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Chapter 1

Introduction

The last decades have seen the rise of Cosmology as a precision science.
European Space Agency (ESA)’s Planck satellite, which finished taking data
in 2013, has mapped the angular temperature anisotropies and polarization
of Cosmic Microwave Background (CMB) with high accuracy, providing a
precise snapshot of the Universe at the epoch of recombination, which in
turn translated in a sub-percent accuracy on the determination of most of the
⇤CDM cosmological parameters [1]. In the meantime, galaxy surveys like the
Sloan Digital Sky Survey (SDSS) have created a catalogue of the late universe
by measuring the clustering of millions of galaxies in our nearby universe,
with future surveys planning to measure ever wider and deeper portions of
the sky. ESA’s Euclid space telescope, which will be launched around 2021,
is going to expand this catalogue by probing a more remote past, reaching
higher redshifts (z > 2 using galaxies and even z > 8 with quasars) with the
goal of constraining the expansion history of the Universe [2].

So far all the data we have collected is in good agreement with a 6-
parameter model, namely a flat ⇤CDM model, in which the current content
of the Universe is constituted by 68% of Dark Energy (DE) in the form
of a cosmological constant ⇤, by 26% of a pressure-less Cold Dark Matter
component and with regular matter (referred to as “baryonic” matter in
Cosmology) only contributing with 5% (see for example Planck’s results,
Ref. [3]).

The fact that both early and late Universe data can be fit with 6 param-
eters is remarkable. However many questions remain unanswered. Despite
the strong evidence for DM and the determination of its abundance, its na-
ture still eludes us. A plethora of candidates have been proposed but, as to
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date, none of them has been validated by experiments [4]. Our knowledge
of Dark Energy is even more feeble. The existence of Dark Energy, or some
modification to General Relativity (Modified Gravity), is required to explain
the accelerated expansion of the Universe at the present epoch. Even though
a cosmological constant ⇤ fits the data well, it turns out to be di�cult to en-
case it in our current understanding of physics at microscopic scales, namely
Quantum Field Theory. For instance, without assuming an unnatural fine-
tuning, an estimate of the cosmological constant in the Standard Model of
Particle Physics gives a value that is about 120 orders of magnitude bigger
than the one we measure.

A way to classify the various DE models is via the equation of state
parameter w = pDE/⇢DE, that gives the (possibly) time-dependent relation
between the DE pressure pDE and energy density ⇢DE. w determines the
evolution of the DE density in time, through ⇢ / a�3(w+1), where a is the
scale factor.

w = �1 corresponds to the cosmological constant and a great e↵ort is
being made to find experimental evidence of a deviation from that value, by
measuring the expansion history of the Universe. A common parameterisa-
tion of the equation of state is given by the linear relation [5, 6] :

w(a) = w0 + wa(1 � a). (1.1)

This parameterisation does not encapsulate all the possible DE models, hence
in some cases it could be better to consider the DE density ⇢(a), which also
has the advantage to be more directly related to observable quantities. A
more recent approach to the classification of the many DE models is that
of the E↵ective Field Theory of Dark Energy [7, 8, 9, 10], where one writes
down the most general action consistent with the symmetries of the system.
Depending on the coe�cients of each term, one retrieves the low energy limit
of most of the DE models that have been proposed.

In order to make this measurement we need reference objects that would
enable us to determine distances in the Universe. These reference objects may
be standard candles, that is, luminous objects for which we know the absolute
magnitude, or standard rulers, observables for which the absolute transverse
(with respect to the line of sight) dimension is known. One example of
standard candles is Type-Ia supernovae, which were the probes that were
used when the accelerated expansion was first discovered [11, 12, 13, 14, 15].
A standard ruler, which will be one of the main focuses of this work, can
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be found in the clustering of galaxies at large scales: the Baryon Acoustic
Oscillations (BAO) [16, 17, 18, 19].

The clustering of galaxies presents a peak in its 2-point correlation func-
tion at a comoving position of ⇠ 110 Mpc/h, which corresponds to the sound
horizon at recombination (in fact, an analogous peak is found in the corre-
lation function of the CMB temperature anisotropies). This peak translates
to an oscillatory feature in the Fourier Transform of the correlation function.
At first approximation, the comoving position of the BAO remains the same
throughout the evolution of the Universe, making them an important tool to
constrain the expansion history of the Universe. However, in order to fully
exploit their potential as standard rulers it is important that the corrections
induced by nonlinear dynamics and systematic e↵ects are properly taken into
account.

Current data combining CMB data and galaxy clustering give a con-
straint on the equation of state parameter of DE of w = �1.01 ± 0.06, fully
compatible with ⇤CDM [20]. Future surveys plan to reduce the error on this
quantity, with the goal of reaching the percent level of accuracy. It is there-
fore crucial that our theoretical prediction be as accurate as the forthcoming
experimental data.

Although the evolution equations for the space-time dependent density
of the Universe are known, their solution proves to be an nontrivial task.
Two main complementary approaches are employed, which are numerical N-
Body simulations and analytical methods, which include perturbation theory
and its extensions, which are necessary to describe the physical e↵ects not
captured by perturbative means. N-Body simulations have the advantage
of solving the full equations of motion and therefore they capture well the
nonlinear dynamics at small scales. However they are rather time consuming,
which makes it di�cult for these methods to explore parameter spaces or
alternative cosmological models. Analytical methods, on the other hand
have a greater flexibility in exploring di↵erent models, provide insights on
the underlying physics and also have typically very reduced computational
times. Their drawback is that the range of scales to which they are applicable
is strongly limited by non-perturbative corrections that become important
at small scales and recent times.

In this work we are going to concentrate on a semi-analytic approach
and present a proposal to improve the perturbative paradigm to create an
accurate prediction for the clustering of galaxies, with a particular stress on
determining the BAO scale.
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This thesis is structured as follows: in Chapter 2 we are going to review
Standard Perturbation Theory, describe its limitations and summarise two
methods to improve it, namely by introducing corrections for the contribu-
tions coming from the IR and UV sectors. In Chapter 3 we are going to
implement these corrections on an technique called Time Renormalization
Group and introduce a new way to extract the oscillating part of a Power
Spectrum, the Extractor operator. In Chapter 4 we will test the performance
of the extractor operator against N-Body simulations and, in particular, its
robustness in the presence of Redshift Space Distortions and halo bias. In
Chapter 5 we will apply the Extractor operator to a set of galaxy survey
experimental data, the BOSS DR12 dataset, and compare the performance
of our procedure for determining the BAO to the standard analysis carried
out by the BOSS collaboration. Finally we will summarise our results in
Chapter 6.
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Chapter 2

Perturbation Theory and its
challenges

2.1 Standard Perturbation Theory

The starting point is the collisionless Boltzmann equation, or Vlasov equa-
tion, governing the evolution of the phase space density of dark matter
f(x,p, ⌧):

✓
@

@⌧
+

pi

am

@

@xi
� amr

i
x�(x, ⌧)

@

@pi

◆
f(x,p, ⌧) = 0, (2.1)

which is accompanied by the Poisson equation for the gravitational potential
�,

r
2�(x, ⌧) =

3

2
H(⌧)2⌦m(⌧)�(x, ⌧), (2.2)

where the density perturbation �(x, ⌧) is given by

�(x, ⌧) =
n(k, ⌧)

n̄
� 1. (2.3)

n(x, ⌧) is the number density, which we will define shortly and H is the
conformal Hubble rate. In writing Eq. 2.1 we have assumed GR in the
sub-horizon limit.

This equation is in general very di�cult to solve even numerically, so an
approximation prescription must be made in order to use it.

Let us consider the first three moments of the distribution function f :
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n(x, ⌧) =

Z
d3pf(x,p, ⌧),

vi(x, ⌧) =
1

n(x, ⌧)

Z
d3p

pi

am
f(x,p, ⌧),

�ij(x, ⌧) =
1

n(x, ⌧)

Z
d3p

pi

am

pj

am
f(x,p, ⌧) � vi(x, ⌧)vj(x, ⌧).

(2.4)

These first moments are the matter density, velocity and velocity disper-
sion fields respectively. Taking moments of the Vlasov equation we obtain
an infinite hierarchy of coupled equations:

@�(x, ⌧)

@⌧
+

@

@xi
(1 + �(x, ⌧)) vi(x, ⌧) = 0,

@vi(x, ⌧)

@⌧
+ H(⌧)vi(x, ⌧) + vk(x, ⌧)

@

@xk
vi(x, ⌧) =

�
@

@xi
�(x, ⌧) �

1

n(x, ⌧)

@

@xj

�
n(x, ⌧)�ij(x, ⌧)

�
,

. . . (2.5)

Each of these equation constitutes an equation of motion for the n-th mo-
ment, which depends on the n+1-th moment. A prescription must be made
to truncate the hierarchy of equations. For instance, the equations of mo-
tion for the overdensity �(x, ⌧) and velocity fields v(x, ⌧) become a closed
set once we give an ansatz for the velocity dispersion �ij(x, ⌧). The simplest
assumption is to set �ij(x, ⌧) ⌘ 0 which goes by the name of single-stream
approximation (SSA). Since the velocity dispersion quantifies the spread of
the velocities of the particles at position x around the mean velocity v(x, ⌧),
setting it to 0 means that the fluid is characterised by one single flow (or
“stream”) and that at every position there is only one value for the particle
velocity which is equal to v. This approximation is known to work at high
redshift and large scales, while it breaks down after the particle trajectories
cross each other (“shell crossing”) and velocities start to virialize. In Section
2.3 we discuss some approaches to go beyond the SSA and add the e↵ect of
multi-streaming to the picture.
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2.1.1 Single-stream approximation in the Eulerian frame-
work

Even neglecting the contribution of the velocity dispersion, Eqs. 2.5 cannot
be solved exactly (except for particular cases) so we look for a perturbative
solution. If we want to go beyond linear approximation the first step is to
write the equations in Fourier Space:

@�(k, ⌧)

@⌧
+ ✓(k, ⌧) =

�

Z
d3k1 d3k2 �D(k � k1 � k2)↵(k1,k2)✓(k1, ⌧)�(k2, ⌧), (2.6)

@✓(k, ⌧)

@⌧
+ H(⌧)✓(k, ⌧) +

3

2
⌦mH

2(⌧)�(k, ⌧) =

�

Z
d3k1 d3k2�D(k � k1 � k2)�(k1,k2)✓(k1, ⌧)✓(k2, ⌧). (2.7)

In this equation ✓(k, ⌧) = ik · v(k, ⌧) is the divergence of the velocity field.
The velocity field in general has both a divergence and a vorticity component:

vi(k) = �i
ki

k2
✓(k) + i✏ijk

kj

k2
v⇤(k), (2.8)

however, since the vorticity component of the velocity is sourced by the
velocity dispersion �ij, as long as the latter is zero the former can be neglected
(given that the initial vorticity is small). This reduces the number of degrees
of freedom for which we need to solve to just 2. This approximation also
breaks down after shell crossing. The Poisson equation, Eq.2.2, has been
used to substitute r� in the velocity equation and we defined two functions
↵ and �:

↵(k1,k2) ⌘
k1 · (k1 + k2)

k2

1

, �(k1,k2) ⌘
(k1 + k2)2(k1 · k2)

2k2

1
k2

2

. (2.9)

These two functions encode the non-linearity of the equations. We retrieve
the linear solutions by setting the R.H.S of Eqs. 2.6 to zero. In this case we
can combine the two equations in a single equation for �:

�̈(x, ⌧) + H�̇ �
3

2
⌦mH

2(⌧)�(x, ⌧). (2.10)
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This equation admits a solution of the form:

�(x, ⌧) = D(⌧)�(x, 0). (2.11)

D(⌧) is called linear growth factor. In this solution the density fluctuations
change their amplitude in time, but not their spatial distribution. In an
Einstein-De Sitter Universe, in which ⌦m = 1 and ⌦⇤ = 0, we have that
D(⌧) ⇠ a, which means that, with good approximation, in a matter-dominated
universe D(⌧) grows with the scale factor. We now turn to the nonlinear case,
but before solving these equations we can rewrite them in a more compact
fashion. First of all we move from conformal time ⌧ to a new time coordinate
⌘ defined by

⌘ = ln
D(⌧)

D(⌧in)
, (2.12)

We then define a “doublet” field 'a(k, ⌘) as

'(k, ⌘) = e�⌘

✓
�(k, ⌘)

�✓(k, ⌘)/Hf

◆
, (2.13)

where f is the growth function

f ⌘
d lnD

d ln a
(2.14)

and a 2 ⇥ 2 ⇥ 2 matrix function �abc(p,q) whose only nonzero components
are:

�121(p,q) = ↵(p,q)/2, �112(q,p) = �121(p,q), �222(p,q) = �(p,q).
(2.15)

The equation becomes:

(�Kab@⌘ + ⌦ab)'b(k, ⌘) = Ik;p,qe
⌘�abc(p,q)'b(p, ⌘)'c(q, ⌘). (2.16)

We have introduced the notation:

Ik;q1,···qn ⌘

Z
d3q1
(2⇡)3

. . .
d3qn
(2⇡)3

(2⇡)3�D(k �

nX

i=1

qi) (2.17)

and the matrix

⌦ =

✓
1 �1

�
3

2

⌦m
f2

3

2

⌦m
f2

◆
. (2.18)
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In this formalism, we can write the general linear solution as:

'a(k, ⌘) = gab(⌘, ⌘in)'b(k, ⌘in), (2.19)

where the function gab(⌘, ⌘in) is called linear propagator (see Appendix A).
The quantity we are interested in is the two-point matter correlation

function in Fourier Space, or matter power spectrum (PS):

h'a(k, ⌘)'b(k
0, ⌘)i ⌘ (2⇡)3�D(k+ k0)Pab(k, ⌘). (2.20)

The approach of Standard Perturbation Theory (SPT) is to expand the fields
'a(k, ⌘) in powers of initial perturbations 'a0(k0, ⌘in) taken at high redshift
in which these fields are small and linear perturbation theory is supposed to
hold at all scales of interest. The n-th order term of the expansion will be of
the form:

'n
a(k, ⌘) = Ik,q1,...,qnGa,b1,...bn(q1, . . . ,qn)'b1(q1, ⌘in) · · ·'bn(qn, ⌘in). (2.21)

The Kernels Ga,b1,...bn(q1, . . . ,qn) can be determined either using a recursive
relation or using a diagrammatic approach [21]. If we substitute this expan-
sion in the expression for the PS, the expectation values becomes an expan-
sion in the initial n-point correlation functions h'a1(q1, ⌘in) . . .'an(qn, ⌘in)i.
If we assume that the initial conditions are Gaussian, then we can apply
Wick’s theorem, which ensures that expectation values of an odd number of
fields (having each zero mean) vanish, while those of an even number of fields
reduce to a sum of products of initial PS’s:

h'(k1) . . .'(k2p+1)i = 0,

h'(k1) . . .'(k2p)i =
X

all contractions

Y

pairs, (i,j)

h'(ki)'(kj)i. (2.22)

So, for example, the first non-linear contribution to the PS will contain 4
initial fields ', that is, 2 initial PS. This approximation is called 1-loop,
because of the topology of its diagrammatic representation (See Appendix
A) and because it involves integration over one momentum. The next-to-
leading contribution will accordingly contain 3 initial PS and will be called
2-loop and so on.

SPT is known to perform fairly well at large scales and early redshift while
it breaks down at small redshift (z . 2) and smaller scale (k & 0.1 h/Mpc).
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The problem is not solved by going to higher orders. Ref.[22] performed
the calculation up to 3-loop order and showed that at redshift smaller than
⇡ 1.75 the agreement of the 3-loop correction with N-body simulations is
even worse than the 2-loop, showing that the series is converging at most
asymptotically. This is to be expected since the mode coupling function
e⌘�abc(k,p,q) grows with the time ⌘ (alternatively, one can see SPT as an
expansion around the linear solution, which also grows in time, exiting the
perturbative regime once the densities become large). Furthermore at low
redshift SSA no longer holds. In the following sections we will review some
proposals to improve upon the results of SPT.

2.1.2 Response function

A key feature of nonlinear dynamics is that di↵erent modes are coupled to
each other. Since the interaction term in the equations of motion, Eq. 2.16 is
integrated over all momenta, in principle each scale k has an e↵ect on all the
others. However we do not expect them to contribute all in the same way, so
when calculating the PS at a scale k we would like to know which range of
scales are going to a↵ect its evolution the most. A quantitative formulation
of this question can be found in the linear response function (LRF):

Kab(k, q; ⌘, ⌘
0) ⌘ q3

Z
d⌦q

�Pab[P 0](k; ⌘, ⌘0)

�P 0(q)
. (2.23)

This function tells us how sensitive the final nonlinear PS, calculated at a
given scale k, is to a slight variation in the initial (linear) PS P 0(q). Ref.
[23] calculated the LRF using N-body simulations and compared the result
to the perturbative approaches. They showed that the dynamics in the PS
displays a “screening e↵ect” through which, as we get closer to the present
redshift, intermediate scales become increasingly insensitive to the small UV
scales. This e↵ect is completely missed by SPT which predicts a LRF which
is flat or even growing with k. This is related to the breakdown of SSA after
shell-crossing and is another proof that an alternative method must be used
in order to treat the very small scales. The Coarse Graining approach in the
following sections will provide one such example.

13



2.2 IR-resummation and Galilean Invariance

We know (e.g. from N-body simulations) that nonlinear dynamics have the
e↵ect of broadening the BAO peak in the real-space DM correlation function
[24, 25]. This translates in a damping in the oscillating features of the PS.
The main physical e↵ect responsible for this is the long range bulk motions
of matter, coherent on scales up to ⇡ 100 Mpc/h with a rms displacement
of ⇡ 6 Mpc/h.

In order to tackle this problem we can employ two complementary ap-
proaches: we can model the damping or act on the data and reconstruct
the peak by “reversing” the e↵ect of the bulk motions. As we will see in
Chapter 5, they can be employed simultaneously. In this section we focus
on the modelling approach (the “Reconstruction” technique is discussed in
Section 5.1). The nonlinear damping e↵ect is missed by SPT, however it can
be recovered with a resummation of a subset of diagrams [26, 27]. When
loop momenta are “soft”, i.e. much smaller than the momentum flowing in
and out of the loop, the leading contribution of the mode coupling assumes
a simple form that can be resummed at all orders. The remaining contri-
butions are truncated at a finite order. This procedure goes by the name
of Renormalized Perturbation Theory (RPT) and it can be shown that it is
equivalent to substituting, in the SPT expression for the PS, the original
propagator with a damped one.

gab(k, ⌘) �! Gab(k, ⌘) ⌘ gab(k, ⌘)e
�

k2�2
v

2 (e⌘�e⌘in )2 , (2.24)

where

�2

v ⌘
1

3

Z
d3p

P0(p)

p2
(2.25)

is the linear velocity dispersion. The damping factor in the new propagator
encodes the fact that memory of the initial condition is partly erased by the
nonlinear evolution. However the simple implementation we just mentioned
violates a fundamental symmetry that is Galilean Invariance (GI) [28, 26].
In the context of cosmology a Galilean Transformation is a mapping of the
proper coordinates (r, t):

r0 = r � ut

V0(r0) = V(r) � u, (2.26)
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where V ⌘ dr/dt and u is a uniform but possibly time-dependent velocity.
The Equivalence Principle requires equal-time correlators to be invariant un-
der this transformation. This symmetry can in fact be exploited. Individual
loop diagrams in SPT contain IR divergences in the integral over loop mo-
menta, but the sum of all the loop diagrams at any given order is found to
be finite. This order by order cancellation of divergences is protected by GI
[29]. Any finite order in RPT does not respect GI, since it includes infinite
SPT orders, via the resummed propagator, Eq. 2.24, whose IR contributions
are only partially cancelled. One consequence of this is that it does not re-
produce the correct decoupling of intermediate scales from large ones. It can
be shown [30] that GI implies that the e↵ect of a IR mode q on a mode k in
the LRF, with q ⌧ k, decouples ad q3/k3. On the other hand, in RPT, the
decoupling is only as q/k. Several GI resummation schemes have been pro-
posed, like those of [31, 32, 33]. We can make sure our proposal is consistent
with GI by making use of a set of consistency relations [34, 35]. Similarly
to how, in particle theory, gauge symmetry is enforced by Ward Identities,
GI symmetry imposes constraints on the relation between correlators. This
identities can be used to construct a GI formulation or to check if a particular
scheme respects GI. In Section 3.4 we will use these consistency relations to
derive a GI resummation of these IR e↵ects.

Finally we stress that modelling the IR contribution is particularly im-
portant when evaluating the PS in the BAO region, since the long-range bulk
motions are mainly responsible for the damping of the BAO peaks [24].

2.3 UV e↵ects and e↵ective theories

As mentioned in the preceding sections SPT breaks down at small scales and
low redshift. This is expected since gravity pulls matter together making the
denser regions grow even denser with time. This alone would bring the system
out of the perturbative regime. On top of this as structure starts to form and
virialize, higher moments of the Vlasov equation, which are neglected in SPT,
become important. Thus SSA is not valid anymore and velocity dispersion
becomes important and has to be taken into account. Calculations of the
linear response function, Eq. 2.23, from N-body simulations compared to
perturbative approaches show that the mildly nonlinear scales are weakly
sensitive to variations in the very small scales. This screening mechanism is
missed by SPT. On one hand N-body simulations are able to capture this
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small scale dynamics, since they solve for the exact equations. On the other
hand, doing so requires a high resolution which, paired to the large volumes
and number of realisations required to measure the BAO feature, makes this
approach very time consuming. These considerations suggested the use of
an e↵ective approach. Several proposals have been presented in this sense,
such as the E↵ective Field Theory of Large Scale Structure (EFToLSS) and
similar [36, 37, 38] or Coarse Grained Perturbation Theory (CGPT) [39, 40].
The common idea behind these approaches is to integrate out the small scale
modes (performing a smoothing of the Vlasov equations) and replace them
with e↵ective terms in the equations of motions. Since these new source
terms are not accessible via perturbative means some other input is needed
in order to determine them. The approach of EFToLSS is to expand the
sources in powers of the perturbative large scale fields and determine the
coe�cients of the expansion by fitting the full PS. CGPT tries to measure
these sources directly from simulations, usually in the form of correlators
with the full nonlinear fields. We will briefly show how the source terms
emerge from the smoothing procedure, following the notation of [40].

We start from the Vlasov equation, Eq. 2.1 and define a smoothing (or
coarse graining) function W (x/R), which decays as x ⌧ R. If we consider a
field g(x), it is filtered by taking the convolution:

ḡ(x) ⌘

Z
d3y W (y/R)g(x � y). (2.27)

If we filter Vlasov’s equation and derive the new continuity and Euler equa-
tions in terms of filtered quantities we obtain:

@

@⌧
�̄(x, ⌧) +

@

@xi

⇥�
1 + �̄(k, ⌧)

�
v̄i(x, ⌧)

⇤
= 0

@

@⌧
v̄i(x, ⌧) + H(⌧)v̄i(x, ⌧) + v̄k

@

@xk
v̄i(x, ⌧) = �r

i
x�̄(x, ⌧) � J i

1
+ J i

�.

(2.28)

The continuity equation is unchanged, while in the Euler equation we have
an additional source terms J i that contains all the modes that have been
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integrated out.

J i
1
(x, ⌧) =

1

1 + �̄(x, ⌧)

Z
d3y W

✓
x � y

R

◆
(1 + �(y, ⌧))ri�(y, ⌧) � r

i�̄(x, ⌧)

J i
�(x, ⌧) =

1

1 + �̄(x, ⌧)

@

@xj

⇥
(1 + �̄(x, ⌧)�̄ij(x, ⌧

⇤
. (2.29)

The compact notation will have the form:

(�ab@⌘ + ⌦ab)'̄b(k, ⌘) = Ik,q1,q2e
⌘�abc(q1,q2)'̄b(q1, ⌘)'̄c(q2, ⌘) � ha(k, ⌘),

(2.30)

where the UV contribution is contained in

ha(k, ⌘) = �i
ki

H2f 2

⇥
J i
1
(k, ⌘) + J i

�(k, ⌘)
⇤
e�⌘�Ka2. (2.31)

In the above expressions, the contribution from the microscopic vorticity
is contained in the source terms ha. The vorticity generated by the filtering
procedure will be treated perturbatively (see next chapter).

The approach is semi-analytic, in the sense that we will still perform a per-
turbative calculation of the PS at some finite order. However we are going to
subtract from this PS the contribution from the coupling to the small scales,
namely the source terms ha(k, ⌘), evaluated in SPT and substitute them with
the corresponding terms measured from N-body simulations, which give the
correct mode-coupling to the UV scales. This subtraction is made at a finite
perturbative order, therefore it is not perfect. As a consequence, a residual
dependence on the coarse-graining scale R remains. R is only a parameter
of the procedure, so this dependence is unphysical and unwanted. The reli-
ability of the method is restricted to the range of scales in which the results
do not change with R. In Ref. [40] it was shown that at higher redshift (z ⇠

1) the subtraction at 1-loop was able to reproduce the nonlinear PS on the
whole BAO range, while at z = 0 it displayed a dependence on R even in
the BAO region. In order to extend the range of validity to the whole BAO
region a 2-loop calculation is required. The calculation of the terms at 2-loop
involves the computation of tens of terms, but it has to be done only once,
and after it is done the evaluation of the PS takes virtually no computational
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e↵ort, especially because the UV terms depend very weakly on the specific
cosmological parameters and can be easily interpolated between cosmologies,
without the need to run new simulations. For this reason these techniques
o↵er a promising procedure to generate the nonlinear PS.
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Chapter 3

Improved
Time-Renormalization Group
and the BAO Extractor
operator

3.1 Introduction

In the preceding chapters we have made a quick review of SPT and its short-
comings. We then explained some of the strategies proposed to overcome
them. In this chapter we are going to put these idea together and apply
them to the Time-Renormalization Group (TRG) approach, originally pre-
sented in [41] to produce a UV- and IR-safe tool for generating the nonlinear
PS. The aim of this chapter is to introduce the TRG equation with the cor-
rections in the UV and IR sectors and the Extractor operator as a novel way
to extract and study BAO information from a nonlinear PS. This work has
been published on the Journal of Cosmology and Astrophysics (JCAP 1708
(2017) no.08, 007). 1

1
SISSA Medialab Srl. Reproduced with permission. All rights reserved
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3.2 Evolution equation for the PS

Neglecting vorticity, the first two moments of the coarse-grained Vlasov equa-
tions [39, 40] give the continuity and Euler equations, which, in Fourier space,
can be cast in compact form as

(�ab@⌘ + ⌦ab)'
R
b (k, ⌘) = Ik,q1,q2e

⌘�abc(q1,q2)'
R
b (q1, ⌘)'

R
c (q2, ⌘) � hR

a (k, ⌘) ,
(3.1)

where ⌘ = logD(⌧) and Ik;p1,··· ,pn ⌘
R

d3p1
(2⇡)3 · · ·

d3pn
(2⇡)3 (2⇡)

3�D(k �
Pn

i=1
pi).

We have introduced the fields

'R
1
(k, ⌘) ⌘ e�⌘ �̄R (k, ⌘) , 'R

2
(k, ⌘) ⌘ e�⌘�✓̄R (k, ⌘)

Hf
, (3.2)

where we have also used the linear growth function f (⌘) ⌘
1

H

d⌘
d⌧ . Repeated

indices are summed over b, c = 1, 2. The overbars indicate fields obtained by
Fourier transforming [�]R(x, ⌘) and the divergence of [(1 + �)vi]R(x, ⌘)/[1 +
�]R(x, ⌘), respectively, where [· · · ]R indicates filtering up to some scale R (see
sect. 3.3 and refs. [39, 40] for details).

The left hand side of this relation is the linearized part of the equation
for the two dynamical modes, and it is characterized by the matrix

⌦ =

✓
1 �1

�
3

2

⌦m
f2

3

2

⌦m
f2

◆
. (3.3)

The first term on the right hand side of eq. (3.1) encodes the mode-coupling
between the fields. The only nonvanishing components of the vertex functions
are

�121 (p,q) =
(p+ q) · p

2p2
�112 (q,p) = �121 (p,q) �222 =

(p+ q)2 p · q

2p2q2

(3.4)

The mode-coupling term can also be written as

e⌘�abc(q1,q2)'
R
b (q1, ⌘)'

R
c (q2, ⌘) = e⌘�a2 �̃(q1,q2)'

R
2
(q1, ⌘)'

R
2
(q2, ⌘)

�ikj v̄
j
R(q1)

Hf
'R
a (q2, ⌘) , (3.5)
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with

�̃(q1,q2) =
(q1 · q2)2

q2
1
q2
2

� 1 . (3.6)

When q1 ⌧ k ' q2 the second term at the RHS of (3.5) singles out the leading
contributions to the mode-coupling induced by long (and time-dependent)
velocity modes, whose form is dictated by the Galilean invariance of the
system [28, 35, 42]. Expressing the velocity through its divergence, it gives
the (formally) IR divergent term

e⌘
k · q1

q2
1

'R
2
(q1, ⌘)'

R
a (q2, ⌘) , (3.7)

where we have used the definition (3.2). In sect. 3.4 we will discuss the
resummation of these e↵ects at all orders. On the other hand, the residual
vertex function, eq. (3.6), amounts to cos(✓12)2 � 1, where ✓12 is the angle
between q1 and q2, and therefore it is never divergent, and moreover vanishes
for k = q1 + q2 ! 0.

The last term on the right hand side of eq. (3.1) is the contribution
from the short modes that have been integrated out in the coarse-graining
procedure [39, 40],

hR
a (k, ⌘) ⌘ �i

kiJ i
R(k, ⌘)

H2f 2
e�⌘�a2 , (3.8)

where the UV source J i
R(k, ⌘) is the Fourier transformed of

J i
R(x, ⌘) = J i

1,R(x, ⌘) + J i
�,R(x, ⌘) , (3.9)

which depends on the gravitational potential � and the velocity dispersion
�ik
R ,

J i
1,R(x, ⌘) =

1

[1 + �]R(x, ⌘)
[(1 + �)ri�]R(x, ⌘) � r

i[�]R(x, ⌘) ,

J i
�,R(x, ⌘) =

1

[1 + �]R(x, ⌘)

@

@xk

⇥
[1 + �]R(x, ⌘)�

ik
R (x, ⌘)

⇤
. (3.10)

Applying the equation of motion (3.1) to the (equal-time) PS,

PR
ab(k) = h'R

a (k)'
R
b (�k)i0 , (3.11)
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– where the prime indicates that we have divided by (2⇡)3 times the overall
momentum delta function – gives

@⌘P
R
ab(k) =

"
� ⌦acP

R
cb(k) + e⌘Ik;p1,p2�acd(p1,p2)B

R
bcd(k, p1, p2)

� hhR
a (k)'

R
b (�k)i0 + (a $ b)

#
, (3.12)

where we have omitted the ⌘-dependence, and where the bispectrum is given
by

BR
abc(q1, q2, q3) = h'R

a (q1)'
R
b (q2)'

R
c (q3)i

0 . (3.13)

Before proceeding, we emphasize that the only approximation in the equa-
tion above is in the way we deal with the vorticity of the coarse-grained
velocity field. This has two components: a microscopic one, related to UV
scales smaller than R, and one induced by the coarse-graining procedure it-
self. While the first one is completely included in the source terms hR

a , we
deal with the second one at a perturbative level. While in this section we
have set the second vorticity component to zero from the beginning, one can
show, using the methods of [40], that including it perturbatively would give
exactly the same equations as those considered in the next sections. The
e↵ect of vorticity on the PS was investigated in [43], where it was found to
be negligible at all scales and redshifts of interest.

No other approximation has been imposed so far. In particular, we are not
assuming the single stream approximation, as it is usually done in SPT and
other semi-analytic methods. Eq. (3.1), and its PS counterpart, eq. (3.12),
contain all the relevant physics: the e↵ect of the UV scales on the intermedi-
ate ones, through the source hR

a , the mode-coupling between the intermediate
scales, through the vertex functions, and the IR displacements in the terms
containing the vertex (3.7) for q1 ⌧ k. In the following, we will discuss how
to deal with all these e↵ects.

3.3 UV e↵ects

The source term hR
a is responsible for all deviations from the single stream

approximation and all the nonlinear e↵ects occurring at small scales. It is
therefore cleaner to consider the subtracted PS,

�PR
ab(k) ⌘ PR

ab(k) � PR,ss
ab (k) , (3.14)
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where PR,ss
ab (k) is the PS computed in the single stream approximation. It

solves an equation analogous to (3.12), in which all the quantities, including
the hhR

a '
R
b i

0 correlator are obtained in the single stream approximation, in
practice, by considering SPT or other approximation schemes at some finite
order. This correlator vanishes in the R ! 0 limit while its value at nonvan-
ishing R takes into account all nonlinear e↵ects due to modes q >

⇠ 1/R in the
single stream approximation, to be subtracted from the fully nonperturbative
correlator measured in N-body simulations. Working at finite R is essential
in practice, in order to extract the source terms from the simulation, but the
final results should be independent on the value chosen for R. We discuss
this point below.

The evolution equation for the subtracted PS therefore reads

@⌘�PR
ab(k) =

"
� ⌦ac�PR

cb(k) + e⌘Ik;p1,p2�acd(k, p1, p2)�BR
bcd(k, p1, p2)

��hhR
a (k)'

R
b (�k)i0 + (a $ b)

#
, (3.15)

where �hhR
a (k)'

R
b (�k)i0 ⌘ hhR

a (k)'
R
b (�k)i0�hhR,ss

a (k)'R,ss
b (�k)i0. The sub-

tracted bispectrum, �BR
abc(k, p1, p2) ⌘ BR

abc(k, p1, p2) � BR,ss
abc (k, p1, p2), in

turn, solves the equation

@⌘�BR
abc(k, q, p) ="
� ⌦ad�BR

dbc(k, q, p) ��hhR
a (k)'

R
b (q)'

R
c (p)i

0

+ 2e⌘�aef (k, q, p)
⇣
�PR

eb(q)P
R,ss
fc (p) + PR,ss

eb (q)�PR,ss
fc (p) +�PR

eb(q)�PR
fc(p)

⌘

+ e⌘Ik;p1,p2�ade(k, p1, p2)�TR
debc(p1,p2,q,p)

+ cyclic permutations of (a,k), (b,q), (c,p)

#
, (3.16)

where �hhR
a '

R
b '

R
c i

0
⌘ hhR

a '
R
b '

R
c i

0
�hhR,ss

a 'R,ss
b 'R,ss

c i
0 and we have defined the

deviation from the single stream approximation of the trispectrum, �TR
debc ⌘

TR
debc � TR,ss

debc , which, in turn, solves an evolution equation which can be
straightforwardly derived.
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The system of coupled evolution equations solved by the subtracted corre-
lation functions must be truncated at some order. However, unlike the orig-
inal TRG proposal [41], where the evolution equations for the unsubtracted
functions were considered, there is a clear hierarchy in these equations which
leads to a natural criterium for the truncation. Indeed, we first notice that
the sources of these equations are given by the �hhR

a '
R
b1'

R
b2 · · ·'R

bni
0 corre-

lators, since, if they all vanish, the single stream approximation is exact.
Moreover, the role of these di↵erences between correlators is to replace the
“wrong” behavior of the UV modes in the single stream approximation with
the “correct” ones, encoded in the correlators measured, for instance in N-
body simulations. However, while the two-point correlator hhR,ss

a 'R,ss
b1

i
0 starts

contributing to the UV loops for PR,ss
ab (k) at 1-loop order, hhR,ss

a 'R,ss
b1

'R,ss
b2

i
0

does it only from 2-loop, since it corrects the single-stream bispectrum at
1-loop order, and so on. In summary, if we want to correct the UV-loops
behaviour of the l�loop order PS, then we need consider only the correlators
up to �hhR

a '
R
b1'

R
b2 · · ·'R

bl
i
0, and, correspondingly, only the first l equations of

the system.
At the lowest order, we will therefore have

PR
ab(k) ' PR,1�loop

ab (k) +�PR,1�loop
ab (k) , (3.17)

where PR,1�loop
ab (k) is the PS computed at 1-loop SPT with the linear PS

filtered at the scale R, while �PR,�1loop
ab (k) is obtained from eq. (3.15) with

�BR
bcd(k, p1, p2) = 0 and �hhR

a (k)'
R
b (�k)i0 subtracted at 1-loop.

In order to go to next order, one has to take into account the 2-loop
PS and include eq. (3.16), with �TR = 0 and the three point correlator
hhR

a '
R
b1'

R
b2i

0 subtracted at 1-loop order.
As we anticipated above, the total PS, eq. (3.17), should not depend on

the coarse graining scale R apart from an overall dependence on the filter
function. For instance, the density-density PS should depend on R only
through a W [kR]2 factor, where W [kR] is the filter function in Fourier space.
The same holds for the PS computed in the single stream approximation at a
finite loop order (see [40] for a 1-loop check). Therefore, one has to check that
no spurious R-dependence is induced by the di↵erence between the source
correlator measured in simulations and that computed in SPT. Indeed, each
of them, taken separately, has a strong R-dependence, as shown in the left
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panel of fig. 3.1, where we use the parameterization

hhR
a (k)'

R
b (�k)i0 = ↵R(⌘)

k2

k2
m

PR
1b(k; ⌘) �a2 , (3.18)

and we plot the quantities ↵R(⌘), ↵R,ss(⌘), and the di↵erence between the
two (for b = 1). The simulations we use were presented already in [40], see
Appendix B for details. They are based on the TreePM code GADGET-II
[44]. They follow the evolution, until z = 0, of npart = 5123 CDM par-
ticles within a periodic box of Lbox = 512h�1Mpc comoving. The initial
conditions were generated at z = 99 by displacing the positions of the CDM
particles, that were initially set in a regular cubic grid, using the Zel’dovich
approximation. We assumed the “REF” cosmological parameters of [40],
namely, ⌦m = 0.271, ⌦b = 0.045, ⌦⇤ = 0.729, h = 0.703, ns = 0.966, and
As = 2.42 ⇥ 10�9.

As we see, for the scales of interest, the R-dependence of the correlator
measured in N-body simulations is mostly cancelled by the perturbative one
already at 1-loop, so that a function that is approximately R-independent,

�↵(⌘) = ↵R(⌘) � ↵R,ss(⌘) , (3.19)

can be defined. The residual R-dependence, is given by two contributions:
nonlinear e↵ects from scales q >

⇠ 1/R not captured by the 1-loop subtrac-
tion, and non-perturbative (that is, beyond single-stream) e↵ects from scales
q <

⇠ 1/R. The magnitude of these e↵ects decreases with the external mo-
mentum k, and, as we see from this plot, they are clearly subdominant for
k in the BAO range of scales. The complementary information to the left
panel of Fig. 3.1 is given in the right panel of the figure, where the scale-
dependence of the ratio between the correlator and the PS is given, and the
k2 dependence clearly emerges.

Notice that the�↵(⌘) function bears some analogies with the sound speed
coe�cient in the EFToLSS [37], however, with some key di↵erences, that we
now outline. First of all, the stress tensor in [37], whose divergence gives
basically our source terms, eq. (3.10), is expanded in terms of the linear fil-
tered fields, and therefore the coe�cients of this expansion are obtained from
the cross-correlator of the sources with the linear fields. Here, on the other
hand, the relevant cross-correlators involve the sources and the nonlinear
fields 'R

a , and therefore include e↵ects, like short scale displacements and
source-source correlators ( hhR

a h
R
b i

0, where the second hR
b is contained in the
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Figure 3.1: Dependence on the CG cuto↵ scale R of the coe�cient ↵R

k2m
(blue

curve), ↵R,ss

k2m
(green curve), and of their di↵erence �↵

k2m
(orange curve). The

coe�cients are obtained from b = 1 in eq. (3.18), for k = 0.1h/Mpc and
at z = 0. As discussed in the text, the di↵erence exhibits a much smaller
dependence on the cut-o↵ scale. Right panel: Scale dependence of k2 �↵(z0)

k2m
for three di↵erent values of the cut-o↵ scale R. The dotted curve is the theo-
retical prediction k2 times a z�dependent coe�cient, obtained as explained
in B.

nonlinear evolution of the 'R
b field) which are not included at 1-loop order

in EFToLSS. Moreover, we will directly measure these sources, and the coef-
ficient �↵(⌘), from N-body simulation and then include the result into our
evolution equations for the PS. While this procedure can be followed also
in the EFToLSS, more often, in practical applications, one first derives an
expression for the PS containing the “sound speed” and other counterterms
as parameters to be fitted from the PS measured in simulations. In doing
so, the physical meaning of these counterterms is less transparent, and the
amount of “overfitting”, in order to get the PS right, is di�cult to estimate.

In summary, we can choose R in the plateau region, or equivalently, take
the formal R ! 0 limit, and consider the evolution equation

@⌘�Pab(k; ⌘) =

"
� ⌦ac�Pcb(k; ⌘)

��↵(⌘)
k2

k2
m

h
P 1�loop
1b (k; ⌘) +�P1b(k; ⌘)

i
�a2 + (a $ b)

#
.

(3.20)

In fig. 3.2 we show the ratios between eq. (3.17) (orange line) and the
PS computed with the Coyote interpolator of N-body simulations [45]. The
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agreement clearly improves over the 1-loop SPT result (blue line) showing
that the UV correction represented by the hR

a sources plays a decisive role,
already at the lowest order considered here, namely, correcting the UV of
the 1-loop PS. At k = 0.1hMpc�1, the source correlator modifies the PS
by ' �0.6% at z = 1, by ' �1.1% at z = 0.5, and by ' �1.8% at z =
0. The agreement in the PS shape degrades at low redshifts, where higher
loop orders should be taken into account along the lines discussed below
eq. (3.16). However, in the following, we focus our attention on the residual
BAO oscillations exhibited by the orange lines, which indicate that only
improving the UV e↵ects does not account for the BAO damping well enough.
In the next section we will discuss how to deal with this issue.

3.4 IR resummation and BAO wiggles

The damping of the BAO wiggles in the PS, and of the corresponding peak in
the correlation function is mainly caused by random long range displacements
[25]. It is well known that such e↵ects are badly reproduced in SPT at any
finite order, while they are much better taken into account by the Zel’dovich
approximation, which provides a resummation at all SPT orders (see for
instance, [46]). In our approach, the e↵ect of these long range displacements
on an intermediate scale k are encoded in the last term at the RHS of eq. (3.5)
when the momentum of the velocity field is q1 ⌧ k. We will now discuss how
they can be naturally resummed.

Indeed, if one applies again the equation of motion, eq. (3.1), to the
correlator h'a(k, ⌘)'b(�k, ⌘)i0, to get the evolution equation for the PS, then,
the last term at the RHS of eq. (3.5) gives

e⌘
Z

d3q

(2⇡)3
k · q

q2

"
h'2(q)'a(k � q)'b(�k)i0

+ h'a(k)'b(�k+ q)'2(�q)i0
#
. (3.21)

The consistency relations first derived in [35, 34] for the bispectrum give

h'2(q)'a(k � q)'b(�k)i0 ' �

e⌘
k · q

q2
P 0(q) (Pab(k) � Pab(|k � q|)) +O

✓⇣ q
k

⌘0◆
, (3.22)
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Figure 3.2: PS from di↵erent computational schemes divided by the Coyote
PS. The blue curve is the 1-loop SPT result. The orange curve is obtained
from the UV-improved ETRG system (3.20). The green curve is the UV- and
IR-improved result (3.33). The di↵erent panels correspond to di↵erent red-
shifts. The UV-improved curve performs substantially better than the SPT
result, however it is still does not properly reproduces the BAO oscillations,
which are instead well reproduced by the UV- and IR-improved result. The
horizontal dashed lines show the band for which our results di↵er less than
±1% from the Coyote PS.
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Figure 3.3: The consistency relations allow the bispectra appearing in
eq. (3.21) to be rewritten as the product of a linear PS, P 0 (q), and a di↵er-
ence of nonlinear PS.

in the q ⌧ k configuration. The consistency relation is depicted diagram-
matically in fig. 3.3. The second term in (3.21) gives the same contribution.

Notice that, while P 0(q) in eq. (3.22) is taken to be the linear PS, the other
two are fully nonlinear. Moreover, the RHS vanishes at the leading order in
q/k, that is, if one sets the argument of the second PS inside parentheses to
k. This is in agreement with the form of the consistency relations derived in
[35], which vanish if, as in this case, all the fields are taken at equal times.
However, as we now show, the di↵erent arguments of the two PS is crucial
when they have an oscillatory component.

29



Inserting (3.22) in (3.21) gives

�2e2⌘
Z

⇤(k) d3q

(2⇡)3

✓
k · q

q2

◆2

P 0(q) (Pab(k) � Pab(|k � q|))

' �2e2⌘
k2

(2⇡)2

Z
⇤(k)

dq P 0(q)

Z
1

�1

dx x2 (Pab(k) � Pab(k � qx))

= �2e2⌘
k2

(2⇡)2

Z
⇤(k)

dq P 0(q)P̄ 1

ab(k; q)F
1(q rbao) (3.23)

where we have inserted a UV cuto↵ ⇤(k) <
⇠ k, in order to enforce the validity

range of the consistency relation (3.22). We have defined

P̄ n
ab(k; q) ⌘

R
1

�1
dx x2n

⇣
1 �

Pab(k�qx)
Pab(k)

⌘

F n(q rbao)
Pab(k), (3.24)

for q <
⇠ k, with

F n(q rbao) ⌘

Z
1

�1

dx x2n (1 � cos(q rbao x)) , (3.25)

so that, F 1(q rbao) = 2 (1� j0(q rbao)+ 2j2(q rbao))/3, where the jn(x) are the
spherical Bessel functions.

If the nonlinear PS has an oscillatory component,

Pab(k) = P nw
ab (k)(1 + Aab(k) sin(k rbao)) ⌘ P nw

ab (k) + Pw
ab(k) , (3.26)

with Aab(k) a smooth modulating function which damps the oscillations be-
yond the Silk scale, then eq. (3.24) returns the oscillatory component itself
plus a smooth contribution,

P̄ n
ab(k; q) = Pw

ab(k) +O
⇣
P nw00

ab (k)/r2bao

⌘
, (3.27)

and other terms proportional to derivatives of Aab(k), which are suppressed
since the oscillatory part is proportional to ⌦b/⌦m. Therefore, eq. (3.23)
gives

�2e2⌘k2 ⌅(rbao)P
w
ab(k) +O

⇣
P nw00

ab

⌘
, (3.28)

with

⌅(rbao) ⌘
1

6⇡2

Z
⇤(k)

dq P 0(q) (1 � j0(q rbao) + 2j2(q rbao)) . (3.29)
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The exact value of the cut-o↵ ⇤(k) (slightly) a↵ects the amplitude of the
evolved BAO’s but not their scale, as one can see by comparing the three
red lines (dashed, solid, and dotted) in Fig. 3.7, in which we plot the results
for the oscillating part of the PS obtained by multiplying the integrand in
(3.29) by exp(�q/(c k)2) with c = 1/2, 1,1, respectively, and integrating
in q from 0 to 1. It should be noted that the integrand of eq. (3.23), as
far as the oscillatory part is concerned, is naturally cut-o↵ at the Silk scale.
Therefore, even removing the UV cuto↵ altogether (setting c = 1), scales
q >

⇠ kSilk ' 0.12 h/Mpc do not contribute to the resummation.
If we now consider the equation for the PS derived in the previous section,

and we add to it the IR resummation term, eq. (3.28), we have completed
our goal: we have an evolution equation in which IR, intermediate, and UV
scales are taken into account.

We note that the last line of eq. (3.23) has been obtained by multiplying
and dividing the previous line by the function F 1 (q rbao) specified in eq.
(3.25). For PS of the form (3.26), the final line of of eq. (3.23) simplifies
further into (3.27), where the scale rbao, which is the comoving sound horizon
at recombination, appears. For a given cosmology, we can compute the rbao
using eq. (6) of [47]. However, notice that the BAO extraction procedure
defined in the next section is quite insensitive to the input rbao value, see
discussion after eq. (3.36).

We can consider also the same equation for a “smooth” cosmology, in
which the initial PS has no BAO feature. They will not be generated by the
evolution equation itself. If we subtract this equation from the one for the
real cosmology, we get an evolution equation for the oscillatory component
of the PS, in which the O

�
P nw00

ab /r2bao
�
terms in (3.28) cancel out, which,

splitting the oscillatory part as

Pw
ab(k; ⌘) = Pw,ss

ab (k; ⌘) +�Pw
ab(k; ⌘) , (3.30)
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gives the two equations

@⌘P
w,ss
ab (k; ⌘) =

"
� ⌦ac P

w,ss
cb (k; ⌘) � ⌦bc P

w,ss
ac (k; ⌘) � 2e2⌘k2 ⌅(rbao)P

w,ss
ab (k)

#
,

@⌘�Pw
ab(k; ⌘) =

"
� ⌦ac�Pw

cb(k; ⌘)

� ↵(⌘)
k2

k2
m

h
P 1�loop,w
1b (k; ⌘) +�Pw

1b(k; ⌘)
i
�a2 + (a $ b)

#
,

(3.31)

with initial conditions Pw,ss
ab (k; ⌘in) = P 1�loop,w

ab (k; ⌘in), �Pw
ab(k; ⌘in) = 0. If

⌘in is taken early enough, we can approximate P 1�loop,w
ab (k; ⌘in) ' P 0,w(k)uaub

(where u = (1, 1) and corresponds to taking the initial conditions in the
growing mode), and the first equation has the analytical solution

Pw,ss
ab (k; ⌘) = P 0,w(k)uaub exp[�e2⌘k2 ⌅(rbao)] . (3.32)

The total PS is obtained by adding the smooth component,

Pab(k; ⌘) = P nw
ab (k; ⌘) + Pw

ab(k; ⌘) , (3.33)

with
P nw
ab (k; ⌘) = P nw,1�loop

ab (k; ⌘) +�P nw
ab (k; ⌘) , (3.34)

where �P nw
ab (k; ⌘) solves an equation analogous to eq. (3.20),

@⌘�P nw
ab (k; ⌘) =

"
� ⌦ac�P nw

cb (k; ⌘)

� ↵(⌘)
k2

k2
m

h
P 1�loop,nw
1b (k; ⌘) +�P nw

1b (k; ⌘)
i
�a2 + (a $ b)

#
.

(3.35)

3.5 Extracting the BAO

The solution for the total PS in which the e↵ect of the IR displacement on
the oscillating component has been taken into account by eqs. (3.31) are
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given by the green lines in fig. 3.2 (for which we took ⇤ = 1 in eq. (3.29)).
The residual BAO oscillations are greatly reduced with respect to the results
obtained in sect. 3.3, while the performance on the overall PS shape (the
“broadband”) is basically the same. This fact suggests that the evolutions of
the two components of the PS, namely the smooth broadband shape and the
oscillatory one, are governed by di↵erent physical e↵ects: the mode-coupling
with intermediate and UV scales for the former and long range displacements
for the latter, with just a moderate amount of interference between them.
To explore this possibility, we first look for a procedure to extract the oscil-
latory PS from a given PS, linear or nonlinear. Of course, this procedure has
some degree of arbitrariness, as any small smooth function vanishing outside
the BAO range of scales can be assigned either to the oscillatory or to the
smooth part. However, the evolution equation itself suggests an optimal way
to define such a procedure, as it extracts the oscillatory component which
evolves (mostly) independently from the smooth one. Indeed, as we have
seen, eq. (3.23) led us to define the wiggly component as in eq. (3.27), using
eq. (3.24) (for n = 1). Therefore we will consider the operation,

P̄ n(k; q)

P (k)
=

R
1

�1
dx x2n

⇣
1 �

P (k�qx)
P (k)

⌘

R
1

�1
dx x2n (1 � cos(q rs x))

=

R
�

��
d↵ ↵2n

✓
1 �

P (k� 2⇡
rs

↵)

P (k)

◆

R
�

��
d↵ ↵2n (1 � cos(2⇡↵))

⌘ R[P ](k;�, n), (3.36)

where rs the wavelength associated to the comoving sound horizon of the
assumed underlying cosmology. The parameter �, that we will call “range”,
determines the width of the momentum interval, centered on k and expressed
in units of the BAO scale, over which we take the integral. The parameter
n, on the other hand, is set to 1 in the evolution equation, and has no ef-
fect when the operation R[P ] is applied on theoretical PS’s, but it might
be useful on real data, when di↵erent bins are measured with di↵erent er-
rors. Moreover, notice that the quantity rs does not a↵ect the scale of the
oscillations extracted from the PS via eq. (3.36), as it is shown explicitly in
Fig. 3.4. In other terms, the R[P ](k;�, n) procedure extracts the scale of
the true oscillations contained in P (k), that is the rbao of eq. (3.26), while
the rs parameter in eq. (3.36), which could also di↵er from the former, only
a↵ects the amplitude of the oscillations.
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Figure 3.4: The BAO extractor R[P ](k;�) applied to the linear PS using
the value for rbao in (3.36) corresponding to the one for the given cosmology
(red), and to a value amplified (blue) and suppressed (green) by 10 % with
respect to it. Changing rbao slightly a↵ects the amplitude of the oscillations
but not the scale.

As indicated in (3.27), the ratio R(k;�, n) is “contaminated” by smooth
terms coming from the non-oscillatory component of the PS, of order ⇠

P 00/(Pr2bao) ⇠ 1/(krbao)2. This is clearly seen in fig. 3.5, where we show the
action of the operation R[P 0] on the linear PS (black dashed lines), and on a
smooth interpolation of it, in which BAO oscillations are absent R[P 0,nw] (red
dotted lines)2. The di↵erence between the two (black solid lines) oscillates
around the x-axis. In the following plots, we will always subtract the same
R[P 0,nw] from all the di↵erent R[P ], in order to visualize oscillatory behaviors
along the horizontal axis and, at the same time, keep the extraction procedure
as simple as possible.

From the expression above, we can define a family of estimators for the
ratio above. Assuming the data are binned, we can write

R̂[P ](km;�, n) ⌘

PL(�)

l=�L(�)
(km+l � km)

2n
⇣
1 �

Pm+l

Pm

⌘

PL(�)

l=�L(�)
(km+l � km)

2n (1 � cos (rs (km+l � km)))
,

(3.37)

where the value of the maximum |l| in the sum, L(�), is chosen such that

|km+l � km| 
2⇡�

rs
for |l|  L(�) . (3.38)

2
We thank Tobias Baldauf for sharing with us a code to extract the smooth PS.
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Figure 3.5: The BAO extractor R[P ](k;�) applied to the linear PS (black-
dashed line), to the smooth linear PS (red-dotted line), and their di↵erences
(black-solid line), for two di↵erent values of the range parameter �.



Assuming that the errors on the PS at di↵erent bins are uncorrelated, the
error on R̂[P ](km;�, n) is given by

�R̂[P ](km;�, n) =
s
PL(�)

l 6=0,l=�L(�)
(km+l � km)

4n
⇣

Pm+l

Pm

⌘2 ⇣
�Pm
Pm

⌘2
+
⇣

�Pm+l

Pm+l

⌘2�

PL(�)

l=�L(�)
(km+l � km)

2n (1 � cos (rs (km+l � km)))
.

(3.39)

The e↵ect of correlation between the bins will be considered in the next
chapter (see also Appendix F).

In fig. 3.6 we show the comparison between our results and the N-body
simulations of ref. [48], which are optimised for the PS on the BAO scales.
The UV cuto↵ in eq. (3.29) has been implemented by multiplying the inte-
grand by the gaussian exponential exp(�(q/k)2). To show the behavior of
the discrete R[P ] (3.37), we have binned the N-body data in �k intervals,
and we have assumed a relative error �Pm/Pm = 0.01 for the PS in each bin
(the N-body curves shown in the figure are obtained from an interpolation
of the binned data obtained from (3.37) and (4.7)).

In fig. 3.7 we show the sensitivity of our results to this choice, by removing
the UV cuto↵ entirely (that is, by taking the gaussian exponential to 1). In
the same plot, we show also the e↵ect of neglecting the UV contribution, that
is, of setting �Pw

ab(k) = �P nw
ab (k) = 0 in eqs. (3.30), (3.34). This corresponds

to using the 1-loop SPT results for the broadband part of the PS, which, as
shown in fig. 3.2, reproduces the broadband part quite badly. Nevertheless,
the e↵ect on the oscillating part is given by the di↵erence between the red
and the black lines, which is barely recognisable on this plot scale.

3.6 Conclusions

The results of this chapter somehow pair with those of ref. [46] on the damp-
ing of the BAO peak in the correlation function. In that case, it was shown
that the Zel’dovich approximation (and slights improvements of it) can ac-
count for the widening of the BAO peak which, rather than being a dis-
turbance to be marginalised over, is a well controlled physical phenomenon
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Figure 3.6: The extractor R[P ](k;�) applied to the PS computed from N-
body simulations (grey area) and to the TRG result described in the text at
redshift z = 1 (left column) and at z = 0 (right column). Di↵erent values
of the range parameter � and of the binning �k are shown. The grey area
corresponds to assuming an error �Pm

Pm
= 1% in each bin. The parameter n

in (3.36) and (3.37) has been set to n = 0 We also show, in blue-dashed lines,
the e↵ect of the extractor applied to the linear PS. For visualisation purposes,
the same quantity R[P 0,nw](k), where P 0,nw is the smooth component of the
linear PS, has been subtracted from all the di↵erent R[P ](k).
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Figure 3.7: The e↵ect of the UV “sound speed” contribution can be quantified
by comparing the red and blue solid lines, which, respectively, have been
obtained with and without UV sources and with the same IR contributions.
The cut-o↵ ⇤(k) in eq. (3.29) is implemented by multiplying the integrand
by exp(�q2/(c k)2) and by integrating in q from 0 to 1. The red lines have
been obtained with the same UV contribution and using di↵erent values for
the c constant in the IR resummation. The solid line has been obtained with
c = 1. The dashed and dotted lines have been obtained with, respectively,
c = 1/2 and c = 1. These results show that the BAO reconstruction method
presented in this work is very robust against changes in the UV.



which can be used to extract cosmological information. Thanks to our proce-
dure to extract the oscillating part of the PS, one can discuss the same issue
in Fourier space and show that the damping of the oscillatory component of
the PS depends, in practice, only on the ⌅ function defined in eq. (3.29), and
therefore carries information on the linear PS and the linear growth factor.
These IR e↵ects are orthogonal to the well known limitations of SPT in the
UV, which are quantitatively taken into account by e↵ective “sound speed”,
and other counterterms, which we have shown to be basically irrelevant on
the BAO evolution. As a result, the BAO oscillations are robustly reproduced
at all scales and at all redshifts by means of the semi-analytical computation
presented here, which requires only the 1-dimensional momentum integral
defining the ⌅ function.

When extracting BAO from data one usually fits the total PS with a
model containing a certain number of nuisance parameters (see, for instance,
[49]). The BAO extractor introduced in (3.36), (3.37), contains no free pa-
rameters (�, n and rs define an extraction procedure, they are not parame-
ters to be fitted to compare theory and simulations or data. The parameter
rs controls the range over which the integral in the extractor is performed.
The procedure is weakly sensitive to the specific choice of rs, so even if it
does not match the scale rbao of the oscillations in the data exactly, the po-
sition of the peaks in the extracted PS will not be a↵ected (see Fig. 3.5).
Moreover, since the ratio R depends on ratios of PS measured at nearby
scales, it should be insensitive to most of the systematics (including bias):
this will be explored in the following chapter, where also the extension to
redshift space will be investigated. The procedure can be equally applied to
the reconstructed PS, obtained after the long range displacements have been
undone [24, 50, 51, 52]: therefore it is not an alternative to reconstruction,
but rather, it provides a parameter independent procedure to extract BAO
information from reconstructed data.

As for the broadband part of the PS, we showed that a 1-loop SPT compu-
tation supplemented with just one UV counterterm gives results in agreement
with N-body simulations up to kmax ⇠ 0.4 h/Mpc for z � 0.5, rapidly de-
grading at lower redshifts. We have discussed how to systematically improve
our approximation, by including higher order SPT corrections and more cor-
relators between the UV sources and the density and velocity fields. The
use of time-evolution equations considered here is particularly fit to deal
with models beyond ⇤CDM in which the broadband part of the PS carries
a distinctive signature, like cosmologies with massive neutrinos or based on
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modified GR, as the scale-dependence of the growth factor can be directly
implemented in the linear evolution matrix in eq. (3.3).
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Chapter 4

Robustness of the Extracted
PS against RSD and halo bias:
Test with N-body simulations

The aim of this chapter is to further test the performance and robustness
of the Extractor operator. We have already seen that the Extracted PS is
mostly insensitive to the details of nonlinear dynamics at small scales. We
then move to test it against the other two great challenges for an accurate
PS model: Redshift Space Distortions and halo bias. We’ll begin by redefine
the Extractor operator and its error for an application to binned PS data
where the di↵erent bins may be correlated to each other. This will prove to
be especially useful when we will apply the pipeline described in this chapter
to the experimental data.

This work has been published on the Journal of Cosmology and Astro-
physics (JCAP 1801 (2018) no.01, 035). 1

4.1 BAO extractor: definition

For any given power spectrum P (k) we define

R [P ] (k;�, n) ⌘

R
�

��
dx x2n

⇣
1 �

P (k�x ks)
P (k)

⌘

R
�

��
dx x2n (1 � cos(2⇡x))

, (4.1)

1
SISSA Medialab Srl. Reproduced with permission. All rights reserved
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where the BAO wavenumber is given by ks ⌘ 2⇡/rs, with rs the comoving
sound horizon, computed using, for the assumed cosmological model, eq. (6)
of [47]. In this expression we integrate around each value of the comoving
momentum k in an interval given by twice the “range” parameter � times
the BAO wavenumber.

The operation (3.36) is similar to the moving average method, common
in other fields to discern smooth back-ground and rapid oscillations, and has
the e↵ect of “extracting” the oscillating part of the PS from the smooth one.
In [53] we showed how the oscillating PS projected out in this way to a large
extent evolves independently under nonlinear e↵ects.

We also verified that the operation R [P ], once applied to theoretical
power spectra, is very weakly dependent on the parameter n. This parameter
might be relevant in analyzing real data, in the case in which the experimental
error varies significantly within each interval [k � kbao�, k + kbao�] , where
the meaning of kbao is illustrated below. In the analyses performed in this
work we fix n = 0 and will indicate R[P ](k;�, n = 0) with R[P ](k;�).

LSS power spectra comprise of a smooth broadband (“no-wiggle”) com-
ponent, plus a smaller (“wiggly”) component due to the BAO oscillations,

P (k) = P nw (k) + Pw (k) ' P nw(k) [1 + A(k) sin(k rbao)] , (4.2)

where A (k) is a smooth modulating function which damps the oscillations
beyond the Silk scale. While rs is the BAO scale of the assumed (reference)
cosmological model, which is needed to define the extractor (eq. (3.36)) and
the various theoretical formula, as for example, eq. (4.12), rbao is the true
scale of the BAO oscillations in data. Di↵erent computational techniques
reproduce the P nw (k) with di↵erent accuracy, and for instance a percent
accuracy at k >

⇠ O(0.1 h/Mpc) requires going beyond standard perturba-
tion theory, and accounting for UV e↵ects through methods such as Coarse
Grained Perturbation Theory [39, 40] or the E↵ective Field Theory of LSS
[36, 37].

Inserting (4.2) in (3.36) for ks� ⌧ k gives [53]

R[P ](k;�) = I

✓
rbao
rs

;�

◆
Pw(k)

P (k)
+O

�
1/ (k rs)

2
�
, (4.3)

where the scale independent quantity I(�;�, n) is given by

I (�;�) ⌘

R
�

��
dx (1 � cos (2⇡ � x))

R
�

��
dx (1 � cos(2⇡x))

, (4.4)
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and I (1;�) = 1. Notice that the quantity ks (and therefore rs) enters only
to set the appropriate units of the interval over which the integral in (3.36)
has to be taken. It does not a↵ect the scale of the oscillations of R[P ] such as
those in Fig. 4.1, which is given by the rbao contained in Pw(k) (see eq. (4.2)).
Choosing rs 6= rbao only a↵ects – typically very mildly– the amplitude of the
oscillations (see Fig. 4 of [53]).

As shown in this chapter and in the previous one, the scale of the oscil-
lation that emerges from R [P ], is very weakly sensitive to the details of the
smooth P nw (k) component. This allows to extract the BAO scale from the
data, and to compare it with theory, in a way which is very insensitive to the
UV physics. Details on how this comparison is performed are given below,
see eq. (4.9).

The expression (3.36) is suitable for an input continuous power spectrum
as given by theory. Assume we have instead binned data with momentum /
PS value / error on the PS given by {kn, Pn, �Pn}. From the data we can
construct the estimator

R̂[P ](km;�) ⌘

PLm(�)

l=�Lm(�)

⇣
1 �

Pm+l

Pm

⌘

PLm(�)

l=�Lm(�)
[1 � cos (rs (km+l � km))]

, (4.5)

where the value of the maximum |l| in the sum, Lm (�), is chosen such that

|km+l � km|  ks� for |l|  Lm (�) . (4.6)

Under the assumption of uncorrelated errors for the PS across di↵erent
bins, the covariance matrix of the estimator is given by

Cn,m(�) ⌘ hR̂[P ](kn;�)R̂[P ](km;�)i � hR̂[P ](kn;�)ihR̂[P ](km;�)i

= D�1

m D�1

n

Lm(�)X

l=�Lm(�)

Ln(�)X

l0=�Ln(�)

Pm+lPn+l0

PmPn

 
covPm,n

PmPn
+

covPm+l,n+l0

Pm+lPn+l0

�
covPm+l,n

Pm+lPn
�

covPm,n+l0

PmPn+l0

!
, (4.7)

where

Dn ⌘

Ln(�)X

i=�Ln(�)

(1 � cos (rs (kn+i � kn))) , (4.8)
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and covPmn is the covariance matrix for the PS.
In the rest of this chapter, when considering di↵erent PS’s Pa, we will

plot the subtracted quantities R̂[Pa] � R̂[P 0,nw], where R̂[P 0,nw] obtained
by applying the procedure (3.37) to the smooth linear PS P 0,nw, defined
as explained in C. This subtraction largely removes the smooth O(1/(kr2s))
contribution to eq. (4.3). However, in our numerical analyses, we always con-
sider the unsubtracted R̂[Pa]’s. Moreover, in the following, we will indicate
the estimator R̂[Pa](km;�) simply as R[Pa](k;�).

We plot in Fig. 4.1 the result of the extraction procedure applied to
di↵erent approximations of the DM PS in the BAO range of scales, namely,
linear theory, 1-loop SPT, improvements to 1-loop SPT discussed in the next
two sections, and N-body simulations. This plot will be further discussed in
subs. 4.3.1.

Besides damping the oscillations with respect to linear theory, nonlin-
earities also modify the BAO scale, an e↵ect which can crucially hinder the
possibility of using BAO’s as a cosmic ruler [54] (although, as we mentioned
before, this e↵ect can be reduced by reconstruction techniques). In order to
quantify this e↵ect we define a likelihood function as

�2

a(↵) =
nmaxX

n,m=nmin

�R[Pa](kn;↵,�)C�1

n,m(�)�R[Pa](km;↵,�) , (4.9)

where

�R[Pa](kn;↵,�) ⌘ R[Pa](kn/↵;�) � R[Pdata](kn;�) , (4.10)

Pa the model PS as obtained in a given approximation, while Pdata is the
measured one, and C�1

n,m(�) is the inverse of the matrix given in eq. (4.7),
computed using the experimental errors on the data PS. The sum is taken
over the momenta kn in which there are BAO oscillations (see Fig. 4.1),
typically in the range

0.025 hMpc�1 <
⇠ kn <

⇠ 0.3 hMpc�1 , (4.11)

where the upper end is limited by the goodness of the �2

a(↵) value, and
therefore varies for the di↵erent models/approximations. For those models
providing a good fit up to higher momenta, the �2

a(↵) curve is narrower and
therefore gives tighter constraints on the extracted BAO scale.
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Figure 4.1: The extractor R[P ](k;�) applied to the DM PS in real space
computed from N-body simulations (grey area), from linear theory (dotted),
1-loop SPT (black, dash-dotted), and TRG (red, obtained from eq. (4.23)),
at redshift z = 1 (upper panel) and at z = 0 (lower panel). The grey area for
the N-body results corresponds to the diagonal entries of eq. (4.7) and using
the 1� error on the PS for each bin. For visualisation purposes, the same
quantity R[P 0,nw](k), where P 0,nw is the smooth component of the linear PS,
has been subtracted from all the di↵erent R[P ](k).



In the following, we use the diagonal entries of the covariance matrix for
the extractor, eq. (4.7), to indicate the 1� errors on the extracted R[P ] func-
tions in plots such as those in Fig. (4.1), while we use the full matrix to eval-
uate the various �2

a(↵). As for the covariance matrix for the PS from N-body
simulations, covPm,n, we will estimate its diagonal terms from the scattering of
|�k|2 with k’s inside each k bin, while we will neglect the nondiagonal terms.
In Appendix F we will investigate the impact of the non-diagonal terms on
our analyses, showing that they are negligible.

4.2 A simple model for the extraction of the
BAO scale

In this section we present a simple procedure to extract the BAO scale from a
given Pdata. We will use, as data, the halo PS in redshift space (see Appendix
E for technical details on our simulations and halo catalogs). The impact
of the di↵erent types of nonlinear e↵ects on R[P ], and the performance of
di↵erent approximation methods in dealing with them will be discussed in
the next sections.

Our model PS is given by

Pmodel(k, µ;A) = e�Ak2Pres(k, µ) , (4.12)

with

Pres(k, µ) = P nw,rs,0(k, µ) +�P nw,rs,1�loop(k, µ)

+Pw,rs,0(k, µ) e�k2⌅rs
(µ;rs) , (4.13)

where P nw,rs,0(k, µ) and Pw,rs,0(k, µ) are the smooth and “wiggly” compo-
nents of the linear PS for DM in redshift space, calculated in the Kaiser
approximation, namely,

P a,rs,0(k, µ) = (1 + µ2f)2P a,0(k) , (4.14)

with a = w, nw. The 1-loop correction in the improved Kaiser approximation
is given by

�P nw,rs,1�loop(k, µ) = �P nw,1�loop
�� (k) + 2µ2f�P nw,1�loop

�✓ (k)

+µ4f 2�P nw,1�loop
✓✓ (k) , (4.15)
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with �P nw,1�loop
�� (k), etc, the di↵erent components of the real space 1-loop

PS [55] for the density contrast � or the velocity divergence ✓ computed from
the linear smooth one.

The resummation of the e↵ect of IR random velocity flows at all orders
in SPT is implemented by exponentiating

⌅rs(µ; rs) =
�
1 + fµ2(2 + f)

�
⌅(rs)

+fµ2(µ2
� 1)

1

2⇡2

Z
dq P nw,0(q)j2(qrs) , (4.16)

with

⌅(rs) ⌘
1

6⇡2

Z
dq P nw,0(q; z) (1 � j0(q rs) + 2j2(q rs)) , (4.17)

see Appendix C and the previous chapter, where the details of the resumma-
tion procedure are discussed.

Multipoles can be computed from Pres(k, µ) as usual, by taking the inte-
grals

Pmodel,l(k;A) ⌘
2l + 1

2

Z
1

�1

dµ Pmodel(k, µ;A)Pl(µ) , (4.18)

where Pl(µ) is the Legendre polynomial of order l. In what follows we will
only consider the monopole (l = 0).

The only free parameter in eq. (4.12) is the constant A at the exponent,
which, as we will see, can be treated as a nuisance parameter to marginalize
over the scale dependence of halo bias and on redshift space e↵ects not cap-
tured by the (improved) Kaiser approximation encoded in Pres(k, µ), such as
FoG. In [56, 57, 58], a scale-dependent halo bias given by a constant plus a
quadratic term in k was predicted by the peaks model, which can be seen as
a truncated Taylor expansion of the model used here. Notice that since the
definition of R[P ], eq. (3.37), is insensitive to the PS normalization, a con-
stant and linear bias parameter would drop o↵ the analysis, so when studying
halos we do not need to introduce it. Moreover, in order to fully capture the
unaccounted redshift e↵ects such as FoG, a µ-dependent function should be
introduced (FoG should scale as something like exp(�f 2�2

vk
2µ2)), see for in-

stance [59]. However, in this paper we only consider the monopole, therefore
we decided to minimise the number of extra functions and incorporate both
bias and RSD in the single parameter A.
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Figure 4.2: The function �2 defined in (4.9) as a function of the shift param-
eter ↵ with respect to halo data using Pmodel,0(k;A) as a model. Each curve
has been shifted vertically so to be vanishing at its minimum. The e↵ect
of removing the free parameter A is shown by the comparison of the purple
solid and dashed lines.



To fix A we use the full monopole power spectra Pmodel,0 and Phalo,0. We
take the ratios between the two, and look for the value Ā which minimizes
its scale dependence at low k’s. Then we compute (4.9) as a function of the
parameter ↵ with Pa = Pmodel,0(k, Ā) and Pdata = Phalo,0(k). The result is
shown in Fig. 4.2, where we show the function �2(↵) � �2(↵min) obtained
by this procedure. We also show the e↵ect of removing the parameter A
by setting it to zero in (4.12). As we see, the simple model considered here
captures the correct BAO scale at better than the 0.1% level both at z = 0
and at z = 1, moreover the 1� confidence level corresponds to 0.16% (0.14%)
at z = 0 (z = 1). Setting the exponential prefactor to unity (A = 0), still
reproduces the BAO scale at subpercent level, but with a reduced precision,
especially at z = 1, where the e↵ect of halo bias is larger, see Sect. 4.3.3.

For comparison, we also plot (brown solid line) the �2 obtained by a
di↵erent procedure, which resembles more closely the standard one employed,
for instance, in [49]. In this case, the model PS is fit directly to the full Pdata

PS, instead of considering the R[P ] operation, therefore, more parameters
are needed to model the broadband feature. Following [49], we consider a
model PS given by the 8�parameter function:

Pfit (k;↵) = P smooth (k)

⇢
1 +


Olinear

✓
k

↵

◆
� 1

�
e�

k2⌃2
nl

2

�
, (4.19)

where the oscillatory component is obtained from the ratio between the total
linear and smooth linear power spectrum2

Olinear (k) ⌘
P 0 (k)

P 0,nw (k)
, (4.20)

while the smooth component is given by

Psmooth (k) ⌘ B2

PP
0,nw (k) + A1 k + A2 +

A3

k
+

A4

k2
+

A5

k3
, (4.21)

where the parameters A1,··· ,5 and BP marginalise over broad-band e↵ects
including redshift-space distortions and scale-dependent bias. Notice that,
unlike our ⌅ function of eq. (5.6), now also the exponential damping contain-
ing ⌃nl in (4.19) is treated as a nuisance parameter. To quantify the precision
with which this procedure can reproduce the BAO scale, we fit Phalo with

2
In [49] the smooth PS is derived using the fitting formula of [60] instead of the proce-

dure described in C. This di↵erence does not change things appreciably.

49



the expression (4.19), fixing ↵ = 1 and finding the best fit values for the
remaining 7 parameters {⌃nl, BP , A1, A2, A3, A4, A5}. With these values
fixed 3, we then compute the likelihood

�2

fit(↵) =
X

n

(Pfit(kn,↵) � Phalo(kn))
2

(�Phalo(kn))
2

, (4.22)

as a function of ↵.
As seen from the figure, both methods are able to return the BAO scale

at the subpercent level, as a best fit and are in mutual agreement within 1 �.
The advantage of the R[P ] method appears when looking at the width of the
likelihood intervals, which, for these “data”, is reduced with respect to the
method based on (4.19): it gives a 1� error on ↵ of 0.16% (0.14%) at z = 0
(z = 1) against 1.4% (1%) by the “standard” procedure.

4.3 Nonlinear e↵ects on R[P ]

In this section we discuss the sensitivity of the function R [P ] (k;�) to various
nonlinear e↵ects.

4.3.1 Nonlinear evolution of the DM field

Assuming that N-body simulations fully account for DM nonlinearities on
the scales of interest for this paper, we discuss how di↵erent approximations
a↵ect theR[P ] operation and the extraction of the BAO scale from it. Besides
linear theory and 1-loop SPT, we will consider the TRG result of [53], which
can be cast, in real space, in the form

P TRG(k) = Pmodel(k;µ = 0, A = 0) +�P nw,TRG(k) , (4.23)

where Pmodel has been defined in (4.12). �P nw,TRG(k) ⌘ D(z)2�P nw
11

(k; ⌘)
is the UV correction (⌘ ⌘ logD(z), (D(0) = 1)), where �P nw

11
(k; ⌘) solves

the TRG system discussed in [53], which encodes the di↵erence between the
correct UV behavior, extracted from simulations, and the one of 1-loop SPT

3
We checked that the procedure is converging, in the sense that by fixing the initial

↵ to a slightly di↵erent (±1%) value and extracting the corresponding parameters gives

very similar �2
curves.
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Figure 4.3: Ratios of the nonlinear PS obtained with the di↵erent approxi-
mations described in the text after eq. (4.23) to the N-body ones.

added (see Appendix refappendicetrg for a discussion, and ref. [53] for full
details).

To see how well the nonlinear broadband shape of the PS is reproduced,
in Fig. 4.3 we plot the ratios of the di↵erent approximations to N-body
simulations.

In comparison with 1-loop SPT, the UV e↵ects encoded in the TRG
corrections increase the k-range in which the results agree to better than 1%
with simulations from k ⇠ 0.06 (0.1) h�1 Mpc to k ⇠ 0.14 (0.42) h�1 Mpc
at z = 0 (z = 1). On the other hand, the e↵ect of the resummation of the
random motions is seen by comparing the red and the green lines, which are
obtained by setting ⌅rs(0; rs) = 0 in (4.23), and by replacing �P nw,1�loop(k)
with the full 1-loop correction, �P 1�loop(k).

To focus the discussion on the BAO’s, we plot in Fig. 4.1, the result of
the extraction procedure applied to the di↵erent approximations discussed
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Figure 4.4: The function �2 defined in (4.9) as a function of the shift param-
eter ↵ with respect to N-body data for di↵erent approximation to the DM
PS. Each curve has been shifted vertically so to be vanishing at its minimum.

above. For all the approaches we have used the same binning in k, and
the grey band corresponds to the estimated 1� statistical error on the N-
body PS, evaluated using the diagonal entries of eq. (4.7). We see that the
TRG approach reproduces the BAO damping quite well over the full range
of wavenumbers.

To quantify the e↵ect of the nonlinear DM evolution on the BAO scale
we define a likelihood function, in analogy to (4.9), in which the role of Pdata

is played by the N-body DM PS, and the covariance matrix is obtained from
the statistical errors on the N-body PS , while Pa is obtained in linear theory,
1-loop SPT, and in the TRG approach.

The results are plot in Fig. 4.4. The nonlinearities encoded in the N-body
simulations shift the BAO scale towards smaller scales by ⇠ 0.8% (0.4%) at
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z = 0 (z = 1) with respect to the linear theory PS 4. The 1-loop SPT
approximation, on the other hand, gives a much better fit both at z = 0 and
at z = 1, mainly thanks to the fact that it reproduces the lower peaks well. It
is a remarkable result, as the 1-loop approximation is generally considered a
poor tool for the description of the nonlinear PS in the BAO range of scales.
This is of course true, but is mainly related to the broadband part of the
PS. As far as the oscillating component extracted by the R [P ] procedure is
concerned, the 1-loop result performs very well. This is fully in line with the
previous study by Ref. [62], where it was shown that the BAO scale is robust
against the 1-loop SPT correction when the smooth broadband is removed
appropriately. We will see, however, that it is not the case in redshift space.

On the other hand, the TRG result (red lines) reproduces the nonlinear
shift at better than 0.2% level both at z = 0 and than 0.1% at z = 1. Given
that the computational cost for this approach is the same needed for the
1-loop PS, the gain represented by it at low redshifts is clear.

4.3.2 Redshift space distortions

The e↵ect of redshift space distortions on the extracted BAO is given in
Fig. 4.5, where we plot the results for the DM field as obtained in N-body
simulations both in real and in redshift space (in the latter case we con-
sider the monopole PS). The e↵ect on the extracted ↵ parameter is given in
Fig. 4.6, where we have used again eq. (4.9), with Pa being the monopole
PS in redshift space and Pdata the N-body PS in real space. In other words,
we try to fit the real space R[P ] from the redshift space one. As a result,
the extracted BAO scale is rescaled by ⇠ 0.5%, at z = 1 and by ⇠ 0.7% at
z = 0, but the fit rapidly gets poorer by including higher wavenumbers. The
question is whether one can improve this extraction by applying the TRG
approach to redshift space.

The extension of eq. (4.23) to redshift space is (see Appendix D)

P TRG,rs(k, µ) = Pmodel(k;µ,A = 0) +�P nw,rs,TRG(k, µ) , (4.24)

4
To get an analytic insight on this e↵ect see [54]. Reconstruction techniques are also

able to remove the BAO shift, see for instance [61].
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Figure 4.5: Comparison between the R[P ]’s for the Nbody PS in real and in
redshift space (monopole) at z = 1 and at z = 0.
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Figure 4.6: �2 of the shift ↵ between the real and redshift space PS for DM
from N-body simulations.
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Figure 4.7: Ratios of the nonlinear (monopole) PS in redshift space obtained
with the di↵erent approximations described in the text at z = 1 and at z = 0.

where

�P nw,rs,TRG(k, µ) = D(z)2
h
�P nw,TRG

11
(k, µ; ⌘) + 2µ2f�P nw,TRG

12
(k, µ; ⌘)

+µ4f 2�P nw,TRG
22

(k, µ; ⌘)
i
, (4.25)

where �P nw,TRG
ab (a, b = 1, 2) are, again, computed using the TRG equations

of [53].
The performance of eq. (4.24) in reproducing the broadband shape of

the nonlinear PS in redshift space is much worse than for its real space
counterpart, as we can see comparing the red dashed lines of Fig. 4.7 to the
red solid ones in Fig. 4.3. It still improves somehow with respect to the 1-
loop result, however, it deviates from the N-body result by more than one
percent already for k >

⇠ 0.05 hMpc�1. The reason for the poor performance
of eq. (4.24), is the absence of any term accounting for the so-called FoG
e↵ect. It can be included in a purely phenomenological way by multiplying
the full eq. (4.24) by a scale-dependent function, which in this case we take
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Figure 4.8: The extractor R[P ](k;�) applied to the redshift space monopole
PS computed from N-body simulations (grey area), from linear theory (blue,
dashed), 1-loop SPT (black, dash-dotted), TRG (red), and “TRG+FoG cor-
rections” (orange), as described in the text, at redshift z = 1 and at z = 0.
The grey area for the N-body results corresponds to the error computed using
eq. (4.7) and using the 1-� error on the PS for each bin. For visualisation pur-
poses, the same quantity R[P 0,nw](k), where P 0,nw is the smooth component
of the linear PS, has been subtracted from all the di↵erent R[P ](k).

of the exponential form, e�Ak2 . Notice that, in general, the FoG modelling
depends on the line of sight direction, µ, however, since we are considering
only the monopole, we just restrict ourselves to a purely phenomenological,
scale dependent, function. In this case the fit on the full PS clearly improves,
as illustrated by the red solid lines in Fig. 4.7.

As far as BAO’s are concerned, the FoG-corrected TRG gives a very good
fit to the N-body R[P ] over all the relevant range of scales, while the TRG
without FoG correction clearly performs better than linear theory and 1-loop
SPT, at least for the lower peaks, see Fig. 4.8. To be more quantitative, we
define a new likelihood function, analogous to eq. (4.9), in which the role of
Pdata is taken by the redshift space (monopole) PS from N-body simulations.
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Figure 4.9: �2 as a function of the shift parameter ↵ for di↵erent DM ap-
proaches vs N-body in redshift space.

As we see from Fig. 4.9, the inclusion of the FoG correction on the TRG
result reproduces the N-body BAO scale at the 0.1% level, in line with its
real space counterparts (see Fig. (4.4)), while without FoG correction it still
performs at better than the percent level.

4.3.3 Halo bias

We now study the e↵ect of halo bias on the function R[P ]. We focus our
discussion on halos of mass M > 1013 M� identified in the N-body simula-
tions described in Appendix E, where we also plot the bias, that is the ratio
between the halo and DM PS’s, for the complete halo catalog and for its
partition in di↵erent mass bins, see Fig. E.1. We also list, in Tab. E.2, best
fit values for a model bias function given by Phalo(k) = (b0+ b1k2)2PNbody(k).
As the R[P ] operation is insensitive to a constant bias, we consider in this
section, as we did in Sect. 4.2, a single parameter model for the halo, again
of the exponential form, e�Ak2 . More refined models can of course be tested
but as we will see, this one already provides a very good fit.

The di↵erent PS give the R[P ]’s plotted in Fig. 4.10. The green band
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Figure 4.10: The extractor R[P ](k;�) applied to the PS of all halos with
mass > 1013 M� (green band). The black dashd lines are obtained from the
DM PS from N-body simulations, while the red dashed lines are obtained
from the TRG. The corresponding solid lines are obtained by multiplying
the PS by e�Ak2 , with A fitted from the smooth component.
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Figure 4.11: �2 as a function of the shift parameter ↵ for DM (from N-body
and TRG) vs. halos with M > 1013 M�.

is obtained from the total N-Body halo PS, while the DM PS from N-body
simulations is given by the black lines: the dashed ones are obtained from
the unbiased PS, while the solid ones are from the one multiplied by e�Ak2 ,
with A fit from the total halo PS bias. The red lines are obtained by the
TRG approximation, again unbiased (dashed) and biased (solid).

Then, taking the halo PS (with the corresponding errors) as Pdata in
eq. (4.9), we study the shift in the BAO scale derived by modeling it using
the di↵erent procedures. The results are given in Fig. 4.11. The dashed
curves show that the e↵ect of bias is O(0.5%) both at z = 0 and at z = 1,
although opposite in sign. Notice, again, that what counts here is the scale
dependence of the bias, which is in magnitude roughly the same at the two
di↵erent redshifts. The bias can be entirely taken into account by our simple
exponential function, and the TRG results practically coincide with the N-
body ones. Similar results are obtained in redshift space, as one can infer
also by looking at Fig. 4.2.
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4.4 Conclusions

In this chapter we studied and further developed the estimator R [P ] intro-
duced in the previous chapter to extract the BAO scale from a power spec-
trum P . We showed that the estimator is extremely robust against various
physical e↵ects. The estimator is mostly sensitive to the nonlinear evolution
of the DM field, which causes a rescaling of the BAO scale of >

⇠ 1%. Red-
shift space distortions beyond the (improved) Kaiser approximation and halo
bias a↵ect the R [P ] extraction only at the sub-percent level at all redshifts,
as indicated, respectively, by Figures 4.6 and 4.11, and can be taken into
account by simple fitting functions, such as the e�Ak2 one considered here.
Once the parameter A is fitted to the broadband shape of the PS measured
from real data, the extraction of the BAO scale from the R[P ] projector is a
parameter-free procedure.

We studied how the nonlinear evolution of the DM field can be taken
into account in SPT and in the TRG approach described in [53], which im-
proves over 1-loop SPT by including the e↵ect of large scale motions and by
correcting the short-scale behavior via the addition of e↵ective coe�cients,
measured from numerical simulations. As seen in Figure 4.3, in comparison
to 1-loop SPT, the short-scale corrections significantly improve the reproduc-
tion of the broadband shape of the PS, and are therefore relevant when the
latter matters, as, for instance, in studying the e↵ect of massive neutrinos
[63, 64, 65] 5. However, their impact on the BAO scale is greatly alleviated.
This proves that the extraction of the BAO scale is to a large extent indepen-
dent of UV e↵ects, so that expensive simulations (required to either solve the
dark matter dynamics, or to compute e↵ective coe�cients) are not needed.
The main improvement of the TRG method over 1-loop SPT as far as BAO
are concerned is in the resummation of the e↵ect of large scale modes, which
provides an accurate accounting of the oscillating structure of R[P ] over all
scales and at all redshifts, see Fig. 4.1. The exponential damping term ac-
counting for such e↵ects in the TRG approach can be immediately computed
with a 1-dimensional integral of the linear PS.

We compared our extraction procedure to the standard approach to the
BAO scale measurements, which involves a multi-parameter fit to the full PS
and makes use of fitting functions for the smooth linear PS. Beside having

5
Further improvement is required to accurately reproduce the e↵ects of the FoG in

redshift space. Improving over the existing phenomenological approaches requires going

beyond the single stream approximation.
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considerably fewer parameters (or not at all), our approach, when applied to
the halo catalog considered in this paper, reduces the error on the extracted
scale by a factor ⇠ 4.7 (⇠ 3.6) at redshift z = 0 (z = 1), as shown in Figure
4.2.

In principle, the procedure can be applied to the reconstructed PS, ob-
tained after the long range displacements have been undone [24, 61, 50, 51,
54, 52]: therefore it is not an alternative to reconstruction, but rather, it pro-
vides a parameter independent procedure to extract BAO information from
reconstructed data. We plan to investigate this possibility in a forthcoming
work.

In summary, the BAO extracting procedure outlined in Sect. 4.1, and
the simple model introduced in Sect. 4.2 allow to compute the BAO scale
at sub-percent accuracy, at all redshifts, including bias and redshift space
distortions e↵ects. This procedure is extremely fast, and no more compu-
tationally expensive than 1-loop (SPT). Moreover, contrary to the standard
procedure, it does not require a multi-parameter fit of the data to account for
the broadband shape of the PS, which is largely filtered out by the extractor.
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Chapter 5

BAO Extractor: Application to
BOSS DR12 experimental data

5.1 The BOSS data and reconstruction

The Baryon Oscillation Spectroscopic Survey (BOSS) was part of the e↵ort
of the SDSS-III collaboration to map our near Universe. It measured the
spectroscopic redshift of luminous galaxies in the 0.2 < z < 0.75 redshift
range and two regions of the sky, denoted by North Galactic Cup (NGC)
and South Galactic Cup (SGC), from which, respectively, about 865 000 and
330 000 galaxies were measured [20]. The measurements were made with a
2.5 metre-aperture telescope at the Apache Point Observatory, New Mexico,
and covered about 10 000 square degrees. The data is publicly available and
accessible through the SDSS-III website [66].

In our analysis we are interested in the PS, of which the BOSS collabora-
tion measured the monopole, quadrupole, and hexadecapole moments. These
were divided into 3 overlapping redshift bins: 0.2 < z < 0.5, 0.4 < z < 0.6
and 0.5 < z < 0.75, for which the e↵ective redshifts of zeff = 0.38, 0.51 and
0.61 were used in our computations. The experimental data is accompanied
by a set of mock galaxies, the MultiDark-Patchy mock catalogues [67, 68]
whose primary purpose is to provide the covariance matrices, but can also
be used to test the analysis pipeline.

Nonlinear dynamics damps the BAO signal which, if not properly ac-
counted for, degrades to a large extent the information that can be extracted
from the data. One approach is to properly model the damping using the
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techniques we have presented in [53, 69]. Another approach is to act on the
data itself using so called reconstrution techniques [24]. The aim of these
techniques is to (partially) undo the bulk motions of galaxies, by moving
them back to their original position, by reconstructing the velocity field from
the density one, via the continuity equation. In linear perturbation theory
the displacement  is related to the redshift-space density field by [70]

r · (s) + �r · ( · ŝ||)ŝ|| = �
�̃obs(s)

b
, (5.1)

where b is the linear galaxy bias, ŝ|| is the unit-vector along the line of sight,

and � = b/f (where f is the linear growth function). The density field �̃obs(s)
is smoothed on a scale, which in the BOSS implementation of reconstruction
[71] is taken to be ⌃sm = 15 h�1Mpc using a gaussian filter

S(k) = exp
⇥
�(k⌃sm)

2/2
⇤
. (5.2)

Filtering the density to damp the nonlinearities at small scales is required in
order to use of the linear continuity equation, eq. (5.1).

Assuming the displacement field is irrotational, the equation above can
be solved, and the the line-of-sight and angular positions of the galaxies are
shifted as follows

snew
||

= sold
||

� (1 + f) ||(s
old) ,

snew
?

= sold
?

� ?(s
old) , (5.3)

where the (1 + f) factor multiplying the displacement along the line of sight
aims at removing the linear component of redshift-space distortions.

The same displacement procedure is applied to a set of randomly dis-
tributed particles. The reconstructed density field are then given by the
di↵erence between the displaced galaxy field and the displaced random field.

Therefore we have, for each multipole and each redshift bin, 2 pre- re-
construction PS’s (from the NGC and SGC) and 2 post-reconstruction PS’s.
In the following we are going to apply the extractor analysis to these sets of
data and compare the results with those obtained by the analysis performed
by the BOSS collaboration using a 10-parameter fit for the model PS, both
for the pre-reconstruction and post-reconstruction datasets.
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5.2 The model

In [69] we tested the performance of a simple model function to reproduce the
extracted PS obtained from N-Body simulations and found good agreement,
both for matter and for halos, in real and redshift space. This is particularly
interesting since the model did not include any short-scale e↵ects, which are
otherwise essential to model the full PS, and both the scale dependence of
RSD and halo bias are encoded in a single exponential prefactor containing
just one extra parameter.

We will use a similar model to analyze BOSS experimental data, namely,

Pmodel(k, µ; b, A) = e�Ak2

"
�
b+ µ2fR(k)

�2 ⇣
P nw,l(k) + Pw,l(k)e�k2⌅rs

(µ)/�rec
⌘

+b2�P nw,1l
�� (k) + 2bµ2f�P nw,1l

�✓ (k) + µ4f 2�P nw,1l
✓✓

#

(5.4)

where µ is the cosine of the angle between the wavevector and the line of sight,
P nw,l and P nw,l are, respectively, the smooth and the oscillating components
of the linear PS, while �P nw,1l

ij (k) (i, j = �, ✓) denote the components of the
real space 1-loop PS, computed using the smooth linear one. The smooth PS
is obtained by spline interpolating the linear PS on the points corresponding
to nodes of sin(k rbao), and the wiggly PS is then the di↵erence between the
linear PS and the smooth one.

The Rsd(k) term accounts for the removal of large scale redshift space
distortions by the reconstruction procedure discussed in the previous section,
eq. (5.3), and in the BOSS analysis the ‘Rec-Iso’ convention of [72] is adopted,

R(k) =

8
<

:

1 before reconstruction✓
1 � e�

k2⌃2
sm

2

◆
after reconstruction

(5.5)

The remaining, nonlinear, redshift space distortions e↵ect is modelled,
together with scale dependent bias, by the single pre-factor e�Ak2 . In gen-
eral, this would be expected to be a poor approximation, as, for instance, it
lacks any µ-dependence. However, since, as we will see, we will only include
monopole data in our BAO analysis, our simple µ-independent parameteri-
zation can be considered as an e↵ective one, after µ-averaging.
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The e↵ect of BAO damping by large-scale bulk flows is encoded in the
e�k2⌅rs

(µ)/�rec term, where the function ⌅rs(µ) is given by [69]

⌅rs(µ; rbao) =
�
1 + fµ2(2 + f)

�
⌅(rbao)

+fµ2(µ2
� 1)

1

2⇡2

Z
dq P nw,l(q)j2(qrbao) , (5.6)

with

⌅(rbao) ⌘
1

6⇡2

Z
dq P nw,l(q; z) (1 � j0(q rbao) + 2j2(q rbao)) , (5.7)

with jn(x)’s the spherical Bessel functions. Typically, the reconstruction
reduces the damping of the BAO of a factor ⇠ 4 [25]. Hence we divide
the exponential damping by a quantity �rec which is equal to 1 for pre-
reconstruction data and to 4 for reconstructed data.

We stress again that eq. (5.4) does not include any short scale correction
term as those implemented in the TRG approach discussed in [53], or in
the E↵ective Field Theory of the LSS [37]. Here we want to focus on the
performance of the Extractor compared to the standard BAO analysis, as
implemented by the BOSS collaboration, and our main goal is to assess the
e↵ect of the reduction in nuisance parameters.

From the PS model above we are going to calculate the multipole mo-
ments:

Pl(k; b, A) ⌘
2l + 1

2

Z
dµPmodel(k, µ; b, A)Pl(µ), (5.8)

where Pl are the Legendre polynomials, and l = 0, 2 correspond, respectively,
to the monopole and quadrupole moment.

5.3 Determining the BAO scale

Our aim is to determine the BAO scale contained in the data. To do this,
following the BOSS analysis, we are going to define a parameter ↵ that
rescales isotropically the BAO length imprinted in the data with respect to
our fiducial cosmological model. In the previous chapters we considered a
likelihood function �2(↵),

�2(↵, · · · ) =
nmaxX

i,j=nmin

�R[P ](ki;↵, · · · ) c
�1

ij �R[P ](kj;↵, · · · ) , (5.9)
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with

�R[P ](ki;↵, · · · ) ⌘ R[Pmodel](ki/↵, · · · ) � R[Pdata](ki) , (5.10)

where cij is the covariance matrix of eq. (5.18) below, and dots indicate
other possible parameters of the model. Notice the role of the ↵ parameter
in rescaling the length scales: if the best fit is for ↵ = 1 the model and the
data agree on the BAO scale.

In the present analysis, our model contains 2 nuisance parameters, b and
A. b mainly fixes the overall normalization of the PS, to which the Extractor
operator is essentially insensitive, therefore we fix it with a preliminary fit of
the monopole P0(k; b, A) and quadrupole P2(k; b, A) up to k ' 0.15 h Mpc�1.
We will indicate this value with b̄. We verified that the specific value of b̄ has
little impact on the final result.

The parameters A and ↵ have two di↵erent physical origins and roles.
A is related to RSD and scale-dependent bias, and it mostly modifies the
broadband shape of the PS. On the other hand, ↵ carries information on the
BAO scale imprinted on the wiggly component. We would like to extract ↵
from the latter and A from the former. Therefore we will combine the two
constraints by considering a composite �2 (in eq. (5.15) below). In doing
so we need to take care of two aspects. First, we need to consider the cross
correlations between P 0(k) and R[P 0](k). Second, we must not use the same
information twice, both in the full PS and the extracted one.

In order to take care of these two issues we reformulate our procedure as
follows (we specify the discussion to the monopole, the procedure is the same
for the quadrupole):

First of all we define a list of indices:

{⇡1, . . . , ⇡max, ⇢1, . . . , ⇢max}, (5.11)

where the ⇡i’s are the wavenumber bins used for the full PS, while the ⇢i’s
are those used for the extracted PS. To make sure we avoid double counting
the data, each bin is present at most once in the list, so it will not be used
for the fit of the full and extracted PS at the same time. We then define a
vector:

X(↵, A) ⌘

n
�P (k⇡1 ,↵, A), . . . ,�P (k⇡max ,↵, A),

�RP (k⇢1 ,↵, A), . . . ,�RP (k⇢max ,↵, A)
o
, (5.12)
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where
�P (ki, A) ⌘ P 0

data(ki) � P 0

model(ki/↵, b̄, A) (5.13)

and
�RP (ki,↵, A) ⌘ R[P 0

data](ki) � R[P 0

model](ki/↵, b̄, A). (5.14)

�2 is now defined as

�2(↵, A) ⌘

X

i,j

Xi(↵, A)C
�1

i,j Xj(↵, A). (5.15)

In this expression we used the covariance matrix

Ci,j ⌘

8
>><

>>:

h�Pi �Pji i 2 (⇡1, ⇡max), j 2 (⇡1, ⇡max)
h�Pi �Rji i 2 (⇡1, ⇡max), j 2 (⇢1, ⇢max)
h�Ri �Pji i 2 (⇢1, ⇢max), j 2 (⇡1, ⇡max)
h�Ri �Rji i 2 (⇢1, ⇢max), j 2 (⇢1, ⇢max)

(5.16)

where the PS covariance matrix elements, cij ⌘ h�Pi �Pji, are obtained
from the mock catalogue that we discuss in the following section, while the
elements of the last three lines are given in terms of the former by the relations

h�Ri�Pji = D�1

i P�2

i

X

l

fi,l
⇣

� Pih�Pl �Pji + Plh�Pi �Pji

⌘
, (5.17)

and

h�Ri �Rji =D�1

i P�2

i D�1

j P�2

j

X

m,n

"
Pi+m Pj+n h�Pi�Pji

�Pi+m Pj h�Pi�Pj+ni � Pi Pj+n h�Pi+m�Pji + Pi Pj h�Pi+m�Pj+ni

#
.

(5.18)

We note that if we were to repeat one index in ⇡i and ⇢i the covari-
ance matrix Ci,j would become singular, making the analysis procedure fail.
In fact, this feature works as a “safety” mechanism that prevents us from
inadvertently run into overfitting.

From this �2(↵, A) we construct a probability distribution function (PDF)
for each redshift bin z, combining the North and South samples, and marginal-
ize over A:

fz(↵) =
1

N

Z
dA e�

�2
N,z(↵,A)+�2

S,z(↵,A)

2 . (5.19)
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The factor N normalises the total probability to 1. When reporting the
results, the error on ↵ is going to be the 1� interval of the PDF, which
integrated gives the value of 0.683. In constructing the PDF as shown above
we are assuming that the parameter A is the same for the NGC and SGC
samples. We tested the impact of assuming two separate parameters AN and
AS and marginalising over them separately and found analogous results.

5.4 Calibration with Mock galaxies

Before applying the procedure to the experimental data we tested it on the
MultyDark Patchy mock catalogues of the BOSS collaboration [67, 68]. The
fiducial cosmological model used to generate these mocks was a flat ⇤CDM
model with ⌦M = 0.307115, ⌦b = 0.048206, �8 = 0.8288, ns = 0.9611
and H0 = 67.7 km s�1 Mpc�1. In fig. 5.1 we plot the output of the
extractor applied to the monopole PS, pre- and post-reconstruction. The
corresponding �2 is plotted in fig. 5.2. These results have been obtained
using ⇡i = {1, 2, 3, 7, 15} and ⇢i = {4, . . . , 6, 8, . . . , 14, 16, . . . , 25}, where the
correspondence between the bin number and the actual wavenumber can be
read from the plot. We also mark with a red horizontal line the value for A
that is obtained through a many-parameter fit of eq. 5.4 against the monopole
data (before applying the Extractor) up to k < 0.155 hMpc�1.

The optimal configuration is to use most bins in ⇢, given that the ex-
tracted PS has greater constraining power on ↵, and use just a few bins in
⇡ to determine A. Apart from this, however, the results do not depend on
the exact choice for ⇡ and ⇢. Since the extractor is an integrated quantity,
the first bins of R[P] are a↵ected by boundary e↵ects, so a natural choice is
for them to be in ⇡. Furthermore we found that considering points up to
k  kmax = 0.26 hMpc�1 yields the optimal trade-o↵ between accuracy on ↵
and the �2/nd.o.f.

The results for the ↵ parameter from the monopole are listed in Table 5.1.
The recovered values of ↵ are compatible with 1 for all redshift bins, which
shows that our procedure provides an unbiased estimate of the BAO scale
contained in the mock data. Moreover, the constraints we get are well below
the 1% level and, compared to the 10-parameter fit of the BOSS analysis,
tighter by a factor 2.7 � 2.8 for the data pre-reconstruction and 1.7 � 1.9
after reconstruction.

We also applied the extractor to the mock quadrupole moment. As can
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Figure 5.1: Extracted monopoles for the MultyDark Patchy mock galaxies.
Solid lines correspond to the best fit model of eq. (5.4).
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Figure 5.2: Values of �2(↵, A) � �2

min for mock galaxies. The contour lines
correspond to the 1� (2.30), 2� (6.17) and 3� (11.8) intervals for the 2D �2

distribution. The red horizontal line marks the best-fit value for A that is
obtained by fitting eq. 5.4 directly on the PS, without applying the Extractor
and without any shift.



BOSS collaboration

Pre-reconstruction Post-reconstruction
↵ error ↵ error

0.2 < z < 0.5 1.010 0.022 1.002 0.013
0.4 < z < 0.6 1.010 0.019 1.003 0.012
0.5 < z < 0.75 1.008 0.019 1.003 0.012

Extractor procedure

Pre-reconstruction Post-reconstruction
↵ error ↵ error

0.2 < z < 0.5 1.007 0.008 0.999 0.007
0.4 < z < 0.6 1.005 0.007 1.001 0.007
0.5 < z < 0.75 1.004 0.007 1.002 0.007

Table 5.1: Results for the parameter ↵ obtained with the standard procedure
(BOSS collaboration, Ref. [71]) and by applying our analysis to mock galaxy
data.

be seen in fig. 5.3, in the extracted quadrupole there is no evident oscillatory
feature, meaning that the BAO signal is covered by the noise. In fact, adding
the quadrupole to the analysis brings no improvement on the determination
on ↵, therefore in this work we will restrict the analysis of the BOSS data to
the monopole.

5.5 Application to BOSS DR12 data

Having tested our procedure, and found the optimal setup, with mock galax-
ies, we apply it to the experimental data. The reference cosmological model
is the same as that used for generating the mock catalogues. The extracted
monopoles are shown in fig. 5.4. As in the case of the mock PS, we can see
the e↵ect of reconstruction in enhancing the amplitude of the BAO wiggles.
The corresponding contour plots for �2 are shown in fig. 5.5.

Finally, the results for ↵ are shown in Tab. 5.2. The obtained preci-
sion is analogous to the one obtained for the mock galaxies, well below the
percent level both for pre- and post-reconstruction data. The gain for pre-
reconstruction data is around a factor 2.3�2.7, while for post-reconstruction
data it is about 2.2 for the lowest redshift range and around 1.4 for the two
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Figure 5.3: Extracted quadrupoles for the MultyDark Patchy mock galaxies.
Solid lines correspond to the best fit model of eq. (5.4).
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Figure 5.4: Extracted monopoles for the BOSS data. Solid lines correspond
to the best fit model of eq. (5.4).
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Figure 5.5: Values of �2(↵, A) � �2

min for BOSS data. The contour lines
correspond to the 1� (2.30), 2� (6.17) and 3� (11.8) intervals for the 2D �2

distribution. The red horizontal line marks the best-fit value for A that is
obtained by fitting eq. 5.4 directly on the PS, without applying the Extractor
and without any shift.



higher redshift ones.

5.6 Conclusions

The Extractor procedure represents a promising approach to the study of
BAOs, both from a theoretical and data analysis point of view. Despite
using a simple model, eq. (5.4), the procedure was able to reach a subpercent
precision for all redshift bins, using only a one nuisance parameter besides ↵.
Applying the Extractor procedure on unreconstructed data gives constraints
tighter than those obtained in the standard analysis after reconstruction. On
the other hand, reconstruction does not add any substantial improvement on
the constraints obtained with the Extractor procedure.

The BAO signature, as defined by the Extractor prescription, is mostly
confined to the monopole PS. This is clear from fig. 5.3, and from the analo-
gous one for the quadrupole from real data. Adding higher multipoles does
not lead to any substantial improvement in our results. Therefore, constrain-
ing anisotropic scaling parameters, ↵? and ↵||, appears to us premature, given
the present data.

There are a number of ways this method can be improved, also in view
of future data. The exploration of the parameter space can go beyond the
↵-parameterization, by using Monte Carlo Markov Chain algorithms. On the
theoretical side, the model we used used essentially a 1-loop approximation,
while we showed that using the full TRG method presented in [53] improves
the BAO scale extraction at virtually no extra computational cost. Although
the modelling of RSD and halo bias presented here was very basic, the simple
exponential factor exp(�Ak2) gave already good results. A more detailed
description of these e↵ect would likely improve further the constraints on
↵. Moreover, by modelling the angular dependence of RSD more accurately,
the quadrupole and, possibly, the hexadecapole data could be included in
the analysis. We leave these improvements to future work.
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BOSS collaboration

Pre-reconstruction Post-reconstruction
↵ error ↵ error

0.2 < z < 0.5 1.006 0.016 1.000 0.013
0.4 < z < 0.6 1.016 0.017 0.9936 0.0082
0.5 < z < 0.75 0.991 0.019 0.9887 0.0087

Extractor procedure

Pre-reconstruction Post-reconstruction
↵ error ↵ error

0.2 < z < 0.5 1.005 0.007 1.003 0.006
0.4 < z < 0.6 1.008 0.007 1.000 0.006
0.5 < z < 0.75 0.999 0.007 0.999 0.006

Table 5.2: Results for the parameter ↵ obtained with the standard proce-
dure (BOSS collaboration, Ref. [71]) and by applying our analysis to BOSS
experimental data



Chapter 6

Conclusions and outlook

In this thesis we have introduced the improved TRG model, with corrections
in the IR and UV sectors and tested its performance. We compared its results
against N-Body simulations and in Section 4.3 we have shown that the PS
generated with the TRG at 1-loop agrees with N-Body simulations at the
sub-percent level in the whole BAO region for z � 0.5 and up to k ⇠ 0.14h�1

Mpc at z = 0.
We have defined the Extractor operator as a means to extract the os-

cillating part of any PS, and have shown that this component, unlike the
smooth part, is weakly dependent on the UV contributions. Therefore, it
can be modelled using only the IR corrections. We have also tested the
ability of the Extractor operator to retrieve the BAO scale from a given PS
using N-Body simulations. As shown in Chapter 4 the Extractor procedure
recovers the BAO scale with sub-percent accuracy also in the presence of
halo bias and RSD, whose scale dependence can be taken into account with
the addition of a single nuisance parameter, in the form of an exponential
factor e�Ak2 .

We then proceeded to the application of our analysis to the BOSS DR12
dataset. The Extractor procedure was able to determine the BAO scale from
the monopole data with an accuracy that is ⇠ 30% better than what is ob-
tained with the standard 8-parameter fit, when applied to pre-reconstruction
data, while it yields similar results when applied to reconstructed data. When
applying the Extractor to quadrupole data we find no clear BAO signal, sig-
nifying that better data is required to perform an angular analysis with the
Extractor.

The content of Chapters 3 and 4 have been published on the Journal of
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Cosmology and Astrophysics, as Noda, Peloso and Pietroni, A Robust BAO
Extractor, (JCAP 1708, 2017, no. 08 007) and Nishimichi, Noda, Peloso and
Pietroni, BAO Extractor: bias and redshift space e↵ects, (JCAP 1801, 2018,
no. 01 035). The analysis of BOSS data contained in Chapter 5 will be the
matter of a forthcoming publication.

Several improvements can be made to the methods introduced in this
thesis. In this work the PS has been calculated with the improved TRG with
UV corrections evaluated at 1-loop order. At z = 0, this level of approxima-
tion performs well in extracting the acoustic scale from BAO’s, however, if
one is interested in the broadband shape of the PS, as for instance is required
to derive limits on the neutrino mass scale, a 2-loop calculation is needed.

As pointed out in the text, the BAO Extractor performance on real data
can also be improved, by adding the e↵ect of UV sources and by treating the
angular dependence of RSD more accurately.

So far we have studied how well the Extractor can measure the BAO
scale. A further step forward would be to see how this measurement maps
on the determination of the cosmological parameters. In particular it would
be important to test whether this procedure converges to the exact solu-
tion when exploring the parameter space. In the setting we have presented,
the numerical computations are very fast, therefore the Extractor procedure
appears to be a promising candidate in the parameter estimation analysis.

The ability of the improved TRG to correctly reproduce the nonlinear
dynamics can be used to test, apart from ⇤CDM, all the models that predict
a signature on the full shape of the PS, like massive neutrinos, Modified
Gravity, fuzzy DM, coupled quintessence and so on. In parallel, the Extractor
o↵ers the opportunity to study the same models by using the BAO as a
precision probe. In particular we could exploit both the position and the
amplitude of the BAO peaks.

In summary the improved TRG and the Extractor operator constitute two
promising tools, which combined will contribute to the study of the Universe
at Large Scales.
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Appendix A

Diagrammatic representation of
SPT

In Section 2.1.1 we have introduced the approach of SPT. Each n-order con-
tribution to the field ' can be obtained via an iterative relation (see for ex-
ample [21]), which is particularly suited for numerical algorithms. However
Crocce and Scoccimarro [26, 27] introduced a way to organise the contribu-
tion in diagrams that give a better insight in the mode-coupling structure of
each contribution.

The equation of motion, Eq. 2.16, has a formal solution which is the sum
of the homogeneous solution plus a non-homogeneous solution:

'a(k, ⌘) = gab(⌘, ⌘in)'b(k, ⌘in)

+

Z ⌘

⌘in

d⌘0gab(⌘ � ⌘0)Ik,p,qe
⌘0�bcd(k,p,q)'c(p, ⌘

0)'d(q, ⌘
0). (A.1)

Here gab(⌘1, ⌘2) is the Green function of the linear equation, also called
propagator and reads:

gab(⌘1, ⌘2) =
1

5

✓
3 2
3 2

◆
+ e�

5
2 (⌘1�⌘2)

✓
2 �2

�3 3

◆�
, (A.2)

The n-th order perturbative contribution is obtained by reiterating the
equation of motion at the r.h.s. n times starting from the homogeneous
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solution:

'(1)

a (k, ⌘) = gab(⌘, ⌘in)'b(k, ⌘in)

'(2)

a (k, ⌘) =

Z ⌘

⌘in

d⌘0gab(⌘ � ⌘0)Ik,p,qe
⌘0�bcd(k,p,q)

⇥ gce(⌘
0, ⌘in)'e(k, ⌘in)gdf (⌘

0, ⌘in)'f (k, ⌘in)

. . .

'(n)
a (k, ⌘) =

n�1X

m=1

Z ⌘

⌘in

d⌘0gab(⌘ � ⌘0)Ik,p,qe
⌘0�bcd(k,p,q)'

(m)

c (p, ⌘0)'(n�m)

d (q, ⌘0).

(A.3)

At this point it becomes clear that all the contributions can be constructed
starting from 3 building blocks: the initial fields 'a(k, ⌘in), the propagator
gab(⌘, ⌘0) and the interaction function e⌘�abc(k,p,q).

The quantity that we want to calculate is the 2-point correlation function,
and at a finite order n it will be given by the sum of the 2-point correlators
h'(l)'(m)

i for which n = l + m. This will break down in combinations of
n-point correlation functions of initial fields '(k, ⌘in). If we make the further
assumption of Gaussian initial conditions, Wick’s theorem, Eq. 2.22, then the
initial n-point correlators will break down to combinations of initial PS. At
this point any finite order PS is made entirely from gab(⌘, ⌘0), e⌘�abc(k,p,q)
and the initial PS, P 0(k). If we define a graphical representation for each
of these components, as shown in Fig A.1, then we can draw a diagram
for each of the terms that make up our SPT PS. These diagrams can be
classified based on their topology and more specifically on their number of
closed loops. The number of loops directly correlates to the perturbative
order, 1-loop containing 2 initial PS, 2-loops containing 3 and so on.

As an example we are going to write down the expression for the 1-loop
correction to the PS. It is the sum of two types of contributions, or diagrams:

�P 1�loop
ab (k, ⌘) = P 13

ab (k, ⌘) + P 13

ba (k, ⌘) + P 22

ab (k, ⌘), (A.4)

where

P 22

ab (k, ⌘) = 2

Z ⌘

ds

Z ⌘

ds0gac(⌘ � s)gbf (⌘ � s0)

⇥ Ik,p,qe
s�cde(k,p,q)e

s0�fgh(�k,�p,�q)P 0

dg(p)P
0

eh(q) (A.5)
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Figure A.1: Graphical representation of the three building blocks of SPT.
From left to right: the propagator gab(⌘, ⌘0), the interaction function
�abc(k,p,q) and the initial PS, P 0(k)

+

Figure A.2: Diagrammatic representation of the P 22 contribution (top) and
P 13 contribution (bottom)

and

P 13

ab (k, ⌘) = 4

Z ⌘

dsgac(⌘ � s)

Z s

ds0gef (s � s0)

Ik,p,qe
s�cde(k,p,q)e

s0�fhg(�q,�p,�k)P 0

dh(p)P
0

gb(k). (A.6)

In writing these expressions we have assumed that the initial PS was in the
growing mode, so that gac(⌘, ⌘in)gbd(⌘, ⌘in)P 0

cd(k) = P 0

ab(k). This is a sensible
assumption since the decaying mode becomes less and less relevant with
time. These terms are graphically represented in Fig. A.2 where the 1-loop
topology becomes apparent.
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Appendix B

Computation of �↵ (⌘)

In this Appendix we briefly discuss how we computed the coe�cient �↵(⌘)
k2m

used in the TRG equations (3.31) and (3.35). We recall from equations (3.18)
and (3.19) that it is obtained from the correlator between the source hR

a and
the course grained fields 'R measured from N-body simulations, minus the
corresponding quantity evaluated in single stream approximation.

We use the N body simulations of the ‘reference’ cosmology of [40] (see
Section 4 of that work for details). We use the simulations to evaluate
hhR

2 (k,⌘)'R
1 (�k,⌘)i0

h'R
1 (k,⌘)'R

1 (�k,⌘)i0
at the redshifts z = 0, 0.25, 0.5, 1, 1.5, 2, 3, 5. We fix the

filter scale at R = 2Mpch�1, which is the smallest value of R at which the
resulting �↵ is in the plateau region visible in the left panel of Figure 3.2
(we verified that using larger values of R does not change the final values of
�↵ significantly). We then evaluate the coe�cient ↵R

k2m
at k = 0.1h/Mpc (as

visible from the right panel of Figure 3.2, the result does not significantly
change if we use a di↵erent but comparable scale).

From this quantity we subtract the analogous ratio hhR
2 (k,⌘)'R

1 (�k,⌘)i0

h'R
1 (k,⌘)'R

1 (�k,⌘)i0
, with

the numerator evaluated in single stream approximation through a one loop
computation, and with the Coyote Emulator [45] PS in the denominator.
The one loop computation is performed following Appendix A of [40]. 1

1
Specifically, we add up “22” and “13” contributions. The “22” contributions are

obtained from the terms C
h0

(only half of it) and C
hh

written in Eqs. (A.13) and (A.14)

of [40]; the “13” contributions are obtained from Eqs. (A.20)-(A.21)-(A.22)-(A.23) of [40].

The correlators written in [40] are given in terms of the quantity denoted as '̄(h)
in that

work. To obtain the correlators in terms of ha we formally performed the replacement

gac (⌘ � s) ! �ac�(D)
(⌘ � s) in the expressions of [40].
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Figure B.1: Coe�cient �↵
k2m

as a function of the logarithm ⌘ of the linear
growth factor. The points are the data obtained at various redshift, as ex-
plained in the text. The numerical value next to each point indicates the
corresponding redshift. The green dashed curve is the fit (B.1), with the
coe�cients C0 = 8.11h�2 Mpc2, n1 = 1.48, and n2 = 2.09.

From this subtraction, we obtain the coe�cient �↵
k2m

at the various redshifts

listed above. In the ETRG system a continuous function ↵ (⌘) is needed. We
find that the time dependence is well reproduced by the three-parameter fit:

�↵ (⌘)

k2
m

=

8
<

:

C0 en1(⌘�⌘0) , ⌘1  ⌘  ⌘0 ,
C0 en1(⌘1�⌘0) en2(⌘�⌘1) , ⌘2  ⌘  ⌘1 ,
C0 en1(⌘1�⌘0) en2(⌘2�⌘1) e3(⌘�⌘2) , ⌘  ⌘2 ,

(B.1)

where ⌘i = ⌘ (zi). This parameterization ensures that �↵ (⌘) is continu-
ous, and that it grows faster than the 1-loop single stream term at z > z2
(as suggested by the fact that this subtracted quantity contains terms that
are of higher order in perturbation theory. This behavior is in qualitative
agreement with our highest redshift data). We perform a fit of the data at
z = 0, 0.25, 0.5, 1 in a {log ⌘, log�↵} plane, and obtain the best fit values
C0 = 8.11h�2 Mpc2 and n1 = 1.48. We then fit the data at z = 1, 1.5, 2
to obtain the best fit value n2 = 2.09. The parameterization (B.1), with
these values for the three fitting parameters C0, n1, n2, is used in the TRG
evolutions of the main text.
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Appendix C

TRG

Here we summarize the Time Renormalization Group (TRG) system of equa-
tions for the PS derived in [53] and used in this work. The PS comprises
of two parts: a smooth broadband (“no-wiggle”) component P nw, and a
smaller (“wiggle”) part Pw that contains the BAO oscillations. We consider
two separate equations for the two components. As a starting point we sep-
arate the linear power spectrum in a smooth plus an oscillatory component,
P 0 = P 0,nw + P 0,w. To achieve this, we notice that the oscillatory part is of
the form P 0,w = P̃ (k) sin (k rbao), where P̃ (k) is a smooth function, and the
scale rbao can be estimated, for any given cosmology, through eq. (6) of [47].
We construct P 0,nw by evaluating the PS at the nodes of sin (k rbao) and by
interpolating in a smooth way between these values.

We then use P 0,nw to compute the one-loop SPT correction �P 1�loop,nw.
SPT fails to accurately reproduce the PS at scales k >

⇠ 0.1hMpc�1. This
is due both to UV e↵ects that go beyond the single stream approximation,
and to IR e↵ects, such as large scales bulk flow. As discussed in [53], UV
e↵ects mostly impact the smooth component P nw, and can be accounted
for by including additional terms in the TRG evolution equation for the PS.
These terms can be evaluated through N-body simulations [39, 40, 53]. While
this correction considerably improves the PS at k >

⇠ 0.1 h Mpc�1, it does not
a↵ect the BAO oscillation scale extracted from R[P ] [53]. We demonstrate
this in Section 4.2, where we show that the scale extracted from the halo
catalog from our numerical simulations is in excellent agreement with that
extracted from a theoretical PS obtained without this UV terms.

On the contrary, IR bulk flows decease the coherency of the BAO oscilla-
tions, and need to be included in order to accurately reproduce the oscillatory
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behavior of Pw. These e↵ects can be resummed in an exponential (scale-
dependent) suppression of the oscillatory term, given by the last term of eq.
(4.13). While this result case derived in [53] on the basis on the consistency
relations between the power spectrum and the squeezed bispectrum (the soft
mode of which is a IR bulk flow) [35], in D we provide an alternative proof
that can be more immediately extended to redshift space.
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Appendix D

IR resummation

In this appendix we study how IR bulk flows resum to the exponential term
in eq. (4.13) of the main text. This e↵ect of the IR modes on the oscillatory
part of the PS was derived in real space in [53]. We rederive this result using
a Lagrangian formulation, that can be easily extended to redshift space.

We consider a large set of particles, and we split their velocities in long
(“l”) and short (“sh”) wavelength components, treating the former in linear
theory (the splitting can be done, for instance, by computing the average
velocity of the particles contained in a “large” volume, and splitting the
velocity of each particle in that volume as the average plus a residual). We
denote as f the phase space distribution of the particles and as f sh the
distribution that the particles would have if their position was not changed
by the long wavelength velocity. The two distributions are related by

f
�
x,pl,psh, ⌘

�
=

Z
d3y f sh

�
y,pl,psh, ⌘

�
�D

✓
y � x+

pl

amHf

◆
, (D.1)

where x and y are spatial coordinates, �D the Dirac-delta function, and
where the comoving momentum of the particles is related to their velocity
by the non relativistic expression v = p

am (where a is the scale factor and
m the mass of the particles). Integrating the distribution function over the
momentum gives the particle number density

n (x, ⌘) = n̄ (1 + �(x, ⌘)) =

Z
d3pld3pshf(x,pl,psh, ⌘) , (D.2)

where n̄ is the average number density, and � (x) the density contrast. By
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Fourier transfroming this relation, and using eq. (D.1), we can write

(2⇡)3�D(k) + �(k, ⌘) = n̄�1

Z
d3yd3pl d3pshe�ik·ye�i k·pl

amHf f sh(y,pl,psh, ⌘)

=

Z
d3y e�ik·y (1 + �sh(y, ⌘)) e

�ik·v
l(y,⌘)
Hf +··· , (D.3)

where the second line has been obtained by expanding the exponent in the
first line around pl = 0, where �sh is defined from f sh as in eq. (D.2), where
bvl is the first moment

(1 + �sh(y, ⌘))v
l(y, ⌘) = n̄�1

Z
d3pl d3psh

pl

am
f sh(y,pl,psh, ⌘) , (D.4)

and where the ellipsis includes the higher moments that we disregard. From
(D.3) we obtain the e↵ect of the long wavelength modes on the PS

P (k) =

Z
d3r e�ik·r

*
(1 + �sh(r/2, ⌘))(1 + �sh(�r/2, ⌘))e�i

k·[vl(r/2)�vl(�r/2)]
Hf

+

'

Z
d3r e�ik·r

h(1 + �sh(r/2, ⌘))(1 + �sh(�r/2, ⌘))i

⇥ exp


�

Z
⇤ d3q

(2⇡)3
(k · q)2

q4
(1 � cos(q · r))P 0(q)

�
.

(D.5)

To obtain the second line, we have treated vl as linear, gaussian, and un-
correlated with �sh. The cut-o↵ ⇤ is introduced as a reminder that only IR
modes contribute to vl. 1

If we consider the oscillating component of the PS, namely,

Pw
sh(k) ⌘

Z
d3re�ik·r

h(1 + �wsh(r/2, ⌘))(1 + �wsh(�r/2, ⌘))i = P̃ (k) sin(k rbao) ,

(D.6)

1
The dependence of the results on the cut-o↵ ⇤(k) has been discussed in [53], where it

has been showed that, as long as a ⇤CDM linear PS is considered, omitting the cut-o↵ still

provides a numerically accurate description of the IR resummation. For this reason we

also set ⇤(k) = 1 in our computations, and we omit the k-dependence from the argument

of ⌅.
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eq. (D.5) gives a simple result. We insert this expression into (D.5), and we
expand the exponential term

Pw(k) =
1X

n=0

(�1)n

n!

Z
d3r e�ik·r

Z
d3p

(2⇡)3
eip·rP̃ (p) sin(p rbao)

⇥

Z
⇤ d3q1
(2⇡)3

(k · q1)2

q4
1

P 0(q1) (1 � cos(q1 · r)) · · ·

⇥

Z
⇤ d3qn
(2⇡)3

(k · qn)2

q4n
P 0(qn) (1 � cos(qn · r)) .

(D.7)

Let us focus on the n = 1 term. Integrating over r introduces a series of
�D functions, that can be used in the integral over p, to give

�

Z
d3q1

(2⇡)3
P 0 (q1)

(k · q1)
2

q4
1

(
P̃ (k) sin (k rBAO)

�

X

r1=±

1

2
P̃ (|k+ r1q1|) sin (|k+ r1q1| rBAO)

)

' �

Z
d3q1

(2⇡)3
P 0 (q1)

(k · q1)
2

q4
1

P̃ (k) sin (k rBAO)
h
1 � cos

⇣
q1 · k̂ rBAO

⌘i
,

(D.8)

where the second line has been obtained by expanding the term in parenthesis
in the first line in the limit of q1 ⌧ k (which is appropriate, as we are
considering the e↵ect of IR modes). A direct inspection of the n = 2, 3, . . .
terms show that the

R
d3rd3p integration produces an expression that can

be simplified analogously to (D.8) (one can expand recursively over the qi

momenta). This leads to

Pw(k) ' Pw
sh (k)

1X

n=0

(�1)n

n!

⇥
k2 ⌅ (rbao)

⇤n
= e�k2 ⌅(rbao) Pw

sh (k) , (D.9)

where

⌅(r) ⌘
1

k2

Z
⇤ d3q

(2⇡)3
(k · q)2

q4
1

P 0(q)
⇣
1 � cos(q · k̂ rbao)

⌘

=
1

6⇡2

Z
⇤

dqP 0(q)(1 � j0(qr) + 2j2(qr)) . (D.10)
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This computation can be readily extended to redshift space. In this case,
the relation (D.3) is modified into

(2⇡)3�D(k) + �s(k) =

Z
d3y e�ik·y e�ik·y (1 + �s,sh(y)) e

�ik·v
l(y)

Hf �i
kzv

l
z(y)
H

+··· ,

(D.11)

where �s is the density contrast in redshift space, and the z�direction is
orient along the line of sight. Starting from this expression, and repeating
the same steps done to obtain (D.9) now leads to

P s
w(k, µ) = e�k2⌅(r,µ)P s,sh

w (k) , (D.12)

where

⌅(r, µ) ⌘ (1 + fµ2(2 + f))⌅(r) + f 2µ2(µ2
� 1)

1

2⇡2

Z
⇤

dqP 0(q)j2(qr) ,

(D.13)

and P s,sh
w (k) is the oscillatory part of the PS obtained from the �s,sh(y) field.
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Appendix E

N-body simulations

We employ a set of N-body simulations created using the public GADGET-
2 code [73]. The data consisted in cubic boxes of comoving side length
Lbox = 2048 h�1 Mpc and 20483 particles . The cosmological parameters
follow those of the Planck 2015 results [74], and are reported in Table E.1.

The initial condition were created at redshift z=29.4 using the generator
developed in [75] and parallelized in [76]. The particles were displaced from
a uniform grid using second order Lagrangian perturbation theory (2LPT)
[77, 78]. The initial redshift is somewhat lower than the values commonly
used in literature, but it has been in shown that a higher starting redshift
does not improve the result [79].

We employed the method by Angulo and Pontzen [80] to suppress cosmic
variance. It consists in running two simulations which have initial conditions
with the same magnitude, but opposite phase and then taking the average
of the PS obtained from them. In this work we used the data collected at
redshift z = 1.10911 (in the rest of the paper just indicated with z = 1)
and z = 0. In F we discuss in detail how the diagonal elements of the
covariance matrix from our simulations have been measured, and compute
the nondiagonal ones in perturbation theory, showing that their e↵ects on
our analyses is negligible.

From the data we constructed a halo catalog using the ROCKSTAR halo
finder [81] which is based on an adaptive algorithm for refining friend-of-
friend groups of particles looking at their six-dimensional phase space dis-
tribution. ROCKSTAR also keeps track of the time evolution to improve
the consistency of the hierarchy of substructures throughout the evolution.
In our work we kept halos more massive than 1013 solar masses. Using the
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⌦m ⌦⇤ ⌦b h ln(1010As) ns

0.3156 0.6844 0.0491 0.6727 3.094 0.9645

Table E.1: Cosmological parameters

z = 0 z = 1
Mass range Nhalos b0 b1 Nhalos b0 b1

Mhalo � 1013M� (All masses) 3890690 1.387 -0.848 1763542 2.839 4.976
1.0 ⇥ 1013M�  Mhalo  1.5 ⇥ 1013M� 1338222 1.145 0.510 796154 2.425 4.242
1.5 ⇥ 1013M�  Mhalo  3.0 ⇥ 1013M� 1370335 1.293 -0.226 665216 2.844 5.953
3.0 ⇥ 1013M�  Mhalo  5.0 ⇥ 1013M� 547274 1.497 -1.204 191029 3.555 8.608

Mhalo � 5.0 ⇥ 1013M� 634859 2.026 -4.150 111144 4.722 30.45

Table E.2: The table shows the number of halos in our Nbody simulation
for z = 0 and z = 1, averaged over realizations and divided in di↵erent
bins according to their mass. The other columns refer to the parameters
for the halo PS, where we used Phalo(k) = (b0 + b1k2)2PNbody(k) as the scale
dependence bias funtion (the coe�cient b1 is given in units of h�2 Mpc2).

Cloud-in-Cell interpolation we constructed the density contrast field for the
Dark Matter and Dark Matter Halos, both in real space and in redshift space
(using the distant observer approximation). From these we then calculate the
relevant PS after moving to Fourier space, via FFT.

At this point we can estimate the e↵ect of bias on the nonlinear PS. In
figure E.1 we plot the ratio between the halo density PS and the underlying
DM PS at redshift z = 0 and z = 1, divided in mass bins. The number of
halos in each bin is shown in Table E.2.

We use Phalo(k) = (b0+b1k2)2PDM(k) as the scale-dependent model for the
halo bias. Although it does not fit well the data at all scales, we verified that
in order to extract the BAO it is su�cient to fit just the largest scales. To this
end, we obtain the coe�cients b0 and b1 by imposing that the bias function
reproduces the ratio between the halo and matter PS at k = 0.05 h Mpc�1

and at k = 0.1 h Mpc�1. The resulting coe�cients are listed in Table E.2,
and the performance of the fitting functions are of the same quality than
those shown in Figure E.1, which have been obtained by using an exponential
function e�Ak2 .
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Figure E.1: Bias for each halo bin and for the total halos of M > 1013 M� in
our simulations. The solid lines are the ratio between the halo and the matter
power spectra. The dashed lines is the scale dependent bias (b0 + b1 k2)2, with
the coe�cients chosen so to match the ratio at k = 0.05h/Mpc and at k =
0.1h/Mpc. As we study in Section 4.3.3, obtaining a good bias function at
these scales allows for a very good extraction of the BAO oscillation pattern.



Appendix F

Covariance matrix of the Power
Spectrum from N-body
simulations in the
Angulo-Pontzen method.

In the analyses presented in this paper, we ignore the o↵-diagonal compo-
nents of the covariance matrix for the PS, while the diagonal part is estimated
from the scatter of |�~k|

2 for ~k’s in each of the k bins. In this appendix we
discuss the covariance matrix for the PS obtained in the Angulo-Pontzen
method [80] and compute the e↵ects of its nondiagonal entries using PT and
with a new set of simulations.
We start from the definition of covariance matrix for the PS. Given a real-
ization, we can define a PS estimator in the momentum bin km as [82] (note
that our (2⇡)3 convention is di↵erent from that paper)

P̂m =
1

V

Z

km

d3k

Vs(km)
�k��k , (F.1)

where the integral is made over a momentum shell centered at km, Vs(km) =
4⇡k2

m�km, with �km the width of the m’th bin, and V is the volume of the
simulation/survey. Moreover, we have (2⇡)3�D(0) = V .
Then, by considering an ensemble of realizations, we define the covariance

93



matrix as

covPmn = hP̂mP̂ni � hP̂mihP̂ni

=
(2⇡)3

V


2P 2

m

Vs(km)
�mn +

1

(2⇡)3
T̄mn

�
,

= h�Pm �Pni , (F.2)

where Pm = hP̂mi is the average of the PS among the realizations and T̄mn

is the bin-averaged trispectrum

T̄mn ⌘

Z

km

d3k

Vs(km)

Z

kn

d3k0

Vs(kn)
T (k,�k,k0,�k0) ,

=
1

2

1

k2
mk

2
n�km�kn

Z km+�km

km

k2dk

Z kn+�kn

kn

k02dk0

Z
1

�1

d cos ✓ T̃ (k, k0, cos ✓) ,

(F.3)

where in the last line we have used rotational invariance. At the third line
of (F.2) we have defined �Pm = P̂m � Pm.
In the Angulo-Pontzen method [80], hereafter “AP method”, the linear den-
sity field (the initial condition for the simulation) is not sampled from a
gaussian distribution but is set as follows,

�(0)k =
p
V P 0(k) ei✓k , (F.4)

where ✓k = �✓�k is drawn with uniform probability between 0 and 2⇡1. The
ensemble expectation values of the linear fields in the AP distribution are

1
The PDF leading to (F.4) is PAP (|�

(0)
k |, ✓k) = (2⇡)�1�D

⇣
|�(0)

k | �

p
V P 0(k)

⌘
, while for

the gaussian distribution it is PGauss(|�
(0)
k |, ✓k) = |�(0)

k |/(⇡V P 0
(k)) exp

⇣
�|�(0)

k |
2/V P 0

(k)
⌘
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zero for any product of odd fields, while for the even ones we have

h�(0)k �(0)k0 iAP = V
p
P 0(k)P 0(k0) hei(✓k+✓k0 )iAP = (2⇡)3 P 0(k)�k,�k0 ,

h�(0)k �(0)k0 �
(0)

k00 �
(0)

k000iAP

= V 2
p
P 0(k)P 0(k0)P 0(k00)P 0(k000) hei(✓k+✓k0+✓k00+✓k000 )iAP ,

= (2⇡)6
✓
�k,�k0�k00,�k000P 0(k)P 0(k00) + �k,�k00�k0,�k000P 0(k)P 0(k0)

+ �k,�k000�k0,�k00P 0(k)P 0(k0)

◆

�
(2⇡)9

V
(P 0(k))2

✓
�k,k0�k,�k00�k,�k000 + �k,k00�k,�k0�k,�k000 + �k,k000�k,�k0�k,�k00

◆
,

· · ·

(F.5)

While the two-point correlator is the same as for the gaussian distribution,
for the four-point one the AP distribution gives the extra contribution at the
last line, which represents the violaton of Wick’s theorem due to the non-
gaussianity of the AP PDF (notice that our results di↵ers by a factor 2 with
respect to eq. (10) in [80]).
This contribution is exactly what sets to zero the O((P 0(k))2) contributions
to the covariance of the PS,

covPAP,mn = hP̂mP̂niAP � hP̂miAP hP̂niAP

1

V

Z

km

d3k

Vs(km)

1

V

Z

kn

d3k0

Vs(kn)

✓
h�k��k�k0��k0iAP � h�k��kiAP h�k0��k0iAP

◆

1

V

Z

km

d3k

Vs(km)

1

V

Z

kn

d3k0

Vs(kn)
V 2

✓
P 0(k)P 0(k0) � P 0(k)P 0(k0)

◆
+O((P 0(k))3) ,

= O((P 0(k))3) . (F.6)

Using the compact formalism for the vertices and fields (that is �k = e⌘'1,k,
�✓/Hf = e⌘'2,k, with ⌘ = logD+), we rewrite (F.6) as

covPAP,mn =
e4⌘

V 2

Z

km

d3k

Vs(km)

Z

kn

d3k

Vs(kn)

✓
h'1,k'1,�k'1,k0'1,�k0iAP

�h'1,k'1,�kiAP h'1,k0'1,�k0iAP

◆
. (F.7)

95



As we have seen, the quantity inside parentheses vanishes at lowest PT or-
der (O((P 0)2)), At O((P 0)3), the first term in parentheses has the following
contributions

h'1,k'1,�k'1,k0'1,�k0iAP ! h1100iAP + h1010iAP + h1001iAP + h0110iAP

+h0101iAP + h0011iAP + h2000iAP + h0200iAP + h0020iAP + h0002iAP ,(F.8)

where the “1” and the “2” stand for

“1” ! '(1)

a,k = e⌘g(1)ab Ik,q1,q2�bcd(q1,q2)ucud'
(0)

q1
'(0)

q2
,

“2” ! '(2)

a,k = 2e2⌘g(2)ab Ik,q1,q2�bcd(q1,q2)ud'
(1)

c,q1
'(0)

q2
, (F.9)

respectively, where we have set the linear field in the linear growing mode,
'(0)

a,k = '(0)

k ua (with u1 = u2 = 1), and

g(n)ab =
1

n

✓
3/5 2/5
3/5 2/5

◆
+

2

5 + 2n

✓
2/5 �2/5

�3/5 3/5

◆
. (F.10)

The subtracted part contributes with

h'1,k'1,�kiAP h'1,k0'1,�k0iAP ! h11iAP h00iAP + h00iAP h11iAP

+2h20iAP h00iAP + 2h00iAP h20iAP . (F.11)

Now, taking into account that for “AP 00 expectation values (di↵erently from
gaussian ones) the following relations hold

h1100iAP = h11iAP h00iAP , h0011iAP = h00iAP h11iAP

h2000iAP = h0200iAP = h20iAP h00iAP , (F.12)

whe have that the surviving contributions are
✓

h'1,k'1,�k'1,k0'1,�k0iAP � h'1,k'1,�kiAP h'1,k0'1,�k0iAP

◆
=

h1010iAP + h1001iAP + h0110iAP + h0101iAP +O((P 0)4)

= h'(1)

1,k'
(0)

1,�k'
(1)

1,k0'
(0)

1,�k0iAP + h'(1)

1,k'
(0)

1,�k'
(0)

1,k0'
(1)

1,�k0iAP

+ h'(0)

1,k'
(1)

1,�k'
(1)

1,k0'
(0)

1,�k0iAP + h'(0)

1,k'
(1)
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The non-vanishing contributions to the first term are given explicitly by

h'(1)
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(F.14)

where the subtracted term at the second line of the last equation comes
from the di↵erence between the “AP” averaging and the gaussian one, see
eq. (F.5), and we have defined �̃a(q1,q2) ⌘ �abc(q1,q2)uaub. Working out
the delta functions and using (2⇡)3�D(0) = V we get

h'(1)

k '(0)

�k'
(1)

k0 '
(0)

�k0iAP =

(2⇡)3e�4⌘�D(k+ k0)
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+ 4e�4⌘V F2(k
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0
� k)P 0(k)P 0(k0)P 0(|k � k0
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(F.15)

where we have used F2(k0,k � k0) = g(1)
1a �̃a(k

0,k � k0), and �P22(k) is the
“22” contribution to the 1-loop PS [55].
Summing up the four contributions we finally have
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97



where
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(F.17)

As we see, the diagonal contribution to the covariance matrix is only
O((P 0)3) and is therefore suppressed with respect to that obtained in the
standard method with gaussian initial conditions.

This is shown explicitely in Fig. F.1, where we see that our analytic
computation reproduces, at small k0s, the result of the measurement of the
covariance matrix from the scattering of |�~k|

2 for ~k’s in each of the k bins.
We also plot the results obtained via N-body simulations by performing

100 AP pairs (i.e., 200 simulations) with the same simulation parameters ex-
cept a much smaller number of particles 2563. We analyse the simulated data
only at z = 0 for the matter field. These simulations allow us to estimate
the covariance matrix including the non-diagonal entries both for the paired
and unpaired cases. While the resolution is much poorer and the number
of realizations might be small for the estimation of the covariance matrix,
this new set of simulations would be helpful to check the expectations from
the analytical argument at least qualitatively. In Fig. F.1 we confirm the
suppression of the variance for the AP simulations on large scales compared
with that from Gaussian initial conditions. The fixed-and-paired method
is especially e�cient to reduce the variance on scales k . 0.1hMpc�1. On
smaller scales, this approaches to the half of the fixed case. This shows that
the cancellation is no longer e↵ective, and the variance is reduced simply
because we have doubled the number of Fourier mode by using two simu-
lations. The covariance eventually exceeds the Gaussian value on smaller
scales, where we see that the paring no longer helps. We also see that the
analytic result compares rather well with the numerical one for the fixed
method for k <

⇠ 0.1 hMpc�1.
In Fig. F.2 we show the full covariance matrix as measured in simulations,

the non-diagonal entries cov(k, k0) for some fixed value of one of the two mo-
menta, and the cross-correlation coe�cient, cov(k, k0)/

p
cov(k, k) cov(k0, k0),

to see the relative importance of the o↵-diagonal entries. The general trend
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Figure F.1: The diagonal entries of the PS covariance matrix as obtained
in the standard method with gaussian initial conditions (black solid) and
in the AP method, as measured from N-body simulations in the “Fixed”
approach (red-solid) and in the “Fixed-and-Paired” one (blue solid). We
also show the estimate from the scattering of |�~k|

2 for ~k’s in each of the k
bins (purple-dashed) and from the analytic result of eq. (F.16) (red-dashed).

looks very similar in the two cases, and we confirm that the numerical and
the analytical results agree at large scales.

Finally, we added the non-diagonal entries of the PS covariance matrix
in the covariance matrix for the extractor, eq. (4.7), to see their impact on
our �2 analyses. This is shown in Fig. F.3, where we show, by comparison,
the e↵ect of including these terms when fitting the TRG PS to the one
extracted from the simulations for DM at z = 0. As anticipated, the e↵ect
of the non-diagonal terms is to all extents negligible, and therefore we only
considered the diagonal covariance matrix for the PS in the paper. Notice
that, coherently with what we have done in the rest of the paper, we have
used the non-diagonal entries of the PS covariance matrix for the “fixed”
method (both in the analytical and in the numerical determinations), which
as seen in Figs. F.1, F.2, gives a conservative estimate of the covariance of
our AP simulations obtained with the fixed-and-paired method.
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Figure F.2: Estimated covariance matrix covPAP (k, k
0) for some fixed val-

ues of k0 (upper panel), the matrix of correlation coe�cients, R(k, k0) =
covPAP (k, k

0)/
p
covPAP (k, k)cov

P
AP (k

0, k0) (central panel) and the same quan-
tity as a function of k for some fixed values of k0 (lower panel).
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Figure F.3: The e↵ect of the non-diagonal entries of the covariance matrix
for the PS on the fitting procedures discussed in the paper. We compare the
extractors from N-Body simulations and from the TRG for DM at z = 0.
To compute the red lines we estimated, as in the rest of the paper, the
diagonal entries of the PS covariance matrix from the scattering of |�~k|

2

inside each momentum bin. In the continuous red line we added the e↵ect of
non-diagonal entries computed analytically using eq. (F.16). The blue lines
are derived using the PS covariance measured from simulations.
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