a uniform distribution in [0, 0.05], while
the frequencies ωk are taken to be randomly distributed in [0, 2π). Hence, maxi-
mal fluctuations from the ideal value of Ωd(t) can introduce up to a 5% relative
error. This is a rather pessimistic level of precision on the Rabi frequency for the
experimental setups considered in Section (6.3.2). For the parameters of Figure
6.10, we run a large number of realizations of the process, and we compare the
resulting final fidelity F

(noise)
f with the fidelity in the absence of noise F

(0)
f through

the following error quantity,

E = 1−
F
(noise)
f

F
(0)
f

. (6.51)

In figure 6.12, the unnormalized distribution of errors obtained from a sequence
of 10000 runs is shown. This distribution exhibits a strong peak in the vicinity of
zero, decaying fast with the error E . The number of counts drops below 10% of the
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Figure 6.12: Hadamard gate: distribution of the errors in the final fidelity due to dy-

namical amplitude noise. Histogram of the errors E , defined by equation
(6.51), arising from dynamical noise in the accelerated Hadamard gate, which
are modeled via equations (6.49) and (6.50). The histogram has been produced
from 10000 runs with the control parameters of Figure 6.10

maximum peak for relative deviations larger than 0.002. Therefore, one can expect
the fidelity to remain above 0.998 also in the presence of noise. Let us also observe
that there are a few cases in which the protocol becomes slightly improved, as
witnessed by the bin at negative values. These results suggest a strong robustness
of the protocol, giving a further confirmation of its potential as a tool for the
implementation of quantum algorithms.

6.6 discussion

In this chapter we have discussed how the shortcut-to-adiabaticity methodology
introduced in Chapter 4 can contribute to the extension and improvement of one of
the most widespread adiabatic quantum control techniques, the stimulated Raman
adiabatic passage (STIRAP). Specifically, the integration of the STIRAP pulses with
shortcut corrections opens the route to the applicability of this method to parameter
regimes where it was not usable before, while keeping its highly praised robustness
against protocol imperfections. The latter aspect has been investigated in detail,
testing the sensitivity of the shortcut protocol against potential phase errors in the
control fields (Section 6.4.3), and also against dissipative and dephasing effects
in specific experimental contexts (Section 6.3.2 and 6.4.1). Further features of the
protocol have been also analyzed in Section 6.4, besides the transfer fidelity, such
as the transfer time and the response to possible experimental constraints.
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A crucial point is that the shortcut is expected to be easily implementable
in typical experimental setups. Indeed, it needs (i) the capability to create two
symmetric sidebands for the two main pump/Stokes laser pulses, and (ii) the ability
to control their Rabi frequency in time. As discussed in Section 6.3.2, these two
requirement should not represent a prohibitive overhead of experimental resources:
for instance, they can be achieved by a suitable modulation of the main pulses in
an optical Rydberg excitation, and by dedicated additional microwave sources in
a superconducting circuit. If sidebands at a larger frequency are still produced,
these can be either exploited or compensated for in order not to limit the efficiency.
Indeed, in the case in which their Rabi frequency can be controlled independently
from that of the fundamental harmonic, they are a precious resource, as discussed
in the outlook below. If they are not controllable in an independent manner instead,
one can adapt the construction of the effective Hamiltonian described in Section
6.3.1 in order to harness their effect: this would lead in general to a modified choice
of the Rabi frequency Ωd(t).

We have shown in Section 6.5.2 that the same methodology can be straightfor-
wardly adapted to assist STIRAP variations implementing quantum gates. This
prototypical example gives a glimpse of interesting applications of our method in
the context of quantum computation and simulation.

There are a number of directions along which the present methodology can be
further developed. For instance, the main target of our analysis has been that of
maximizing the final fidelity. It may be interesting to focus also on different figures
of merit, tailored upon more specific experimental constraints. These may regard
the smoothening of the oscillatory character of the dynamics, reducing either the
maximal deviation from the adiabatic path or the instantaneous deviation of the
micromotion. Alternatively, one could be interested in channeling and confining
these deviations within the |0〉 − |2〉 subspace, so to further reduce population
transients in the (hypothetically lossy) state |1〉. In general, the simultaneous
optimization of different aspects of the protocol would require the introduction
of further degrees of control. Those can be introduced within our scheme by
generating controlled sidebands at larger frequency. The amplitudes (and phases)
of these additional modulations constitute new free parameters which can be used
for carrying on on-demand optimization tasks.
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7 C O N C L U S I O N A N D P E R S P E C T I V E S

7.1 summary

We have discussed the development of a theoretical framework for designing
reliable, high-precision protocols for the control of quantum systems. A systematic
scheme was introduced for generating efficient shortcuts to adiabaticity (STA),
in Part ii, which allows one to produce approximate adiabatic evolutions in an
accelerated manner, while satisfying criteria of experimental realizability. We believe
that our method constitutes a precious added value to the variety of techniques
offered by the expanding field of STA. This belief is supported by the promising
results obtained in the study of the realistic applications described in Part iii, which
also exemplify the suitability of our methods to diverse experimental platforms,
such as atoms or superconducting circuits. In particular, effective counterdiabatic
(ecd) protocols produce high-fidelity state transfers in short timescales. At the same
time, they exhibit a strong robustness both against potential imperfections in the
control parameters and against noise arising from the interaction of the controlled
quantum system with the surrounding environment.

The construction procedure of ecd protocols is conceived in such a way that no
additional matrix structure (time-dependent couplings) is needed with respect to
the Hamiltonian H(t) of the adiabatic process to be accelerated. The necessity of
new interactions is traded for the introduction of fast-oscillating drivings in the
initial control parameters. As compared to other shortcuts which are also realizable
without new terms, our methods induce accurate tracking of the instantaneous
eigenstates of H(t) during the whole evolution, rather than matching those only at
initial and final times. Therefore, a connection with the original idea of adiabaticity
is maintained: even though, in the limit of very fast evolutions, the shortcut is the
dominant Hamiltonian, in the opposite limit of quasi-adiabatic driving, one can
achieve the speedup with a moderately weak ecd correction.

In this sense, our framework represents a bridge between purely fast-forward
and purely adiabatic methodologies, inheriting some beneficial effects from both
strategies —especially, time-efficiency of the first and robustness of the second.
Consequently, it should be remarked that the best performance of the protocol,
and its natural operational regime, is found over the wide range of timescales in
between these two extreme situations. As discussed at length throughout the thesis
(see, for instance, Chapters 4, 5 and 6), these limits can be quantified by studying
the fidelities that can be attained, for a given total duration, once constraints are
imposed on “strength”-measures of the control Hamiltonian (which may be the
norm, or the peak value of the amplitudes of the control fields, or the total pulse
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area)—see Sections 4.4 , 5.6 and 6.4.1. This analysis in general shows that, if the
available time is sufficient for the adiabatic approximation to hold with good
precision, then adiabatic methods give larger fidelities for a fixed “strength” of the
Hamiltonian. On the other hand, it is known that quantum speed limits are attained
by constant pulses with maximized coupling, which, however, are typically rather
unstable when control errors occur. For all intermediate timescales instead, effective
counterdiabatic driving represents an important candidate for jointly optimizing
time, fidelity and reliability of the protocol.

The flexibility in the construction of our shortcuts leaves much room for adap-
tations to specific experimental contexts and control setups, and for the selective
optimization of experimental resources or protocol features, as discussed in Section
4.7. In this direction, one can easily incorporate, within the general framework
of Chapter 4, optimal control strategies [73]. An example might be the use of
polychromatic drivings for minimizing micromotion oscillations [160], which in
our context may allow one to reduce cumulative deviations from the adiabatic
path instantaneously, rather than stroboscopically. Alternatively, one may integrate
successful error-mitigating algorithms in the derivation of the effective counterdia-
batic field, such as stochastic gradient learning methods [173], with the purpose of
specializing the protocol robustness to particular types of noise.

7.2 outlook

7.2.1 Beyond finite-dimensional problems

The quantum control framework presented in this thesis has been developed
for isolated finite-dimensional systems, and was focused mainly on few-levels
problems. However, we have seen in Chapter 5 that, also in large systems, our
strategies can be directly applied to selected subspaces of the full Hilbert space
without modifications of the general theoretical setup. This kind of subspace-control
is a situation of great interest for many applications in quantum information, for
instance, and thus motivates our attention on small system sizes.

A first direction for extending these results is to address the case of general
infinite-dimensional systems, as it was anticipated in Section 4.7. In this situation,
a number of complications may arise requiring a suitable adaptation of the method.
Let us point out first that no issues are expected for systems with discrete spectra,
such as the prototypical example of the quantum harmonic oscillator. For that
system, counterdiabatic corrections were already computed, using an analogy
from classical mechanics [84] or directly using the counterdiabatic (cd) scheme
recipe [118] (i.e., by the computation of spectral properties). This was possible
even though the latter has been originally formulated only for finite-dimensional
state spaces in Ref.s [15, 48]. Technical problems may occur for systems with
continuous or degenerate spectra. These would require, first of all, an extension of
the theory of cd driving which underpins our method, whose starting point would
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be the adiabatic theorem itself, as discussed, for instance, in Ref. [108]. It would be
further interesting to explore how the control-theoretic results on the structure of
cd Hamiltonian described in Chapter 4 need to be modified in this context. Indeed,
the Lie algebra of operators would not generate a compact Lie group any more. As
a consequence, the concept of recurrence may be lost (see Section 3.1), and with it
the Lie Algebra Rank Condition, which is at the base of our study of controllability,
would hold no more in general [70].

7.2.2 Open quantum systems

A second direction to explore is the use of the ideas presented here for the control
of open quantum systems [22, 90]. For the moment, the interaction with the
environment was taken into account “passively”, by studying how its presence
spoils the efficiency of the protocol, reducing the final fidelity. However, information
about the specific system-environment interaction can be used to actively optimize
the protocol. The concept of adiabaticity itself becomes somehow fuzzier in an open-
systems setting. This can be traced back to different interpretations of this concept.
Indeed, one might study how the presence of the environment induces deviations
from the isolated adiabatic evolution, i.e., from the tracking of instantaneous
eigenstates of the isolated system. Alternatively, one may try to generalize the
idea of the formation of dynamically invariant eigensubspaces. The first case
has lead to the development of approximate methods for counteracting quantum
noise, see, for instance, Ref. [4, 85]. The second case requires a new formulation
since, for open quantum systems, the set of eigenstates of a Lindbladian is not
univocally defined in general. However, it was recognized in [138] that a role
similar to the close-system eigensubspaces is played by adiabatic Jordan blocks
of the Lindbladian. The extension of the counterdiabatic scheme to this situation
was then pursued in Ref. [155], where it was observed though that the resulting
cd correction might not be hermitian, or might not even generate a completely
positive map. The ecd framework can be, for instance, combined with strategies for
mitigating environmental disturbance. For instance, reverse-engineering techniques
have been recently proposed for correcting the average “direction” of a spin which
is distorted by decoherence [83]. Similarly to the case of cd driving, the reverse-
engineered Hamiltonian correction, which generates “dissipationless” solutions,
may require control of further couplings which are hardly implementable. These
could be produced effectively, following the ecd strategy, and included into the
same accelerating field.

Another research direction is based on a different class of recent results. It has
been shown [3] that, if a system weakly coupled to the environment is driven in a
slow manner, under suitable conditions, then decoherence instantaneously projects
toward the basis of adiabatic eigenvectors of the driven system, rather than in the
fixed bare basis. In these cases, decoherence might act in support to adiabaticity, by
preventing the system from escaping the adiabatic path. Under the hypothesis that
the adiabatic driving is slightly accelerated, this effect is expected to break down.
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An interesting question is whether ecd corrections can be designed for dynamically
restoring this phenomenon, producing a beneficial combination of coherent control
and environment-induced stabilization.

At a more fundamental level, it would be important to study how the presence
of the fast oscillating ecd corrections influences dissipative effects when the driving
is rather strong or when the coupling to the environment is not weak. For weak
coupling, it is reasonable that Markovian master equations, as used here (see Sec-
tions 5.1.2 and 6.3.2), provide a good description of the system even in the presence
of ecd driving. On the other hand, if the coupling and the driving are stronger, this
description is most probably not accurate enough, and other techniques should be
used. In this context, one should firstly derive valid equations of motion for the
system, and secondly check whether the ecd framework can be adapted in order to
work also in these regimes.

Concerning the robustness of the protocols against implementation imperfections,
we principally considered potential static shifts of some characteristic parameter.
Elaborating in this direction, it would be interesting to explore systematically
the effect of (classical) dynamical noise, with different peculiarities, on the same
parameters, extending and specializing the type of analysis performed in Chapter
6, Section 6.5.3. Our study has put in evidence the fact that, in most cases, small
imperfections can produce small improvements, as discussed in Chapter 4, 5

and 6 in different contexts, due to an accidental cancellation effect produced at
higher-order terms of the Floquet-Magnus expansion (see Section 4.5). Hence, it
is worth investigating whether the protocol can be calibrated in such a way that
the presence of a small degree of noise may be harnessed so to obtain improved
average performance. Indeed, once the driving frequency is large enough for the
method to work, (slightly-)noisy phases of the control fields might stabilize the
micromotion dynamics, contributing to reduce the average error.

7.2.3 Quantum simulation

A third research direction can be oriented towards the optimization of quantum
simulation algorithms. Average Hamiltonian theory techniques are being routinely
used for designing analog quantum simulations. In this context, the ideas presented
in Section 4.6.2, for the construction of effective many-body interactions, may find
a broad interest, e.g., for applications towards the engineering of exotic many-body
states or the simulation of fermionic systems, whose anticommutativity properties
makes them particularly hard to be simulated both on classical and quantum
computers [12, 153].

From a different angle, it may be interesting to explore possible hybridizations
between ideas from time-dependent quantum control and digital simulation strate-
gies, which go beyond the improvement of single digital gates. This could be
done at different levels. For example, one can try to conceive single gates slightly
distorted via time-dependent control. This distortion, which might be thought of as
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a sort of “controllable error”, could then be exploited to compensate errors arising
from the digital combination of single gates.

Mathematically, this is motivated by the parallel between the structure of higher-
order terms in the Magnus expansion of a driven system and the form of error
estimates in digitalization procedures, which are typically computed by means
of Baker-Campbell-Hausdorf exponential formulae such as the Trotter-Suzuki
formula.
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A I N F I D E L I T Y E X PA N S I O N F O R L A R G E
D R I V I N G F R E Q U E N C Y

In this Appendix, we derive the first terms of an expansion of the infidelity pro-
duced by the ecd control protocol in large driving frequency. We focus specifically
on the two-level problem described in Section 4.5.3. More general results in this
direction can be found in Ref. [123]. The expansion allows one to quantify pre-
cisely the errors to be expected when the system evolves under imprecise effective
counterdiabatic driving. This helps us to derive estimates of the errors arising from
phase imperfections in the control fields, in Section 4.5.3.

The problem is described by the total Hamiltonian

H(t) + Hecd(t), (A.1)

where H(t) is the adiabatically driven Hamiltonian

H(t) = λx(t)σ̂x + λz(t)σ̂z, (A.2)

while Hecd(t) is the effective counterdiabatic correction of explicit form

Hecd(t) = X
√

ω cos(ωt + φg) + Z
√

ω sin(ωt + φg + φr), (A.3)

which is taken as in equation (4.73). Note that potential phase shifts φg and φr are
included.

Let us start this analysis with the Schrödinger equation in the adiabatic frame
defined by the transformation (2.34), which reads

i
∂U(t)

∂t
= [Hecd(t)− Āt]U(t), (A.4)

where Hecd is the rotated-frame ecd correcting Hamiltonain while Āt is the rotated-
frame adiabatic gauge potential defined in Eq. (2.5),

Hecd(t) = U†
ad(t)Hecd(t)Uad(t), Āt(t) = U†

ad(t)At(t)Uad(t). (A.5)

By computing the first terms of the Floquet-Magnus expansion (see Section 3.2)
generated by (A.4), one finds a decomposition of the adiabatic-frame propagator
U(t) as

U(t) = exp


M(1)

ecd + M(0)
Ā

ω
+

M(0)
ecd + M(2)

ecd
ω3/2 + o(ω−2)


 . (A.6)
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where M(k)
ecd indicates the k-th term of the Magnus expansion generated by Hecd(t)

at the end of one modulation period T = 2π/ω, while M(k)
Ā is that generated by

Āt. These Magnus terms explicitly reads

M(0)
ecd =

4πi
ω3/2 [Xλz sin(φg + φr) + Zλx cos φg]Σ̂2, (A.7a)

M(1)
ecd =

2πi
ω

XZ cos φrΣ̂2, (A.7b)

M(2)
ecd =

4πi
ω3/2

XZ√
λ2

x + λ2
z
[(X sin(φg + φr)λz + Z cos φgλx)Σ̂3

+ (X sin(φg + φr)λx − Z cos φgλz)Σ̂1] cos φr, (A.7c)

MĀ(T) =
2πi
ω

ηTΣ̂2. (A.7d)

where ηT is the nonadiabatic coupling computed at the end of one period,

ηT = 〈0t(T)|∂t1t(T)〉 =
〈0t(T)| ∂tH(T) |1t(T)〉

E0(T)− E1(T)
, (A.8)

and where we have introduced the following matrices, which are the Pauli matrices
in the basis of the zero-time instantaneous eigenvectors |00〉 and |10〉,

Σ̂1 = |00〉〈10|+ |10〉〈00| , (A.9a)

Σ̂2 = −i[|00〉〈10| − |10〉〈00|], (A.9b)

Σ̂3 = |00〉〈00| − |10〉〈10| . (A.9c)

Let us now focus on the infidelity at the end of one time step. Assuming that
the system is initially prepared in an instantaneous eigenstate |ψ0〉, this can be
expressed as

IT = 1− |〈ψ0(T)|U(T) |ψ0(T)〉 |2. (A.10)

Then, let us insert equation (A.6) into (A.10). At this point, one can expand U(T) in
power series: this allows one to compute the expectation value 〈ψ0| · |ψ0〉 term by
term. Computing the modulus squared, one obtains, up to order T3, the expression

IT = −Re 〈ψ0|
(

M(1)
ecd + M(0)

A
)2
|ψ0〉 T2

−
[

Re 〈ψ0|
(

M(0)
ecd + M(2)

ecd

)2
|ψ0〉+ Im2 〈ψ0|M(2)

ecd |ψ0〉
]

T3. (A.11)

Inserting equations (A.7) into (A.11), we arrive at the desired infidelity expansion
for our problem,

IT = η2
T(1− cos(φr))

2T2 +
2
π

{
(Xλz sin(φg + φr) + Zλx cos φg)

2

+
η2

T cos2 φr

λ2
x + λ2

z
(Xλx sin(φg + φr)− Zλz cos φg)

2
}

T3. (A.12)

This formula is at the base of the analysis of Section (4.5.3). Indeed, it helps us to
see explicitly how the deviations from the exact adiabatic dynamics depend on the
global and relative phase of the ecd modulations, and hence to study the stability
of the whole procedure with respect to potential unpredicted shifts in their values.



B G E N E R A L I Z E D B E S S E L F U N C T I O N S

In Chaper 4, Section 4.6, we have discussed the construction of effective Hamil-
tonians in the “toggling” frame defined by strong external periodic driving. The
Floquet-Magnus expansion (defined in Section 3.2) can be applied, requiring the
evaluation of Fourier components of the toggling-frame Hamiltonian. Because of
the rapidly varying fields, the latter already contains rapidly varying components.
These leads to the necessity of evaluating integrals of nested trigonometric func-
tions. In the simplest case of a monochromatic control field, these result in standard
Bessel functions [119]. When more harmonics are involved, the evaluation of these
integrals becomes more complicated. In this Appendix we describe a generalization
of the Bessel functions (of the first kind) Jn(z) which allows one to conveniently
evaluate and treat those integrals. Such a generalization is formulated in order to
be convenient for the treatment of Sec. 4.6, and is adapted from similar analyses,
see [158].

b.1 definition

We define the generalized Bessel functions J (L)
n (z, Φ) via the following generating-

function relation:

exp

(
i

L

∑
l=1

zl sin(lt + φl)− i
L

∑
l=1

zl sin(φl)

)
=

n=∞

∑
n=−∞

J (L)
n (z, Φ) eint, (B.1)

where L is the number oh harmonics involved, z is the vector of oscillation am-
plitudes z = {z1, . . . , zL}, whilst Φ is the vector of the corresponding phases
Φ = {φ1, . . . , φL}.

Hence, by extracting the Fourier coefficients from the above series, one immedi-
ately obtains the integral representation

J (L)
n (z, Φ) = e−i ∑L

l=1 zl sin φl
1

2π

∫ π

−π
dt e∑L

l=1 zl sin(lt+φl)e−int. (B.2)

This representation can then be used for computing a useful expansion for J (L)
n (z, Φ),

which reduces its evaluation to the calculation of standard Bessel functions. Indeed,
one can expand the exponentials in equation (B.2) according to the generating-
function relation of standard Bessel functions [119],

e
z
2 (t−t−1) =

+∞

∑
n=−∞

Jn(z)tn. (B.3)
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Figure B.1: Generalized Bessel function with 2 harmonics. The four panels show the
real part of the generalized Bessel function J (2)

0 ({z1, z2}, {φ1, φ2}), defined in
equation (B.4), as a function of the arguments z1 and z2, for different fixed
values of the phases φ1 and φ2.

The integral in (B.2) then becomes an integral of simple exponential functions. After
some manipulations, one finally obtains the expansion

J (L)
n (z, Φ) = e−i ∑L

l=1 zl sin(φl)
∞

∑
n1=−∞

· · ·
∞

∑
nL=−∞

Jn1(z1)Jn2(z2) · . . . · JnL(zL) ei ∑L
l nlφl δ∑L

l lnl ,n
.

(B.4)

From the expression (B.4), one can see that standard Bessel functions are recovered
in the limit of single harmonic (L = 1) with zero phase, φ1 = 0. In the case of L = 2,
J (2)

n (z, Φ) can be connected to the two-dimensional Bessel functions studied in
Ref. [95]. A representation of the real part of J (2)

0 ({z1, z2}, {φ1, φ2}) is shown in
Figure B.1.
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b.2 numerical evaluation

As one can intuitively expect from the r.h.s. of equation (B.4), numerical evaluation
of J (L)

n (z, Φ) turns out to be rather time consuming. For doing this in a reasonable
time, one needs to first address two different aspects

1. find a satisfactory truncation scheme for the infinite sums;

2. optimize the generation of the indices involved in the sum, which are selected
by the Kronecker delta in equation (B.4).

Let us first discuss point 2, assuming for the moment that point 1 is solved. A
naive implementation of equation (B.4), in which one generates all sets of possible
indices (within the selected truncation scheme), checks if they satisfy the condition
imposed by the delta function, and then computes the corresponding product of
Bessel functions, is a poorly performing methodology. It is rather convenient to
generate and store the set of indices once and for all in the first place, and then
compute the summations by drawing the indices from the precomputed set.

Turning now to point 1, it is first of all important to stress that, for our applica-
tions, the arguments z of these Bessel functions are in general not small. Therefore,
expansions for small argument are not a viable strategy for simplifying the expres-
sions. However, the Bessel functions Jn(z) remain close to zero for a larger and
larger region of values of z starting from zero as the order n is augmented. In the
limit of large n, the following asymptotic expansion holds [119],

Jn(z)
n→+∞∼ 1√

2πn

( ez
2n

)n
. (B.5)

Hence, for a given z, there always exists a sufficiently large n which makes Jn(z)
small. This property allows one to truncate the infinite sums in equation (B.4).
Let us call NBess the truncation threshold. Although equation (B.5) justifies this
procedure, it does not provide an accurate estimate of NBess for a target error
threshold, which must thus be probed numerically. An example of this is given in
Figure B.2a. In that Figure, we show the convergence of the value of J (2)

3 (z, Φ) as
a function of the threshold value NBess, for the variables {z1, z2} = {5, 5} and for
phases {φ1, φ2} = {0, 0}. Still, equation (B.5) can be used to refine the truncation
criterion. In fact, when choosing NBess one takes into account that, in the case in
which all Jn(zk) but one have maximal value 1 (which occurs when all {n1, . . . , nL}
and all zk are zero), this needs to be large enough for the remaining non-unit
Jn(z) to be below the prefixed error threshold. However, combinations of many
Bessel functions having large order are in this way included in the summation even
though they would be absolutely negligible. A qualitative condition on the product
terms in (B.4) for avoiding this (without needing the evaluation of the product first),
can be obtained by using equation (B.5). Let us suppose that, in a product term,
there are at least M ≤ L non-zero indices. If these indices are large, and assuming
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Figure B.2: Convergence of generalized Bessel functions. (a) Behavior of J (2)
3 (z, Φ), for

variables z = {5, 5} and Φ = {0, 0}, as a function of the maximal order NBess
of the standard Bessel functions to which the summations in equation (B.4) are
truncated, for S({nk}) of equation (B.9) fixed to 30. (b) Behavior J (2)

3 (z, Φ),
with the variables as in panel (a) and NBess = 15, as a function of the quantity
S({nk}) of equation (B.9).

that they are all positive for simplicity, we can expand all the corresponding Bessel
functions according to equation (B.5), so for the whole product we have

1
(2πn)M/2

M

∏
k=1

(
ez

2nk

)nk

. (B.6)

Since the factors n−n in equation (B.5) are those which dominate the decay in the
limit of large n, we can roughly estimate the behavior of the quantity in (B.6) with

M

∏
k=1

(
1
nk

)nk

= e−∑M
k nk log nk . (B.7)

Let us now introduce

S({nk}) =
M

∑
k

nk log nk, (B.8)
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where we use the notation S since the r.h.s. expression is reminiscent of an entropy
measure. For the quantity in equation (B.7) to be small, we obtain the condition

S({nk})� 1. (B.9)

This condition can be used as a criterion for further thinning the set of indices,
with the precise bound investigated again numerically. In Figure B.2b we report an
example of this investigation.





C C O E F F I C I E N T S O F T H R E E - B O DY
T E R M S : A N E X A M P L E

The purpose of this Appendix is to introduce exemplary expressions of the coeffi-
cients appearing in equation (4.107) of Section 4.6.4. That equation describes the
first-order effective Hamiltonian derived for the construction of synthetic domi-
nant three-body interactions. The expressions derive from considering the (double)
integral of the commutator of the driving Hamiltonian of equation (4.104) at dif-
ferent times, according to equation (3.14b) of Section 3.2. From the Hamiltonian
(4.104), we see that this produces in general summations involving products of
trigonometric functions, each featuring as argument terms like Bk(tj)± Bk+1(tj).
The quantities Bk(tj) are defined in equation (4.91), and they represent the time
integrals of the local driving fields. The sums of these products can be rewritten
more compactly in terms of the real and imaginary parts of product of exponentials:
this allows one to obtain more compact expressions. Two examples of the resulting
coefficients are as follows.

C(k)
yxz =

1
4T

∫ T

0
dt1

∫ t1

0
dt2

{
Re
[
e2i[Bk(t1)−Bk+1(t1)]e−2i[Bk−1(t2)+Bk(t2)]

]

+Re
[
e2i[Bk(t1)+Bk+1(t1)]e−2i[Bk−1(t2)+Bk(t2)]

]
−Re

[
e2i[Bk(t1)−Bk+1(t1)]e2i[Bk−1(t2)−Bk(t2)]

]

−Re
[
e2i[Bk(t1)+Bk+1(t1)]e2i[Bk−1(t2)−Bk(t2)]

]
−Re

[
e2i[Bk−1(t1)+Bk(t1)]e−2i[Bk(t2)+Bk+1(t2)]

]

+Re
[
e2i[Bk−1(t1)−Bk(t1)]e2i[Bk(t2)−Bk+1(t2)]

]
−Re

[
e2i[Bk−1(t1)+Bk(t1)]e−2i[Bk(t2)−Bk+1(t2)]

]

+ Re
[
e2i[Bk−1(t1)−Bk(t1)]e2i[Bk(t2)+Bk+1(t2)]

]}
, (C.1)

C(k)
zxz =

1
4T

∫ T

0
dt1

∫ t1

0
dt2

{
Im
[
e2i[Bk(t1)−Bk+1(t1)]e2i[Bk−1(t2)−Bk(t2)]

]

+ Im
[
e2i[Bk(t1)+Bk+1(t1)]e2i[Bk−1(t2)−Bk(t2)]

]
− Im

[
e−2i[Bk(t1)+Bk+1(t1)]e2i[Bk−1(t2)+Bk(t2)]

]

− Im
[
e−2i[Bk(t1)−Bk+1(t1)]e2i[Bk−1(t2)+Bk(t2)]

]
− Im

[
e−2i[Bk−1(t1)+Bk(t1)]e2i[Bk(t2)−Bk+1(t2)]

]

− Im
[
e2i[Bk−1(t1)−Bk(t1)]e2i[Bk(t2)−Bk+1(t2)]

]
− Im

[
e−2i[Bk−1(t1)+Bk(t1)]e2i[Bk(t2)+Bk+1(t2)]

]

− Im
[
e2i[Bk−1(t1)−Bk(t1)]e2i[Bk(t2)+Bk+1(t2)]

]}
. (C.2)

The numerical evaluation of this kind of formulae proceeds as described in the
main text of Section 4.6.4, by means of the generalized Bessel functions defined in
Appendix B.
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