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Abstract

This work is focused on the determination of the gravitational-waves signal emitted by binary
neutron stars when they finally merge to form either a Black Hole or a remnant neutron star that
will, likely, eventually also collapse to Black Hole. This research is based on the use of general
relativistic numerical simulations that are the only tool available to study the evolution of a binary
neutron star system through its coalescent, merger and post-merger phase.

In particular, the gravitational signal emitted by different initial binary neutron star configura-
tions has been analysed, evaluating the effects on the signal due to the total mass, the mass ratio, the
equation of state and the initial stellar separation. The research focused on the post-merger phase,
were analytical descriptions of the GW signal are still absent, both in the case when a (hyper)massive
neutron star or a black hole surrounded by an accretion disk is formed. The gravitational waves
phase evolution, the radiated energy and angular momentum and the post-merger gravitational
waves spectrum have been determined. In particular, in the case of the post-merger gravitational
signal, various possible interpretation of its spectral features have been analysed performing a close
comparison with the recent literature.

Emphasis has been given to analysing some sources of systematic errors, such as the initial data,
the orbital eccentricity, the finite-resolution errors in the time evolution determined by the choice
of different numerical methods, and the gravitational waves extraction methodology. For the latter,
several data analysis techniques were developed, applied and extensively tested on the simulation
data.

The main interest for this research topic comes from the fact that binary neutron star mergers
are the main target for Earth-based gravitational waves interferometric detectors, after the recent
first detection of a gravitational signal from binary black hole mergers. They are characterized
by a rich phenomenology, which includes microphysical effects and electromagnetic emissions. In
particular, the most interesting challenge is to constraint the equation of state of the nuclear matter
inside the neutron star core, which is still unknown from a theoretical point of view. In order to
recognize a GW signal inside the detectors noise and perform source parameters estimation from
it, the comparison with theoretical models coming from numerical simulations is a necessary and
essential tool.

This work has a central point on the study of binary neutron star simulations with public codes,
in particular the The Einstein Toolkit and the LORENE library. All the code enhancements for
the binary initial data and evolution, the parameter files, and the post-processing scripts developed
for this work have been made publicly available, making all the results presented here reproducible,
following the simple instructions described in the appendix.
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Chapter 1

Introduction

After the recent first direct detections of gravitational waves (GW) from binary black-hole mergers
by the Advanced LIGO interferometers [1, 2], the era of gravitational wave astronomy has begun.
Now we have a new channel to look (or, with a better analogy, to listen) to the sky, studying high
energy astrophysics and testing gravity in the strong field regime.

Besides binary black holes (BBH), the next target for direct GW detection are binary neutron
star (BNS) mergers. When all three LIGO/Virgo interferometers will be active at design sensitivity,
a range of 0.2-200 BNS mergers detections per year is predicted [3]. At least ten binary neutron
star systems have been already detected in our galaxy, with observations of pulsars orbiting in
a binary system with a companion in the mass range for being a neutron star (see sec. 2.1.2 for
details) [4, 5]. Among them, the Hulse-Taylor pulsar (B1916+13) gave the first indirect proof of
gravitational waves existence, for which the 1993 Nobel prize was awarded [6–8].

Binary neutron star mergers have a particularly rich and interesting phenomenology, compared
with BBH, for the presence of matter and, hence, the possibility of electromagnetic and microphys-
ical effects. The (still unknown) equation of state for the matter inside the neutron star core, at
densities higher than the nucear equilibrium one, will leave imprints on the BNS system evolution
and on its emitted gravitational wave signal [9–14]. Therefore, BNS mergers can be used as an
astrophysical laboratory to investigate the properties of nuclear matter in extreme conditions. Sev-
eral electromagnetic counterparts can also be present in a BNS merger, since most neutron stars
have a strong magnetic field (see sec. 2.3). BNS mergers are believed to be the central engines for
short gamma ray bursts [15–18], even if the exact mechanism for their emission is still investigated
with astrophysical modelling and numerical simulations [19–28]. Other EM emissions, both in the
coalescent phase (before the merger, from the interaction of the stars magnetosphere [29, 30]),
and in the post-merger phase (such as fast radio bursts [31, 32], or dipolar spin-down emissions
[33, 34]) have also been predicted. Another peculiar signal expected from BNS mergers is the so
called macronova (sometimes called kilonova), an EM emission coming from the radioactive decay
of elements produced via nuclear r-process in the matter ejected during and after the merger [35–37].
All these EM counterparts could be used to complement information from GW detections, trying
to recover the source parameters.

In order to detect a GW signal from a BNS merger inside the detector noise, and to perform
parameter estimation from it, a bank of templates of the predicted GW signal from merging neutron
stars with different, plausible, characteristics (total mass, EOS, mass ratio, spin, eccentricity) is
needed [38]. For the pre-merger coalescent phase, analytical techniques to compute the GW signal,
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8 CHAPTER 1. INTRODUCTION

based on post-newtonian approximations, have been developed, and, recently, they also included tidal
effects, which distinguish the BNS to the BBH coalescence and contain an imprint from the neutron
star EOS. Among them, the Effective One Body model [39–42] has been particularly successful. Three
different research groups developed so far EOB codes which includes also tidal effects contributions
[11, 43–47]. In particular, lately, also dynamical tidal effects were considered, coming from the
interaction between the tidal field and the stars quasi-normal modes of oscillation [47, 48]. To study
the merger and post-merger phases, instead, full three dimensional general relativistic numerical
simulations are the only available tool. Numerical relativity is still also important for the study of
the coalescent phase, since the EOB models must be calibrated to numerical relativity simulations,
in order to account for the unknown post-Newtonian coefficients.

Numerical simulations involving the solution of Einstein’s equations became viable after the
crucial breakthroughs of 2005 [49–51]. Nowadays, simulations of BNS mergers are performed by
different groups in the world. The advancements in this field of research have highly benefited
from the realization of public numerical relativity codes, such as the LORENE library [52, 53], The
Einstein Toolkit [54], and LIGO’s LAL library, which were used in this thesis, respectively, for
generating the initial data, evolving the BNS systems in time, and part of the data analysis in post-
processing. Public, open source, scientific codes are a key to scientific progress, since they guarantee
the reproducibility of simulation results, and they reduce efforts replications in different research
groups. For these reasons, all my thesis work is based uniquely on adopting already existing public
community codes, to which I contributed with small enhancements where needed for my project,
or writing new data analysis codes which were made publicly available by the Parma University
Gravity research group (see appendix C).

Current active research topics in numerical BNS simulations include the computation and
evolution of a richer variety of initial configurations, like spinning stars [55–58], eccentric binaries
[58, 59], parabolic encounters and dynamical captures [56, 60, 61] and unequal mass systems [62–68].
The latter are particularly interesting, since we know for sure that unequal mass systems exist in
nature, having recently detected one with a large mass asymmetry in our galaxy [4], while highly
spinning neutron stars in binaries or eccentric orbits are not expected in most cases, when the
stars will be close enough to enter in the Earth GW detectors frequency band, except rarer or more
difficult to detect events, like the merger of BNS systems in globular clusters, which could have
eccentric orbits due to the interaction with the dense surroundings, or stars with a low rotational
period and a week magnetic spin-down, which will leave a dynamically relevant spin even close to
the merger.

Another very active direction, which will not be explored in this work, is to include in the
simulations a progressively richer microphysical phenomenology, with finite-temperature tabulated
nuclear equations of state and neutrino emission and absorption [57, 69–73], which can change some
of the properties of the evolution of the post-merger remnant, either a (hyper)massive neutron star
[74], or a black hole surrounded by an accretion disk. Finally, another very important characteristic
to model is the stars magnetic field evolution. Different numerical techniques have been developed to
ensure the conservation of the magnetic field zero divergence constraint, both in ideal [71, 75–85] and
resistive MHD [29, 86–88]. However, magnetized BNS mergers simulations are still in their infancy,
since there are difficulties in interpreting their results, in particular due to magnetic instabilities
which cannot be fully resolved with the currently available codes and computational resources (see
ref. [26, 89] and sec. 2.3.1). For this reason, as a preliminary stage in my research program, in this
thesis I focused only on non-magnetized BNS mergers.
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Despite all that progress, there are still some uncertainties in BNS simulations results. An
accurate evaluation of all the possible systematic error sources, and the development of new numerical
and data analysis techniques to reduce those errors is fundamental, in order to be able to compare
simulation results with GW observation, or with analytical models, retaining the ability to distinguish
the gravitational signal from different sources, for example, to be able to measure EOS-related effects,
like tidal deformations in the final part of the pre-merger phase [90, 91].

The initial configurations (computed assuming some approximations about symmetries and the
gravitational potential, see sec. 3.3) are one possible source of error, which, however, has started
to be investigated as such only very recently, looking at the validity of some approximations [92],
comparing simulations with initial data computed by different codes [93], or comparing simulations
of the same model with different initial separation between the stars (see sec. 4.1.2 and ref. [94]).
In particular, one important error for which is responsible the initial data computation procedure,
is the presence of a small but not negligible eccentricity in the evolved orbits (see sec. 4.1.1). This
effect is one of the most important problems to overcome in order to get accurate waveforms for
numerical simulations. Some solutions to obtain low eccentricity initial data have been implemented
recently [58, 95], but they are not yet publicly available.

Another important possible source of error is the technique used to extract gravitational waves
from the numerical simulation data. In general, in BNS simulations, GW extraction errors are much
lower than the evolution code finite-resolution errors (see sec. 3.4 and ref. [94]), but only if some
care is taken in the extraction algorithms.

Finally, the errors linked to the finite grid resolution of the evolution code need of course to be
measured and kept under control. However, there is not yet a consensus in the literature about which
is the best way to measure the code convergence properties, or to extrapolate, from simulations at
different resolutions, results in the infinite resolution limit [96–98] (see appendix A.1 for details).
Nevertheless, it is important to test the code convergence and to identify the convergence properties
of different numerical methods, in order to be able to choose which are the most appropriate ones,
in the different resolution ranges. The convergence analysis should be done looking at different
observables, in order to select the best resolution for performing simulations targeted at studying
different effects. More details on this point can be found in appendix A.1.

This thesis has the following organization: the first chapter is an introduction to the neutron
stars physics and the astrophysical knowledge we have about binary neutron stars systems. The
second chapter is a review of state-of-the-art numerical methods for solving Einstein’s equations
coupled with general relativistic hydrodynamics, as implemented in The Einstein Toolkit. The
chapter is closed by a discussion on gravitational wave extraction techniques and the improvement I
have tested in that area, for the most part already presented in ref. [94]. The third chapter contains
an analysis of the results one can obtain from BNS simulations, with examples taken from the Parma
Gravity group simulations, presented in ref. [68, 94, 99]. The pre-merger stage is investigated looking,
in particular, at some error sources present in numerical simulations, like the orbital eccentricity
(sec. 4.1.1) and the effect of the initial stars separation (sec. 4.1.2). A closer attention is devoted to
the post-merger phase, where numerical relativity is the only available investigation tool. For the
models which form an hyper-massive neutron star after the merger, the impact of different source
parameters on the post-merger spectrum and radiated energy is analysed (sec. 4.2.1), including the
role of the EOS, which one hopes to be able to constraint by looking at the post-merger spectrum
of future detected signals from BNS mergers. Extensive comparisons with the existing literature are
made, using different data analysis techniques, such as Fourier spectrograms and Prony’s method.
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Finally, models collapsing to black hole during the simulation time are also investigated (sec. 4.2.4).
This work is completed by three appendices, about code convergence, the initial parameters of the
presented simulations, and a short guide on how to perform numerical simulations of BNS mergers
with public codes.

All computations have been done in geometrical units (hereafter denoted as CU) in which
c = G = M� = 1. Results are reported in cgs units, except where explicitly otherwise stated. CU
are also used to denote resolutions, e.g., dx = 0.25 CU, and there they mean the resolution on the
finest grid at initial time (which for most cases is the same for the entire evolution). Masses are
reported in terms of the solar mass M�. Finally, one should note that, as is usual in most of the
work on this subject, matter is described using the variable ρ (baryon mass density), ε (specific
internal energy) and p, instead of, as usually used in Astrophysics, ρ (energy density), n (baryon
number density) and p. Their relation is the following: ρ = e = ρ(1 + ε) and n = ρ/mB (mB is
the baryon mass). In all the mathematical expressions in the remaining of this manuscript Greek
indexes are used for specetime variables, and run from 0 to 3, and Latin indexes are used, instead,
for space only variables, and run from 1 to 3.



Chapter 2

Physical background: neutron stars
and gravitational waves

2.1 Neutron stars

With the term “Neutron star” (NS) we intend nowadays a compact star with a mass approximately
between 1 and 3M�, a radius in the range 9− 15 km and a central density which is 3 to 10 times
the nuclear equilibrium density n0 = 0.16 fm−3 [100], in which the gravitational pressure cannot be
compensated by the electrons fermi gas pressure, like in a white dwarf, but is, instead, equilibrated
by the strong nuclear interactions. A neutron star interior is neutron-rich, although, despite the
name, a fraction of protons is still present (and a corresponding fraction of electrons and/or muons
to neutralize the matter), and more complex nuclei can be found in the external layer, called “crust”,
as well other states like mesons, hyperons [101], and even deconfined quarks [102] could appear in
the inner core, at densities above n0 (see next subsection for more details).
Neutron stars are among the most dense objects in the universe. The matter is held together by a
strong gravitational field, for witch a correct treatment of general relativistic effects is important:
for a typical neutron star with mass 1.4 M� and radius 10 km, the radius is only 2.4 times the
Schwarzschild radius of a non-rotating black hole with the same mass. This gravitational field
cannot be compensated only by the Fermi pressure of a free Neutron gas, as already demonstrated
by Oppenheimer and Volkov and independently by Tolman in 1939 [103, 104], because it will lead
to a neutron star maximum mass of 0.7 M�. The pressure to sustain the star against gravitational
collapse is given, instead, by repulsive nuclear forces [105].

Neutron stars are born from the collapse of massive stars at the end of their life cycle, when the
gravitational force cannot be sustained anymore by the internal pressure due to the thermonuclear
reactions fuelling the star [106]. When the inner density of the star reaches the nuclear equilibrium
density n0, the stellar matter bounces back, producing a shock wave generated at the outer layer
of the inner stellar core. The inner core, in this first phase, is hot, optically thick for neutrinos and
lepton-rich. It is still not clear which is the mechanism responsible for the reviving of the shock
front, which first halts at around 100− 200km from the star center, in order to have a successful
supernova explosion. The main candidates are neutrinos emitted in the core and then reabsorbed
in the stellar medium [107–109] or magnetic instabilities redistributing angular momentum and
developing turbulence [110, 111]. If the shock front gets revived, the stellar envelop is stripped
from its center, leaving behind a proto-neutron star. In the first ' 10 ms it undergoes a highly
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12 CHAPTER 2. PHYSICAL BACKGROUND

dynamical phase dominated by turbulence and hydrodynamical instabilities, during which energy
and angular momentum are emitted, mainly by neutrino radiation. During this first phase, stellar
oscillation modes can be excited, and they will be responsible for the emission of gravitational waves
[112–115]. The neutrino emission is linked with electron captures, which deleptonize the star, leaving
it neutron-rich. In the following phase, called the “Kelvin-Helmholtz” phase, the proto neutron
star evolves in a quasi-stationary manner, cooling down, shrinking, slowing down its rotation rate,
and becoming transparent to neutrinos [116, 117]. During the collapse, the magnetic field of the
progenitor star increases by several orders of magnitude, mainly due to flux conservation, but also
due to the winding linked with the star differential rotation. In regular neutron stars the magnetic
filed reaches values around 108 − 1012 Gauss. A special class of neutron stars, called “magnetars”,
have magnetic fields up to 1015 Gauss. The magnetar formation process is still unknown, but is
believed to be linked with magnetic instabilities which develop in the protoneutron star after the
stellar bounce [111].

Due to their external dipolar magnetic field, which could be misaligned with the rotation axis,
several neutron stars can be observed as pulsars, emitting regular, pulsated electromagnetic signals
in the radio band [118, 119] (but, in some cases, also in X-rays and even gamma-rays [120, 121]).
This pulses are due to the electromagnetic radiation emitted by charged particles accelerated along
magnetic field lines. Each pulse is visible when the star magnetic axis (and then its radiation beam)
crosses the observer’s line of sight, therefore the pulsation period is equal to the neutron star rotation
period. The first experimental discovery of a neutron star happened in 1968 in the Mullard Radio
Astronomy Observatory [122].

In order to compute the equilibrium configuration for a non-rotating neutron star, one has to
solve the Tolman-Oppenheimer-Volkov (TOV) equations, which, in the simplified modelling of the
star as a barotropic fluid (valid for a cold neutron star, which has already cooled down after the
progenitor collapse), are:

dP

dr
= (ρ (1 + ε) + p)

m+ 4πr3p

r (r − 2m)
, (2.1)

dm(r)

dr
= 4πρ (1 + ε) r2. (2.2)

Where all variables are functions of the single independent variable r (because of spherical symmetry).
This system must be closed by a prescription for the (barotropic) equation of state of the matter,
in the form P = P (ρ).

An important information which can be gathered from solving the TOV equation is the mass-
radius relationship for a cold neutron star given a particular EOS model. This can help confronting
different proposals for the neutron star EOS with experimental data. In order to do so, it is important
to be able to measure the masses and the radii of observed neutron stars [5]. The masses can be
measured from pulsars in binary systems, for which the orbital parameters are determined by pulsar
timing and accounting for the Doppler effect [123]. From those Keplerian parameters, it is possible
to construct a mass function:

f =
(Mc sin i)3

M2
T

=

(
2π

Pb

)2

(a sin i)3 , (2.3)

where MT = Mp+Mc is the total mass of the system,Mp is the pulsar mass and Mc is the companion
mass, Pb is the orbital period, a is the semimajor axis and i is the inclination angle between the
orbital angular momentum of the system and the line of sight.
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The mass function has 3 unknowns (the two star masses and the angle i), therefore two more
equations are needed for deriving the mass values. These come from the so called “post-Keplerian”
(PK) parameters, which measure relativistic corrections to the Keplerian orbit of the binary. The
five PK parameter used in practice are:

1. The periastron rate of advance 9ω, analogous to the perihelion advance of Mercury’s orbit, it
can be measured precisely in highly eccentric systems after a long observation period. From
its measurement the total mass of the system can be constrained:

9ω = 3

(
Pb
2π

)−5/3

M
2/3
T

(
1− e2

)−1
(2.4)

2. The Einstein delay γ, due to the gravitational redshift and the time dilation effect present in
eccentric orbits. It also requires high eccentricities and long time observations for a precise
measurement.

γ = e

(
Pb
2π

)1/3

M
−4/3
T Mc (Mp + 2Mc) (2.5)

3. The orbital period derivative 9Pb, which is negative due to the energy and angular momentum
emission in gravitational waves. It is measurable in double neutron star systems only, after
years of observations.

4. The range r and the shape s of Shapiro delay [124], which is the delay of the pulsar signal due
to its passage into the spacetime curved by the gravitational field of the companion star. The
Shapiro delay measures of NS masses are the most accurate one to date, including for example
PSR J1614—2230 [125], which was the first observed neutron star with a mass close to 2 M�.
The Shapiro delay parameters are easier to measure for systems with a massive companion
and with a high inclination angle.

r = Mc s = a sin i

(
Pb
2π

)−2/3

M
2/3
T M−1

c . (2.6)

I want to remark that the relationship between the star masses and post-Keplerian parameters is
dependent upon the choice of an underlying theory of gravity (which, in the case of the formulas
written before, is General Relativity). This means that those mass measurements cannot be used
as a test of GR, but instead assume its validity, even in the strong-filed regime of the neutron stars
interior.

The neutron star radii, instead, are more difficult to measure directly. The current most common
technique is based on spectroscopic measurements of the neutron stars angular size, based on
their flux of surface thermal emission [5, 126, 127]. These observations are complicated by the
need for a general relativistic treatment (neutrons stars lense their own surface emission [128]),
the presence of non-thermal magnetosphere emissions, which are very difficult to model, and the
difficulty to measure the NS distance. A preferred laboratory for radius measurements are quiescent
low-mass X-ray binaries (qLMXRB), in which, during the quiescent phase, the mass accretion
from the companion to the pulsar ceases, reducing the non-thermal emission background [129].
Another interesting technique is to measure photospheric radius expansion events due to X-ray
thermonuclear bursts [130]. A third, frequently used, analysis to infer the NS radius is to model
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the periodic oscillations in the pulse profile originated by temperature anisotropies on the surface
of rotating neutron stars [131, 132]. These oscillations depend of the characteristics of the NS
spacetime, hence on its mass and radius, which can be determined, given a theoretical model for
the temperature profile on the stellar surface and the radiation beaming.

Different radial measurements have been obtained with these techniques, constraining the NS
equation of state in different subregions of the M-R diagram (for example, radial measures from
qLMXRB point to the presence of very compact stars with a radius around 9.5 km for a standard
mass of 1.4 M� [133, 134], while other analysis from pulse X-ray spectroscopy point to stars with
larger radii, 14 km for stars with a mass around 1.5−1.8M�). The problem is that all those techniques
are highly depending on the surface emission and NS atmosphere modeling, which is still an active
field of research. Forthcoming results in X-ray spectroscopy from missions like Athena [135], NICER
[136] and LOFT [137] should increase the precision in radius direct measurements.

Indirect measure of the NS radii can be obtained analysing the gravitational wave emission from
binary neutron star coalescence, merger, and their post merger remnant (if there is not a prompt
collapse to black hole). Most of this Ph.D. thesis is devoted to prepare the needed gravitational
signal theoretical modelling for succeeding in that task. See sections 4.1 and 4.2.1 for more details.

2.1.1 The neutron stars equation of state

The equation of state of the nuclear matter inside neutron stars cores is still largely unknown. The
extreme conditions present there (in terms of density, pressure, gravitational potential) can not
be reproduced in experiments on Earth, and it is not possible to perform theoretical finite-density
QCD calculations in that parameter region just from first principles [138, 139].

As a first approximation, we are interested in the equation of state of cold nuclear matter in
beta equilibrium, which is suitable to represent neutron stars when they have cooled down from
the protoneutron star phase (this is also the physical condition of neutron stars at the beginning of
merger simulations, and during all the coalescent phase). Different techniques have been developed
to compute EOS models. I will briefly illustrate, as an example, the ones used to develop the four
EOSs that were employed in the simulations whose results will be analysed in chapter 4.

The equation of state model should be able to describe the nuclear matter in a large density
region, from the neutron star crust, where ρ < ρ0 (with ρ0 the nuclear equilibrium density) and
the matter is composed only by the ordinary constituents, namely neutrons, protons, electrons,
and simple atomic nuclei, up to the highest densities in the liquid inner core, where, for ρ > 4ρ0,
neutrons overlap and new non-nucleonic degrees of freedom can be present, such as hyperons, mesons
condensates or deconfined quarks. Unfortunately, even for the crust case, calculation of an exact
EOS staring from the bare two and three nucleon interactions experimentally measured in vacuum
are not feasible, due to the complexity of the many-body problem concerning heavy nuclei immersed
in a neutron gas, as happens in the NS crust. For this reason, one common technique is to use an
effective nuclear hamiltonian in a mean-field scheme, containing effective two and three nucleon
interactions. These effective nuclear interactions usually have a large number of free parameters,
fixed by fitting atomic nuclei properties measurements and the results of nucleon-nucleon scattering
experiments, and then extrapolated to higher densities and nuclear matter asymmetries. In order
to avoid problems linked with those extrapolations, the first EOS models we used, the SLy EOS
[140, 141], based on the Skyrme-Lyon nucleon-nucleon effective interaction, modifies the nuclear
forces to take into account also the results of microscopic calculations for pure neutron matter, and
also more recent experimental results on neutron-rich nuclei. In particular, it requires the consistency
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with the UV14+VII EOS of neutron matter in the range n0 < n < 1.5 fm−3 and uses a general
procedure for fitting the properties of doubly magic nuclei. The SLy EOS is widely accepted as the
right modelling for the NS crust, which is described using the Compressible Liquid Drop Model, and
for this reason all of our stellar models use the same parametrized version of SLy for describing the
low density matter, but the matching point between the SLy crust and the core EOS changes for
every high density EOS model. One big advantage of using the SLy EOS also for the high density
matter is that it allows to be consistent employing the same effective nuclear interaction at all
regimes, instead of having different approximated approaches in different regions of the star.

A similar EOS is the APR4 model [142], also based on an effective Hamiltonian approach,
expanding it in one, two, three, ..., many body contributions, using a variational chain summation
method. The nucleon-nucleon interaction is based on the Argonne v18 potential, but relativistic
boost corrections and three nuclear interactions are also included in the computed Hamiltonian.

A different approach, instead, is followed by the other two EOS models that were used in the
simulations of [94, 99], the H4 EOS [101] and the MS1 EOS [143]. They are based on a relativistic
mean field framework, in which the strong nuclear interactions are modelled as a meson exchange
(scalar σ, vector ω and isovector ρ) between nucleons. The starting point is the construction of an
effective lagrangian containing free-particle terms for each particle considered (nucleons, electrons,
mesons), plus meson-baryon interaction terms and pertubative meson self-interactions. In this
approach, too, free interaction parameters are fixed in order to reproduce the results of low-energy
terrestrial experiments. However, some parameters remain unsufficently constrained, but can be
further selected confronting the resulting neutron star models with observations, such as the neutron
star maximum mass lower limit.

The H4 EOS [101] includes also hyperons, which in that model start to be produced at densities
higher than 2ρ0. The most relevant hyperons are Λ and Σ−, because they have the lowest masses and
so are more easily produced. In this model new parameters are present, such as the ones controlling
the meson-hyperon interactions. Some of them are fixed from the properties of lambda hypernuclei,
while others, in particular the coupling constant between σ mesons and hyperons, remain free to
construct different EOSs models. In the H4 EOS these parameters are fixed in order to have the
stiffest possible EOS sill consistent with the maximum neutron star mass and observed gravitational
redshift of photons leaving a NS surface.

It is common, in binary neutron star merger simulations, to parametrize the EOS as a piecewise
polytrope, following the work of [144]. This was also done in the Parma gravity group simulations,
analysed in chapter 4 and ref. [68, 94, 99]. We used seven polytropic pieces, each corresponding to
a different density interval. The four lower density pieces are the same for each EOS and come from
the fitting of the crust and low density matter modelled with the SLy EOS [140]. They represent,
in increasing density order, a non-relativistic electron gas, a relativistic electron gas, the neutron
drip regime, and the NS inner crust in the density interval between neutron drip and the nuclear
saturation density. The three high density pieces, instead, are different for each NS core EOS model.
In each density interval [ρi, ρi+1], the pressure P and specific energy density ε of a cold neutron star
in beta equilibrium are given by:

Pcold = Kiρ
Γi (2.7)

εcold = εi +
Ki

Γi − 1
ρΓi−1 (2.8)

The coefficients Ki and Γi and the separation densities ρi are reported in table 2.1 for the four low
density pieces and in table 2.2 for the three high density pieces. The coefficients Ki can be fixed
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i ρi[g/cm
3] Ki Γi

0 - 6.801× 10−11 1.584
1 2.440× 107 1.062× 10−6 1.287
2 3.784× 1011 5.327× 101 0.622
3 2.628× 1012 3.999× 10−8 1.357

Table 2.1: Parameters of the low density piecewise polytropic EOS. ρi and Ki are expressed in cgs
units. Note that the units of Ki depend on the corresponding values of Γi, so they are not directly
comparable in magnitude.

EOS Γ4 Γ5 Γ6 ρ4[g/cm3]

APR4 2.830 3.445 3.348 1.512× 1014

SLy 3.005 2.988 2.851 1.462× 1014

H4 2.909 2.246 2.144 0.888× 1014

MS1 3.224 3.033 1.325 0.942× 1014

Table 2.2: Parameters of the high density EOS, parametrized as picewise polytrope, for the four
different models analysed in this thesis, in increasing order of stiffness. Γ4 and K4 are the coefficients
for the polytropic piece between the reported ρ4 and ρ5 = 1014.7g/cm3. Γ5 and K5 are, instead, the
coefficients of the polytrope valid between ρ5 and ρ6 = 1015g/cm3.

given only K0 and imposing the continuity of the pressure. Similarly, the coefficients εi are fixed
to impose the continuity of the specific energy density, with ε0 = 0. The density threshold between
the crust EOS and the inner core EOS (ρ4) is different for each EOS model, and is selected, again,
to impose continuity between the common low density EOS and the specific high density one. Its
values are reported in table 2.2 too.

In fig. 2.1a are displayed the mass-radius relationships for a non-rotating neutron star with the
four EOS mentioned before. It can be seen that all four EOS are consistent with the maximum
mass limit of 2.01 M� imposed by the observation of PSR J0348+0432 [125]. The relativistic mean
field EOSs are stiffer and lead to larger NS radii respect to the effective n-body nuclear interaction
methods. Those four chosen EOSs cover all the range of most plausible NS radii, given the few
observations available. In fig. 2.2 are shown the density profiles of a 1.4 M� neutron star in a binary
system with a distance of 60 km from the companion neutron star, taken from the initial data of
the simulations presented in [94].

In figure 2.1b, instead, is reported the pressure for each EOS, respect to the mass density of a
star region. The relativistic mean field theory EOS (H4 and MS1) are joint at a lower density to
the crust EOS (see also the values of ρ4 in table 2.2) and are stiffer (with a higher pressure support)
in the interval between the nuclear density and ρ6 = 1015g/cm3. This allows them to support stars
with larger radii. The other two EOSs (APR4 and SLy), instead, are very similar (leading also to
similar curves in the M(R) plot fig. 2.1a). They are softer in the 1014 − 1015g/cm3 density range,
but have, instead, a larger pressure support at the highest densities. These density values beyond
1015g/cm3, however, are not present in ordinary cold, irrotational, neutron stars in binary systems,
which are used as initial data in the simulation analysed in this work. They could be reached,
however, in the post-merger phase, if there is not a prompt collapse to black hole, especially in high
total mass and equal mass models (see sec. 4.2 and, in particular, figure 4.14).
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Figure 2.1: Left figure: mass over radius relationships for a cold non-rotating neutron star with the
four EOS models analysed in this thesis. The grey horizontal line represents the maximum mass
limit of the observed pulsar PSR J0348+0432 [125].
Right figure: the top panel shows the pressure versus mass density curves for the same four EOSs.
The bottom panel shows, instead, the adiabatic indexes Γ for the piecewise polytropic representations
of those EOSs.
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Figure 2.2: Density profiles for a cold neutron star in a binary system with a baryonic mass of 1.4 M�
and a distance from the companion of 60 km. They are taken from the initial data of simulations
presented in [94], using the APR4, SLy, H4 and MS1 EOSs. See also appendix B for more details
on these and others simulated models initial configuration details.
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2.1.2 Double neutron stars systems

Up to now, eleven double neutron star systems have been detected in our galaxy, through pulsar
timing (the nature of the pulsar companion of one of those systems, PSR J1906+0746 as being
a neutron star is still debated). Among those systems, only six have precise measurements of the
masses of both stars, while for four others we have only an estimate for the total mass of the system.
Two additional double neutron star systems have been detected in globular clusters, but the nature
of the pulsar companion in one of them is not certain.

Table 2.3 list all those detected DNS systems with their relevant parameters. In particular, for
each double nutron star system, it was computed the eccentricity that the system will have when it
will enter in the Advanced LIGO/Virgo band (whith a emitted GW frequency of 10Hz) with the
following expression (approximated at the Newtonian level), from ref. [145]:

10Hz

fi
=

(
e10Hz

ei

)18/19(1− e2
10Hz

1− e2
i

)3/2(
304 + 121e2

i

304 + 121e2
10Hz

)1305/2299

, (2.9)

where fi is the frequency of the gravitational waves emitted by the binary in its current state,
computed as twice the orbital frequency, ei is the current eccentricity of the orbit and e10Hz is the
desired eccentricity at a GW frequency of 10Hz. It was also computed the time τg needed for each
binary to merge, only for systems for which the individual masses of each star are known, with the
following approximate formula from ref. [118]:

τg ' 9.83× 106 yr

(
Pb
hr

)8/3(m1 +m2

M�

)−2/3( µ

M�

)−1 (
1− e2

)7/2
, (2.10)

where Pb is the binary rotation period, m1 and m2 are the masses of the two stars and µ = m1m2
m1+m2

is the reduced mass.
From table 2.3 it can be noted that the mass of neutron stars in double neutron star systems are

constrained in a small range around 1.35 M�, and the mass ratios are close to one. This is different
from the general distribution of neutron star masses,measured in binaries with regular stars or
white dwarves, which is much broader and peaked at slightly higher masses [5, 123]. An exception
to this trend, however, is the most recently observed BNS system with the pulsar J043+1559 [4],
which has a high total mass and a large mass asymmetry (with a mass ratio of 0.75, never observed
before). The pulsar in that system has by far the highest mass measured for a neutron star in a BNS
system (1.559 M�), while its companion has the lowest one (1.174 M�). The discovery of this system
has been very important, because it testifies the need for studying with numerical simulations also
binaries with large mass asymmetry (which have been neglected in the literature before 2015, with
few exceptions [62–64]) and lower (or higher) masses than what are usually considered (see for
example ref. [68, 69] for a first step in these directions).

Double neutron star system are formed form regular star binary systems. The first star collapses,
creating a neutron star. This first neutron star accretes from the companion, spinning up becoming
recycled. When the companion grows to become a red giant, a common envelope will engulf the
neutron star. This will cause it to spiral-in, creating a tightly close binary. The energy released by
accretion and friction in this process will lead the hydrogen envelope to be expelled, leaving a close
binary formed by a neutron star and an helium star [157, 158]. Due to large tidal effects this system
has a perfectly circular orbit. When the second star will undergo a supernova explosion, creating
a second neutron star, a relevant fraction of its mass will be ejected. This would cause the binary
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Pulsar MT mP mC q Pb ei e10Hz τg Ref.
[M�] [M�] [M�] [days] [Gyr]

J1765-2240 - - - - 13.638 0.303 2.574× 10−8 - [146]
J1756-2251 2.570 1.342 1.231 0.92 0.320 0.181 7.207× 10−7 1.67 [147]
J1811-1736 2.57 - - - 18.779 0.828 3.044× 10−7 - [148]

J1807-2500B*g 2.572 1.366 1.206 0.88 9.957 0.747 3.053× 10−7 1032 [149]
J0737-3039 2.587 1.338 1.249 0.93 0.102 0.088 1.118× 10−6 0.086 [150]
J1829-2456 2.59 - - - 1.760 0.139 8.927× 10−8 - [151]
J1930-1852 2.59 - - - 45.060 0.399 1.101× 10−8 - [152]

J1906+0746* 2.613 1.291 1.322 0.98 0.166 0.085 6.454× 10−7 0.31 [153]
B1534+12 2.678 1.333 1.345 0.99 0.421 0.274 8.853× 10−7 2.76 [154]

B2127+11Cg 2.713 1.358 1.354 1.00 0.335 0.681 7.220× 10−6 0.22 [155]
J1518+4904 2.718 - - - 8.634 0.249 3.234× 10−8 - [156]
J043+1559 2.734 1.559 1.174 0.75 4.072 0.112 2.93× 10−8 1456 [4]
B1913+16 2.828 1.440 1.389 0.96 0.323 0.617 5.32× 10−6 99.6 [6]

Table 2.3: List of all detected binary neutron star systems, in increasing order of total mass. For
entries marked with * the neutron star nature of the pulsar companion is still debated. Entries
marked with g have been observed in globular clusters. For each system we list the pulsar name, the
total adm mass MT , the gravitational mass of the pulsar mP and its companion mC , the mass ratio
q (by convention always less than 1), the binary orbital period Pb (from which the gravitational
wave frequency can be computed as 2

Pb
), the system eccentricity in its current state ei and when the

GW frequency will reach 10Hz (e10Hz), the approximated merger time τg and the original article
reference for the system discovery.
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to become unbound, unless the explosion impressed also a kick velocity to the newly born second
neutron star. Studying the distribution of plausible kick velocities and mass ejecta for all the 13
BNS systems detected and reported in table 2.3, in ref. [159] was shown that there is evidence for
two different formation channels for BNS systems: a mechanism with high kicks and ejected mass,
coming from a regular supernova, which produced the systems with high pulsar spin periods and
high orbital eccentricity (like the Hulse-Taylor BNS B1913+16), and a different mechanism with
low kicks and ejecta, coming from an electron-capture supernova, which produced the systems with
faster rotating pulsars and lower eccentricities.

2.2 Gravitational waves

Gravitational waves (GW) are one of the key prediction of Einstein’s General Relativity (GR),
already formulated in 1916, a few months after the first publication of GR field equations [160].
Gravitational waves are perturbations of spacetime, and a mandatory consequence of imposing
a relativistic nature for gravitational interactions. Gravitational waves are generated by the bulk
motion of massive sources, if they have a quadrupolar (or higher multipolar) component, and they
propagate at the speed of light, with their amplitude decaying like the inverse of the distance
from the source. The more commonly familiar electromagnetic waves, instead, are generated by the
incoherent superposition of the motions of microscopic charges, and have a dipolar nature.

The quest to directly detect gravitational waves begun in the late 60s with the pioneering work
of Joseph Weber with bar detectors. This incredible scientific endeavour finally gave its results the
14th of September, 2015, with the first direct detection of GWs from a binary black hole merger
by the interpherometers of Advanced LIGO [1]. Indirect proof of the existence of GWs in nature,
however, was already available, thanks to neutron stars! The 1974 discovery of the pulsar B1913+16
in a BNS system by Hulse and Taylor [6] allowed to make precise timing measurements in the
following 15 years, showing a remarkable agreement between the orbital shrinking observed and the
prediction from General Relativity due to the quadrupolar emission of gravitational waves [7]. This
results lead to the 1993 Nobel Prize for Hulse and Taylor. It has been updated with more recent
data [161], which are reported in fig. 2.3.

2.2.1 Gravitational waves in linearised gravity

The presence of gravitational radiation can be computed easily from the GR field equations in the
linearised approach. Far from compact sources such as black holes or neutron stars, we can consider
the spacetime metric gµν as given by the Minkowski special relativistic metric ηµν plus a small
perturbation hµν , with |hµν | � 1.

gµν = ηµν + hµν (2.11)

From this metric one can construct the Einstein tensor Gµν = Rµν + 1
2gµνR and write Einstein’s

equations

Gµν = 8πTµν (2.12)

in the linearised gravity approximation:

�h̄µν − 2∂(µ∂
ρh̄ν)ρ + ηµν∂

ρ∂σh̄ρσ = −16πTµν , (2.13)
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Figure 2.3: Cummulative shift of periastron time due to orbital shrinking in the Hulse-Taylor binary
system in 30 years of observation. The solid line shows the general relativity prediction and is not
a fit of the data points. Figure from ref. [8].

where it was practical to introduce the trace-reversed metric perturbation

h̄µν := hµν −
1

2
hηµν , (2.14)

where h = ηµνhµν is the trace of the perturbation.
The metric imposed by eq. (2.11) is not unique, because there is the freedom of performing

an infinitesimal coordinate transformation xα → xα − ξα which leaves eq. (2.11) untouched. This
means that the linearised theory is invariant under the gauge transformation

hµν → hµν + 2∂(µξν), (2.15)

in the sense that this transformation will not change the field equations 2.13. To simplify the
problem, one can make the choice of the Lorenz gauge:

∂µh̄µν = 0. (2.16)

This is similar to what is usually done in electromagnetism, where the Faraday tensor Fµν is invariant
under the gauge transformation of the quadri-vector potential Aµ → Aµ + ∂µB, allowing for the
imposition of the Lorenz gauge ∂µAµ = 0, which simplifies Maxwell’s equations. Equation (2.16)
will lead to the following field equations:

�h̄µν = −16πTµν , (2.17)
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which have the form of a wave equation for the quantity h̄µν , which propagates with the speed of
light.

Considering the propagation of gravitational waves in vacuum, governed by the equation �h̄µν =
0, it can be easily shown the presence of two distinct polarization of the gravitational radiation.
The metric perturbation can be decomposed with a Fourier transform:

h̄µν =

∫
Aµν(k)eikρx

ρ
d4k, (2.18)

The Lorenz gauge condition of eq. 2.16 does not fix uniquely the metric perturbations, but leaves
room for another gauge transformation, because any generator ξµ which satisfies �ξµ = 0 will
preserve eq. (2.16). This gives the ability to fix the so called “Transverse Traceless” (TT) gauge,
after having selected an observer with four-velocity uµ, imposing the following conditions to the
perturbation amplitude:

uµAµν = 0 (2.19)

ηµνAµν = 0. (2.20)

The traceless condition implies h = 0 and so hµν = h̄µν . In the TT gauge, in the rest frame of the
observer uµ, for a gravitational wave which propagates in the z direction, the metric perturbation
can be written as:

hTTµν =


0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 (2.21)

where h+ and h× are the only two indipendent polarization of gravitational wave. Their names
come from the effect that they make when they interact with matter: the plus polarization deforms
a circle of particles with its center at the center of a Cartesian coordinate system by elongating it
alternatively along the x and y axis, while the cross polarization deforms the particle circle along
the two axis bisectors.

Considering, instead, the generation of gravitational waves by some matter sources, one can try
to derive the generated metric perturbation, again, in the linearised gravity approximation. Starting
from eq. (2.17), for each component h̄µν(t, ~x) the linear wave equation can be solved with standard

techniques, using the retarded time variable t′ := t−
∣∣∣~x− ~x′

∣∣∣:
h̄µν(t, ~x) = 4

∫
Tµν(t′, ~x′)∣∣∣~x− ~x′

∣∣∣ d3x′. (2.22)

This expression can be simplified under the assumption that we are interested in the emitted
gravitational waves far from the source, which means that r = |~x| � Rsource, allowing to substitute

in the denominator
∣∣∣~x− ~x′

∣∣∣ ' r. Another possible simplification comes from the so called “slow

source” approximation, considering that the wavelength λ linked with the characteristic source
variation is much bigger than the source size: λ � Rsource. This allows to approximate also the
numerator, obtaining finally for the approximated eq. (2.22):

h̄µν =
4

r

∫
tµν(t− r, ~x′)d3x′. (2.23)
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Another constraint is imposed by the conservation of the energy-momentum tensor, which, in the
linearised gravity, is simply ∂µT

µν = 0, without the covariant derivative of the full non-linear theory.
Considering a volume containing the source but with its boundary outside it, one can write, for the
time component of the Tµν conservation,

∂0T
00 = −∂iT i0. (2.24)

Differentiating both sides respect to time and using the symmetry of Tµν one can obtain:

∂2
0T

00 = −∂0∂iT
i0 = ∂i∂jT

ij (2.25)

using again the energy-momentum conservation in the last step. Multiplying both sides for xixj

and integrating over the considered volume, one can integrate by parts the last term, because the
source term will vanish due to the fact that the boundary of the considered volume is outside the
source. Finally, one obtains: ∫

T ij(x)d3x =
1

2
∂2

0

∫
xixjT 00d3x. (2.26)

Applying this to eq. (2.23) one finally obtains:

h̄ij(t, ~x) =
2

r
:Iij(t− r), (2.27)

where Iij is the second mass moment:

Iij(t) =

∫
ρ(t, ~x)xixjd

3x. (2.28)

Finally, one can obtain the famous quadrupole emission formula, projecting eq. (2.27) in the TT
gauge:

hTTij (t, ~x) =
2

r
Λij,kl(~n) :Qij(t− r), (2.29)

where Λij,kl = PikPjl − 1
2PijPkl depends upon the projection operator Pij = δij − ninj , whith

~n = ~x/r, and Qij , the mass quadrupole moment, is the traceless part of eq. (2.28):

Qij(t) =

∫
ρ(t, ~x)

(
xixj −

1

3
|~x|2 δij

)
(2.30)

2.2.2 Beyond linearised gravity: the post-Newtonian expansion

Gravitational wave emission from real astrophysical sources which we can hope to directly reveal with
Earth based (like LIGO, Virgo, Geo, Kagra and in the future the Einstein Telescope) or space based
(like eLisa) detectors cannot be described in the linearised gravity approximation, because sources
like compact objects (neutron stars and black holes) generate a strong gravitational field, and their
dynamical evolution is influenced by the backreaction of their emitted gravitational waves, which
is not considered in the linearised theory. The way to go beyond is the so called “post-Newtonian”
expansion.

For a self-gravitating system the strength of the gravitational field is linked with the velocity of
motion by the Virial theorem:

v2

c2
' Rs

d
, (2.31)
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where d is the typical size of the source and Rs is the Schwarzschild radius Rs = 2Gm
c2

, indicating
also c and G for clarity. This means that an expansion in the parameter ε = v

c is both an expansion
for slowly moving sources and for weekly self-gravitating ones. At the lowest post-Newtonian orders
(usually indicated as half the maximum exponent of ε in the expansion) there is no effect of the
radiation reaction on the source, so the problem can be considered symmetric under time-reversal.
Since under time reversal the metric components g00 and gij are even and g0i are instead odd, this
forces the presence of only even(odd) powers of ε in their PN expansion, respectively. On the other
hand, Einstein’s equations impose to work at order εn in g00 and at the same time at order εn−1 in
g0i and εn−2 in gij (to be consistent with the expansion order in all terms). Therefore, the low-order
expansion terms of the metric components are:

g00 = −1 + (2)g00+(4)g00 + · · · (2.32)

g0i =(3)g0i + · · · (2.33)

gij = δij+
(2)gij + · · · (2.34)

At the same time, the energy-momentum tensor is expanded in powers of ε. This simple expansion
is correct until the 2.5PN order, when GW radiation reaction enters for the first time into play. This
destroys the time reversal symmetry, because of the boundary condition of no incoming radiation
at the beginning of the considered time interval. This complicates the mathematical formulation at
higher PN orders. For more information, one can look at ref. [162–164].

The post-Newtonian expansion is not convergent in the latest stages of a compact binary merger,
since velocities gets high (a fraction of the speed of light, for example the black hole speed at merger
was 0.5 c for the system that generated the first detected gravitational wave signal GW150914).
For this reason, series resummation techniques have been explored recently, with great success. In
particular, the Effective One Body (EOB) model for the inspiral of binary black holes [39–41, 165]
have been successful in producing templates for non-rotating and spinning black holes mergers,
which are currently adopted in GW detector data analysis. Various formulations of the EOB model
have been calibrated to numerical relativity simulations, in particular to fix unknown high-order PN
coefficients. This is one reason for which numerical relativity simulations of compact binary mergers
are still very important, even if not directly adopted in experimental GW searches data analysis,
substituted by the much faster semi-analytical techniques. The EOB model has been extended
recently also to the study of binary neutron star (and black hole - neutron star) mergers, with the
inclusion of a description for tidal effects [43, 45, 47, 166].

2.2.3 Gravitational waves astrophysical sources

The primary target for current and near-future gravitational wave detectors is the merger of compact
binaries. Two binary black hole mergers have been already detected [1, 167], and more will come
in the future, once the sensitivity of interferometers like Advanced LIGO/Virgo will increase. The
second most promising source are binary neutron stars and neutron star - black hole mergers. While
several BNS systems have been observed already in our galaxy through pulsar timing (see sec. 2.1.2),
no NS-BH system has been yet detected, making the computations of their merger and detection
rate unreliable.

Besides compact binaries, also different systems can produce a varying quadrupole moment
able to emit sufficient power of gravitational radiation to be detected on Earth. One example are
isolated neutron stars, which can emit GW if there is any “mountain”, or imperfection, on their



2.3. MULTIMESSENGER ASTRONOMY WITH BINARY NEUTRON STARS 25

surface, making them non perfectly symmetric, while rotating fast. Another mechanism through
which isolated neutron stars can emit gravitational waves are secular [168–170] and dynamical
[171–174] instabilities, which can be triggered in differentially rotating neutron stars, like the ones
newly born after a supernova core collapse, with a wide range of their EOS [175]. The detection
of gravitational waves by neutron stars instabilities or oscillation modes will open the field of
gravitational wave asterosysmology, which means studying the internal structure of neutron stars
thanks to the GW coming from thier oscillation, like the internal structure of Earth can be studied
looking at earthquakes.

Another widely studied source are core collapse supernovae [112, 176, 177]. Several different
mechanism can excite the emission of gravitational waves during a supernova collapse. The fist and
most studied one is rotation collapse and bounce, when, for conserving the angular momentum,
the star reaches a considerable asphericity during collapse, which added to fast rotation provides
a time-varying quadrupole moment which generates gravitational waves. Another more recently
studied mechanism, thanks to the development of three dimensional simulations [109, 178, 179], is
the post-bounce GW emission due to convection and convective instabilities. A third mechanism
is the gravitational radiation due to asymmetric neutrino emission during the shock-revival phase.
This mechanism, however, generates GWs with frequencies too low to be detected by current Earth-
based gravitational wave detectors. A final emission source are the pulsations of the hot, newly born
proto-neutron star [117].

2.3 Multimessenger astronomy with binary neutron stars

Besides emitting gravitational waves, binary neutron stars can emit also a wide range of electro-
magnetic signals and even neutrino signals. This allows to open the new field of multimessenger
astrophysics. Different signals can be used to extract different and complementary information, to
help reconstructing a picture of the source physics, for example to distinguish between different
neutron star EOS models. Simple examples are EM-followup searches of a GW detection trigger:
immediately after the detection of a plausible GW signal, telescopes in different frequency bands
will receive from LIGO/Virgo the information about the source location (with currently is weekly
constrained to hundreds or even thousands of square degrees because only two detectors are active
[2]). EM instruments will point towards the GW source, looking for a signal decaying in time after
the GW detection. This can help identifying the source of some known EM signals, like short gamma
ray bursts (SGRB), by looking at the GW signal it emits, but can also help discriminating between
possible candidate sources for the GW signal. Some examples of similar analysis, from the first
two direct detections of gravitational waves, have been presented in ref. [180–183]. An opposite
application of multimessenger astrophysics is the GW-followup search triggered by electromagnetic
detections. Informations about the source location and energetics drawn by the electromagnetic
emissions can help GW data analysis searches inside the detectors noise, requiring a smaller signal
to noise ratio to have a GW detection.

Focusing on BNS mergers, the most promising GW source associated with known mechanism
of EM emission, the two most interesting processes to study with multimessenger techniques are
the identification of the central engine of SGRB, which have been linked with BNS (or NS-BH)
mergers, but whose production mechanism is not yet clear, and the production of heavy elements
in the matter ejected from the BNS merger remnant, with the so called “rapid neutron capture” or
“r-process”.
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2.3.1 The link between binary neutron star mergers and short gamma ray
bursts

Gamma ray bursts (GRBs) are intense flashes of soft gamma rays detected from Earth. Two
different families of GRBs have been distinguished: short (with a duration of less than 2 s and a
harder spectrum) and long (with a longer duration and a softer spectrum). Long gamma ray bursts
are believed to be produced in core collapse supernovae, see for example [111]. SGRB, instead,
are emitted after the merger of BNS or NS-BH systems. A first evidence for this comes from the
different source locations of short and long gamma ray bursts. The latter come from active star
formation regions, while the former from early, but more often from late type galaxies. This points
to an older stellar population in the source zones and a great spread in the source ages [16–19].
Another clue which points towards the link between SGRB and BNS mergers is the high energy
released in SGRBs, in the order of 1048 − 1052 erg, which is available during BNS mergers, in the
form of gravitational binding energy of the merger remnant, which can be several time 1053 erg
[184]. A third clear link are the time-scales involved in the BNS merger dynamical evolution: the
typical time scale of the properly defined merger phase and of the merger remnant evolution (for
example, of its rotation, if it is a neutron star or a spinning black hole surrounded by an accretion
disk) is some ms, correspondent to the time scale of variation of the SGRBs energy output, which
is small to be reproduced with different hypothetical sources. At the same time, the total duration
of a SGRB prompt emission is much longer, typically around τSGRB ' 0.3 s. This time scale is also
linked with BNS merger remnants, in particular to the viscous time scale of the thick accretion
disk formed in high total mass BNS mergers after a black-hole collapse. The study of disks mass,
accretion rates and dynamical evolution is one of the most interesting motivations for performing
numerical relativity simulations of BNS mergers, in order to give reliable data for building of SGRB
emission models.

The remaining open question about SGRB is the precise nature and mechanism of their central
engine. There have been several different proposals to explain the prompt emission of an ultra-
relativistic outflow. The three most common ones are the magnetar model, the standard picture of
a jet launched by strong magnetic fields in a black hole - torus system and the more recent time
reversal scenario. A fourth model which was commonly discussed in the literature, the relativistic
outflow emission due to neutrino-antineutrino pair annihilation, was refuted recently by ref. [185],
where it was shown that baryon pollution in the central engine atmosphere due to BNS merger
ejecta will preclude the jet launch.

In the magnetar model [20, 23, 186] SGRBs are launched by a newly formed magnetar, after
a BNS merger or a white dwarf accretion-induced collapse. A similar model can be used also to
explain long gamma ray bursts, whose central engine would be a magnetar formed by a core collapse
supernova. The SGRB prompt emission, in this model, is powered by accretion onto the rapidly
rotating protomagnetar from a disc formed during the BNS merger or WD collapse. This model
is also able to explain the extended emission (on a time scale of 10-100 s) seen in some SGRBs,
and in particular internal plateaus in the SGRB light curves with a rapid decay after the plateaus
end. In the magnetar model these extended emissions are produced by the matter accelerated by
the star fast rotation and ejected by the magnetic field via magnetic propelling [23]. The X-rays
plateau is modelled as magnetic dipole spin-down emission, while its sudden decay is explained by
the collapse of the supra-massive magnetar to balck hole, when, after its spin-down, rotation is not
able to sustain it any more.

The standard black hole - torus model, which has been the dominant one until the discovery of
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extended emissions, is based on the collapse of the BNS merger remnant in few ms after the merger,
with the formation of a thick, magnetized, accretion disk around a Kerr black hole. Energy can be
extracted from the system, to power a relativistic outflow, via the Blandford-Znajek (BZ) mechanism
[187]. This requires, however, the presence of a strong magnetic field, close to equipartition, in
the black hole egosphere. Several numerical simulations of magnetized BNS mergers have been
performed in the last years (mainly in the ideal MHD approximation), in order to study the
magnetic field amplification mechanism, its geometrical structure after the collapse to black hole
(an ordered, poloidal magnetic field oriented along the BH spin axis is needed to power the jet) and
if a relativistic outflow can be reproduced. The first simulation to show the formation of an ordered
poloidal magnetic field structure was reported in ref. [21], starting from a realistic magnetic field
structure inside two 1.5 M� neutron stars (with a maximum strength of 1012 Gauss) and using an
approximated ideal fluid EOS. They did not see, however, the formation of a relativistic outflow.
The same result was also confirmed in [87], performing resistive GRMHD simulations of a similar
BNS system. The subsequent work of ref. [83], starting with a higher 1014 Gauss magnetic field,
using a piecewise politropic approximation of the H4 EOS, similar to the one described in sections
2.1.1, and adopting a much higher resolution, found instead no organized magnetic field structure in
the BH-torus system. This difference has been attributed to a different method for reconstructing
magnetic field lines [26], or to the higher ejected matter (due to a different EOS) whose infalling
pressure must be overcome by the magnetic pressure to launch a jet [27]. The only simulations in
which a mildly relativistic outflow has been seen are the one of ref. [27], with a really high initial
magnetic field of 1015 Gauss (justified to reproduce the magnetic amplification due to instabilities
unresolved in the numerical evolution), both inside the star or as an external dipolar field. The
most recent simulations of ref. [26] found the formation of an organized magnetic field structure,
independent of the NS EOS, the initial magnetic field orientation and the stars mass ratio. They
were not able to show a jet, however, because of the use of realistic initial magnetic field values
(1012 Gauss).

Magnetic field amplification in BNS mergers happens mainly due to the Kelvin-Helmotz (KH)
instability during the merger phase [89], the magneto-rotational instability (MRI) in the massive
neutron star or the accretion disc formed after the merger and the magnetic field winding due to the
differential rotation of the merger remnant. The KH instability creates vortices in the shear layer
after the two neutron stars come into contact, that amplify the magnetic field, converting kinetic
energy into turbulent energy and stretching the magnetic filed lines, producing a magnetic field
exponential growth [89]. The MRI [188] is a local shear instability which amplifies exponentially
the magnetic field strength in the presence of a negative radial gradient of angular velocity, as
happens in the massive neutron stars formed after the merger. MRI effects are difficult to resolve in
grid-based BNS simulations, because they require a spatial resolution about 10 times smaller than
the MRI wavelength. Ref. [24, 83, 189] are the first to have reported the development of MRI in
hyper massive neutron stars formed after a BNS merger, adopting resolutions under 100 m, which
are not currently feasible for performing many simulations in a large parameter study. Realistic
simulations of magnetized BNS merger are still difficult because of the resolution requirements to
fully resolve all magnetic instabilities, starting from a plausible magnetic field value. A possible
future direction is the development of subgrid models able to reproduce the energy extracted from
lengthscales smaller than the simulation resolution [71, 190].

The third and most recent model of SGRB emission, developed to reconcile the BH-torus
model, which has had partial confirmation of its ability to power relativistic jets from numerical
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simulation, with the X-rays plateaus in the extended emissions, is the so called “time reversal scenario”
[22, 25, 33, 34]. In this model, after a BNS merger a supra-massive NS is formed, which collapses
in a much longer time-scale than the one we can study with numerical simulations, from seconds to
hundreds of seconds. After merger, the supra-massive NS generates an optically thick atmosphere
consisting of a photon-pair nebula and baryon-loaded ejecta. Spindown radiation emitted by the
rotating magnetized NS is diffused in such atmosphere in a long timescale, up to 104, 105 s. After
the collapse to BH, a relativistic jet is launched, producing the SGRB prompt emission. The jet
easily travels past the atmosphere, becoming detectable before at least some part of the spindown
emission, even if it was produced after it. This mechanism provides the “time reversal” necessary
to explain why the extended emission are seen long after the prompt gamma ray emission.

Although in this work there are no simulations considering also the effect of magnetic fields,
the study of the effects of the NS EOS, the mass ratio, the initial data and the adopted numerical
methods on the properties of the merger remnant (its collapse time, the mass of the produced
accretion disc, the rotational profile of the remnant neutron star, the ejecta mass and composition)
are key to calibrate and constrain the different SGRB central engine models.

2.3.2 Merger remnants as r-process sites and related macronova signals

Heavy elements beyond Fe are produced by neutron capture. After a supernova explosion, there is a
balance between neutron capture and β decays. The difference between their time scales gives two
different processes: the slow (s-process) and the rapid (r-process) neutron capture. Supernovae have
been considered the site of r-process nucleosynthesis for many years, until more recent simulations
have shown that neutrino-driven winds do not have the right physical conditions to explain all
the heavy elements galactic abundance patterns, in particular around the third r-process peak (at
A ' 195) [191]. Therefore a new paradigm gained consensus, hypothesizing BNS merger remnant
as the principal sites for r-process. Matter ejected in BNS mergers has the right neutron abundance
and velocity profile to start the needed nuclear reactions [192]. Moreover, it was shown that BNS
merger ejecta nucleosynthesis is able to reproduce the solar system heavy elements abundance
independently of the astrophysical characteristics of the BNS system, such as the two star masses,
mass ratio, EOS [193]. This is linked with the ejecta being extremely neutron-rich. On the other
hand, the nucleosynthesis is much more sensitive to the nuclear physics parameters.

It is therefore very important to accurately study the mass ejection mechanism in a BNS merger
remnant. Dynamical mass ejection (through hydrodynamical processes or gravitational torques) has
been accurately studied recently in numerical relativity simulations [44, 61, 66, 70]. Their results
point towards a maximum ejecta of ' 0.01 M� with velocites around 0.1 − 0.2c. In particular,
two different processes have been found to be responsible for mass ejection: tidal interactions and
shock heating. Shock heated matter is ejected in a quasi-spherical manner. The general-relativistic
treatment of gravity is essential to reconstruct the correct shock-heated ejecta, because they are
largely underestimated in Newtonian gravity. The shock-heated ejecta plays a stronger role for softer
EOS (smaller neutron star radii). They are also less neutron-rich respect to tidal interactions ejecta,
because their high temperature (above 1 MeV) allows electron-positron pairs production, which
get captured by protons and neutrons respectively, emitting electronic neutrinos and antineutrinos.
Given the much larger abundance of neutrons respect to protons, there are many more positron
captures, leaving the matter with a higher electron fraction Ye. Tidal-driven ejecta are, instead,
emitted mostly in the orbital plane, and are very neutron-rich. Tidal ejecta are dominant in BNS
mergers with high mass asymmetries. In that case, the merger is less violent, because the low mass
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star gets tidally deformed already in the early merger phase (see chapter 4, and, in particular, figure
4.2 for more details), so the shock heating is less strong. This leads also to globally more neutron-rich
ejecta. The effect of the mass ratio has been found to be more important in the stiff EOS models
(with larger radii)[65, 66]. Another two less investigated but potentially important mass ejection
channels are the neutrino-driven winds and the magnetic-driven winds [85, 194].

r-process nucleosynthesis in BNS merger ejecta is very important for multimessenger astrophysics
because it can lead to a clearly identifiable electromagnetic signal, the so called “macronova” or
“kilonova”. It consists in an optical or near-infrared emission powered by radioactive decays of r-
process nuclei [184, 195, 196]. At the beginning this radiation is trapped inside the matter, which is
optically thick and expanding thanks to radioactive heating. The macronova radiation will be seen
only when the EM diffusion time-scale will become similar to the matter expansion time-scale. This
happens in a time frame of the order of 1 week after the BNS merger. Two candidate macronova
signals have been observed so far [35, 36, 197] looking at the afterglows of short gamma ray bursts. In
particular, the first candidate linked with GRB130603B has been identified thanks to the observation
of a near-infrared source present in the Hubble Space Telescope data after 9 days from the GRB
prompt emission, but not present either in the observation after 30 days and in the Earth-telescopes
observations in the first two days after the GRB. Macronovae observations are a compelling proof
for the link between SGRBs and BNS mergers, and can be used, by inferring the mass, velocities
and neutron richness of the ejecta needed for generating such radioactive decay signal, to constrain
the source parameters, in particular the most relevant for mass ejection, such as the NS EOS and
the mass ratio. This will be complementary to the information gathered by a possible coincident
GW detection.

As remarked before, ejecta characteristics can be predicted only by fully general relativistic
numerical simulations. Therefore, enquiring a large spectrum of the possible parameter space for
BNS systems is an important scientific endeavour to be able to correctly interpret future EM and
GW signals from BNS mergers.



30



Chapter 3

Numerical background: how to solve
Einstein’s and hydrodynamics
equations on a computer

The numerical solution of hyperbolic PDEs (like Einstein’s equations and the general relativistic
hydrodynamics (GRHD) equations) requires dedicated algorithms which have been developed in
the last thirty years. The starting principle is representing continuous functions of space and time
at several discrete time steps, and, at each time step, in a discrete spatial grid, with a finite number
of points, in order to be able to apply to the spacetime fields discrete operations which a computer
is able to perform. The spatial grid (in our case, a three dimensional Cartesian grid) represents a
finite region in space which we are interested to evolve in time. In the case of BNS simulations,
the grid is much bigger than the initial distance between the two stars, because there is the need
to extract gravitational waves far from the source (see section 3.4) and to avoid (or at least delay)
the interaction between the physical evolved fields and spurious matter and radiation infalling or
bouncing back at the grid external boundaries.

In order to be evolved in time, equations must be written as a system of first order in time
PDEs, in the form:

∂tUi(t, ~x) = RHS
(
Ui(t, ~x), ∂~xUi(t, ~x), ∂2

~xUi(t, ~x), t, ~x
)
, (3.1)

where Ui is a vector of our evolved variables. We start setting up initial data for each variable in
each grid point. The grid points (in each refinement grid, see later) are distanced one another by
the uniform spatial resolution ∆x. Then initial data are evolved from the initial time tn to the
subsequent time tn+1 = tn + ∆t, using the so called “method of lines”, handled by the MoL Cactus
thorn. MoL consists in computing the right hand side of a PDE like eq. 3.1 approximating the
spatial derivatives with appropriate methods (which are discussed in the following sections). In
this way, for each grid point, the fields Ui depend only on the time variable t, leaving a system
of ordinary differential equations. They can then be solved with standard numerical techniques,
for example the fourth-order Runge-Kutta method [198, 199], which can be used in The Einstein

Toolkit to evolve the solution at time tn, denoted with Uni , to time tn+1, computing Un+1
i in four
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different steps:
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The spatial resolution and the temporal resolution are not independent, but are linked by the so
called Courant factor

η =
∆t

∆x
. (3.8)

This is both needed for compatibility with special relativity and for archiving stability in the adopted
numerical methods. In all simulations analysed in the next chapter a Courant factor of 0.25 has
been chosen.

One problem of solving GRHD equations is the need of both a very large grid (in the simulations
of chapter 4 it is a cube with an half-edge of approximatively 1063 km (720 M� in geometric units))
and at the same time achieving a very high spatial resolution (low ∆x) near the evolved stars, to
be able to resolve all hydrodynamical features and to have low numerical dissipation. This problem
was solved by Berger-Oliger Adaptive Mesh Refinement (AMR) [200], which in the Einstein Toolkit
is implemented by the thorn Carpet. In particular, a simpler, common choice, in BNS merger
simulations, is to use only Fixed mesh refinement (FMR). This consists in having multiple nested
grids, one inside the other, each (smaller) grid with a resolution double respect to the parent level
(meaning two times the density of points, hence half the points distance ∆x). As an example, the
grid structure used in the simulations performed by the Parma group can be found in table A.2.
The code FMR handles the time evolution via subcycling. An example of this algorithm, for just
two refinement levels, with spatial resolutions ∆x and 2∆x, is:

1. The coarse level, (which has also a larger temporal resolution) evolves one step in time, from
t to t+ 2∆t = t+ 2η∆x;

2. At the fine level boundary, the coarse level points are interpolated in space (with fifth order
polynomial interpolation) and time (with second order polynomial interpolation), to be used
as boundary conditions for the fine level evolution (this step is called prolongation);

3. The fine level evolves two steps in time (from t to t+ ∆t and, after, from t+ ∆t to t+ 2∆t),
to be aligned with the coarse one;

4. The fields values in coarse level points whose position in space coincides also with a fine level
point are copied from the field values in the latter (this step is called restriction). Is possible
to do just a simple copy, without interpolation, because Carpet uses a vertex centred grid,
which means that where a finer grid points exists, there is also a corresponding point with
the same Cartesian coordinates in each coarser grid.
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This FMR scheme, coupled with a multi-step time evolution like RK4, brings problems at
refinement boundaries: the fine grid evolution will need also boundary conditions, provided by
prolongation, at each intermediate time step in the RK4 algorithm. This will, however, reduce
convergence to first order at refinement boundaries [201]. In practice, BNS simulations without any
additional technique to solve this problem showed a great loss of accuracy globally in preliminary
tests which were performed. The solution adopted in Carpet is to use buffer zones at refinement
boundaries, which means evolving 12 grid points more for each edge of any finer refinement level (3
ghost points for each of the four RK4 substeps). At each RK4 step, a set of three points becomes
invalid, and is not used any more. These points, although evolved regularly like any other one
(instead of filling their values with prolongation), are used only as boundary for the evolution of the
regular (inner) points in the finer level. This of course leads to higher computational and memory
costs, and in particular worsen the code scaling ability when thousands of computing cores are used.
A promising alternative solution, which requires a modification of the Runge-Kutta algorithm, but
avoids the use of buffer zones, have been proposed in ref. [202], and will be tested and implemented
in Carpet in the near future.

3.1 Curvature evolution

The numerical solution of Einstein’s equations, allowing in particular long-term black hole dynamical
simulations, has been a challenge for many years, until the success of the first many-orbits BBH
mergers simulations of 2005 [49–51].

In order to simulate the time evolution of a system regulated by Einstein’s equations, one must
first re-write them in a so called 3+1 formulation, separating a time coordinate, along which the
system is evolved, from the spatial coordinates which label the spatial grid at each time step. The
3+1 formalism was originally indtroduced by Darmois (1927), Lichnerowitz (1944) and Choquet-
Bruhat (1952). It was then used by Arnowitt, Deser and Misner for developping an Hamiltonian
formulation of general relativity, known as the ADM formulation [203].

The first step is to foliate the spacetime in spacelike hypersurfaces Σt, which are level functions
of a scalar field t (the time coordinate). The timelike, future-directed unit normal to each surface n
is linked with the gradient of t by the relation

nµ := −α∇µt. (3.9)

This equation is the definition of the lapse function α, which is given by α = −
√
∇µt∇µt, to ensure

that the vector nµ has norm nµnµ = −1. In the previous expressions the spacetime metric gµν is
implicitly used to lower the vector indexes, and to define the operator

∇µ = gµν∇ν . (3.10)

It is possible to select a privileged observer , denominated the Eulerian observer, which is the one
with four-velocity nµ. This means its evolution is normal to Σt, which, therefore, can be viewed as
the set of events which are simultaneous for the Eulerian observer. From α, one can also define the
normal evolution vector mµ := αnµ. It is characterized by:

∇mt = mµ∇µt = 1. (3.11)
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This means that the vector mµδt carries the hypersurface Σt into Σt+δt. Finally, one can define a
spatial metric on each hypersurface

γµν := gµν + nµnν . (3.12)

The next step is to decompose Einstein’s equations into a spatial part (on each hypersurface)
and a component orthogonal to the foliation. This is done with the projection operators:

γµν = δµν + nµnν (3.13)

αµν = −nµnν , (3.14)

where δνµ is the Euclidean metric.
After some computations, it can be shown that the spatial projection of the four dimensional

Ricci tensor is:

γµαγ
ν
β

(4)Rµν = − 1

α
LmKαβ −

1

α
DαDβα+Rαβ +KKαβ − 2KαµK

µ
β , (3.15)

where Rαβ is the spatial Ricci tensor on Σt, Dµ is the spatial covariant derivative, computed with
the metric γµν , and K is the trace of the extrinsic curvature Kµν , which is defined by:

Kµν = −γµαγνβ∇(µnν) = −1

2
nγµν , (3.16)

where the round brackets indicate a symmetrization respect to the indexes they contain. It can be
either seen as the projection on Σt of the gradient of its unit normal, or the rate of change of the
spatial metric. The projections of the energy-momentum tensor, instead, are:

Sµν = γαµγ
β
ν Tαβ (3.17)

e = nµnνTµν (3.18)

jµ = −γαν nβTαβ, (3.19)

where e can be interpreted as the energy density and jµ as the the momentum density measured
by the Eulerian observer.

The final step to write the full set of ADM equations is to introduce a coordinate system, adapted
to the foliation, in order to write the previous tensorial expressions as a system of PDEs. One first
introduces coordinates xi, i ∈ [1, 3] on each hypersurface Σt. Then, a coordinate t is defined, such
as the vector ∂t is tangent to the lines of constant spatial coordinates. This defined vector ∂t is dual
to the 1-form dt, just like the normal evolution vector m, defined before in eq. (3.11), so like m
drags the hypersurfaces Σt. But mµ and ∂t in general differ, and their difference is defined as the
shift vector β:

βµ := ∂µt −mµ. (3.20)

From this definition of β and the definition of m of eq. (3.11), one can derive

∂µt = −αnµ + βµ, (3.21)

and, for the Lie derivatives,
Lm = L∂t − Lβ. (3.22)
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One can also express the components of the normal unit vector nµ and its dual one-form nµ in
terms of the lapse and the shift:

nµ =

(
1

α
,−β

i

α

)
(3.23)

nµ =
(
−α,~0

)
. (3.24)

This allows to decompose the four-dimensional metric gµν and write it respect to the just defined
coordinate system:

ds2 = gµνdx
µdxν = −

(
α2 − βiβi

)
dt2 + 2βidx

idt+ γijdx
idxj . (3.25)

The physical interpretation of the lapse function and the shift vector is the following: the
lapse represents a measure of the proper time (for an Eulerian observer) between two adjacent
hypersurfaces:

dτ2 = −α2(t, xi)dt2; (3.26)

while the shift vector represents the relationship between spatial coordinates of two adjacent hyper-
surfaces:

xit+δt = xit − βi(t, xi)dt. (3.27)

They characterize the choice of the coordinate system for the time evolution, and as such, in
general relativity they are gauge variables whose evolution can be freely chosen. This choice is very
important, as it is discussed in the next subsection, to guarantee numerical stability, in particular
for simulations involving black holes.

Now it is finally possible to derive the full set of ADM equations, projecting the Einstein’s
equations and writing them in the chosen coordinate system. Projecting them twice in the direction
normal to Σt one obtains, after some algebric manipulation:

R+K2 −KijK
ij − 16πe = 0, (3.28)

where R = gµνR
µν is the curvature scalar. Equation 3.28 is the so called Hamiltonian constraint.

Similarly, making a mixed space-time projection, one obtains:

DjK
j
i −DiK − 8πji = 0, (3.29)

which are the Momentum constraints. These four constraints are elliptic equations, valid in each
hypersurface Σt. In the numerical scheme implemented in The Einstein Toolkit, they are not
solved during the numerical evolution, but, instead, one should carefully monitor the constraints
violations at each time step due to numerical errors. A high constraint violation means that the
physical state of the system computed by the numerical code is not a solution of Einstein’s equation,
therefore it’s not a physical state.

Projecting the Einstein’s equations two times on the hypersurface Σt, instead, one obtains,
starting from the expression of eq. (3.15) for the projected Ricci tensor and writing the equations
as Rµν = 8π

(
Tµν − 1

2gµνT
)
, where T is the trace of the energy-momentum tensor, an evolution

equation for the extrinsic curvature:

∂tKij = −DiDjα+ α
(
Rij − 2KikK

kj +KKij

)
+ (3.30)

− 8πα

(
Rij −

1

2
γij (S − e)

)
+ LβKij ,
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which describes how the spacetime geometry changes going from one hypersurface to the future
adjacent one. These three equations (six evolution equations for the extrinsic curvature and 4
constraint equations) should be supplemented by the relationship between the spatial metric and
the extrinsic curvature, which, using eq. (3.22) and eq. (3.16), can be written as:

∂tγij = −2αKij + Lβγij . (3.31)

3.1.1 The BSSN formulation

Unfortunately ADM equations (eq. 3.30 and 3.31, with the constraints 3.28 and 3.29) can not be
used in practice for GR numerical simulations, since they are only weekly hyperbolic, and would
quickly lead to numerical instabilities causing our codes to crash. In the late 1990s and first 2000s a
new formulation of the Einstein’s equations was developed by several groups, called today the BSSN-
OK formulation, from the initials of its main developers (Baumgarte, Shapiro, Shibata, Nakamura,
Oohara and Kojima) [204–206] 1.

Instead of evolving the spatial metric γij and the extrinsic curvature Kij , new variables can be
introduced and evolved separately. First, a conformal spatial metric is constructed:

γ̃ij := e−4φγij , (3.32)

with the conformal factor

φ := log

(
1

12
det (γij)

)
(3.33)

promoted to evolved variable. Then the conformal, trace-free extrinsic curvature is defined (and
evolved):

Ãij := e−4π

(
Kij −

1

3
gijK

)
, (3.34)

with K = gijKij . The indexes of Ãij are raised or lowered with the conformal metric γ̃ij . Finally,
the conformal connection functions are introduced:

Γ̃i := γ̃jkΓ̃ijk = ∂j − γ̃ij , (3.35)

where Γ̃ijk are the Christoffel symbols of γ̃ij and the last equation comes from the fact that the
conformal metric has determinant equal to one. Separating the trace part and the trace-free part

1The contribution of the last two authors (Oohara and Kojima) is often forgotten, and the formalism is usually
simply referred at as BSSN in numerical relativity publications.
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of the ADM evolution equations 3.30 and 3.31, one finally obtains the full BSSN system:(
∂t − βj∂j

)
K = −γijD̃iD̃jα+ α

(
ÃijÃij +

1

3
K2

)
+ 4π

(
e+ γijSij

)
(3.36)(

∂t − βj∂j
)
φ = −1

6

(
αK − ∂kβk

)
(3.37)(

∂t − βj∂j
)

Γ̃i = −2Ãij∂jα+ 2α

[
Γ̃iklÃ

kl + 6Ãij∂jφ−
2

3
γ̃ij∂jK

]
(3.38)

− Γ̃j∂jβ
i +

2

3
Γ̃i∂jβ

j +
1

e
γ̃ik∂j∂kβ

j + γ̃jk∂j∂kβ
i − 16παγ̃ikjk(

∂t − βj∂j
)
γ̃ij = −2αÃij + 2γ̃k(i∂j)β

k − 2

3
γ̃ij∂kβ

k (3.39)(
∂t − βj∂j

)
Ãij = e−4π

[
αR̃φij − D̃iĩjα

]TF
+ (3.40)

+ αKÃij − 2αÃkiÃ
k
j + 2Ãk(i∂j)β

k − 2

3
Ãij∂kβ

k − 8παe−4πSTFij ,

where TF stands for “trace-free”, D̃i is the covariant derivative associated with the conformal spatial
metric and the Ricci tensor has been divided in two components, one containing the terms with
derivatives of the conformal metric and its Christoffel symbols (R̃ij), and the other containing only

the terms with covariant derivatives of the conformal factor (Rφij). In deriving these equations, the
Hamiltonian and momentum constraint relationships have been used. In particular, it is key to
use the momentum constraint to eliminate the divergence of Ãij from the evolution equations for
the conformal connection Γ̃i, to ensure numerical stability. This system of 17 PDEs was rigorously
proven to be strongly hyperbolic in ref. [207, 208], even if it is not easy to see it at glance. It has
introduced, however, five additional constraints which should be verified at each evolution step:

det (γ̃ij) = 1 (3.41)

Tr
(
Ãij

)
= 0 (3.42)

Γ̃i = γ̃jkΓ̃ijk. (3.43)

The first two constraints are actively enforced by the code at each time step. The third one, instead,
is not enforced (like the Hamiltonian and momentum constraints of eq. 3.28 and 3.29). However, to
help keeping its violation low, the evolved Γ̃i are used only where their derivatives are needed, but
where they are needed without any derivative, γ̃jkΓ̃ijk is used, instead.

This evolution system must be supplemented with a choice for the gauge variables α(t, xi) and
βj(t, xi). A simplistic choice, like the geodesic slicing (α = 1 and βi = 0) does not work, and leads
to code crashes when evolving spacetimes containing black holes. This happens because it is not
singularity avoiding, therefore, starting a simulation from BH initial data with a future singularity,
that singularity is reached quickly in the numerical evolution. There is, therefore, a need for a
singularity-avoiding slice condition on α. The lapse can not be constant everywhere, but should
approach the Minkowski value of 1 in the asymptotic flat region near the grid outer boundaries and
should become close to zero in the vicinity of a black hole, to avoid reaching the singularity. This
causes the additional problem that, because time advances “faster” in the far region and is almost
frozen near the BH, the grid (or, more precisely, each hypersurface Σt) gets strongly distorted (this
phenomenon is known as grid stretching), with grid points falling inside the black hole horizon,



38 CHAPTER 3. NUMERICAL BACKGROUND

even if points inside it are excised from the numerical evolution. This causes the code to crash, due
to the large gradients in the metric functions. To fix this problem, one needs to set also a spatial
gauge condition for the shift vector βi, which should also change in space and time.

One common solution for the lapse is the maximal slicing condition K = 0, or the related K-
freezing condition ∂tK = 0 (equivalent in the case of K = 0 set in the initial data). The K-freezing
condition, however, leads to the need of solving an elliptic equation for the lapse at each time step,
which is computationally expensive:

∆α = βi∂iK + αKijK
ij . (3.44)

An efficient alternative solution, is to contruct an hyperbolic slicing condition, called the K-driver
condition, making ∂2

t α proportional to ∂tK [209, 210]:

∂tα− βi∂iα = −2αK. (3.45)

With this particular choice of parameters, this condition takes the name of “1+log” slicing.
As spatial gauge condition, to avoid grid stretching one can, in the same way, impose the Gamma-

freezing condition ∂tΓ̃
i = 0, which implies solving elliptic equations for βi, or impose it dynamically

with the hyperbolic Gamma-driver condition, as implemented in the Einstein Toolkit:

∂tβ
i − βj∂jβi =

3

4
Bi (3.46)

∂tB
i − βj∂jβi = ∂tΓ̃i − ηBi, (3.47)

where the additional evolved variable Bi has been introduced. The “Beta driver” η is a parameter
which acts as a damping factor, driving Bi (and then ∂tβ

i) to zero, so the shift vector will tend to
a constant in a stationary spacetime (in other words, this is a symmetry-seeking gauge condition).
Being a damping factor with dimensions [1/T ], it sets, depending on the numerical integration
method, a Courant-like limitation for the time step size, but independent from the spatial resolution.
Since in FMR simulations with subcycling in time ∆t is much larger near the grid boundaries than
in the interior, a constant choice for the η parameter can lead to numerical instabilities in the coarser
grid [211]. For this reason, a simple space-varying prescription for η is implemented in the Einstein
Toolkit:

η(r) :=
2

MTOT

{
1 for r ≤ R (near the origin)
R
r for r ≥ R (far away)

, (3.48)

where r is the distance from the coordinates origin and MTOT is the total gravitational mass of the
simulated system.

These BSSN-OK equations are implemented in the Einstein Toolkit in the McLachlan thorn
[54, 212], auto-generated as highly efficient vectorized code from a Mathematica script written
in tensorial notation with Kranc [213]. The spatial partial derivatives in the right hand sides of
equations are computed with a fourth order finite differencing representation: given fn the value of
a function f in the n-th grid point in the x-direction, for example, its derivative is expressed as:

∂xf =
1

12
fn−2 −

2

3
fn−1 +

2

3
fn+1 −

1

12
fn+2. (3.49)

The advection terms βi∂i, instead, are computed using a fourth order upwind scheme, instead of a
centred differences, to have a better numerical stability. Finally, Kreiss-Oliger fifth-order dissipation
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[214] is applied to the evolved curvature variables, with a strength of εdiss = 0.01, in order to damp
high-frequency oscillations.

The BSSN-OK system of evolution equations must be supplemented by suitable boundary con-
ditions at the external edges of the computational grid. This is a non-trivial problem in numerical
relativity, because one wants to obtain a stable evolution at the boundary, with constraints preser-
vation, and more importantly, one wants that gravitational waves will propagate out of the grit
and will not be reflected back inside. Or, stated differently, one wants to impose a no-incoming-
radiation boundary condition. In the Einstein Toolkit this is done in an approximated way adopting
Sommerfeld-type radiative boundary conditions [215]: for each evolved variable tensor component
X, the main part of the boundary condition looks like

X = X0 +
u (r − v0t)

r
, (3.50)

behaving like an outgoing radial wave with speed v0. Here u is a spherically symmetric perturbation
and X0 the component value at spatial infinity. This assumes that the waves at the boundary have
a spherical wavefront, which is true if the boundary is far enough from the source. In practice, this
condition is implemented deriving it in time and obtaining the following differential equation, which
is easier to impose in a finite-difference code:

∂tX = −v0x
i

r
∂iX − vo

X −X0

r
. (3.51)

The spatial derivatives are computed with second order central finite differencing when possible,
and with one-sided finite differencing otherwise. To account also for those parts in the solution
which does not behave like a pure outgoing wave, the time derivative term ∂tX is modified with:

(∂iX)∗ = ∂tX +

(
r

r − ni∂ir

)p
ni∂i (∂tX) , (3.52)

where ni is the unit normal vector of the considered boundary face, and this correction decays with
a power p = 2 of the radius in our simulations. These conditions are implemented in The Einstein
Toolkit by the thorn newrad.

3.1.2 Z4 family formulations

An always-present concern during GR numerical simulations with BSSN-OK are the constraint
violations either present in the initial data or developed during the numerical evolution. To alleviate
this problem, a new formulation of the Einstein equations, the Z4 formulation, started being adapted
for numerical relativity by different groups [216–220]. The Z4 formulation can be derived from the
following Lagrangian, with a Palatini-type variational principle [221]

L = gµν (Rµν + 2∇µZµ) . (3.53)

It possesses an extra vector term Zµ in addition to the standard Hilbert action. This vector measures
the distance of a solution from the Einstein equations, and the algebraic constraint Zµ = 0 takes the
place of Hamiltonian (3.28) and momentum (3.29) constraints of the ADM formulation. In order to
damp the constraints violation, extra terms can be introduced, to make Einstein’s equation solutions
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an attractor for the full Z4 system solutions. In covariant form, the Z4 system with constraint
damping is:

Rµν +∇µZν +∇νZµ + k1 [nµZν + nνZµ − (1 + k2)gµνnρZ
ρ] = (3.54)

= 8π

(
Tµν −

1

2
gµνT

)
.

The coefficients ki are linked to the characteristic times of the constraint violation decay. This
system, as the original Einstein’s equations, can be written in 3+1 form, and, then, it is possible
to develop a conformal decomposition, similar to the one of BSSN-OK. Two different conformal Z4
formulations have been studied: the CCZ4 formulation [220, 222], which retains the full equations
and in this way is a covariant formulation, at the price of greater differences respect to BSSN-OK
and the need to introduce an additional parameter k3 to be able to evolve also spacetimes containing
black holes and the Z4c [218, 219, 223] formulation, which retains only the principal part of the
equations, in order to be as close as possible to BSSN-OK, but is not fully covariant and needs
the introduction of ad-hoc constraint preserving boundary conditions in order to avoid constraint
violations being reflected back inside the grid at the outer boundaries [224]. Since in McLachlan

only the CCZ4 formulation is implemented, I will describe that in the following paragraphs.
After the standard BSSN-OK conformal decomposition, and the separation of traceless and trace

parts, the CCZ4 systems is the following, where I have marked in red the terms added respect to
standard BSSN-OK (3.41), and in blue the ones added for constraints violation damping:(

∂t − βj∂j
)
K = −γijD̃iD̃jα+ α

(
R+K2 + 2DiZ

i − 2ΘK
)

+ (3.55)

− 3αk1(1 + k2)Θ + 4π
(
e+ γijSij

)
(
∂t − βj∂j

)
φ = −1

6

(
αK − ∂kβk

)
(3.56)(

∂t − βj∂j
)

Γ̂i = −2Ãij∂jα+ 2α

[
Γ̃iklÃ

kl + 6Ãij∂jφ−
2

3
γ̃ij∂jK

]
+ (3.57)

+ 2γ̃ki
(
α∂kΘ−Θ∂kα−

2

3
αKZk

)
+ 2k3

(
2

3
γ̃ijZj∂kβ

k − γ̃jkZj∂kβi
)

+

− Γ̃j∂jβ
i +

2

3
Γ̃i∂jβ

j +
1

e
γ̃ik∂j∂kβ

j + γ̃jk∂j∂kβ
i − 16παγ̃ikjk(

∂t − βj∂j
)
γ̃ij = −2αÃij + 2γ̃k(i∂j)β

k − 2

3
γ̃ij∂kβ

k (3.58)(
∂t − βj∂j

)
Ãij = e−4π

[
αR̃φij − D̃iĩjα+DiZj +DjZi

]TF
+ (3.59)

+ αÃij (K − 2Θ)− 2αÃkiÃ
k
j + 2Ãk(i∂j)β

k − 2

3
Ãij∂kβ

k − 8παe−4πSTFij(
∂t − βj∂j

)
Θ =

1

2
α

(
R+ 2DiZ

i − ÃijÃij +
2

3
K2 − 2ΘK

)
− Zi∂iα+ (3.60)

− αk1(2 + k2)Θ− 8παe.

The four-vector Zµ have been separated in Zi and Θ = Z0. The conformal connections has been
substituted by Γ̂i := Γ̃i + 2 ˜γijZj . In this particular implementation, in the equation for the trace of
the extrinsic curvature K the Ricci scalar is not substituted using the Hamiltonian constraint. This
is done, instead, in the Z4c formulation. The 1+log and Gamma-freezing gauge conditions must
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also be slightly modified, to account for the new variables:

∂tα− βj∂jα = −2α (K − 2Θ) (3.61)

∂tβ
i − βj∂jβi =

3

4
Bi (3.62)

∂tB
i − βj∂jBi = ∂tΓ̂i − βk∂kΓ̂i − ηBi (3.63)

The term with k3 has been added in [220] to alleviate numerical instabilities in evolving black holes:
a value k3 = 1 is used to keep full covariance, while a value k3 = 1

2 makes the black hole evolution
possible. This is not necessary, instead, in the Z4c formulation.

The Z4 family formulations bring two main advantages over BSSN-OK: first, it is possible to
define a natural constraint-damping scheme for every constraint, which is not the case for BSSN.
This is useful, for example, when evolving constraint-violating initial data, as done for example in
[57] for evolving spinning binary neutron stars. The constraint violations get dumped quickly by
at least a couple of orders of magnitude respect to BSSN-OK. Second, the constraint subsystem
in BSSN-OK has a characteristic with speed 0. This means that constraint violations remain on
the numerical grid where they are generated by numerical errors, and do not propagate. This is a
problem when evolving a physical system for which the interesting parts are always at the same
grid locations, like a single star or black hole, for example after the merger of a BNS system. In the
Z4 formulation, instead, all the constraint characteristics have a speed of ±1. This means that the
generated constraint violations propagate out of the numerical grid with the speed of light.

One disadvantage of the CCZ4 formulation, already discussed in [220], and confirmed by our
simulations (see ref. [68] and appendix A.1) is that a higher resolution is needed to enter in the
convergent regime, respect to BSSN-OK, because the Hamiltonian constraint, even if damped, enters
directly in the evolution equations, while is assumed to be fully satisfied and as such put to zero in
the BSSN-OK equations. Another possible problem of all Z4-family formulations is the choice of a
correct value for the damping parameters. In our simulations, following [222], we used k1 = 0.05,
k2 = 0 and k3 = 1.

3.2 Matter evolution

For simulating neutron stars, the spacetime evolution described in the previous section must be
coupled with the hydrodynamical evolution for the matter. Working always in a 3+1 decomposition
framework, with a spacetime metric given by eq. (3.25), an additional important variable to consider
is the fluid four-velocity uµ (which, from a different point of view, is the velocity of an observer
comoving with the fluid), which, like the Eulerian observer velocity nµ, has module uµuµ = −1 and
is timelike. The GRHD equations will be written in the Eulerian observer reference frame, so it is
also important to consider the spatial projection vi on each hypersurface Σt of the fluid four-velocity
measured by the Eulerian observer. This is given by

vi =
γiµu

µ

−uµnµ
=

1

α

(
ui

u0
+ βi

)
. (3.64)

It is interesting to note that in the case α = 1 and βi = 0 one recovers the special relativistic
expression vi = dxi

dt = ui

u0
, with ui = dxi

dτ . With simple algebra, using the unitary of the uµ module,
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it is easy to show that

αu0 =
1√

1− vivi
:= W, (3.65)

where we have defined W as the Lorenz factor of the fluid.
The next step is to consider the ideal-fluid energy momentum tensor:

Tµν = ρhuµuν + pgµν , (3.66)

where ρ is the mass density (contrary to the notation often used in the astrophysics literature, where
the letter ρ indicates the energy density), h = 1 + ε+ p

ρ is the relativistic specific enthalpy, ε is the
specific energy density and p is the pressure. The equations to solve for evolving the hydrodynamical
variables are:

∇µTµν = 0 (3.67)

∇µ(ρuµ) = 0, (3.68)

where (3.67) is the energy-momentum conservation and (3.68) is the baryon number conservation.
This system of equations should be closed with a choice for the matter EOS (see sec. 2.1.1 for a
discussion about the neutron star EOS and its piecewise polytropic approximation often used in
numerical relativity), in the form p = p(ρ, ε, ...).

The code GRHydro [225], which is the official, open source, GRHD module in The Einstein

Toolkit, uses the so called Valencia formulation of the GRHD equations [77, 79, 226–229]. It is a
conservative formulation, in which instead of the “natural” five primitive variables

(
ρ, ε, vi

)
a set

of derived conserved variables is evolved, in order to be able to write the hydrodynamics equation
in the conservative form

∂tU = ∂iF
(i)(U) + S(U), (3.69)

where U is the state vector containing the five conserved variables, Fi are the flux vectors, one
for each direction, and S is the source vector, which does not contain derivatives of the state
vector variables. A conservative (and strongly hyperbolic) formulation for the evolution equations
helps with their numerical implementation, since any finite differences algorithm will automatically
conserve the conserved variables in the theory and, moreover, thanks to Lax-Wendroff 1960 theorem,
the numerical solution, if the code is in a convergent regime, will converge to a weak solution of
the system (a solution to its integral representation). The conservative formulation is an essential
hypothesis for this theorem [230]. The Valentia formulation conserved variables are: D =

√
γWρ

Sj =
√
γρhW 2vj

τ =
√
γ(ρhW 2 − p)−D.

 (3.70)

The corresponding fluxes are:

F i =

 D(αvi − βi)
Sj(αv

i − βi) + pδij
τ(αvi − βi) + pvi

 (3.71)

And, finally, their source terms:

S =

 0
Tµν

(
∂µgνj + Γσµνgσj

)
α
(
Tµ0∂µ logα− TµνΓ0

νµ

)
 . (3.72)
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Besides obtaining convergence to the right physical solution and conservation in the numerical
evolution of the physically conserved variables, another requisite for an evolution scheme for hydro-
dynamics is the ability to treat consistently also solutions with shocks. Any non-linear, hyperbolic,
PDE can develop shocks even starting from smooth initial data. Therefore we need a numerical
algorithm able to capture efficiently those shocks, without crashing the computer code or loosing
accuracy. The starting point is a finite-volume scheme, which helps both highlighting the conserva-
tion properties of the system and dealing with discontinuous solutions. Its main point is evolving,
instead of the point-valued conserved variables U , their volume average in a numerical cell

Ū =
1

∆V

∫ x1+∆x1

x1

∫ x2+∆x2

x2

∫ x3+∆x3

x3
Udx1dx2dx3. (3.73)

Integrating equation (3.69) in a spatial numerical cell, and using Gauss divergence theorem, one
gets:

∂tŪ(~x, t) = − 1

∆x1

(
F̄23(x1 + ∆x1)− F̄23(x1)

)
− 1

∆x2

(
F̄13(x2 + ∆x2)− F̄13(x2)

)
+ (3.74)

− 1

∆x3

(
F̄12(x3 + ∆x3)− F̄12(x3)

)
+ S̄(~x, t),

where F̄ij is the surface average of the flux F on the i, j boundary face of the numerical cell volume:

F̄ij(x
k) =

∫ xi+∆xi

xi

∫ xj+∆xj

xj
F (x̃i, x̃j , xk)dx̃idx̃j . (3.75)

In order to show, in a simplified way, the key idea of the shock-capturing algorithm adopted in
GRHydro (the so called “Godunov method”, developed by Godunov in an appendix of his Ph.D.
thesis [231]), it is useful to integrate eq. 3.74 also in time, in the arbitrary interval [tn, tn + 1]:

Ūijk(t
n+1) = Ūijk(t

n) +
∆t

∆xi

(
F̂i+1/2jk − F̂ijk

)
+

∆t

∆xj

(
F̂ij+1/2k − F̂ijk

)
+ (3.76)

+
∆t

∆xk

(
F̂ijk+1/2 − F̂ijk

)
+

∫
Sd3xdt,

where F̂ijk is the numerical flux function:

F̂ijk =
1

∆t

∫ tn+1

tn
F̄ijkdt. (3.77)

Equation 3.76 is a recipe to evolve forward in time the hydrodynamical conserved variables from
the time-level tn to the time-level tn+1, but it is not (yet) a numerical scheme, it’s an analytical
expression obtained without any approximation. In order to compute the evolved variables at tn+1,
however, one needs to know the time-averaged flux F̂ on each surface of the considered numerical
cell boundary, which depends on the solution for conserved variables at times t > tn. In order to
construct an appropriate numerical evolution scheme, one needs an approximation for F̂ , which
is robust to the presence of shocks in the solution. Godunov’s idea was to compute F̂ using the
solution of a one dimensional Riemann problem at each boundary in each Cartesian direction. The
Riemann problem is given by a one dimensional conservation-form hyperbolic PDE (like 3.69, but
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without any source term), with the following discontinuous initial conditions (around the separation
face x = x0):

Ū(x, t0 = 0) =

{
UL if x < xi
UR if x > xi

}
. (3.78)

The Riemann problem is invariant under similarity transformations:

(x, t) = (ax, at) , a > 0, (3.79)

and, therefore, its solution is self-similar and depends on the variable x−x0
t−t0 . The solution of a Riemann

problem for the hydrodynamics equations consists of constant states separated by rarefaction waves
(continuous self-similar solutions of the PDE), shock waves (where all hydrodynamical primitive
variables are discontinuous) and contact discontinuities (where only the density is discontinuous and
all other variables are continuous, like the neutron stars surface). This solution strategy imposes a
Courant factor (see sec. 3), because the time step should be sufficiently small not to allow waves
from neighbouring cells interfaces to interact:

∆t <
∆x

|vmax|
, (3.80)

where vmax is the maximum wave speed in any point of the grid at a given time step.

The original first-order Godunov’s scheme used eq. 3.76 for the time evolution, computing the
numerical fluxes solving Riemann problems at cells faces with initial conditions given by a piecewise
constant reconstruction: each conserved variable, inside each cell (and therefore also at the cell
boundary, from the appropriate side) takes a constant value equal to its cell volume average.

To go beyond first-order convergence, one has to adopt a High Resolution Shock Capturing scheme
(HRSC). First of all, in our finite-volume approach, one can approximate cell volume averages Ū
and face surface averages F̄ with their point-values at the numerical grid cell and face centres (Uijk
and Fjk respectively). This is exact up to second order in space (in the sense that the error made
with this approximation is proportional to (∆x)2). This is the approach adopted in GRHydro, and in
all current finite-volume GRHD codes. To go beyond second order convergence, one has to include
additional (complicated) steps to compute from the evolved volume-averaged conserved variables
their values at each grid point at the desired approximation order (because they are used in the
energy-momentum tensor for the finite-difference curvature evolution, see sec. 3), and also compute,
from the point-valued fluxes given by the Riemann problem solution, the face-averaged numerical
fluxes to be used in eq. 3.76 [232]. For this reason, the only GRHD codes formally able to go
beyond second order convergence adopt a different finite differences Flux-Vector Splitting approach
[96, 98, 233].

To increase the temporal resolution, in HRSC methods one adopts the Method of Lines (see
sec. 3) starting from eq. 3.74. The numerical flux terms F̂ are computed as solutions of a Riemann
problem also in this case, because, thanks to their self-similarity property, they are guaranteed to be
constant in time at the cell interface x = x0. In the most recent numerical relativity works a fourth
order RK method is often chosen also for the hydrodynamical variables. Even if second and third
order RK methods adapted to keep the equation conservation properties exist, following most of
the recent literature we found global lower errors adopting the same (and the highest-order possible,
given the highest spatial finite difference order adopted) RK method for both the spacetime and
the matter evolution (see [84, 179]).
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To increase the spatial resolution beyond first order, instead, different reconstruction methods
have been developed, in order to compute the initial values UL and UR for the Riemann problem, at
the left and right interface of each cell boundary, from the cells volume averages. The common struc-
ture of these methods is the reconstruction of the internal profile of primitive variables inside each
numerical cell with a polynomial interpolation. From these profiles, the limits at the cell boundaries
PL and PR are computed, and from them the corresponding conserved variables. The polynomial
reconstructions are supplemented with some kind of limiter, which limits the reconstruction profile
slope, reducing the method to first order convergence near shocks. These limiters allows to over-
come the limitations of Godunov’s theorem, which states that any linear, higher than first order,
reconstruction method may induce spurious oscillations near shocks.

In particular for this thesis were tested the Piecewise Parabolic method (PPM) [234], which
is third order convergent in smooth flows, the Monotonicity Preserving method (MP5) [235], fifth
order, and the Weighted Essentially Not Oscillatory method (WENO) [236, 237], also fifth order
convergent. The latter was proven to be the best for archiving global second order convergence even
at very poor resolutions in [68] (see appendix A.1, but also refs.[11, 98, 238] for similar findings about
the WENO method). As explained in [225, 239], the use of a at least N th order convergent ODE
solver for the time evolution and an at least N th order space discretization algorithm guarantees a
global N th order convergence (both are prerequisites, since the time and space discretization steps
are linked by the Courant condition 3.8) in a MoL framework, if the right hand side in eq. 3.69 is
first order convergent in time. The use of a Riemann problem solution to evaluate the fluxes at cell
boundaries allows this final condition to hold.

To summarize the last section, the evolution of the GRHD equations in The Einstein Toolkit

procedes as follows:

1. The source terms are computed from the primitive variables at cells centres;

2. The primitive variables are reconstructed to the left and right states near the cell faces;

3. The conserved variables are computed from the reconstructed primitives with simple algebraic
expressions;

4. A Riemann solver algorithm finds an approximate solution to the Riemann problem at each
interface, using the conserved variables right and left reconstructed states as initial conditions.
The Riemann problem is solved independently along each spatial directions, finding all the
flux components F̄ i of eq. 3.74;

5. The source and flux terms are summed up to build the right hand sides for the MoL time
evolution;

6. At the same time, the primitive variables values at cell centres are used to construct the
energy-momentum tensor, with which the right hand sides of BSSN-OK evolution equations
are computed;

7. Both hydrodynamical conserved variables and curvature variables are evolved in time with a
forth-order Runge-Kutta method;

8. From the cells centres values of the conserved variables in the new time-step the new primitive
variables are computed, with a root-finding procedure, which checks also if they lie in a
physically acceptable range.
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3.2.1 Reconstruction methods

PPM

The first reconstruction method that was tried, is the widely adopted PPM, which is still the most
common choice for numerical relativity codes (as, for example, [239, 240]), and which was already
used by the Parma gravitational physics group in single-star simulations [173, 175]. The original
PPM algorithm is slightly modified in GRHydro, adopting a formulation specialised to evenly-spaced
grids, using the simplest dissipation algorithm and an approximated flattening algorithm which
needs only three stencil points instead of the four of the original procedure.

The core of the PPM reconstruction is the interpolation of the reconstructed primitive variable
a with a quadratic polynomial:

ai+1/2 =
1

2
(ai+1 + ai) +

1

6
(δai − δai+1), (3.81)

where δai is given by the approximation:

δai = min(
1

2
|ai+1 − ai−1| , 2 |ai+1 − ai| , 2 |ai − ai−1|) · sign(ai+1 − ai−1) (3.82)

when
(ai+1 − ai)(ai − ai− 1) > 0

and is zero otherwise.
After this first step, the right and left states are equal aRi = aLi+1 = ai+1/2, and the solution

will be third order convergent in space for smooth flows. This, however in not strictly monotonicity
preserving (it could create new extrema in the reconstructed profile, which were not extrema of the
original variable profile). In particular, it can happen that the interpolated ai is not between aLi
and aRi . Such problem arises when ai is a local maximum or minimum, or when it is close to one
of the reconstructed face averages, and then the interpolating parabola “overshoots”. In such cases
the reconstructed variables are modified:

aLi = aRi = ai if (aRi − ai)(ai − aLi ) ≤ 0 (3.83)

aLi = 3ai − 2aRi if (aRi − aLi )

(
ai −

1

2
(aRi + aLi )

)
>

1

6

(
aRi − aLi

)2
(3.84)

aRi = 3ai − 2aLi if (aRi − aLi )

(
ai −

1

2
(aRi + aLi )

)
< −1

6

(
aRi − aLi

)2
. (3.85)

Before the monotonicity preserving procedure, another two steps may be applied: first, contact
discontinuities could be steepened, to ensure sharp solution profiles. Next, a flattening procedure
near shocks is applied, in order to reduce the convergence in that case towards first order (locally),
and avoid oscillations in the solution. The reconstructed variables are modified as follows:

aL,Ri = νia
L,R
i + (νi)ai, (3.86)

where νi is an additional advection velocity, which produces the extra dissipation needed for avoiding
oscillations near shocks:

νi = max

(
0, 1−max

(
0, ω2

(
pi+1 − pi−1

pi+2 − pi−2
− ω1

)))
, (3.87)
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and, instead, νi = 1 in smooth flows. The criteria for detecting a shock in this case are:

ω0 min(pi−1, pi+1) < |pi+1 − pi− 1| and vxi−1 − vxi+1 > 0. (3.88)

This procedure is different from the original one of [234], but requires only thee points stencils,
instead of four points ones, which would increase considerably the computational cost, especially
when using mesh refinement.

MP5

Another reconstruction method which recently received some attention is the MP5 method [235].
It was adopted in the first higher-than-second order GRHD code [96, 233] and was found to be the
most accurate in a simple single TOV star test in the GRHydro presentation paper [225]. MP5 is
based on a fifth-order polynomial interpolation, followed by a limiter designed to keep high order
convergence also near solution extrema, distinguishing them from shocks, which is not possible to
do in third-order methods like PPM, and to preserve monotonicity when adopting a Runge-Kutta
scheme for the time evolution. The core interpolation is given by:

aLi+1/2 =
1

60
(2ai−2 − 13ai−1 + 47ai + 27ai+1 − 3ai+ 2) . (3.89)

The condition regulating if a limiter is applied is:(
aLi+1/2 − ai

)(
aLi+1/2 − aMP ≤ 0

)
(3.90)

aMP := ai +minmod (ai+1 − ai, α(ai − ai−1) , (3.91)

where α = 4 is used. The minmod limiter function is given by:

minmod(x, y) =
1

2
(sign(x) + sign(y))min(|x| , |y|) (3.92)

minmod(w, x, y, z) =
1

8
(sign(w) + sign(x)) |(sign(w) + sign(y))(sign(w) + sign(z))| ×

×min(|w| , |x| , |y| , |z|). (3.93)

If eq. 3.90 is satisfied, a limiter is applied. To set it, four combinations of the interpolated variable
are built:

aAV =
1

2
(ai + ai+1) (3.94)

aUL = ai + α(ai − ai+1) (3.95)

aMD = aAV − 1

2
DM4
i+1/2 (3.96)

aLC = ai +
1

2
(ai − ai− 1) +

4

3
DM4
i−1/2. (3.97)

aAV stands for AVerage, aUL for Upper Limit, aMD for MeDian and aLC for Large Curvature.
DM4
i±1/2 are built, instead, starting from finite-difference expressions for the second derivatives of the
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reconstructed field:

D−i = ai−2 − 2ai−1 + ai (3.98)

D0
i = ai−1 − 2ai + ai+1 (3.99)

D+
i = ai − 2ai+1 + ai+2 (3.100)

DM4
i+1/2 = minmod

(
4D0

i − d+
i , 4D

+
i −D0

i , D
0
i , D

+
i

)
(3.101)

DM4
i−1/2 = minmod

(
4D0

i − d−i , 4D−i −D0
i , D

0
i , D

−
i

)
. (3.102)

From those field combinations one can write the limited reconstructed variable:

aLi+1/2 = aLi+1/2 +minmod
(
amin − aLi+1/2, amax − aLi+1/2

)
, (3.103)

where

Umin = max(min(ai, ai+1, a
MD),min(ai, a

UL, aLC)) (3.104)

Umax = min(max(ai, ai+1, a
MD),max(ai, a

UL, aLC)). (3.105)

To obtain the reconstructed variables at the right interface, instead, it is sufficient to use the same
algorithm, substituting {ai−2, ai−1, ai, ai+1, ai+2} with {ai+2, ai+1, ai, ai−1, ai−2}.

WENO

The WENO reconstruction is an improvement on the Essentially Non Oscillatory (ENO) method
[241]. In the original ENO method, two interpolation polynomials, with different stencils, are used.
Then, based on the field smoothness, one of the two is selected, in order to avoid the one containing
the discontinuous solution near shocks. This idea allows to keep high order convergence even
near shocks and local extrema, which is not possible with single stencil methods with limiters like
PPM and MP5. However, selecting just one of the stencils, the ENO method does not archive the
maximum convergence order for the number of stencil points used, and is computationally intensive,
requiring a lot of logical operations. The idea behind the WENO method (first developed in [236]
and improved to reach fifth order convergence in [237]) is to use a combination of all the possible
ENO reconstruction stencils, each weighed accordingly, with weight that tend to zero in the case of
a discontinuity present in the corresponding stencil.

aL,1i+1/2 =
3

8
ai−2 −

5

4
ai−1 +

15

8
ai (3.106)

aL,2i+1/2 = −1

8
ai−1 +

3

4
ai −

3

8
ai+1 (3.107)

aL,3i+1/2 =
3

8
ai +

3

4
ai+1 −

1

8
ai+2. (3.108)

Each of these approximations is third-order convergent, but an appropriate combination, spanning
all the 5 points stencil from ai−2 to ai+2, is fifth order convergent, when the weights wi are all
different from zero:

aLi+1/2 = w1aL,1i+1/2 + w2aL,2i+1/2 + w3aL,3i+1/2. (3.109)
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WENO weights have sum one
∑
i

wi = 1 and are chosen starting from the so called smoothness

indicators βi:

β1 =
1

3

(
4a2

i−2 − 19ai−2ai−1 + 25a2
i−1 + 11ai−2ai − 31ai−1ai + 10a2

i

)
(3.110)

β2 =
1

3

(
4a2

i−2 − 13ai−1ai + 13a2
i + 5ai−1ai+1 − 13aiai+1 + 4a2

i+1

)
(3.111)

β3 =
1

3

(
10a2

i − 31aiai+1 + 25a2
i+1 + 11aiai+2 − 19ai+1ai+2 + 4a2

i+2

)
. (3.112)

From the smoothness indicators, the weights are obtained as follows:

wi =
w̄i∑
i w̄

i
(3.113)

w̄i =
γi

(ε+ βi)2 (3.114)

γi =

{
1

16
,
5

8
,

5

16

}
. (3.115)

The problem with this weights is that ε is scale-dependent, and therefore setting a fixed value for
it could lead to problems in simulating physical systems with a large variation in relevant scales
(such as problems where turbulence or hydrodynamical instabilities are present). A solution to this
was found in [242], and is adopted also in GRHydro: modified smoothness indicators are used, which
depend on the scale of the reconstructed field, measured by its L2 norm in the considered stencil∣∣∣∣a2

∣∣∣∣. The new smoothness indicators are:

β̄i = βi + ε
(∣∣∣∣a2

∣∣∣∣+ 1
)
. (3.116)

In GRHydro a default value of ε = 1× 10−26 is used. As mentioned before, a stencil weights will go
to zero (and, therefore, the corresponding stencil smoothness indicator will tend to infinity) when a
discontinuity in the reconstructed field is present in its points, adaptively reducing the convergence
order when needed, but keeping at least third order convergence near shocks.

3.2.2 The Riemann solver

In the Parma relativity group simulations (analysed in chapter 4), the approximate Riemann solver
from Harten, Lax, van Leer and Einfeld (HLLE) [243, 244] was used (following what is done in
most GRHD codes), because it is not computationally expensive, it is robust (see for example a
comparison with the more accurate Marquina solver in [245], where the robustness of HLLE was
found to be important for avoiding constraint violations at the boundary of the EOS politropic pieces
(see sec. 2.1.1)), and because it is the only Riemann solver in GRHydro already extended for GRMHD
evolutions, making it easier to develop a follow-up project including also magnetic fields. Differently
for other common Riemann solvers (like the Roe and Marquina solvers), which use the so called
local characteristics approach [77, 226, 228], based on the Jacobian matrices spectral decomposition
of a linearisation of the GRHD equations (considering all five characteristics of GRHD), HLLE uses
a two wave approximations, considering only the maximum and minimum wave speeds V+ and V−
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at both sides of an interface, which generate a single state between them. The Riemann problem

solution for a conserved variable U , in a point labelled by the variable ξ =
(x−xinterface)

∆t is then:

U =


UL if ξ < V−
UHLLE if V− < ξ < V+

UR if ξ > V +
(3.117)

The intermediate state UHLLE can be computed starting from a one-dimensional form of eq. 3.76
in a control volume around the considered cell interface:∫ xR

xL

U(x, t+ ∆t)dx =

∫ xR

xL

U(x, t)dx+

∫ t+∆t

t
F (U(xL, t

′)dt′ −
∫ t+∆t

t
F (U(xR, t

′)dt′. (3.118)

The right hand side can be directly evaluated using the reconstructed variables UL and UR and the
corresponding fluxes FL = F (UL) and FR = F (UR):∫ xR

xL

U(x, t+ ∆t)dx = xRUR − xLUL + ∆t(FL − FR). (3.119)

The left hand side, instead, can be divided into three parts, one at the left of the fastest left-going
wave, one between the two waves, and one at the right of the fastest right-going wave:∫ xR

xL

U(x, t+ ∆t)dx =

∫ ∆tV −

xL

U(x, t+ ∆t)dx+

∫ ∆tV +

∆tV −
U(x, t+ ∆t)dx+ (3.120)

+

∫ xR

∆tV +

U(x, t+ ∆t)dx =

=

∫ ∆tV +

∆tV −
U(x, t+ ∆t)dx+ (∆tV − − xL)UL + (xR −∆tV +)UR.

Inserting this result into eq. 3.119 and dividing both terms by ∆t(V + − V −) one gets, finally, an
expression for the average exact Riemann problem solution between the slowest and the fastest
wave at time t+ ∆t, which is used as definition for the HLLE intermediate state:

UHLLE =
1

∆t(V + − V −)

∫ ∆tV +

∆tV −
U(x, t+ ∆t)dx =

V +UR − V −UL + FL − FR
V + − V − . (3.121)

To get from those solution states the corresponding numerical fluxes, one needs to invoke the
Rankine-Hugoniot condition: given a shock propagating along s(t) with speed V = ds(t)

dt , its flux
functions are related with its states by

F (U(sL, t))− F (U(sR, t)) = V (U(sL, t)− U(sR, t)) . (3.122)

It is straight-forward to derive eq. 3.122, starting from a one-dimensional representation of eq. 3.74
between xL and xR, splitting the left hand side in two parts, one on the left of the discontinuity
s(t) and the other on its right:

d

dt

∫ s(t)

xL

U(x, t)dx+
d

dt

∫ xR

s(t)
U(x, t)dx = F (U(xL, t))− F (U(xR, t)). (3.123)



3.2. MATTER EVOLUTION 51

Using the formula for moving a time derivative inside an integral, one gets:

F (U(xL, t))−F (U(xR, t)) = V (U(sL, t)− U(sR, t))+

∫ s(t)

xL

∂tU(x, t)dx+

∫ xR

s(t)
∂tU(x, t)dx. (3.124)

Taking the limits xR → s(t) and xL → s(t), one recovers the Rankine-Hugoniot condition (3.122).
Applying it to eq. 3.117, between the left and the intermediate state, or between the intermediate
and the right state, one obtains to equivalent expressions for the HLLE numerical flux function:

FHLLE = FL + V −
(
UHLLE − UL

)
(3.125)

FHLLE = FR + V +
(
UR − UHLLE

)
. (3.126)

Substituting the expression found for UHLLE in eq. 3.119, one finally finds:

FHLLE =
V +FL − V −FR + V +V −(UR − UL)

V + − V − . (3.127)

Of course, to get a numerical flux, one needs also to come up with a way for computing the minimum
and maximum wave speeds. In GRHydro this is done computing the maximum and the minimum
between all the analytically-computed eigenvalues of the GRHD system of equations using the left
and right reconstructed states. Those eigenvalues, along the i-th direction, are [227]:

λ0 = αvi − βi(triple) (3.128)

λ± =
α

1− v2c2
s

[
vi(1− c2

s)± cs
√

(1− v2)(γii(1− v2c2
s)− vivi(1− c2

s))

]
− βi, (3.129)

where c2
s = ∂p

∂ρ is the sound speed, computed from the equation of state. An important difference
between these GR eigenvalues and the Euler’s equations Newtonian ones is that in λ± (which in
the Newtonian case are simply λNewt± = vi ± cs) there are also coupling with velocities in the other
directions, through v2.

3.2.3 Conservative to primitive conversion

The recovery of primitive variables from the evolved conservative ones, to be able to start the next
time-evolution step, constructing the energy-momentum tensor and reconstructing hydrodynamical
variables at cell interfaces, can not be done analytically, like the conversion from primitives to
conservatives, but in pure hydrodynamics (without magnetic fields, or radiation) it is relatively
straight-forward, requiring only a one-dimensional Newton-Raphson procedure to recover the un-
known pressure.

First, the undensitised conserved variables are computed:

D̂ =
D√
γ

= ρW (3.130)

Ŝi =
Si√
γ

= ρhW 2vi (3.131)

τ̂ =
τ√
γ

= ρhW 2 − P − D̂. (3.132)
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Next, two additional auxiliary variables are defined:

Q := ρhW 2 = τ̂ + D̂ + P (3.133)

Ŝ2 := γijŜ
iŜj = (ρhW )2 (W 2

)
− 1, (3.134)

where Ŝ2 is known from the evolved variables, and Q depends only on the unknown pressure P .
Given the relation between Q and Ŝ, one can construct expressions for the primitive variables ρ
and ε which also depend only on P :

ρ =
D̂

√
Q2 − Ŝ2

Q
(3.135)

ε =

√
Q2 − Ŝ2 − PW − D̂

D̂
, (3.136)

where the Lorentz factor W can be expressed by:

W =
Q√

Q2 − Ŝ2

. (3.137)

Given an initial guess for the new pressure, one can compute the new density and specific energy
density. Given those, a pressure value P (ρ, ε) can be computed using the EOS. With an iterative
procedure such as the Newton-Raphson method, one will try to minimize the residual between
the pressure value used to compute ρ and ε and the one obtained with the subsequent EOS call.
This method, in particular, requires to know the pressure derivatives ∂P

∂ρ and ∂P
∂ε , which are given,

again, by the equation of state. The con2prim routines are also responsible to check if the resulting
primitive values are physical, for example if the pressure and the densities are positive, and if the
velocities are less than one.

3.3 Initial data computation

Generating accurate initial data for binary neutron stars in quasi-circular orbits is a non-trivial
first step, necessary for the fully dynamical evolution. In fact, the results of this work point to the
presence of multiple errors in simulation results linked with the initial data computation technique
(see sec. 4.1.1 and 4.1.2). For this thesis was used the only public code for BNS initial data, the
LORENE library [53, 246].

BNS prior to the merger phase are believed to be in circular orbits, thanks to the circularization
properties of the emitted gravitational radiation (see the predicted eccentricity values at 10Hz for
the observed BNS binaries in table 2.3). Additionally, they will most likely be in an irrotational state,
because the viscous forces are too weak and act on a time-scale too long respect to the gravitational
radiation one in order to be able to successfully synchronize the stars spins with the orbital rotation.
Initial data computation starts, therefore, assuming the existence of an helicoidal Killing vector,
which, for an asymptotic inertial observer at rest respect to the binary, takes the form

I =
∂

∂t
+ Ω

∂

∂φ
. (3.138)
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This assumption has important consequences, for example it implies ignoring the outgoing gravita-
tional radiation, and its backreaction on the binary dynamics (since this radiation-reaction will enter
in the post-Newtonian expansion at the 2.5PN order, this helicoidal symmetry can be exact up to
2PN). This is responsible for the lack of a radial component of the star velocity (which comes from
radiation reaction in the real system) and consequently for the small orbital eccentricity once these
initial data are evolved (see sec. 4.1.1). Another consequence of the helicoidal symmetry is that it
leads to a non-asymptotically flat spacetime. Appropriate approximations should therefore be done
in the curvature evolution to avoid diverging metric coefficients at infinity. In the LORENE code (and
in most of the private code developed by different groups in the last years, for example [58, 247])
the so called Conformal Thin Sandwich approach is used, based on the Wilson and Mattews scheme
[248]. In a 3+1 splitting like presented in sec. 3.1, the spatial metric is approximated as conformally
flat:

γij = A2ηij . (3.139)

This approximation is justified because it would be exact for spherically-symmetric spacetimes, it
is a very good and commonly used approximation for constructing axisymmetric isolated neutron
stars initial data, and it’s a good description of the BNS spacetime when the stars are far apart. To
further simplify the computations, one can build a coordinate frame compatible with the helicoidal
symmetry, where I = ∂

∂t . Defining the corotating shift

ωi = βi + Ω
∂

∂φ
, (3.140)

and using the Killing equation
∇µIν +∇νIµ = 0 (3.141)

one can construct a relation for the extrinsic curvature Kij :

Kij = − 1

2α

(
∇iβj +∇jβi

)
= (3.142)

= − 1

2A2α

(
∂iωj + ∂jωi − 2

3
ηij∂kω

k

)
.

This relationship, thanks to the helicoidal symmetry, fixes all spatial components of the extrinsic
curvature, given the corotating shift. This means fixing eq. 3.30 of the ADM formulation, leaving
a free choice only for its trace K, which is fixed imposing a maximal slicing gauge condition
(K = ∂tK = 0, see also sec. 3.1.1). Taking into account the Hamiltonian and momentum constraints
and the trace of the Einstein equations, one gets five elliptic equations to be solved for the variables
ωi, A, and α. In the LORENE code, the following alternative variables are defined:

ν := ln(α) (3.143)

β := ln(αA), (3.144)

to get, finally, the following equations:

∇2ν = 4πA2(e+ S) +A2KijKij − ∂iν∂iβ (3.145)

∇2β = 4πA2S +
3

4
A2KijK

ij − 1

2

(
∂iν∂

iν + ∂iβ∂
iβ
)

(3.146)

∇2ωi +
1

3
∂i∂jω

j = −16παA2ji + 2αA2Kij∂j (3β − 4ν) ,

(3.147)
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where all Laplacians are computed respect to the flat spatial metric. The remaining five Einstein’s
equations are not considered in this scheme, and are probably violated, reflecting the fact that this
is only an approximation of the true BNS spacetime.

For describing the initial hydrodynamics variables profiles, instead, it is easier to trade the
energy-momentum tensor and baryon number conservation with the following uniformy canonical
equations of motion, if a recipe exists to obtain all thermodynamical variables from the specific
enthalpy:

uµ (∇×w)µν = 0 (3.148)

∇µ (ρuµ) = 0, (3.149)

where wµ = huµ is the comomentum 1-form, and its exterior derivative

(∇×w)µν = ∇µwν −∇νwµ (3.150)

is the vorticity two-form. It is evident that a potential flow

wµ = ∇µψ, (3.151)

for which (∇×w)µν = 0, is a solution to eq. 3.148. This is the GR generalization of a Newtonian
irrotational flow. From the helicoidal symmetry definition, one has LIw = 0. Using Cartan’s identity,
this becomes:

Iµ (∇×w)µν +∇µ (Iνwν) = 0, (3.152)

which implies that
Iνwν = const. (3.153)

is a constant of motion. Using this first integral, the fluid motion is completely determined by the
potential ψ, which must still satisfy eq. 3.149:

ρ

h
∇mu∇µψ +∇µψ∇ν

(ρ
h

)
= 0. (3.154)

In the 3+1 approach, this equation becomes, on every hypersurface Σt, the following elliptic Poisson-
like equation:

ρ∂i∂
iψ + ∂iρ∂iψ = −hW

α
βi∂iρ+ ρ

[(
∂iψ +

hW

α
βi
)
∂iln(h)− ∂iψ∂iα−

βi

α
∂i (hW )

]
+KρhW.

(3.155)
To conclude, BNS initial data are computed solving equations 3.145, 3.146, 3.147, 3.155, with
appropriate asimptotic flatness boundary conditions at large radii:

α→ 1 (3.156)

ψ → 1 (3.157)

ωi → ω × ~r. (3.158)

In LORENE this is done with an iterative procedure, using a multidomain spectral method. In
this method, different numerical grids are built around each star center, defined as the point with
maximum specific hentalpy, which could not coincide with the Newtonian center of mass of the
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star. In Cartesian coordinates, each star is located on the x axis, and they are equidistant from
the coordinates center, with a distance between the stars centres d fixed before the initial data
computation (a comprehensive study of this initial distance impact on the simulation results can be
found in [94] and in sec. 4.1.2 of this thesis). During each iteration, the stars do not move respect
to the grid center, even if they have a different mass. The rotation axis position is, instead, changed
at every step. Generating our initial data, we used four coordinates domains for each star: the inner
domain covers the star interior, it has a ball topology, its inner boundary coincides with the star
center and its outer boundary with the star surface. Two domains, then, cover the exterior of each
star, starting from its surface and reaching a finite radius, with a spherical shell topology. The last
domain, instead, reaches the spatial infinity, to be able to set the right asymtotical flatness boundary
conditions, and it has a compactified coordinate representation. The equations to be solved are
discretized with a collocation spectral method, meaning that the fields are expanded on a series of
basis functions, and, in each domain, each field can be represented either by its spectral expansion
coefficients or its values at particular grid points. In LORENE Chebyshev polynomials are used as
basis in the radial coordinate, trigonometrical polynomials or associated Legendre functions in θ and
a Fourier series in φ. In each domain, we decomposed a field with 33 points (or spectral coefficients)
in the radial direction, 21 points in θ and 20 in φ, following the suggestion of [53].

For finding the equation solutions, the metric potential are split in the so called autopotentials,
which are the potentials in a star domains generated by the same star gravitational field, and the
comp-potentials, which are the potentials in a star domains generated by the companion field. In
a typical code run, given as initial parameters the baryon mass of the two stars, their interbinary
distance and their EOS, the first step (executed once) is to create two non-rotating equilibrium
spherical neutron star configurations at the initial positions. Their orbital angular velocity is set
according to a second-order post-Newtonian expression. Next, the iterative procedure starts. At every
iteration, first, the orbital angular velocity and the position of the rotation axis xc are computed,
taking the gradient along the x direction of the first integral of motion 3.153. Imposing that the
hentalpy is, by definition, maximal at star centres, one obtains two equations:

∂

∂x
ln (W0)|(x(1,2),0,0) =

∂

∂x
(ν + ln (Wu))|(x(1,2),0,0) , (3.159)

where W0 = −nµvµ, Wu = −uµvmu and x(1,2) are the positions of the two stellar centres. All the
variables in these equations can be expressed as function of Ω and xc, and they can be solved
using a simple zero-finding secant method. Some care must be taken when highly unequal mass
configurations are considered. In this simple approach, which we used, it is important to properly set
the initial interval for the zero-finding procedure: big enough such that it contains the true xc and
Ω, but small enough to ensure that the numerical procedure can converge to the right solution. We
slightly modified the LORENE code in order to more easily set and change those parameters. This was
proven to be key in constructing initial data for unequal mass BNS, up to mass ratio values which
have rarely been simulated in the past, also because of the difficulty in generating appropriate initial
data for them. A different approach for solving the same problem is presented in ref. [249], where xc
is set in order to drive to zero the total linear momentum of the system, similarly of what is done
for building BH-NS binaries initial data. After this first step, the hydrodynamics equation 3.155 is
solved, using the specific hentalpy as variable. From h, new values of the thermodynamical quantities
ρ, ε, p, are computed using the EOS, and are used to build the energy-momentum tensor for solving
the Einstein equations 3.146, 3.147 and 3.145. Before the beginning of a new iteration step, some
relaxation is applied to the fields, to help insuring convergence. Moreover, the comp-potentials are
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not updated every code step, but every 8 steps. After the first 20 iteration, the code is also forced
to converge to the right baryon mass for each star, multiplying the central specific entalpy of each
star by a factor (

2 + ξ

2 + 2ξ

)1/4

, (3.160)

where ξ is the difference between the baryon mass value for the star in question at the present code
iteration and its requested baryon mass at the end of the computation. The code iterations end
when the relative difference in the central specific hentalpy between two steps is less than 1× 10−8.

3.4 Graviational-wave signal extraction from simulations

The physical setting in a BNS simulation is different from the one in the simple linearised gravity
case described in sec. 2.2.1. The central source is made of compact objects which generate a strong
gravitational field and which needs the solution of full non-linear Einstein’s equations to be able
to predict its evolution. Therefore, the simple quadrupole formula (2.29), although used in some
works, with appropriate modifications, is not the best tool to compute the gravitational wave strain
emitted by the simulated system (the quadrupole formula is able to reconstruct quite accurately
the frequency evolution of the signal, but has a big uncertainty in the waves amplitude [250, 251]).
The two most common techniques for extracting the gravitational radiation signal from numerical
simulations are the use of the Newmann-Penrose scalar Ψ4, or the use of the Regge-Wheeler-Zerilli
theory of metric perturbations of the Schwarzschild spacetime.

The first technique is based on the Newmann-Penrose (or Weyl) scalars, which can be defined
starting from the Weyl tensor [252]

Cαβµν = Rαβµν − gα[µRν]β + gβ[µRν]α +
1

3
gα[µgν]βR (3.161)

and contracting it appropriately with an orthonormal null tetrad lµ, nµ,mµ, m̄µ, where m̄µ is the
complex conjugate of mµ and the following orthonormality relations apply:

lµlµ = nµnµ = mµmµ = 0 (3.162)

mµnmu = mµlµ = 0 (3.163)

lµnmu = −1. (3.164)

This null tetrad is constructed starting from a orthonormal regular tetrad on each hypersurface
Σt, based on spherical coordinates, (eR)i, (eθ)

i, (eφ)i. Some care must be taken in interpreting the
radial coordinate meaning. The propagation direction of outgoing gravitational waves is along the
surface radial coordinate r, for which the 2-surfaces r = t = const. have area 4πr2. This is the radial
Schwarzschild coordinate in a non-spinning background. On the other hand, the radial coordinate R
of the coordinate system most often used in numerical relativity (selected with the gauge conditions
(3.45) and (3.46)) is not a surface radial coordinate, and asymptotically is close to the isotropic
radial coordinate, linked with r, by:

r = R
1 + (M + a)

2R

1 + (M − a)

2R
, (3.165)

where a is the Kerr parameter a = J/M (which is equal to zero in the non-rotating limit, giving

the relation r = R
(

1+M
2R

)2
, used in the following analysis and in ref. [68, 94, 99]). Here M is the
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total ADM mass of the system and J is the total ADM angular momentum. Instead of using eq.
3.165, it is also possible to compute, during the simulation run, the areal radius

rA =

√
A(R)

4π
, (3.166)

where A(R) is the surface area of the proper sphere chosen for the gravitational wave extraction.
We checked that, in our simulations, those two methods give the same results with a very good
approximation.

The null tetrad more frequently used in numerical relativity, and implemented also in the thorn
WeylScalar4 of the Einstein Toolkit, is a modified version of the psikadelia tetrad [253, 254]:

l :=
1√
2

(et − eR) (3.167)

n :=
1√
2

(et + eR) (3.168)

m :=
1√
2

(eθ − ieφ) . (3.169)

Having defined a null tetrad, the associated Newmann-Penrose scalars are:

Ψ0 = −Cαβµνnαmβnµmν (3.170)

Ψ1 = −Cαβµνnαlβnµlν (3.171)

Ψ2 = −Cαβµνnαmβm̄µlν (3.172)

Ψ3 = −Cαβµνnαlβm̄µlν (3.173)

Ψ4 = −Cαβµν lαm̄βlµm̄ν . (3.174)

The most important in this context is Ψ4, because its asymptotic limit (for r →∞) describes the
gravitational radiation:

Ψ4 = :h+ − i:h× := :̄h, (3.175)

where from now on h is the complex gravitational wave strain h = h++ih×. In numerical simulations
Ψ4 is computed in a spherical surface far from the sources using eq. 3.174, and then is expanded in
spin-weighted spherical harmonics of weight -2:

Ψ4(t, R, θ, φ) =

lmax∑
l=2

l∑
m=−l

Ψlm
4 (t, R)−2Y

lm(θ, φ). (3.176)

This is done in the Einstein Toolkit by the thorn Multipole. Thanks to the peeling theorem, the
Newmann-Penrose scalars have an important property: in asymptotically flat spacetimes, Ψn falls
off for r →∞ as rn−5. For this reason, since Ψ4 falls off as 1

r , often results for rΨ4 (and, equivalently,
for the strain rh) are reported and analysed. This is needed, for example, when one wants to compare
waveforms extracted at spheres with different radii. Another necessary step for that purpose is to
express the GW signals as functions of their retarded time (the time respect to the one in which
the signal reaches the “detector” sphere). To evaluate the retarded time, we make the assumption
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that the metric far from the sources is approximatively the Schwarzschild one, to get:

tret = t−R∗ (3.177)

R∗ = R+ 2Mlog

(
R

2M
− 1

)
, (3.178)

where M is the system ADM mass and R∗ is known as the tortoise coordinate. Further improvements
in the retarded time determination, relaxing the Schwarzschild spacetime hypothesis, have been
presented in [255]. All the GW results, unless otherwise specified, are presented from now on respect
to the retarded time tret.

Ψ4 is a gauge-invariant quantity, tensorially is a scalar quantity, but it’s dependent upon the
tetrad choice. However, if the tetrad is a small perturbation about the Kinnersley tetrad (which is the
natural choice for a Kerr spacetime, for which all Weyl scalars but Ψ2 vanish), Ψ4 is tetrad-invariant
at first order [252].

The two main difficulties in using Ψ4-based GW extraction from a numerical simulation are the
necessity of extrapolating the result to spatial infinity, for the relationship 3.175 to be valid, and
performing the double time integration to get the gravitational wave strain (which is the final goal if
one wants to compare the simulation results with future GW direct experimental detections). Some
of my work for this thesis focused on solving these issues with simple, yet accurate, procedures,
comparing their results with what is more commonly adopted in the literature (see next subsections
for details).

Another technique for GW extraction which was tested in my work is the Regge-Weeler-Zerilli
theory of metric perturbations of the Schwarzschildspacetime, in the gauge-invariant formulation of
Moncrief [256, 257]. The extraction is based on the Regge-Weeler functions (for the odd perturbations,
Ψo), and the Zerilli ones (for the even perturbations Ψe) computed by the code WaveExtract and
related to the GW strain components by:

hlm =
1

r
√

2
(Ψe

lm + iΨo
lm) . (3.179)

Even if RWZ extraction has the advantage of not requiring any integration to obtain the GW
strain, in practice we found it less accurate than the now more or less standard Ψ4 extraction, both
in the waveform convergence with the extraction sphere radius and in the presence of unphysical
oscillations in the final part of the signal.

3.4.1 Integration of Ψ4 signal

The natural procedure to integrate the Ψ4 signal to get the GW strain is to numerically compute the
double time integration, for example with a simple trapezoidal rule, and then set the two unknown
integration constants fitting the resulting strain with a first order polynomial and subtracting it to
the strain itself:

h̄
(0)
lm(t, r) =

∫ t

0
dt′
∫ t′

0
dt′′Ψlm

4 (t′′, r) (3.180)

h̄lm(t, r) = h̄
(0)
lm −Q1t−Q0, (3.181)
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where the fitted parameters have the natural interpretation

Q1 =
∂h̄

∂t

∣∣∣∣
t=0

(3.182)

Q0 = h̄(t = 0). (3.183)

It’s important to underline that the integration in eq. 3.180 starts from the coordinate time
t = 0 and not from retarded time tret = 0. In accordance with Appendix A of [40], we found out
that the “more natural” use of the retarded time leads to oscillations in the first few milliseconds
of the strain signal (even when using the more advanced integration techniques presented later in
this section). This could be due to the lower values for the integration constants Q0 and Q1 when
starting from t = 0, which lead to lower values in the fit errors.

The simple integration procedure (3.180), however, leads to the presence of unphysical oscillations
and non-linear drifts in the resulting strain amplitude (even an order of magnitude relatively higher,
as can be seen in fig 3.2). This phenomenon has been accurately documented and explained in [258],
where it was attributed to the presence of high-frequency noise aliased in the low-frequency Ψ4

signal (our typical run Nyquist frequency is about 50 khz) and amplified in the double integration
process. The first solution we adopted in [68], but which was already proposed in [251], is to fit the
integrated signal with higher-order polynomials, in particular with a second order one:

h̄lm(t, r) = h̄
(0)
lm −Q2t

2 −Q1t−Q0. (3.184)

Although the additional constant Q2 has no immediate physical interpretation, it gets lower as the
extraction radius increases, therefore it can be partially interpreted as a correction of finite-radius
extraction errors. This procedure, however, is satisfying only for the dominant strain component
h2,2, while it is insufficient to cure the unphysical behaviours in the subdominant modes (see figure
3.1). For them, even higher-order (beyond the second one) polynomials would be needed, as noticed
also in [259]. This procedure would not be fully justified from the mathematical point of view.

The most commonly used alternative in numerical relativity is the Fixed Frequency Integra-
tion (FFI) proposed in [258]: the signal is integrated in the frequency domain, with the following
prescription, to avoid the spectral leakage phenomenon:

h̃lm(f) = − Ψ̃lm
4 (f)

(2πf0)2 if f <
mf0

2
(3.185)

h̃lm(f) = − Ψ̃lm
4 (f)

(2πf0)2 if f ≥ mf0

2
, (3.186)

where ˜ stands for the Fourier transform of its argument and f0 have to be chosen on a case-by-case
basis as the lowest frequency of the physically relevant radiated signal. This procedure is effectively
equivalent to apply a high-pass filter in the frequency domain to the Ψlm

4 signal, damping the part
of the signal spectrum below the frequency mf0

2 multiplying it with a second-order transfer function

HFFI(f) =
f2

f2
0

if f <
mf0

2
(3.187)

HFFI(f) = 1 if f ≥ mf0

2
. (3.188)
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Figure 3.1: Real part of the gravitational-waves strain (corresponding to the GW polarization h+)
for different spherical harmonics components. The strains are computed from real simulations data
of an equal mass BNS model with the SLy EOS, M = 1.4 M� for each star and a starting interbinary
distance of 60 km (see appendix B for details), setting only the physical integration constants (blue
line), subtracting a second order (green line) or fifth order (red line) polynomial fit or using our
filtering procedure (black line). High order polynomial fitting can cure the unphysical drifts in the
dominant (2, 2) mode but does not work for the subdominant modes.
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The FFI integration has been successfully applied to compute the GW strain from many different
GR simulations (such as BNS, NS-BH, supernovae, etc.), and is able to handle quite well also the
subdominant modes, thanks to the factor m in the cutting frequency computation, which comes
from the spherical harmonics structure, but we found it has a couple of shortcomings:

• First, and most importantly, FFI integration has a filtering order which is too low to eliminate
all unphysical drifts and GW amplitude oscillations in some cases. For example, this happens
after the application of formula 3.197 (discussed in the next subsection) for extrapolating the
Ψ4 signal extracted at finite radii to spatial infinity. The integral terms in eq. 3.197 amplify
the low frequency noise in Ψ4, which get subsequently amplified again by the double time
integration to get h. A possible solution to this problem would be to increase the filter order,

multiplying for example the signal at frequency f lower than mf0
2 by

(
f
f0

)4
. As I will show

later, a smarter procedure is to filter the integral terms (both the ones in eq. 3.197 and the final
strain h) after and not before the integration, to avoid an amplification of the low-frequency
noise remaining after FFI filtering;

• Secondly, the FFI procedure requires a frequency-domain integration, which needs the applica-
tion of a suitable window function to the original signal, in order to avoid Gibbs phenomenon
related problems at the signal beginning and end. This leads to having to discard a relevant
portion of the simulated signal, wasting part of the computational resources required by the
simulation run (more data on computational requirements can be found in section A.2). On
the other hand, a standard Butterworth digital filter application, like the one proposed here,
leads only to small glitches in the last part of the signal, forcing to discard only a minimal
fraction of it, way less than the one damped by most common window functions.

The new, simple, procedure we developed was to apply a simple digital Butterworth high-pass filter
to the already-integrated Ψ4 signal. We apply an Infinite Impulse Response (IIR) filter using the
signal module of the scipy Python library. We require that the signal is cut at most by 0.01 dB
at the lowest physically relevant frequency f0 (computed as two times the initial orbital frequency
of the binary) and an attenuation of −80 dB at f0

10 . The filter is applied as a forward-backward filter
in order to avoid changes to the signal phase. A constant padding of the original unfiltered signal
was found to be important to limit the Gibbs phenomenon and have a better result also near the
signal end.

We compared the transfer function H(f) for each integration procedure, defined as

h̃i(f) = H(f)h̃0(f), (3.189)

where h̃i(f) is the Fourier transform of the GW strain computed with the i-th procedure (either
2nd or 5th order polynomial fitting, FFI, or our filter), and h̃0 is the Fourier transform of the strain
computed using only eq. 3.180 and first-order polynomial fitting to set the two mathematically-
motivated integration constants. For simplicity we did the comparison on the dominant l = m = 2
mode only. All the strains are computed starting from the Ψ4 signal extracted in a real BNS
simulation, extrapolated to infinity with eq. 3.197. The results of this comparison are represented
in figure 3.3. It is clear that the second order fitting is no longer sufficient to reduce low frequency
noise after the infinite radius extrapolation, and a higher order polynomial would be needed. It is
also visible that FFI has a worse performance than our high-pass filter at the lowest frequencies,
because its filtering order is too low.
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Figure 3.2: amplitude of the l=m=2 GW strain component, obtained with different integration
techniques, starting from Ψ4 extrapolated to infinity with eq. 3.197. The blue line represents the
signal extrapolated fixing just the two needed integration constants. The green and red lines, the
signal to which a higher-order polynomial fit is subtracted. The yellow line is the strain computed
with FFI integration and, finally, the black line is obtained after the application of the digital filter
developed in my work.
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Figure 3.3: Left figure: theoretical transfer function for the high-pass Butterworth filter we applied.
Right figure: effective transfer function of different integration procedures, computed with eq. 3.189
form real simulation data of an equal mass BNS model with the SLy EOS and M = 1.4 M� for
each star, starting from d = 60 km.
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3.4.2 Extrapolation of the extracted signal to infinity

As underlined before, equations 3.175 and 3.179 are valid only at large radii r →∞. Since the Ψ4

or Ψe/o components are, instead, computed on an extraction sphere with finite coordinate radius R
during numerical simulations, one needs a technique to extrapolate those variables to spatial infinity
in post-processing. In the numerical relativity literature three procedures have been developed for
this task:

• Extracting the gravitational-waves signal at different radii and extrapolating it at infinite radius
fitting the different signals with a polynomial in 1

r (see, for example, ref. [90, 162, 255, 260]);

• Extrapolating the signal extracted at finite radius using an analytic formula based on pertur-
bation theory of the Schwarzschild or Kerr metric [261, 262];

• Performing a characteristic evolution of the metric, using as inner boundary conditions the met-
ric and its derivatives on a timelike worldtube, extracted from the numerical simulation. This
approach is commonly called Cauchy-Characteristics Extraction (CCE), and it’s implemented
in the Einstein Toolkit by the PittNullCode thorn [263, 264].

In this work and in ref. [94] we tested the first two approaches, comparing their results and their
practicality. In particular, we tested for the first time in a BNS simulation the second order per-
turbative correction of [262], confronting it with the first order one, developed in ref. [261] and
tested, for example, in [67, 97, 265]. Furthermore, in this thesis will be tested for the first time
the corrections due to the real background spacetime being rotating (Kerr-like) and not stationary
(Schwarzschild-like), which in [262] was computed but reported to be negligible, without presenting
any test result.

For the polynomial extrapolation, following [255], the Ψ4 components are divided in their am-
plitude and phase parts:

Ψl,m
4 = Al,m(r, t)eiΦ

l,m(r,t). (3.190)

Where r is the radius of the extraction sphere. Then, the variables rA(r, t) and Φ(r, t) are fitted
independently:

rA = a0 +
a1

r
+
a2

r2
(3.191)

Φ = b0 +
b1
r

+
b2
r2

(3.192)

The extrapolation for r →∞ are, respectively, the fit parameters a0 and b0. The fitting polynomial
was limited to second order because we used too few extraction radii to have a good result (avoiding
overfitting) with a higher-order polynomial. This makes also more appropriate the comparison with
the analytical second order correction of [262]. We extracted the gravitational wave signal at 7
different radii for each simulation, from R = 400 M� (approximatively 591 km) to R = 700 M�
(1034 km).

The perturbative extrapolation approach is based on the asymptotic behaviour of the relevant
wave-like function for each extrapolated variable. For example, at first order, in the case of the RWZ
functions, one has:

Ψ
e/o
l,m(r, t) = h

e/o
l,m

∣∣∣
r→∞

(t) +
l(l + 1)

2r

∫
h
e/o
l,m

∣∣∣
r→∞

(t)dt+O(1/r2), (3.193)
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where h
e/o
l,m

∣∣∣
r→∞

(t) is the gravitational wave strain observed at infinity, and t is always the retarded

time 3.178. Inverting this relationship, one obtains a formula for extrapolating the RWZ functions
to infinite radius at first order:

Ψ
e/o
l,m

∣∣∣
r→∞

= Ψ
e/o
l,m(r, t)− l(l + 1)

2r

∫
Ψ
e/o
l,m(t, r)dt. (3.194)

The same logic can be followed for the Newmann-Penrose scalar Ψ4, which in the Schwarzschild-
background satisfies the Teukolsky equation [266], which, choosing the standard Boyer-Lindquist
coordinates for the Kerr spacetime and the Kinnersley tetrad, is:[

(r2 + a2)2

∆
− a2sin2(θ)

]
∂2

∂t2
−2Ψ + 4

Mar

∆

∂2

∂t∂φ
−2Ψ +

[
a2

∆
− 1

sin2(θ)

∂2

∂φ2−2Ψ

]
+

−∆2 ∂

∂r

(
1

∆

∂

∂r
−2Ψ

)
− 1

sin(θ)

∂

∂θ

(
sin(θ)

∂

∂θ
−2Ψ

)
+ 4

[
M(r2 − a2)

∆
− r − iacos(θ)

]
∂

∂t
−2Ψ+

+4

[
a(r −M)

∆
+ icotg(θ)

]
∂

∂φ
−2Ψ + (4cotg2(θ) + 2)−2Ψ = 0,

(3.195)

where a is the Kerr parameter a = J
M , where J is the total angular momentum and M the total

mass of the system; ∆ = r2 − 2Mr + a2, and the Teukolsky’s wave function −2Ψ is given by:

−2Ψ = (r − iacos(θ))4 Ψ4. (3.196)

Using only the non-rotating (Schwarzschild) part of eq. 3.195 and taking its asymptotic limit, one
can obtain the first and second order “Mass” perturbative corrections for the Ψ4 extrapolation, as
computed in detail in ref. [262]:

rψlm4 (tret) |r=∞ =

(
1− 2M

r

)(
rψlm4 (tret, r) (3.197)

− (l − 1)(l + 2)

2r

∫
dt rψlm4 (tret, r)

+
(l − 1)(l + 2)(l2 + l − 4)

8r2

∫
dt
′
∫
dt rψlm4 (tret, r)

)
.

Where, in particular, the factor
(
1− 2M

r

)
comes from the difference between the Kinnersley tetrad

used in the Teukolsky’s formalism and the tetrad 3.167, used in our simulation code. As a step
forward, also the second order in 1

r spin correction can be computed and applied. First, one has to
keep in mind that, in the Teukolsky’s formalism, the wave function is decomposed in spin-weighted
spheroidal and not spherical harmonics, because they are the solution of the angular Teukolsky
equation. In the frequency domain, the wavefunction is decomposed in:

−2Ψ =

∫ lmax∑
l=0

l∑
m=−l

−2Ψl,m,ω(r)−2S
a,ω
l,m(θ, φ)e−iωφdω. (3.198)



66 CHAPTER 3. NUMERICAL BACKGROUND

The spheroidal harmonics −2Slm are linked with the spherical harmonics by:

−2S
aω
lm = −2Ylm + aω

[
− 2

l2

√
(l + 2)(l − 2)(l +m)(l −m)

(2l − 1)(2l + 1)
−2Yl−1,m+ (3.199)

+
2

(l + 1)2

√
(l + 3)(l − 1)(l +m− 1)(l −m+ 1)

(2l + 1)(2l + 3)
−2Yl+1,m

]
+O((aω)2).

The Fourier and spheroidal harmonics components of the wave function −2Ψlmω can be found using an
asymptotic solution of the radial Teukolsky equation, ignoring terms of order O(1/(ωr)3). Inserting
their expression and the spheroidal harmonics expression 3.199 in the wavefunction definition 3.198,
one obtains the spherical harmonics expansion, in terms of the asymptotic strain h:

1

r3−2Ψlmω =

∫ [(
1 +

(
−4

ima

l(l + 1)
+ i

(l − 1)(l + 2)

2ω

)
1

r
− 1

8

l(l − 1)(l + 2)(l + 1)

ω2

1

r2

)
hlmω+

+ aω

(
− 2

l2

√
(l + 2)(l − 2)(l +m)(l −m)

(2l − 1)(2l + 1)
hl−1mω+

+
2

(l + 1)2

√
(l + 3)(l − 1)(l +m− 1)(l −m+ 1)

(2l + 1)(2l + 3)
hl+1mω

)]
e−iωtdω +O((aω)2, 1/(rω))3)

(3.200)

The relationship between Ψ4 computed in the Kinnersley and in the numerical relativity tetrad
gives a contribution in the time domain relationship between the Ψ4 signal extracted from numerical
simulations and the Teukolsky wave function(3.196) (see [262, 267] and also [254, 268] for details
about the computation):

−2Ψlm

r3
=

(
1

2
− M

r

)
rΨNR

4lm − i
a

r

∑
l′m′

C lml′m′rΨ
NR
4l′m′ , (3.201)

where

C l
′m′
lm =

∫
−2Y

∗
lmcosθ−2Yl′m′dΩ, (3.202)

which have non-zero values only for m′ = m and l′ = l or l′ = l ± 1. Putting everything together,
one finally arrives at the second order in 1/r perturbative extrapolation of Ψ4, which has also a
background spin correction, first order accurate in aω:

rΨlm
4

∣∣∣
r→∞

=

(
1− 2M

r

)(
rΨ4lm(t, r)− (l − 1)(l + 2)

2r

∫
rΨ4lm(t, r)dt+ (3.203)

+
(l − 1)(l + 2)(l2 + l − 4)

8r2

∫
dt

∫
dt′rΨ4lm(r, t′)

)
+

+
2i a

(l + 1)2

√
(l + 3)(l − 1)(l +m+ 1)(l −m+ 1)

(2l + 1)(2l + 3)

(
r∂tΨ4l+1m(t, r)− l(l + 3)

r
rΨ4l+1m(t, r)

)
+

− 2i a

l2

√
(l + 2)(l − 2)(l +m)(l −m)

(2l − 1)(2l + 1)

(
r∂tΨ4l−1m(t, r)− (l − 2)(l + 1)

r
rΨ4l−1m(t, r)

)
.
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Figure 3.4: Left panel: amplitude of the l = m = 2 compontent of the Ψ4 signal (blue line) and
its first order (green line) and second order (red line) perturbative 1/r corrections. Right panel:
amplitude of the l = 3,m = 2 component of Ψ4, and its perturbative 1/r corrections, including the
spin correction (cyan), which in the left panel would be several orders of magnitude smaller, around
machine precision.

Computing the integral terms in eq. 3.197 or 3.203, the same amplitude oscillations problems
described in section 3.4.1 arise. To solve them, filtering after integration is, again, required and
the best solution. In order to be consistent with the filtering and the integration constants used in
computing each term, we first computed the gravitational wave strain h from Ψ4 extracted at finite
radius (with the filtering procedure of the previous section), then we obtained from it the infinite
radius extrapolation for Ψ4, with the following modified version of eq. 3.203:

rΨlm
4

∣∣∣
r→∞

=

(
1− 2M

r

)(
r:̄hlm(t, r)− (l − 1)(l + 2)

2r
r 9̄hlm(t, r)+ (3.204)

+
(l − 1)(l + 2)(l2 + l − 4)

8r2
rh̄lm(r, t)

)
+

+
2i a

(l + 1)2

√
(l + 3)(l − 1)(l +m+ 1)(l −m+ 1)

(2l + 1)(2l + 3)

(
r;̄hl+1m(t, r)− l(l + 3)

r
r:̄hl+1m(t, r)

)
+

− 2i a

l2

√
(l + 2)(l − 2)(l +m)(l −m)

(2l − 1)(2l + 1)

(
r;̄hl−1m(t, r)− (l − 2)(l + 1)

r
r:̄hl−1m(t, r)

)
.

To test the perturbative and polynomial fitting extraction methods, in [94] a comparison between
the gravitational-wave signals extrapolated to infinite radius from an actual simulation was done.
Here I extend the same comparison to other observables, including also the spin correction effect.
First, it is useful to compare the different perturbative corrections (first and second order “mass”
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corrections and the “spin correction”) of a single Ψ4 component, extracted at finite radius (in this
example, our simulations outermost extraction radius R = 700 M�). In the left panel of figure 3.4,
the amplitude of the l = m = 2 Ψ4 component (multiplied with r) is shown (blue curve), together
with the amplitude of the first order correction (green curve) and the second order one (red curve).
The amplitude of the spin correction (cyan curve) is not visible, even in a logarithmic scale, because
it is around machine precision. Therefore, the spin correction (which, in the case of the (2, 2) mode,
has only the hl+1m term and not the hl−1m term) is irrelevant when analysing the dominant GW
component. On the other hand, the mass corrections are more important at the beginning of the
simulations, and become progressively less relevant, compared with the original Ψ2,2

4 : when the GW
signal reaches the extraction sphere, the first order correction amplitude is about 2/5(40%) of the
extracted signal, while the second order one is around 6%. After the merger, however, the first order
correction amplitude has gone down to only 5.5% of the extracted signal, and the second order one is
relatively diminished by an order of magnitude, to 0.6%. The spin correction could become relevant,
as suggested in ref. [267], in subdominant modes. For example, in the left panel of figure 3.4 are
shown the amplitude of the perturbative corrections to the l = 3,m = 2 component of Ψ4. Here, the
spin correction has an amplitude comparable to the mass second order correction, at the beginning
and at the end of the signal. This is due to the fact that it depends directly from the dominant
hl−1m = h22 mode. In this particular equal mass simulation example, the (3, 2) mode has a much
lower amplitude than the (2, 2) mode, about 1%, so the spin correction is not really relevant to the
total GW signal (in the case of binary optimal orientation, with the rotation axis aligned with the
observational axis), even if the perturbative corrections are relatively more important for the (3,2)
mode than for the (2,2) one, by almost an order of magnitude. The spin correction could turn out to
be important in the case of binaries not optimally oriented and for which the subdominant modes
are important due to some asymmetries in the initial configurations (eccentricity, spinning neutron
stars, unequal mass systems) or the development of hydrodynamical instabilities (in particular, in
the post-merger HMNS phase). To analyse the effect of the extrapolation techniques, and to estimate
the remaining GW extraction error, it is best to look separately at the GW phase and amplitude.
The strain phase accuracy in the inspiral is very important, since it can be used, comparing the
simulated signal with a detected one, to estimate tidal effects and from them to constraint or
pinpoint the neutron star EOS. For understanding if EOS informations can be extracted form tidal
effects in the detected signals, a precise assessment of numerical simulations error budget is very
important [90, 91, 260], including the extraction procedure, which, in ref. [269], was found to be the
dominant source of error at the beginning of the signal in BBH simulations. Figure 3.5 shows the
difference in accumulated phase between the signal extracted at the largest radius (R = 700 M�)
and three other inner radii (R = 600, 500, 400M�), without any radius extrapolation (left panel),
applying the first order perturbative correction to Ψ4 (centre panel) or applying also the second
order correction (right panel). The first order correction reduced the extraction error in phase by
an order of magnitude, while the second order correction allows to gain another factor two. The
resulting phase error, which is less than 0.01rad before merger, is much lower than the expected
finite-resolution numerical error of the evolution code, which is more than an order of magnitude
greater, even when adopting higher order numerical methods [67, 96, 97]. It is also much lower
than the evolution code error lower bound, for the same model, estimated in section 4.1.2 from the
difference between simulations with different initial interbinary distance (0.4rad for the particular
model in this example, see table 4.3).

In figure 3.6, instead, is reported a comparison, at the fixed extraction radius R = 700 M�,
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Figure 3.5: Difference in the accumulated phase between the (2,2) component of the GW strain
computed extracting Ψ4 at the outermost radius (R = 700 M�)and other three inner radii (R =
400, 500, 600M�). The left panel shows the extracted signals without any extrapolation, the middle
panel the signals to which is applied the first order perturbative correction, and the right panel the
application of also the second order correction.
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Figure 3.6: Difference in the accumulated phase between the GW strain extrapolated with the
polynomial fit and the non-extrapolated one or the ones extrapolated with the perturbative formula
3.197 at the various orders.

Extrap. method ER=400−ER=700
ER=700

JR=400−JR=700
JR=700

No extrap. 0.81% -0.87%

I order extrap. 1.24% 1.58%

II order extrap. 0.50% -0.14%

Table 3.1: Percentage difference between the radiated energy and angular momentum computed from
the gravitational-wave signal extracted at the innermost (R = 400 M�) and outermost(R = 700 M�)
radius, with and without the application of the perturbative extrapolation formula 3.197

between the different perturbative extraction methods and the polynomial fitting method, plotting
their accumulated phase difference. It is clearly visible that the polynomial fitting extraction gives
a result very close in phase to both the first and second order extrapolation, with a difference of the
order of 1× 10−2 rad for all the inspiral part of the GW signal, and a higher difference, oscillating
around 0.08rad, in the post-merger. On the other hand, as expected, the not extrapolated signal
accumulates a phase error which, at merger, is 0.2rad, and in the post-merger phase is oscillating
around 0.26rad. These errors could be comparable with the evolution numerical errors of high-
resolution simulations. From this plot it is possible to conclude that some kind of extrapolation to
infinite radius is needed for reducing the GW extraction error, but the difference between all the
tested methods is really small, compared with other dominant error sources.

A different picture is theoretically expected for the amplitude corrections since, as explicitly
showed in [267], it begins at the second order in 1/r and, therefore, the first order perturbative
correction should not help reducing the amplitude extraction errors. I have evaluated this by looking
at the energy and angular momentum radiated in gravitational waves, computed with equations
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Figure 3.7: Left panel: total energy radiated in gravitational waves from the beginning of the simu-
lation (of model SLy14vs14d60r25) to 5ms after the merger. The circles and triangles represents
the GW signals extracted at different radii without any extrapolation (blue), with the first order
perturbative extrapolation (green), and with the second order one (red). The black horizontal line
represents the polynomial fit extrapolated signal.
Right panel: total radiated angular momentum in the z direction, from the beginning of the simula-
tion to 5ms after the merger.

Extrap. method
E−Enoextrap.
Enoextrap.

J−Jnoextrap.
Jnoextrap.

I order extrap. -0.60% 0.42%

II order extrap. -1.84% -0.95%

Polynomial fit extrap. -1.00% -0.49%

Table 3.2: Percentage difference between the radiated energy and angular momentum computed
from the gravitational-wave signal extracted at the outermost(R = 700 M�) radius, using different
extrapolation methods, respect to the ones computed from the not-extrapolated GW signal.
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3.205, 3.206, because in ref. [262] was shown that the second order perturbative correction was
essential for those radiated quantities to have the right convergence respect to the grid resolution.
In figure 3.7 are shown the total energy (left panel) and angular momentum in the z direction
(right panel) emitted from the beginning of the simulation to 5ms after the merger, respect to the
extraction radius for the GW signal. Their fluxes are computed with the following expressions, from
the gravitational wave strain:

dEgw

dt
=

R2

16π

∫
dΩ
∣∣∣ 9h(t, θ, φ)

∣∣∣2 (3.205)

dJgwz
dt

=
R2

16π
Re

[∫
dΩ
(
∂φ

9̄h(t, θ, φ)
)
h(t, θ, φ)

]
, (3.206)

then, the total radiated energy and angular momentum up to a point in time are simply computed
integrating the above expressions.

The blue circles in figure 3.7 represent the not-extrapolated signal, the green triangles the one to
which is applied the first-order perturbative correction only, and the red triangles the second-order
extrapolated signals. Finally, the black horizontal lines are the results coming from the polynomial
fit extrapolation. It is clearly visible than the difference in both the radiated energy and angular
momentum computed extracting GWs at the outermost (R = 700) or innermost (R = 400) radius
(which is proportional to the extraction error) is reduced by the second order perturbative correction,
but it is actually increased by the first order one. Those differences, with their relative importance,
are listed in table 3.1 and 3.2. In particular, the second order perturbative correction reduces the
difference in the emitted energy by approximatively 40%, and in the angular momentum by a more
relevant 85%. Even if these are small errors in absolute terms, on average around 1% of the radiated
quantities, the fact that the first order correction actually increases them, while the second order
one reduces them considerably, allows to conclude that it is important to use the second order
perturbative extrapolation of ref. [262], even when it does not bring relevant advantages in reducing
the phase extraction error. The energy coming from the polynomial fit extrapolation does not agree
well with the energy coming from the second order perturbative extrapolation, in the sense that it
cannot be the limit for infinite radius of the second order corrected radiated energy, but it is still
closer to it than to the not-extrapolated signal.



Chapter 4

What can we learn from numerical
simulations of binary neutron star
mergers?

After the long introduction, it is time to look at which insights on the merger of binary neutron stars
systems can be gathered from numerical relativity simulations. All the following analysis presented
in this chapter are based on numerical simulations performed by the Parma numerical relativity
group and presented in ref. [68, 94, 99]. Detailed information about the simulated models can be
found in appendix B.

A typical evolution can be divided in three (or four) phases:

1. The inspiral phase, in which the two stars rotate rapidly one around the other, and their
distance shrinks due to the energy and angular momentum radiated away by gravitational
waves. In the last few milliseconds before merger, the tidal deformation of each star due
to the gravitational field of the companion become important, speeding up the GW phase
evolution. Tidal effects make the GW signal from coalescing binary neutron stars different
from the binary black holes one, which can be predicted very accurately with semi-analytical
techniques, based on the post-Newtonian expansion, such as the EOB model [39, 41], which,
in its most recent implementations, is calibrated with numerical relativity simulations in
order to estimate unknown high-order post-Newtonian coefficients. Recent development in
analytical treatment of BNS coalescence has shown progress also in modelling tidal effects,
either adiabatic [43, 45] or dynamically developed, by the interaction with the stars oscillation
modes [47, 166]. The analysis of tidal effects in the late inspiral of BNS systems is very
important, because it brings a signature of the neutron stars EOS, which influences the stars
tidal deformability [11, 91, 97, 270].

2. The merger phase, in which the two stars come finally into contact, compressing their matter
and giving rise to a complex hydrodynamical phenomenology, with instabilities and turbulence
active inside the merger remnant, like the Kelvin-Helmotz instability, which can strongly
amplify the stars magnetic fields, even if the maximum amplification has not been resolved yet
in numerical simulations, due to the need for unfeasible resolutions to properly characterize
the energy cascade from the smallest scales [89];

73
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3. The post-merger phase, in which the neutron star formed during the merger evolves, with a
different phenomenology depending on its mass, EOS, and angular momentum distribution.
The remnant star is bar-deformed, rotates differentially, and emits gravitational waves with high
luminosity. The GW emission slowly drives the evolution towards an equilibrium configuration,
with uniform rotation, which, then, cools and spins down in a much longer timescale due to
the effect of magnetic fields and neutrino emission;

4. The collapse phase, in which, if the merger remnant has a mass greater than the limit for a
non-rotating neutron star imposed by its EOS, the neutron star collapses to a black hole, when
its rotation has slowed down enough. This phase, depending on the initial stars parameters,
could not happen at all, or could happen at different times from the merger, from a fraction
of millisecond to hundreds of seconds or even more. The numerical simulations are currently
able to track only a few milliseconds (up to 100 ms). After the collapse, an accretion disk
is formed around the black hole, from the matter which is not immediately captured. The
mass ratio between BH and disk strongly depends on the matter distribution and its angular
momentum at the moment of collapse, which, in turn, depends on the collapse time and the
physical evolution up to that point, conditioned by the star EOS, the initial stars mass ratio,
the possible development of (magneto)hydrodynamical instabilities, the presence (and the
correct modelling) of neutrino emission and magnetic fields, etc. The disk is then accreated
on the black hole, but has in itself an interesting phenomenology, thanks to its oscillations
(emitting gravitational waves, see [250, 271, 272]), possible instabilities (see ref [273–276]) and
electromagnetic emissions (see also sec. 2.3).

All this phases can be distinguished very well in the evolution of two neutron stars with a
baryonic mass of 1.5 M� and the SLy EOS, summarized in figure 4.1 with equatorial and meridional
sections showing the evolution of the matter density ρ. The first panel shows the initial conditions,
with the two stars centres separated by 40 km. The stars begin to rotate one around the other
(second and third panel), shrinking their separation emitting gravitational waves. As can be seen
in the third panel, low density matter from the two stars already comes into contact after a few
milliseconds of evolution, way before the actual merger. The stars merge after 7.7 ms, resulting in a
bar-deformed hyper-massive neutron star, which rotates differentially (fourth panel). Right after the
merger, its remnant has still two high density cores (with ρ > 1× 1015 g cm−3, see panel 5), rotating
around each other and oscillating radially. In less than a couple of milliseconds, the two cores also
merge, as can be seen in the sixth panel. From that panel is also evident that the outer spiral arms
structure rotates with a different group speed than the inner high-density structure. This has been
liked with some features of the post merger spectrum (see ref. [277] and the extensive discussion
in section 4.2.1). In the seventh panel, the star has become already more spherically symmetric
(leading to a lower gravitational waves flux emission), and a large amount of low-density matter
has been expelled far from the HMNS core. Finally, the eighth panel shows the star profile just
before collapse, with a large, spherical, high density core, and the last panel shows the accretion
disk low-density matter (with a density which quickly falls below the neutron-drip level, see section
4.2.4 for more details about collapsing models).
A different phenomenology is seen, instead, in unequal mass BNS systems, like the one depicted in
figure 4.2, corresponding to the observed system PSRJ037+1559 (see table 2.3), modelled, again,
with the SLy EOS. Initially the two stars start from a distance of 44 km (first panel). They start
orbiting each-other, but after a few milliseconds, well before the merger, an evident mass transfer
from the lower mass to the higher mass star is visible (third panel), even if, at the beginning,
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Figure 4.1: Dynamics of the evolution of an equal mass BNS model with M = 1.5 M� for each star,
an initial distance between the star centres of 40 km, and using the SLy EOS for describing the
nuclear matter. The simulation was performed with a grid resolution in the finer level dx = 0.25 M�.
It shows a relatively short inspiral phase (less than 8 ms), followed by an hyper-massive neutrons
star phase and the collapse to black hole, surrounded by an accretion disk.
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Figure 4.2: Dynamics of the evolution of an unequal mass BNS model with baryonic masses M1 =
1.27 M� and M2 = 1.73 M�, corresponding to the parameters of the recently discovered pulsar
PSRJ043+1559 system, the most asymmetric observed so far. The initial distance between the star
centres is 44 km, and the SLy EOS was used for describing the nuclear matter. The simulation was
performed with a grid resolution in the finer level dx = 0.25 M�.



77

it concerns only low density matter, therefore does not effect the energy balance and the overall
dynamical evolution. In the fourth panel, after 8.5 ms from the simulation start, the outer crusts
come into contact, way before the actual merger (which happens, according to the most widely
accepted definition, at 11.8 ms). In the fifth panel also the inner crust has merged, while the lower
mass star is highly deformed by the tidal field of the companion. The low density matter ejected
and left behind by the lower mass star starts to form a single spiral arm, often called a “tidal tail”.
The merger itself is visible in the sixth panel, where the lower mass star seems to be captured by
the higher mass one. A high density region (ρ > 1× 1015 g cm−3) is formed at the centre of the
higher mass star, but not in the lower mass one. The seventh panel shows the early post-merger
phase, which looks very different from the equal mass case. Instead of a bar-deformed star, with
a central double core structure, here we have a single spiral arm, with a single central high mass
core, coming from the higher mass star, rotating around the center of symmetry. The outer core is
still highly deformed by the tidal effects in play during the merger. In the following evolution (last
two panels), much more matter gets ejected far from the central compact object than in the equal
mass case, and a visible non-axysymmetric density perturbation is present even when the remnant
moves towards an equilibrium configuration. It is interesting to note that, although this model has
an higher initial ADM mass than the equal mass one presented before (MADM = 2.708 M� for the
PSRJ0453+1559 and MADM = 2.697 M� for the 1.5-1.5 equal mass BNS), and the same EOS, this
model does not collapse to black hole during the timescale of the simulation, because of the higher
mass ejected far from the nucleus, the higher angular momentum transported towards the outer
parts of the star, and the lower central density increase and central density oscillations amplitude
(see figure 4.14).

Another general picture overview can be collected looking at the gravitational wave signals
extracted from simulations of different BNS models. In figure 4.3 is reported the plus polarization
of the dominant (2,2) mode of the gravitational wave strain (extracted applying the second order
extrapolation formula 3.197 and integrated with our filtering procedure, see sec. 3.4) of different BNS
models, together with its envelope constructed plotting ±|h22(t)|. The signals show some common
features to all simulations: in the first phase (the so called inspiral phase) the gravitational waves
progressively increase both their frequency and amplitude, generating a signal known as “chirp”.
The point of maximum amplitude is conventionally defined as the merger of the two stars. After the
merger, the signal amplitude drops, during the turbulent rearranging phase, and then its amplitude
raises again, at a higher frequency, which strongly depends on the EOS, for the GW emission due to
the rotation of the bar-deformed neutron star remnant. The post merger GW emission amplitude
decreases exponentially, due to the redistribution of angular momentum and the star approaching a
more axisymmetric state, but it shows in some models interesting features, which will be analysed
later (see sec. 4.2). The models collapsing to black hole are clearly recognizable, because after
collapse the GW amplitude drops immediately to negligible values.

In the top-left panel, are shown five equal mass models with the same initial distance between the
stars (40 km) and the same EOS (SLy), but different mass for each star (1.2, 1.3, 1.4, 1.5 and 1.6M�).
During the inspiral phase, the models with higher total mass emit gravitational waves with higher
amplitude. They also have a shorter merger time (because they emit energy and angular momentum
at a higher rate). After the merger, the model with 1.6 M� stars collapses immediately, without
any post-merger HMNS phase, and its GW signal, consequently, becomes flat, very close to zero
amplitude. The model with 1.5 M� stars, instead, as seen already in figure 4.1, collapses 7.7 ms
after the merger. Its post-merger GW signal has a higher amplitude than the lower mass models,
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Figure 4.3: Plus polarization of the gravitational wave strain for different BNS simulated systems.
In the top-left panel are represented five simulations of equal mass systems, with a baryonic mass of
1.2, 1.3, 1.4, 1.5, 1.6M� for each star, an initial distance of 40km and the SLy EOS. In the top-right
panel, instead, are represented unequal mass models with the same total baryonic mass of 2.8 M�,
with mass ratios q = 1, 0.94, 0.88, 0.83, 0.77, with the same initial distance and EOS as before.
The bottom panels contain, instead, a comparison of models with different EOS: the observed
PSRJ0543+1559 system (left) and equal mass systems with total baryonic mass of 2.8 M� (right),
starting from a distance of 60 km apart. The employed EOSs are the one described in section 2.1.1.
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but lasts only for the first phase, which, as described in depth in section 4.2, is characterized by
several competing spectral components and emission modes growing and rapidly getting damped.
In the non collapsing models, after a few milliseconds from the merger, the GW signal is, instead,
characterised by a single oscillation mode, with exponentially decreasing amplitude.

In the top-right panel, instead, is reported the GW signal from five unequal-mass models, with
a total baryon mass of 2.8 M�, again with the SLy EOS, and mass ratios q = 1, 0.94, 0.88, 0.83, 0.77.
The stars with the largest mass asymmetry merge slightly earlier than the more close to equal mass
ones, because of the higher tidal deformation of the lower mass star. After the merger, decreasing
the mass ratio, the damping time of the GW emission seems to decrease, even if some models
(q = 0.88, q = 0.77) show evidence of the growth of different spectral modes after a sufficient decay
of the principal emission mode.

This peculiar finding is confirmed by the system PSRJ0453+1559 (lower-left panel), simulated
with different EOSs (described in sec. 2.1.1). All models, except the most compact stars with the
APR4 EOS, show a secondary growth of the GW amplitude 10 − 15ms after the merger. This
changes in the oscillations frequency and damping times and the rise of different oscillation modes
can happen multiple times, as hinted by the simulation with the stiffest EOS (MS1). The different
EOSs lead also to great differences in the merger times and in the GW phase evolution during
the inspiral. The merger times are not perfectly ordered by EOS stiffness, because they are highly
sensitive to the grid resolution (see appendix A.1), and the code convergence order can be different
for the different EOSs, as reported, for example, in ref. [97].

The bottom-right panel, finally, shows more clearly the difference in the inspiral evolution due
to the matter EOS and the consequent different tidal deformability of the stars. Here are reported
results from simulations starting from a interbinary distance of 60 km. In the first couple of orbits
(each orbit corresponds to two GW cycles), all the models have the same GW emission. This is
because, at that distance, tidal effects are not yet relevant for their dynamics, and the GW emission
is well approximated by a point-particles modelling (see sec. 4.1.2 for a comparison with post-
Newtonian point-particle approximants). After that, the GW signals starts to diverge, because the
less compact stars have, generally, a quicker phase evolution. In the specific case, the MS1 models
merge way earlier than the other three models.

4.1 Inspiral gravitational waveform

Figure 4.3 already showed some of the main characteristics of the GW emission in the coalescent
phase, before merger, and their dependence on different parameters, such as the stars mass, mass
ratio and EOS. In order to quantitatively evaluate those differences, and, in particular, the one due
to the EOS, about which we are interesting to gather information from GW detections data, all the
error sources for the simulated signal should be under control [90, 91]. The problem of the GW signal
extraction from simulations was already addressed in section 3.4, while the evolution code error and
its convergence properties will be discussed extensively in appendix A.1. In this section, instead, I will
analyse two other often ignored sources of errors, which, nevertheless, could be dominant and hide
the true signal features due to tidal effects. The first error source is the eccentricity of the evolved
orbits. As reported in table 2.3, all the observed BNS systems are believed to have a negligible
eccentricity when they will enter in the LIGO/Virgo sensitivity band, due to the circularizing effect
of GW emission. On the other hand, from the signals in figure 4.3, and in particular the longer ones
in the bottom-right panel, one can clearly see by eye the presence of amplitude oscillations with



80 CHAPTER 4. SIMULATION RESULTS

a fixed frequency. In the next subsection I will prove that they are not caused by GW extraction
errors, but they are the imprint of a physical process, the eccentricity of the stars orbits. Another
potentially important error source is linked with initial data, which are produced taking some
approximations, like conformal flatness (see sec. 3.3). These possible errors could be evaluated by
comparing simulation of the same model with initial data generated by different codes, as done in
ref. [93]. Unfortunately, only one BNS initial data code is publicly available (the LORENE library),
and so such comparison is difficult to reproduce. Instead, a different, interesting technique is to
compare the results of simulations starting with a different initial interbinary distance (which means,
a different initial orbital and GW frequency). This allows, also, to study which initial distance is the
best for performing numerical BNS simulations, depending on which phase of the binary evolution
one is most interested in studying.

4.1.1 Residual eccentricity

The presence of a residual orbital eccentricity in BNS numerical evolution is inevitable, if one
imposes an Helical Killing vector in the initial data generation. It is a consequence of the resulting
binary configuration having no radial velocity component, which in reality would be present due
to the GW radiation reaction. The eccentricity can be measured from the stars orbits, and then
the GW signals coming from the simulations can be compared with the ones predicted by post-
Newtonian approximations of eccentric binaries. If they match, then we can confirm that the
amplitude oscillations are indeed due to the eccentricity, and quantify how much they influence the
accuracy of the simulated GW signals. The simplest way to compute the trajectory of a binary is
to follow the stars centres, which can be defined as the points with maximum density (or minimum
lapse α, given our singularity-avoiding gauge choice). A possible improvement on this technique,
suggested also in ref. [95], is to compute the stars centres with a volume average, similar to a
Newtonian center of mass computation:

xi =

∫
star ρx

id3x∫
star ρd

3x
. (4.1)

To estimate the orbital eccentricity, a common procedure (see, for example, ref. [58, 95]) is to rely
on the following Newtonian parametrization for the time derivative of the distance between the
stars centres:

9D(t) = A0 +A1t− eD0ωesin (ωet+ φe) , (4.2)

where e is the eccentricity, D0 = d is the initial distance and ωe is the angular frequency of the
eccentricity oscillations. If one computes the distance between the star centres from the simulation
3d output, it is possible to use eq. 4.2 to obtain the eccentricity value with a non-linear fit. The
simplest, although incorrect, way of computing the distance is simply to take the coordinate distance
between the centres. A better way would be to take, instead, the proper distance along a straight
line between them. Finally, the correct procedure would be to compute the geodesic which passes
through the two stars centres, and compute the proper distance along it. This will be, however,
computationally expensive, because it should be repeated for every time-step for which one has
3d outputs. Therefore, in the following analysis, I adopted the simplest procedure, and verified
afterwards its adequacy confronting the obtained eccentricity value with the one coming from the
GW signal amplitude oscillations. It was chosen to fit the derivative of D and not D itself, because
having one less free parameter brings an advantage greater than the error made by the numerical
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Figure 4.4: Evolution of the distance between the star centres, for equal mass BNS models with
different EOS and initial separation. The oscillations in the distance are due to the residual orbital
eccentricity, and are larger in the softer models.

derivative (which is performed using a fourth-order finite differencing operator). It was also tried
to fit the evolution of the GW frequency, but the result was found to be much more noisy. The fit
is performed starting from tret = 3 ms (to avoid the spurious radiation emitted at the simulation
beginning, see next paragraph) and tret = 2

3 tmerger (to avoid the plunge phase, in which the stars
come into contact and merge, and eq. 4.2 is no more a good representation for the distance derivative
evolution).

The resulting evolution of the stars separation, for models with different EOS and initial distance,
is shown in figure 4.4. In all the simulations is visible an initial sudden drop in the distance. This is
due to an initial burst of unphysical spurious gravitational radiation (visible also from the signals
in figure 4.3), which is due to a gauge readjustment because the initial spacetime did not have the
right radiation content, which physically it should have due to the GW emitted by the binary up to
that point of stars separation. This is a consequence of the conformal flatness approximation made
in the initial data computation.

The subsequent evolution is again similar in all models, with the distance more rapidly decreasing
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Figure 4.5: Evolution of the time derivative of the distance between the star centres, for equal mass
BNS models with different EOS and initial separation. The oscillations in the distance derivative are
due to the residual orbital eccentricity, and are larger in the softer models. The blue line represents
actual data taken from the simulation output, while the red line is the result of the fit with eq. 4.2.
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e e e ‖hT4 − heT4‖ R [Mpc]
EOS d = 60km d = 50km d = 44.3km R = 100Mpc ‖hT4 − heT4‖ = 1

APR4 0.028 0.020 0.020 0.67 67

SLy 0.025 0.019 0.020 0.58 58

H4 0.012 0.012 0.014 0.33 33

MS1 0.014 0.014 0.007 0.35 35

Table 4.1: Results of the orbital eccentricity analysis. The first three columns show the eccentricity
parameters obtained fitting equation 4.2. The fourth column shows the detectability of the eccen-
tricity in a TaylorT4 approximate waveform with the same initial parameters of the model with the
corresponding EOS and d = 60 km, for an optimally aligned binary at 100 Mpc. The fifth column
shows the maximum optimally aligned binary distance for the eccentricity effect to be marginally
detectable, calculated as ‖hT4 − heT4‖100Mpc × 100 Mpc.

towards the merger (when the GW emission has a higher frequency and amplitude), and showing
characteristic oscillations, typical of eccentric orbits. It is interesting to note that the evolution of
models starting from a smaller initial separation is slightly different than the models starting from
d = 60 km, with a faster orbital shrinking, in particular for the more compact stars (with APR4
and SLy EOSs). More on this phenomenon can be found in the next subsection.

The fitting curves are represented in red in figure 4.5, where the blue curves are the original
distance data, instead. It is clear that at least one eccentricity cycle, before the plunge phase, when
the parametrization of eq. 4.2 is probably not a good approximation anymore, is necessary for
correctly estimating the orbital eccentricity. Therefore, the d = 40 km simulations will be excluded
from the following analysis, and the results for the d = 44 km simulations with the stiffer EOS
should be taken with care.

The resulting eccentricity values are reported in table 4.1. They are higher for the more compact
stars, of about a factor 2.

To assess the correctness of the eccentricity computation procedure, and to evaluate if the GW
amplitude oscillations are really an imprint of the orbital eccentricity, it is possible to compare the
GW signal extracted from numerical simulations with one generated with post-Newtonian techniques
for eccentric binaries. Recently, different groups have proposed techniques to generate analytical
approximations of the inspiral waveforms for point particles in eccentric orbits [145, 278, 279]. These
should be close to the BNS GW signal from numerical simulations, far from the merger phase, when
tidal effects are not important. For this reason, many orbits simulations, with a large initial separation
between the stars, are necessary to carry on this analysis. Figure 4.6 shows the GW amplitude for
the BNS models of fig. 4.4 (black lines) and corresponding PN waveforms, generated following ref.
[278] (accurate up to 2PN order in phase and Newtonian order in amplitude), and using the public
LIGO Algorithm Library (LAL), with the same initial gravitational mass, eccentricity and frequency
of the simulated model. At the beginning of the simulations, especially for the stiffer models, the
PN approximant perfectly reproduces the simulated GW strain amplitude, including its oscillations.
After a while, the simulated signal departs from the analytical one, because tidal effects and missing
high-order post-Newtonian terms start to be important, but it keeps the same oscillations structure,
until the final plunge phase. The difference between GWs from BNS simulations and point-particle
PN approximations becomes farther from the merger in the most compact stars, in particular the
ones with the APR4 EOS. This perfect match is less recognizable in the d = 44 km models, which
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Figure 4.6: Gravitational wave strain amplitude for the same models of fig. 4.5. The black line
represents the numerical simulation data, while the red line is a approximated post-Newtonian
waveform for point-particles in an eccentric orbits (see ref. [278]).
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Figure 4.7: Difference in phase between a circular-orbits TaylorT4 approximant and a eccentric
orbit post-Newtonian waveform, at the same PN order, starting from the same gravitational mass,
frequency and eccentricity.

are close to the plunge phase already at the beginning of the simulations, and which have only a few
eccentricity cycles (one for the H4 and MS1 models) before the merger. These results confirm that
GW amplitude oscillations, remaining after our careful extraction procedure, are entirely due to
the orbital eccentricity. I want to stress here, looking again at figure 3.2, that the use of the digital
filtering after Ψ4 integration is necessary for this comparison with the eccentric PN waveforms.
With all the other strain amplitudes in fig. 3.2 computed with different integration methods, it
would have been impossible to draw any conclusion from an analysis like the one in figure 4.6,
due to the presence of a complex amplitude oscillations structure (given by noise and numerical
integration errors), among which one cannot distinguish the physical oscillations caused by the
orbital eccentricity.

It is interesting to assess which would be the impact of the orbital eccentricity introduced by
quasi-circular initial data on GW detection and the following source parameters estimation. A
possible first step in that direction is looking at the difference in phase between an eccentric post-
Newtonian approximant, with the same gravitational mass and eccentricity of each of the simulated
models in figure 4.4 with d = 60 km, and a standard TaylorT4 analytical waveform for point-particles
coalescing in circular orbits, with the same masses. The result can be seen in figure 4.7. For the less
compact models (with H4 and MS1 EOS, and an eccentricity around 0.01), the phase difference
between the eccentric and the circular waveform oscillates around zero, with a maximum amplitude
of about 0.1rad, which is most probably lower than the numerical errors of the evolution code (a
lower bound of which is estimated in the next section). In the plunge phase, this difference raises
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up to 0.4rad. For the more compact models (with the APR4 and SLy EOSs, and an eccentricity
between 0.02 and 0.03), instead, the phase difference oscillates around zero with an amplitude of
0.2rad for most of the inspiral, and can reach values close to a radiant at merger. This means that,
while probably negligible in the less compact models, initial data eccentricity is a major source
of error in numerical simulations of binary neutron stars inspiral for stars with a soft EOS. From
figure 4.6, we already noted that eccentricity oscillations are the dominant factor in the difference
between gravitational waveforms from many orbits BNS simulations (black lines) and point-particle
post-Newtonian approximations (green lines), until the plunge phase, , even at low post-Newtonian
order. This can make the assessment of tidal effects (and then EOS) impact on the gravitational
signal more difficult, and hence can harm the efforts to pinpoint the neutron stars EOS from GW
detections.

Another interesting evaluation is to measure the detectability, in the Advanced LIGO/Virgo
interferometers, of the difference between eccentric and circular orbits waveforms. In particular,
performing this computation starting from the initial frequency of the d = 60 km simulations
presented before, which are among the longest (in the inspiral phase) BNS simulations performed
so far, allows to understand the importance of initial data eccentricity error in currently feasible
BNS simulations, even if a detectability comparison should, in theory, be computed using a signal
covering all the detectors frequency band. To do so, one can compute the distinguishability of two
waveforms h1 and h2, using the following expression [13, 91, 280]:

||h1 − h2|| = min∆t,∆φ

√√√√√4

∫ f1

f0

∣∣∣ĥ+,1(f)− ĥ+,2(f)ei((2πf∆t+∆φ)
∣∣∣2

Sn(f)
, (4.3)

where ĥ+,i(f) are the Fourier transform of the plus polarization of the two compared strains,
f0 = 9 hz and f1 = 7000 hz are, approximatively, the limits of the Advanced LIGO frequency band,
and Sn(f) is the one sided noise power spectral density for Advanced LIGO, in the zero detuning,
high power configuration, which will be the best for detecting binary neutron stars mergers. Using
this norm, it was shown in [280] that two detected gravitational waveforms will be distinguishable
if ||h1 − h2|| ≥ 1. In particular, in the limit ||h1 − h2|| = 1, the marginally distinguishable case, the
two waveforms can be distinguished with a 1σ statistical significance.

In table 4.1 is reported the distinguishability between circular and eccentric orbits waveforms,
computed for optimally aligned binaries at a distance of R = 100Mpc, and the corresponding
minimum distance to have marginal distinguishability. The detectability of eccentricity effects at
100 Mpc is small, mainly because of the shortness of current numerical waveforms respect to the
whole LIGO frequency band. When longer simulations will be available, especially to build hybrid
analytical-numerical waveforms, able to cover the whole detectors band, this eccentricity effect will
become more important.

Given these results, it is clear the importance of getting rid of the initial eccentricity of BNS
orbits, in order to evaluate the difference between different EOSs and to model accurately tidal effects
and other possible effects like stellar oscillations present in the inspiral phase. Work in this direction,
mimicking what is already standard for binary black holes simulations, has been done by some
groups [58, 95]. In particular, they use an iterative procedure, first evolving eccentric initial data,
like LORENE’s ones, and computing the eccentricity with eq. 4.2. Then, they correct accordingly
the initial data, adding a radial velocity component, and start again the simulation. This process
is repeated (usually three times), until a target value for the eccentricity is reached. For example,
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for BBH simulations, the NRAR (Numerical Relativity and Analytical Relativity) collaborations
prescribed e < 2× 10−3, which is an order of magnitude lower than the one of LORENE’s models.
However, there is not yet a publicly available tool to generate low-eccentricity BNS initial data,
which can be checked and evolved by anyone in the scientific community. I plan to dedicate some
of my future work, immediately after this thesis, to create such tool.

4.1.2 Effect of the initial interbinary distance

Binary neutron star merger simulations presented in the literature start from a variety of initial
values for the stars centres separation. As seen at the beginning of this section, long, many orbits,
BNS simulations are necessary to perform comparisons with post-Newtonian approximations (either
to construct longer hybrid analytical-numerical waveforms, to cover all the current GW detectors
frequency band, or to evaluate the accuracy of different PN formulations and calibrate their free
parameters), and to study tidal (and, more in general, EOS) effects on the inspiral waveform. On
the other hand, when focusing on the post-merger signal, which is the primary target for three
dimensional numerical investigations, for the lack of any analytical treatment so far, one wants
to simulate the shortest possible inspiral, not to waste too many computational resources on that
phase. From these necessities, several questions arise, such as:

1. How the numerical errors accumulate during many orbits evolutions? Which is the maximum
number of orbits one can simulate with current numerical codes in order to keep a target
accuracy?

2. How close to the merger a simulation can start, without propagating errors which can influence
the post-merger results?

3. How accurate are the conformal thin sandwich initial data, depending on the stellar separation?

4. What is the difference between tidal deformations and stellar mode excitations developed
during a numerical evolution starting from an initial large interbinary distance, or included
in close-binaries initial data?

In order to answer all those questions, a first step is to compare simulations of the same model
(in the case presented here, an equal mass model with a baryonic mass of 1.4 M� for each star,
and the four EOSs presented in sec. 2.1.1) starting from initial data with a different interbinary
distance (which is equivalent to say that they have a different initial orbital frequency). The initial
separations considered here are 60, 50, 44.3 and 40 km. I can anticipate here that to give a complete
answer to the previous questions, this work is not sufficient, and further explorations, using different
numerical methods, and techniques to try to disentangle those errors sources, which are difficult to
distinguish, are needed. This comparison can also be seen as using the full numerical 3D simulations
to fill the gaps between several quasi-equilibrium configurations through which the binary must
pass, evaluating with which accuracy are current numerical algorithms able to do so. Figure 4.8
gives a first overview of the difference between simulations with different initial stars separation.
At the beginning of the shorter simulations, after the first “junk radiation” emission (explained in
sec. 4.1.1), the signals of models with the same EOS agree very well, confirming that the dynamical
evolution is able to connect LORENE’s generated quasi-equilibrium configurations. However, in the
last part of the coalescent phase, after the start of the d = 40 km simulations, the signals start to
diverge, with simulations starting from a closer interbinary distance having a faster phase evolution
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Figure 4.8: Gravitational wave strain plus polarization from simulations of an equal mass binary
with M = 1.4 M� for each star, with different EOS and initial interbinary distance.
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(see small boxes in figure 4.8). It is also interesting to note, contrary to what can be expected a priori,
that the initial interbinary distance has also an impact on the GW amplitude in the post-merger
phase. This could be potentially very important for numerical studies of the post-merger energy
balance. A more quantitative analysis of these discrepancies can be found in section 4.2.3.

In order to investigate the differences in the phase evolution of simulations starting from different
separations, during the inspiral, it is useful to align the simulations (with the same EOS) starting
from d = 50, 44.3, 40 km with the longer ones, starting from 60 km. At first, the waveform are
aligned at the time of the merger, considering them respect to the new time variable

t̃ = tret − tmerger(d), (4.4)

as they have already been shown in figure 4.8. Then, following a standard procedure, often used to
compare waveforms of the same model generated with different techniques (see, for example, ref.
[9, 11, 281]), the signals are aligned finding the time shift ∆t and the phase shift ∆Φ, after defining
the aligned GW phase

Φal1(t) = Φd(t−∆t) + ∆Φ− Φd=60(t), (4.5)

and then minimizing the following integral:

I(∆t,∆Φ) =

∫ t2

t1

∣∣Φal1(t̃)
∣∣2dt̃, (4.6)

where the GW phase of the simulation starting from an initial interbinary separation d is defined
from the gravitational wave strain h:

Φ = arctan

(
hX
h+

)
. (4.7)

The integration limits are t1 = 3 ms and t2 = min(20 ms, tmerger− 2 ms), in order to avoid, as usual,
the initial spurious radiation and the plunge phase.

In figure 4.9 are reported the differences between the aligned waves phase and the phase of the
d = 60 km simulations waveforms. Outside the alignment interval, the phase evolutions between
simulations starting from a different orbital frequency diverge quite significantly. This is more
pronounced in the more compact stars, with the SLy and APR4 EOSs, showing a phase difference
at merger of about 4 radiant. The stars with the H4 EOS have an intermediate behaviour, while
the stars with the MS1 EOS show a much lower deviation, with a maximum phase difference at
merger of 1 rad.

These results are not really satisfactory, showing a huge difference caused by the initial data
separation, which can be mitigated by the alignement procedure in the alignement interval only.
This last consideration leads to believe that eq. 4.5 is not the best for the signals scrutinized
here. A different procedure to test, which can also help identifying the source of such huge phase
discrepancies, is allowing for a dilatation of the time variable, as done in ref. [12, 97] to align
waveforms of simulations with different resolutions, in order to compare them compensating for
their different merger times. For each simulation with d < 60 km, one has to find the parameters η
and ∆Φ2 which, after defining

Φal2(t) = Φd(η · t) + ∆Φ2 − Φd=60(t) (4.8)
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Figure 4.9: Difference in the accumulated phase between simulations starting from d = 60 km
separation and simulations starting from closer configurations, with the same EOS and star masses,
aligned with eq. 4.5, allowing for a phase and time shift.
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Figure 4.10: Difference in the accumulated phase between simulations starting from d = 60 km
separation and simulations starting from closer configurations, with the same EOS and star masses,
aligned with eq. 4.8, allowing for a time dilation.
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Model
Shift alignment (Eq. 4.5) Dilatation alignment (Eq. 4.8)
∆t (ms) ∆φ (rad) η ∆φ2 (rad) ∆tmerger (ms)

APR4(d=40 km) 1.40 6.26 1.112 -3.40 1.14
APR4(d=44.3 km) 1.71 6.07 1.096 -4.81 1.59
APR4(d=50 km) 1.82 5.76 1.047 -3.54 1.31

SLy(d=40 km) 1.53 6.83 1.140 -3.80 1.33
SLy(d=44.3 km) 2.02 7.46 1.111 -5.06 1.74
SLy(d=50 km) 2.34 7.51 1.056 -4.16 1.55

H4(d=40 km) 2.34 7.51 1.063 -1.26 0.43
H4(d=44.3 km) 1.56 5.82 1.075 -2.67 0.93
H4(d=50 km) 2.49 7.85 1.061 -3.92 1.52

MS1(d=40 km) 0.27 1.40 1.038 -0.30 0.17
MS1(d=44.3 km) 0.24 0.85 1.017 -0.51 0.17
MS1(d=50 km) 0.55 1.64 1.021 -1.16 0.42

Table 4.2: The first two columns represent the parameters ∆t and ∆φ which minimizes Eq. 4.6 for
each model with d < 60 km. The next two columns show the parameters η and ∆φ2 which minimize
Eq. 4.9. The last column shows the effective merger time difference between the time-dilation aligned
waveform and the original one ∆tmerger = tmerger(η − 1)

minimize the following integral:

I(η,∆Φ) =

∫ t2

t1

∣∣Φal2(t̃)
∣∣2dt̃. (4.9)

The result are presented in figure 4.10, again taking the phase differences between the aligned
waveforms and the d = 60 km ones. With this different alignment, the phase differences are much
smaller than before, and, more importantly, do not increase only outside the alignment interval. All
the obtained values for the time dilation factor η are greater than one. This can be interpreted as
the simulations starting from a closer initial binary configuration carry out more orbits compared
with the ones starting from further apart, when comparing them over the same distance before
merger. While this is always true comparing the simulations starting from d = 60 km with the ones
starting closer, the effective merger times of simulations starting from 50, 44.3 and 40 km, instead,
do not follow always the same trend, suggesting the presence of other sources of error, especially
for the smallest initial distances.

The minimizing parameters for both alignment procedures, with the corresponding effective
merger time difference, are reported in table 4.2. In table 4.3, instead, are reported the maximum
phase differences, during the whole inspiral, between the aligned signals and the d = 60 km ones. In
particular, the residual phase errors after the time dilation alignment (which corrects the effective
merger time error) can be seen as lower bounds for the accumulated numerical errors by the evolution
code, due to the finite grid resolution. As anticipated in sec. 3.4, these are much higher than the
errors coming from the waveform extraction procedure, after the application of the second order
perturbative extrapolation formula 3.197, even in the first part of the signal, contrary with what
was found in [269] for binary black holes simulations.

This picture, coming from the GW phase differences, is consistent with the one given by the
radiated energy and angular momentum. A common technique is to analyse the gauge-invariant
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EOS
Shift alignment (Eq. 4.5) Dilatation alignment (Eq. 4.8)

Eφal1 (rad) Eφal2 (rad)

d = 50 km 44.3 km 40 km d = 50 km 44.3 km 40 km

APR4 4.12 2.79 2.40 0.98 0.09 0.49

SLy 5.01 2.79 1.77 0.40 0.25 0.37

H4 3.41 2.06 1.85 0.33 0.35 0.20

MS1 0.91 0.19 0.41 0.09 0.23 0.10

Table 4.3: Maximum phase difference in the inspiral phase between waveforms from simulations
starting from d < 60 km and simulations with d = 60 km, aligned according to Eq. 4.5 (first three
columns) or Eq. 4.8 (second three columns).
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Figure 4.11: Gauge invariant reduced energy over reduced angular momentum curves, for the simu-
lations presented in figure 4.8. The filled dots mark the binding energy and angular momentum at
the time of the merger.
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relation between the reduced radiated energy

Er :=

(
E
M − 1

)
ν

(4.10)

and the reduced radiated angular momentum along the z axis:

Jr :=
Jz
M2ν

, (4.11)

where E = MAMD−Egw and Jz = JADM −Jgw, with Egw and Jgw computed from the gravitational
wave strain using eq. 3.205 and 3.206. The initial ADM mass and angular momentum are taken
from the output of the LORENE code, when importing initial data in the evolution code numerical
grid. Finally, M = M1 + M2 is the sum of the two stars gravitational masses and ν = M1M2

M2 is
the reduced mass divided by M . The Er(Jr) curves are shown in figure 4.11, for each EOS and
initial separation. They agree, in simulations with the same EOS, very well, until the start of the
d = 40 km simulations. After that point the simulations with d = 60 km start to diverge, resulting
in a merger (marked with the filled circles in figure 4.11) at a higher energy and angular momentum.
The other three simulations, instead, agree much better until the merger, and their merger energies
and angular momenta are also close to each other. This has the natural interpretation that the
simulations with a shorter effective merger time emit more energy and angular momentum during
their faster approach to the merger, in which they carry out more orbits. In all the simulations
starting from d < 60 km we observe a good agreement of the initial energy and angular momentum,
after the short relaxation period, with the simulations starting from a larger interbinary distance,
with a maximum difference of a few tenths of percent. This confirms again that, at least in the
inspiral phase, our numerical evolutions, even at this resolution, are able to join the sequence of
quasi-equilibrium states generated by the LORENE library. However, in the late inspiral and plunge
phase, when the tidal effects start to be relevant, there are important differences.

This common picture can be naively interpreted considering that higher finite-resolutions errors
accumulate during the longer simulations. In particular, this would explain why the d = 60 km simu-
lations are different from the other three, which are more similar, and why the phase differences are
lower for the less compact stars (which have also a lower merger time). However, other explanations
are possible.

A contribution to the difference between simulations starting from different separations can
come from tidal effects, which are already important at the start of the d = 40 km simulations, when
the differences starts to show up in the Er(Jr) curves. As shown before, there are higher deviations
in the d = 60 km simulations with respect to the ones starting from further inward in the more
compact stars. Tidal deformations developed in the dynamical evolution of models starting from
a lower frequency could be different from the ones present in close binaries initial data, which are
computed, with an approximate gravitational potential, by a spectral code and then interpolated in
our cartesian grid. On the other hand, small tidal deformations could be present also in the d = 60
km initial configurations, but they could be under-resolved when we interpolate those initial data
in our evolution code grid at our resolution. In ref. [93] has been shown that even small differences
in initial data could be amplified during the evolution of the highly non-linear equations needed
to describe BNS mergers in full general relativity, and this is particularly important for the the
evolution of initial models with the higher merger times, which show the larger deviations between
different initial separations.
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The role of dynamical tidal effects was also recently underlined in ref. [47, 48]. These effects
develop from the interaction of the tidal field with the stars quasi-normal modes of oscillation.
These dynamic tides could be developed during a many orbits evolution, but are not considered in
the calculation of the initial data used here. However, they should be more important for the less
compact stars.

Another possible source of error is linked with the close binary initial configuration. In ref.
[282] it is shown that initial BNS data computed in the conformal flatness approximation for the
gravitational potential need to be evolved for more than 3 orbits to reach a true, stable, quasi-
equilibrium configuration. This condition is not (or is barely) satisfied for the d = 40 km simulations
(see table B.3).

From the available data it is impossible to disentangle all these error sources, evaluate their
relative contributions, and fully answer to the questions posed at the beginning of this section.
However, showing that there could be problems (or hidden physical effects) in many orbits BNS
simulations, that their predicted inspiral GW signals do not match with the ones from shorter
simulations, that these differences are EOS-dependent (they look higher in the more compact stars),
and that they manifest themselves as a shorter effective merger time in the simulations starting
from closer binaries configurations, are important and interesting first results, which can stimulate
further enquiries about these subjects. In particular, new sequences of simulations of the same
model starting from different separations, with better spatial resolution, are needed. More accurate
numerical methods could also be employed, in particular Z4-family formulations of the Einstein
equations (see sections 3.1.2), for their constraints damping property, and higher than second order
methods for the hydrodynamics, as used for example in [93, 96, 98]. These more advanced numerical
techniques, reducing the dynamical evolution errors, should reduce also the differences between the
simulations with different initial interbinary distance, if that turns out to be their the dominant
source. Another interesting direction would be to repeat this kind of simulations with a larger EOS
sample, to better check the results dependency on the stars deformability, and, with that, on tidal
effects. Also important is to perform a convergence study, to check if the differences reduces increasing
the resolution. All these possible future studies, however, are very computationally expensive.

Finally, one last interesting direction is to compare different techniques for producing initial data,
as already done in ref. [93]. This is made somewhat difficult by the fact that the LORENE code is
the only BNS initial data code publicly available. However, being an object-oriented code, it is easy
to add to it new algorithms for initial data generations, such as the use of the extended conformal
thin sandwich formulation [283, 284], which tries to overcome the conformal flatness limitation.

In section 4.2.3 I will discuss more results coming from this comparison, about the impact of
the initial interbinary distance on the post-merger GW signal.

4.2 Merger and post-merger dynamics

The merger and post-merger phases of binary neutron star systems evolution are the main target
for numerical relativity, because, as already mentioned several times, they cannot be explored with
analytical techniques.

The merger phase, difficult to properly define, is still largely unexplored, due to the turbulent
nature of the (magneto)hydrodynamical processes happening when the two stars come into contact.
For example, in ref. [89] was shown that, with current numerical relativity codes and using the
highest currently feasible grid resolution, we are still not able to fully resolve the Kelvin-Helmotz
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instability. This instability creates vortices in the shearing layer, by which, considering the star
having infinite conductivity, the magnetic field is highly amplified, because the magnetic field lines
are frozen with the fluid, and consequently are stretched in the small-scale vortices.

The post-merger phase, instead, is easier to study, because the remnant star evolves towards an
equilibrium configuration (or collapses to a black hole). Its gravitational wave emission is dominated
by a single mode (which, however, does not have constant frequency, but it varies slowly in time,
as discussed more in detail in the next sections), due to the rotation of the bar-deformed neutron
star. The dynamics of bar-deformed NSs and their development due to dynamical instabilities has
been studied extensively in the past (see, for example, ref. [173, 175]). In BNS mergers, instead, the
deformation is seeded by the tidal forces and the collision during the merger. In the subsequent
evolution, while angular momentum is radiated in gravitational waves and redistributed in the
remnant star, the degree of differential rotation decreases, and the star moves towards a more
axisymmetric configuration, with a consequent diminishing of the emitted GW amplitude.

In the following section I will bring on the comparison between the models already presented in
figure 4.3: five equal mass models with different total mass (and the same SLy EOS), five unequal
mass models with different mass ratio (and the same total mass), four models of the observed PSR
J0453+1559 system, with different EOSs, and four long (d = 60 km) simulations, with the same
total baryonic mass and different EOS (and, consequently, a slightly different initial ADM mass
too). In particular, I will compare the gravitational waves post-merger spectrum, and the energy
radiated during the post-merger phase. This is useful to understand the role played by each of the
main source parameters one hopes to be able to reconstruct from real GW signals observed in GW
detectors.

4.2.1 The post-merger spectrum and its link with the neutron stars EOS

The most interesting aspect of the post-merger remnant evolution is the frequency spectrum of the
emitted gravitational signal. In particular, the goal is to be able to connect its main features with
some parameters directly linked with the neutron stars EOS.

Figure 4.12 shows the amplitude spectral density of the GW strain |h̃|f1/2, where

|h̃| =

√
|h̃+|2 + |h̃×|2

2
. (4.12)

The spectrum is computed, unless otherwise stated, from 8 ms before the merger to 15 ms after
it. For the standard grid setup and finest resolution dx = 0.25 M� used in those simulations (see
table A.2), this leads to a Nyquist frequency of 50.75 kHz and a spectrum frequency resolution of
43.48 Hz.

In all the different BNS models presented in figure 4.12, the spectrum shows an initial growth
(given by the inspiral GW emission, whose spectrum is truncated at the lower end due to the limited
number of simulated orbits), until a local maximum is reached (close to the merger instantaneous
frequency, reported in tables 4.5, 4.6, 4.8 and 4.10). The GW emission at higher frequencies, instead,
comes from the post-merger signal. In almost every model, a dominant peak is recognizable in the
post-merger spectrum. This peak corresponds to the frequency f2 (also called fp, or fpeak in the
literature) of the fundamental quadrupolar m = 2 oscillation mode of the bar-deformed neutron star
[10]. This peak is not present only in models collapsing to a black hole right after the merger, like
the equal mass one with M = 1.6 M� for each star and the SLy EOS (magenta line in the top-left
panel of figure 4.12).
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Figure 4.12: Amplitude spectral density for the (2,2) component of the GW strain, computed in an
interval between 8 ms before the merger and 15 ms after it, except for models with a shorter inspiral
phase (SLy1.5vs1.5, SLy1.6vs1.6) or a shorter simulated post-merger (SLyd60, H4d60, MS1d60).
The spectral density values correspond to optimally oriented binaries at 100 Mpc from the detector.
Here are highlighted the effect of total binary mass (top-left panel), mass ratio (top-right), and EOS
in unequal (bottom-left) or equal (bottom-right) mass models. The black dashed line represents
the sensitivity curve for Advanced LIGO detectors in the zero detuning - high power configuration,
which will be the optimal one for detecting gravitational waves from BNS mergers.

Equal mass models with the SLy EOS and different total baryonic mass

MT f1 f1 from [285] fspiral from [286] f2 f2 from [286] f2 from [66] f3

[M�] [kHz] [kHz] [kHz] [kHz] [kHz] [kHz] [kHz]

2.4 2.04 1.64 2.04 2.85 2.78 2.83 -

2.6 1.89 - 2.20 1.80 2.18 2.96 3.01 3.03 4.19

2.8 2.15 1.97 2.33 3.14 3.21 3.20 4.31

3.0 2.60 2.21 2.52 3.51 3.41 3.38 4.30

Table 4.4: Frequencies of the main spectral peaks for equal-mass models with the SLy EOS (top-
left panel in figure 4.12). The frequencies f1, f2 and f3 are computed from the simulation data
interpolating the spectrum with a cubic spline (with resolution 1 Hz) and taking the frequencies
of its local maxima. Predicted peak frequency values, according to empirical relations form ref.
[66, 285, 286] are also reported for comparison.
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Equal mass, SLy EOS

MT f0 τ0 fmerger
[M�] [kHz] [ms] [kHz]

2.4 1.31 4.92 1.72

2.6 1.32 3.19 1.81

2.8 1.18 2.26 1.91

3.0 1.01 4.35 1.98

Table 4.5: Frequency and damping times for the m = 0 oscillation mode, obtained fitting the
maximum density evolution after the merger, for equal mass models with the SLy EOS. The
instantaneous frequency at merger is also reported.

Unqual mass models with MT = 2.8 M� and the SLy EOS

q f1 f2 f3 f0 τ0 fmerger
[kHz] [kHz] [kHz] [kHz] [ms] [kHz]

1 2.15 3.14 4.31 1.18 2.26 1.91

0.94 2.10 3.13 4.27 1.18 1.88 1.90

0.88 1.98 3.05 4.17 1.23 1.44 1.81

0.83 1.83 2.98 4.11 1.26 1.54 1.73

0.77 - 3.00 - 1.28 1.96 1.63

Table 4.6: Frequencies of the main spectral peaks for unequal-mass models with the SLy EOS and
total baryonic mass of 2.8 M� (top-right panel in figure 4.12). The frequencies f1, f2 and f3 are
computed from the simulation data interpolating the spectrum with a cubic spline (with resolution
1 Hz) and taking the frequencies of its local maxima. f0 and τ0 are computed fitting the post-merger
maximum density oscillations. fmerger is the instantaneous frequency at the merger time.

Reproduction of the observed unequal-mass system PSRJ0453+1559 with different EOSs

EOS f1 f1 from [285] fspiral from [286] f2 f2 from [286] f2 from [66] f3

[kHz] [kHz] [kHz] [kHz] [kHz] [kHz] [kHz]

APR4 2.39 2.45 2.76 3.32 3.57 3.67 4.63

SLy 2.26 2.26 2.56 3.27 3.43 3.41 4.24

H4 - 1.73 1.76 2.38 2.50 2.25 -

MS1 - 1.59 1.54 1.90 2.18 1.88 -

Table 4.7: Frequencies of the main spectral peaks for unequal-mass models based on the observed
PSR J0453+1559 system, with different EOSs (bottom-left panel in figure 4.12). The columns
correspond to the ones in table 4.4.
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PSR J0453+1559

EOS f0 τ0 fmerger
[kHz] [ms] [kHz]

APR4 1.10 1.47 1.87

SLy 0.99 1.51 1.67

H4 1.01 2.22 1.27

MS1 0.80 3.24 1.18

Table 4.8: Frequency and damping times for the m = 0 oscillation mode, obtained fitting the
maximum density evolution after the merger, for unequal mass models reproducing the observed
binary system PSRJ0453+1559, with different EOSs. The instantaneous frequency at merger is also
reported.

Equal mass models with MT = 2.8 M� and initial d = 60 km, with different EOSs

EOS f1 f1 from [285] fspiral from [286] f2 f2 from [286] f2 from [66] f3

[kHz] [kHz] [kHz] [kHz] [kHz] [kHz] [kHz]

APR4 2.03 2.08 2.51 3.10 3.34 3.47 4.41

SLy 1.91 1.97 2.33 3.07 3.21 3.20 4.12

H4 1.55 1.62 1.67 2.21 2.38 2.12 -

MS1 1.40 1.49 1.51 1.92 2.08 1.80 -

Table 4.9: Frequencies of the main spectral peaks for equal-mass models with total baryonic mass of
2.8 M� and different EOSs, starting from d = 60 km (bottom-left panel in figure 4.12). The columns
correspond to the ones in table 4.4.

MT = 2.8 M� and d = 60 km

EOS f0 τ0 fmerger
[kHz] [ms] [kHz]

APR4 1.30 2.10 1.86

SLy 1.25 1.82 1.72

H4 1.05 3.03 1.36

MS1 1.06 7.64 1.27

Table 4.10: Frequency and damping times for the m = 0 oscillation mode, obtained fitting the
maximum density evolution after the merger, for equal mass models with total baryonic mass of
2.8 M� and different EOSs, starting from d = 60 km. The instantaneous frequency at merger is also
reported.
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In most models, another two subdominant peaks, one at each side of the dominant one, at
frequencies called f1 and f3 (or, sometimes, f− and f+) are recognizable. Their physical origin has
been the focus of a recent debate in the literature. They have been first interpreted as nonlinear
combinations of the fundamental m = 2 mode with the quasiradial m = 0 oscillations [10, 287],
which have frequency f0 close to f1+f3

2 ' |f2 − f1,3|. In more recent works, they have been, instead,
attributed to the modulation of the main m = 2 mode by the nonlinear radial oscillations of the
two rotating stellar cores in the first few milliseconds after the merger [14, 57, 245, 285]. Finally,
in ref. [277, 286], a new mechanism was proposed for explaining the low frequency peak, in the
stars with stiffer EOS: the GW emission at a new frequency f̂ (also called fspiral) due to the spiral
arms created by the strong deformations during the merger, which rotate, in an inertial frame, at a

frequency f̂
2 , slower than the central cores rotation.

It is important to note that, while the dominant post-merger peak is within the Advanced LIGO
sensitivity curve for almost all models (with a reference distance of 100 Mpc and considering optimally
aligned binaries), the subdominant peaks will be very difficult to detect in current interferometric
detectors, and the next generation experiments, like the Einstein Telescope [288, 289], will be
necessary for inferring the neutron star EOS properties from them.

In the top-left panel of figure 4.12, are compared the spectra of equal-mass BNS models with
different total mass. The first characteristic one can note is that the post-merger spectrum of 1.6 M�
merging stars (magenta line) does not have any high-frequency peak, but, instead, is monotonically
decreasing after the first bump, relative to the inspiral GW emission. This happens because that
model collapses to a black-hole right after the merger, so no (hyper)massive neutron star merger
remnant is present in its evolution. The GW emission after collapse, due to disc oscillations or BH
quasi-normal modes, is much weaker than the inspiral or post-merger NS emission, so it does not
show up in the spectrum on this scale. Collapsing models are investigated more in depth in section
4.2.4. All the other systems show the dominant f2 peak, which has a higher frequency and more
power increasing the total mass of the system. An exception to this are the merging stars with
M = 1.5 M�, which have less power in the f2 peak than the 1.4 M� stars, because their remnant
also collapses to black-hole before the end of interval in which the spectrum is computed, although
after a short hyper-massive neutron star phase. Subdominant peaks, on each side of f2, also become
more important increasing the total mass. In particular, the f3 peak is not recognizable in the
M = 1.2 M� system, while a low-frequency f1 peak is present in the same model. Finally, it is
possible to note that the M = 1.5 M� system has also an additional peak at a frequency lower than
all the other ones, below 2 kHz, which is not found in any other model.

The top-right panel of the same figure 4.12, instead, shows the effect of mass ratio on the
GW spectrum. The main f2 peak moves slightly towards a lower frequency increasing the mass
asymmetry (in accordance with the results of [66, 67]). This effect, although small in the particular
models analysed here, needs to be studied more in depth, with new simulations, adopting a wide
range of total masses and EOSs, because it should be included in empirical relations linking the f2

frequency with some characteristics of the initial stars or of their EOS. Since now, these relations
are developed starting only from equal or close-to-equal mass systems [13, 245, 285–287, 290, 291],
with the exception of the simple prescription in ref. [66]. Another effect of the mass ratio is the
progressive disappearance of subdominant peaks, while the mass asymmetry increases. The most
unequal mass system analysed here, with 1.2− 1.6M� (q = 0.77), shows only one peak (at f2) in
its post-merger spectrum.

The bottom panels, finally, show the comparison of equal (right) and unequal (left) mass models
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with different EOSs. The softer EOSs have the main peak at higher frequencies, with an effect which
is much larger than the one due to the mass ratio. This is why the post-merger spectrum is one of
the best candidate observables to reveal the neutron star EOS from observations of GW emitted by
BNS mergers. In the unequal mass models, corresponding to the physical parameters of the observed
system PSRJ0453+1559 (q = 0.75), no important secondary peaks are present, just as the q = 0.77
SLy models discussed above. Very small subdominant peaks are still present with the softer EOSs
(APR4, and, more significantly, SLy), while they are totally absent with the stiffer EOSs (H4 and
MS1). A very interesting and unique finding of these simulations is the presence of a double main
peak in the model with the APR4 EOS. A change in time of the dominant mode frequency was
already discussed in ref. [67, 285], but I am not aware of any other published simulation showing
a split in the main spectral peak. This complicates further the phenomenology of the post-merger
spectrum and its reconstruction with simple empirical prescriptions. This double peak could be
linked with the finite-size of the simulated post-merger signal, and the higher-frequency peak, related
to the fist few milliseconds after the merger (see also the spectrogram in figure 4.17), will have
its weight reduced in a longer signal. However, most of the energy emission in gravitational waves
happens during the simulated time (see section 4.2.2), therefore the damped gravitational waves
emitted after 30 ms from the merger could qualitatively modify only slightly the overall frequency
spectrum. A detailed analysis of this effect would require, first, an accurate study of the damping
time resolution dependence, since the effect of numerical dissipation could be important. Such
investigation is still a work in progress, starting from the data presented in appendix A.1 to study
the convergence properties of the inspiral signal.

As mentioned in the last paragraph, several empirical universal relations have been proposed to
link the frequencies of the main GW spectral peaks to some physical characteristics of the initial
stars, independently of the neutron star EOS. If correct, these could be used to easily extract
the source physical parameters from a GW detection, with a strong enough signal to be able to
recognize also the post-merger (which, having a GW emission at higher frequency, is more difficult
to be detected for current interferometers). These relations, however, are often based on a limited
number of simulations, and, in particular, unequal mass systems are often ignored. As noted before,
the inclusion of unequal mass BNS systems (which we now know that are existing in nature) will
open a new direction in the parameter space and could, therefore, potentially break the empirical
relations developed so far.

In particular, the fundamental quadrupolar oscillation mode, which is responsible for the f2

peak, is known to be tightly correlated, in non-rotating stars, with the combination√
M

R3
. (4.13)

This suggests that, if the remnant radius is related with the radius of a fixed mass non-rotating
NS, in a EOS-independent way, there could be a relationship between f2 and the NS radius. This
was explored in ref. [286, 287], where, for fixed total mass of the (equal mass) BNS system, tight
relationships where found between f2 and the radius of a non-rotating neutron star with a mass
higher than the one of the original coalescing stars (for example, the radius of M = 1.6 M� NSs for a
system with total gravitational mass 2.7 M�), because the merger remnant central density is higher
than the maximum density of the merging NSs. These relationships, however, do not scale so well
when trying to parametrize also the contribution of the total mass of the system. The dependence
of f2 with the binary mass, could be itself dependent on the EOS, as shown in ref. [286]. Another
interesting, and simple, way to connect f2 with the physical parameters of the merging stars is
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proposed in ref. [66], where it is connected, using a linear regression, and considering an inverse
correlation with the total mass, with the conctact frequency of the merging stars, computed using
an approximation from ref. [292] starting from the initial stars masses and radii. This allows, also, to
take into account unequal mass systems, because they will have a slightly different contact frequency
than the corresponding equal mass one with the same total mass. Comparing the f2 predicted from
those relations, and the results of the simulations in figure 4.12, one gets compatible frequency
values, considering our Fourier transform sensitivity (see tables 4.4, 4.6, 4.7, 4.9). However the effect
of mass ratio is underestimated by the relationship of ref. [66] (as is visible also in their figure 4),
and both empirical relationships seem to work better for lower mass systems. Other interesting
empirical relationships have been developed in ref. [245, 291], linking f2 with the tidal coupling
constant k2. They are particularly interesting, because a single parameter is responsible for the EOS
effect on the GW signal in both the inspiral and the post-merger phase.

The low-frequency subdominant peak has also been a target for universal relations linking it
to the stellar mass and radius. In order to compare the leading physical interpretations for the
subdominant peaks origin against the data discussed here, in figure 4.13 are plotted all the spectra of
fig. 4.12, with vertical lines indicating the results of different prescriptions to forecast the frequencies
f1 and f3, starting from the initial stars parameters. The low frequency green line is computed
from eq. 18 of ref. [285], which comes from a fit of f1 data from their simulations (which use
numerical methods and EOSs very similar to the ones described in this thesis) against the initial
stars compactness (or its average, in the case of unequal mass models). The corresponding high
frequency line, approximating f3, is computed simply as f3 = 2f2 − f1, with f1 taken from their
empirical relation and f2 directly from the simulations results. The cyan line marks the fspiral
frequency, computed with eq. 26 of ref. [285], which was obtained fitting the data from ref. [287]
with a second order polynomial in the (average) compactness of the merging stars and their total
gravitational mass.

The dashed red lines, instead, mark the frequency resulting from the combination of the m = 2
and m = 0 modes, at a frequency sometimes called f2±0. They are simply computed as f2 ± f0,
with f2 taken from the data and f0 computed fitting the maximum density oscillations, with the
following test function:

ρ = at+ bt2 + ce
t
τ0 sin (2πf0t+ φ) . (4.14)

For the same purpose, it is also possible to fit the minimum lapse, instead, as done in ref. [68, 285]. The
f0 values obtained with both methods are compatible. The post-merger evolution of the maximum
density can be seen in figure 4.14. ρmax is growing quadratically, from the merger time, and has
damped oscillations in the first few milliseconds. These oscillations have a similar frequency for
every mass (except for the collapsing model with total mass MT = 3 M�), mass ratio and EOS, but
very different amplitudes and modulations. Their amplitude increases with the total mass of the
system, as the power in the subdominant modes. This is consistent with the remnant getting closer
to the threshold mass for quasi-radial collapse. The oscillations amplitude, instead, decreases with
the mass asymmetry, while, again, also the power in the subdominant peaks decreases substantially.
Models with a mass ratio far from one have also a limited growth of the average maximum density,
respect to equal mass models. This happens because a larger amount of mass is driven away from
the remnant core, as seen in the last panels of figure 4.2, due to the tidal disruption of the lower
mass star. This difference is potentially very important, because it means that mass ratio can
change significantly the collapse time of BNS merger remnant, influencing both the total energy
emitted in GWs and the timescales for electromagnetic or matter emissions. For example, the PSR
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Figure 4.13: Amplitude spectral density of the GW strain, for the same models of fig. 4.12, for an
optimally-aligned source at 100 Mpc from the detector. The vertical lines mark the subdominant
modes frequencies predicted by empirical relations (green lines for f1 and f3 from ref. [14, 285] and
cyan line for fspiral, from the formula of ref. [285], extrapolated with the data of ref. [287]), or by
mode composition (red dashed lines).
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Figure 4.14: Evolution of the maximum density in the models presented in figure 4.13. Fitting its
oscillations it is possible to compute the frequency of the quasi-radial m = 0 mode.
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J0453+1559 model has a higher total mass than the equal mass SLy1.5vs1.5 model, but the former
does not collapse to black hole in the simulation running time (about 30 ms after the merger), while
the latter does collapse in a few milliseconds after the merger. The maximum density reached and
its oscillations amplitude are also heavily influenced by the NS EOS (see bottom panels of figure
4.14, in which, for example, can be seen that the stars with MS1 EOS have way lower amplitude
in their quasi-radial oscillations). In particular, in the stiffer EOSs, some modulations are present
in the density oscillations. These have been found also in ref. [277, 286], where they have been
interpreted as due to the slower rotation of the two antipodal bulges (forming the spiral arms of the
bar-deformed remnant), producing a modulation with frequency f2 − fspiral. When the antipodal
bulges and the central double cores are aligned, the compactness (and then, the maximum density)
is lower, and when they are orthogonal the compactness and the maximum density are higher.

Looking at figure 4.13, it is still impossible to give a definitive answer for the physical origin
of the subdominant peaks, because the frequency coming from the empirical relationship for f1 is
often close to the one for fspiral (in the less compact models) or for f2±0 (in the more compact
models), as already noted in ref. [285]. However, some useful information can be gathered, which
are in accordance with previous published works. Looking at the first row, the M = 1.2 M� system
is consistent with the fspiral model, because both the predicted f1 and f2−0 fall at a frequency for
which there is no peak in the spectrum. Moreover, no high frequency peak f3 is found, which would
be present if the low frequency peak came from an interaction between the m = 2 and m = 0 modes,
but should be absent if only the emission at fspiral was dominant, as it seems to be the case here.
Increasing the masses (and, therefore, the compactness) of the merging stars, we find a model with
a possible coexistence of both f1 and fspiral (M = 1.3 M�), belonging to the category classified
as “type II” in ref. [286]. The M = 1.4 M� model, instead, seems to have a low frequency peak in
between the predicted f1 (or the close f2−0) and fspiral. However, this oddness will be clear in the
next paragraph, looking at the spectrogram. Finally, the M = 1.5 M� model shows two subdominant
peaks which are closest to f2−0, again in accordance with ref. [277], where is stated that the mode
combination should be the dominant effect in models close to collapse. In the unequal mass PSR
J0453+1559 system (third row of figure 4.13), there is only a recognizable subdominant peak for
the softer EOSs, which is close to the predicted value for f1 (and also for f2−0, in the case of SLy),
while the fspiral prediction falls in a region without any spectral feature, consistently with what is
expected for the more compact stars. The absence of subdominant peaks with the stiffer EOSs can
be explained with the low amplitude of the density oscillations and the absence of a two-arms spiral
structure, due to the high mass asymmetry. The last row shows the subdominant peaks being close
to f1 in all models, but also close to fspiral in the least compact ones. In this case, contrary to the
SLy1.2vs1.2 model, the presence of also an f3 peak, close to 2f2−f1, makes a strong case for at least
a contribution coming from the modulation of the dominant mode by the quasi-radial oscillation of
the double rotating cores. However, the results from the spectrum of d = 60 km simulations must
be taken with care, since they can be biased by the numerical errors accumulated during the long
inspiral numerical evolution, as argued in the following section 4.2.3.

The graviational waves post-merger spectrogram

Some recent works [67, 99, 285] highlighted the importance of not looking only at the main spectral
features of the post-merger GW emission by computing its Fourier transform in a wide interval, but
studying, instead, also its time evolution. The easiest and standard way of doing this is to build a
Fourier spectrogram, computing signal Fourier transforms in small intervals (in this particular case,
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5 ms intervals were used), with an high superposition between them (in this case, of 95%). For every
Fourier transform, the time domain signal is first padded with zeros, to have a better frequency
resolution, with a padding length of two times the original signal. The results are shown in figures
4.15, 4.16, 4.17 and 4.18, in which are also reported, with horizontal lines using the same color code
of fig. 4.13, the estimates for f1, f2±0, fspiral and f3, together with a black line representing the f2

values measured from the full spectrum.

The first interesting feature of the spectrograms, visible in all models, is that the secondary
spectral peaks correspond to GW emissions only at most in the first five milliseconds after the merger.
This is consistent with the time scales for the damping of the quasi-radial oscillations τ0, reported
in tables 4.5, 4.6, 4.8 and 4.10. At the same time, the dominant GW emission mode shows a change
in frequency, right after the damping of the subdominant modes. The f2 frequency, measured in
the complete spectrum, corresponds to the frequency of the single exponentially damped remaining
oscillation mode, after the first milliseconds. The main emission frequency in the first part of the
post-merger, called f2i in ref. [285], where this change in frequency was first recognized, can be
computed like f2 but from a short spectrum, ending 5 ms after the merger. For this reason, the f2±0

frequencies should be computed using f2i± f0, because the mode combination could act only in the
first few ms, before the m = 0 oscillation mode damping. This was done to draw the red dashed lines
in figures 4.13 and on the spectrograms. Another interesting feature is that the frequency of the
dominant mode, even after this initial “switch”, is not constant, but increases in time, in particular
in models closer to collapsing. This happens due to the redistribution of angular momentum in
the remnant, which evolves towards a more compact configuration, causing the central double-core
structure to rotate faster, increasing the main emission frequency. This change in the dominant
mode frequency is less pronounced in the unequal mass models (see fig. 4.16 and 4.17), coherently
with the slower increase in their central density, as seen in the top-right panel of figure 4.14.

A case for the usefulness of looking at the full spectrogram is made by the models SLy1.3vs1.3
and SLy1.4vs1.4 (figure 4.15). They show, in the first 2-3 ms, an emission at both the frequency
predicted for fspiral and the one for f1 (or f2−0, they appear to be very close for those two models).
For the first model of the two, this is reflected also by the presence of two distinct peaks in the full
spectrum of fig. 4.13. For the second one, instead, the fspiral emission have more power but dies
down in just a couple of milliseconds, while the f1 (or f2−0) emission lives for more than 5 ms, but
has less power. The result, in the full spectrum, is a single peak, with a large width, in between the
two frequencies. The model SLy1.2vs1.2, which in the full spectrum shows only one low-frequency
peak close to fspiral, in the spectrogram has, instead, also an emission close to f2±0 (or f1 and f3),
but with a low amplitude and not starting right at the merger, but only after some milliseconds.

In the unequal mass models, which have the same total mass and EOS of SLy1.4vs1.4 (figure
4.16), the fspiral emission disappears even at moderate mass ratios, because the two spiral arms
structure is replaced by a single spiral arm (coming from the deformation of the less massive star).
The emission due to the interaction between the m = 2 and m = 0 modes, instead, gradually gets
less power and also a shorter damping time, increasing the mass asymmetry, due to the parallel
reduction of the density oscillations amplitude.

The interesting split peak in the post-merger GW spectrum of the PSRJ0453+1559 system with
the APR4 EOS can be explained simply by the difference in the frequency of the main emission
mode between the first 3 ms and the rest of the signal, which is bigger than in most of the other
models, and by the fact that the remaining of the signal quickly loses power and its frequency does
not increase with time. Another interesting feature of this system is a week, low frequency ( 1.7 kHz)
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Figure 4.15: Fourier spectrograms of the post-merger GW signal for the equal mass models present
in the top-left panel of figure 4.13, with the SLy EOS and different total mass. Detail of its compu-
tation can be found in the text. The coloured horizontal lines mark predicted frequencies for the
subdominant peaks, with the same color-code of fig. 4.13. The black horizontal lines mark, instead,
the peak frequency f2 measured from the full spectrum.
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Figure 4.16: Fourier spectrograms for the (2,2) mode of the post-merger GW signal for the unequal
mass models present in the top-left panel figure 4.13, with the SLy EOS, a total baryonic mass of
2.8 M� and different mass ratio, from q = 1 to q = 0.77. Detail of its computation can be found in
the text. The horizontal lines mark predicted frequencies for the subdominant peaks, with the same
color-code of fig. 4.13. The black horizontal lines mark, instead, the peak frequency f2 measured
from the full spectrum.
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Figure 4.17: Fourier spectrograms for the (2,2) mode of the post-merger GW signal for the models
present in the bottom-left panel of figure 4.13, based on the observed PSRJ043+1559 system, with
different EOSs. Detail of its computation can be found in the text. The horizontal lines mark
predicted frequencies for the subdominant peaks, with the same color-code of fig. 4.13. The black
horizontal lines mark, instead, the peak frequency f2 measured from the full spectrum.
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Figure 4.18: Fourier spectrograms for the (2,2) mode of the post-merger GW signal for the equal
mass models present in the bottom-right panel of figure 4.13, with a total baryonic mass of 2.8 M�
and different EOSs . Detail of its computation can be found in the text. The horizontal lines mark
predicted frequencies for the subdominant peaks, with the same color-code of fig. 4.13. The black
horizontal lines mark, instead, the peak frequency f2 measured from the full spectrum.
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GW emission mode which develops with the softer EOSs after 15 ms from the merger.

Prony methods for the post-merger spectrum analysis

The use of a Fourier spectrogram has some known drawbacks:

• It considers only the modulus of the gravitational waves strain, and not the full complex
number.

• It does not allow to extract information about the damping times of the different excited
modes, neither to know if they are positive or negative (if the mode is vanishing or growing
in a particular time interval).

• The accuracy in time and in frequency are linked together by an “uncertainty principle” - like
relationship (called the bandwidth theorem in this context, which states that longer intervals
for the Fourier transforms allows for better frequency resolution, but worse time resolution).
Therefore, it is not possible to archive a good accuracy in the emission frequencies in the first
few milliseconds, where the subdominant modes are excited.

In the signal processing literature, an alternative technique to compute spectrograms is known,
which overcomes all these limitations: the Prony method.

The goal of the Prony method is to fit a sum of complex exponentials (which means, of exponen-
tially decaying or growing oscillating signals), sampled with discrete points, which, for each value
of its discrete index n ∈ [0, N − 1], can be represented as:

h[n] =
M∑
k=1

Ake
(αk+iωk)nT+iφk =

M∑
k=1

ckz
n
k , (4.15)

where M is the number of signal components, which a priori could be unknown. Fitting such a
signal with standard least-squares methods it is known to be often problematic, when the data
contain also a noise component and the number of exponential M is large, requiring to fit 4M free
parameters [64, 286]. Another problem of using a standard least-square fit is the need of an initial
guess for the parameters values, which is not needed, instead, adopting the Prony method.

The original method, developed by Prony in 1795, required knowing a-priori the value of M ,
and having a perfect signal without noise, sampled with 2M points. For n ∈ [0,M − 1], eq. 4.15 can
be written in matrix form, as a Vandermonde linear system:


z0

1 z0
2 · · · z0

M

z1
1 z1

2 · · · z1
M

...
...

. . .
...

zM−1
1 zM−1

2 · · · zM−1
M




c1

c2
...
cM

 =


h[0]
h[1]

...
h[M − 1]

 . (4.16)

The goal of the Prony method, is to find, in an independent way, a solution for the complex
exponentials zk, which gives the frequencies and the damping times of the signal components. Once
they are known, one can solve the system 4.16 with standard techniques, to get also the amplitudes
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and the phases, encoded in the coefficients ck. The starting point is to construct an M-grade
polynomial, whose zeros are the first M zk:

p(z) =
M∏
k=1

(z − zk) =
M−1∑
k=0

akz
k + zM , z ∈ C, (4.17)

where the coefficient aM has been arbitrarily set to one. Starting from these Prony polynomials, one
can find the following relation, for each m ∈ N ∗:

M∑
k=0

akh[k +m] =
M∑
k=0

ak

 M∑
j=1

cjz
k+m
j

 =

=
M∑
j=1

cjz
m
j

(
M∑
k=0

akz
k
j

)
=

M∑
j=1

cjz
m
j p(zj) = 0. (4.18)

Using the sampled values of the signal h[k], k ∈ [0, 2M − 1], this can be translated in a forward
linear prediction system:

M−1∑
k=0

akh[k +m] = −h[M +m],m ∈ [0,M − 1], (4.19)

which, in matrix form, becomes:

HM (0) =


x[0] x[1] · · · x[M − 1]
x[1] x[2] · · · x[M ]

...
...

. . .
...

x[M − 1] x[M ] · · · x[2M − 2]




a[0]
a[1]

...
a[M − 1]

 = −


x[M ]

x[M + 1]
...

x[2M − 1]

 . (4.20)

where HM (0) is an invertible square Hankel matrix. The original Prony algorithm, then, consists in
the following steps:

1. Solve the linear system 4.20, to find the Prony polynomial coefficients ak;

2. Compute the zeros of the Prony polynomials 4.17, to find the frequencies ωk = tan−1 [Im(zk)/Re(zk)] /T
and the damping times τk = T/ log |zk|;

3. Solve the linear Vandermonde system 4.16, to get also the amplitudes Ak = |ck| and the phases
φk = tan−1 [Im(ck)/Re(ck)].

Usually, however, one has more data points than 2M , and they contain also a noise contribution.
One simple solution to adapt Prony’s method to the realistic case is to extend eq. 4.20, using a
rectangular [N −M ×M ] Henkel matrix and solving it in the least-square sense. Unfortunately, this
least-square Prony works only for very high signal to noise ratios. When the noise is a significant
fraction of the sampled data, one has to resort to other formulations. There are a lot of variations
published in the literature, but they all share the common trait of looking for a number of exponential
components L > M , and, among them, find which one are due to the real signal and which one
are due to noise. In the following analysis L = N/3 was used. Some of these techniques allow also
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to estimate the value of M from the data, without needing to know it a priori, like in the original
Prony method. In this work I adopted the ESPRIT technique (Estimation of Signal Parameters
via Rotational Invariance Technique) [293–296]. It is closely related to the Matrix Pencil technique
[297, 298], which was found to be the best in ref. [299] for balck holes quasi-normal modes. A
comparison between the two, showing compatible results, was presented in ref. [294].

The starting point is the construction of the rectangular Hankel matrix
h[0] h[1] · · · h[L]
h[1] h[2] · · · h[L+ 1]

...
...

...
h[N − L− 1] h[N − L] · · · h[N − 1]

 , (4.21)

and the closely related matrix HN−L,L(1), which is obtained from HN−L,L(0) removing the first
column and adding a N − L vector of zeros as last column. Following from eq. 4.20, an extended
companion matrix CL+1 can be constructed, which allows to transform HN−L,L(0) in HN−L,L+1(1):

HN−L,L+1(0)CL+1 = HN−L,L+1(1) (4.22)

CL+1 =

(
CM (a) 0M,L+1−M

0L+1−M,M VL+1−M

)
, (4.23)

where C(M) is the companion matrix in the original Prony method:

CM (a) =


0 0 · · · 0 −a0

1 0 · · · 0 −a1

0 1 · · · 0 −a2
...

...
...

...
0 0 · · · 1 −aM−1

 (4.24)

and the bottom-right block is given by:

VL+1−M =

(
01,L−M 0
IL−M 0L−M,1

)
. (4.25)

The companion matrix C(M) has the M zj , j ∈ [1,M ] as eigenvalues. Its extended version CL+1,
instead, has the same M eigenvalues, plus L+ 1−M additional eigenvalues which are zero.

The key of the method, like many other Prony-like techniques, is to perform a singular value
decomposition (SVD) of the Hankel matrix and the closely related matrix H(1):

HN−L,L+1 = UN−LSN−L,L+1W
H
L+1, (4.26)

where U and W are unitary matrices and S is a rectangular diagonal matrix, whose nonzero values
σi, i ∈ [1, L+ 1] are called the singular values of the Hankel matrix, arranged in a non-increasing
order. For noiseless data, only M singular values are non-zero. For data with noise, instead, it is
possible to define a threshold ε, depending on the desired accuracy (which depends also on the input
data accuracy), to find a posteriori, from the sampled data, the number M of complex exponential
components present in the signal, requiring

σM
σ1
≥ ε. (4.27)
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In the present case, I chose ε = 10−2.
After the σi rearrangement, and finding M , it is possible to remove from S all the L+ 1−M

singular values linked with noise, setting them to zero, and building the rectangular diagonal
submatrix SN−L,M At the same time, one defines accordingly the submatrix WH

M,L+1. From those
submatrices, which take into account only the signal-related singular values, one can reconstruct
again HN−L,L+1, and HN−L,L+1(1), taking also in this case only the largest M singular values. This
allows to rewrite eq. 4.22 as:

SN−L,MW
H
M,L+1CL+1 = SN−L,MW

H
M,L+1(1). (4.28)

Multiplying the conjugate transposed equation with SHN−L,M from the left, and setting

WM,L(s) = WM,L+1(1 : M, 1 + s : L+ s), s = 0, 1, (4.29)

in order to remove the zero columns, one finally gets

CHLWM,L(0) = WM,L(1). (4.30)

Since CL has rank M , and its eigenvalues are the zi we are looking for, one can find them solving
eq. 4.30 in the least-square sense and computing the eigenvalues of the solution matrix

FM := W †M,L(0)WM,L(1), (4.31)

where W †M,L is the Moore-Penrose pseudo-inverse

A† = AH
(
AAH

)−1
. (4.32)

Once one obtains the M zi, as eigenvalues of FM , it is possible to solve the (now overdetermined)
Vandermonde system, again in the least-square sense, to get also the ci, from which the modes
amplitudes a phases can be computed.

In order to construct a Prony spectrogram, were computed, for each point in the post-merger
gravitational wave strain, the ci and zi applying the ESPRIT Prony algorithm in an interval of
2 ms, centred in the given discrete time point. This allows to have at least two GW cycles for all
emission at frequency larger than 1 kHz, as happens in every model in the post-merger phase. The
results of these spectrograms are plotted in figure 4.19 (for the frequencies) and fig. 4.20 for the
damping times and for the amplitudes, only for two simulated models: the equal mass one with the
SLy EOS and M = 1.4 M� for each star and the unequal mass one, with the SLy EOS, the same
total baryonic mass, and q = 0.77.

The different colors correspond to the main quadrupolar emission (red lines) and modes with
higher (magenta lines) or lower (blue lines) frequencies. The horizontal lines in the frequency plots
4.19 have the same meaning of the corresponding lines in the Fourier spectrograms in fig. 4.15, 4.16,
4.17, 4.18.

The result of the Prony analysis are qualitatively close to what was found from the Fourier
spectrograms, confirming the presence of different excited oscillation modes, with varying growing/-
damping times. At this stage this can only be a qualitative comparison, since Prony’s spectrograms
are highly dependent on the choice for the length of the intervals in which Prony’s fitting is per-
formed. Further careful studies on the fine-tuning of the method parameters are needed before
being able to draw also accurate quantitative inferences from it. For example, in the equal mass
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Figure 4.19: Frequency of the complex exponential modes fitted with the Prony method from the
gravitational wave strain, for an equal and an unequal mass model with the same total baryonic
mass (2.8 M�) and the SLy EOS. The rolling Prony method adopted assigns to every point in the
graph the frequencies computed by an ESPRIT Prony algorithm in the 2 ms interval around it.
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Figure 4.20: Damping times (upper panels) and amplitudes (lower panels) of the complex exponential
modes fitted with the Prony method from the gravitational wave strain of the models in fig. 4.19.

model (left panel of figure 4.19), we do not see in the first milliseconds two separate low-frequency
emission modes, like in the Fourier spectrogram, because the emission close to fspiral lasts for less
than the fitting interval. The result is a single mode at an intermediate frequency, just like it is
reconstructed in the full 23 ms long spectrum (fig 4.13). Despite this problem with quickly-varying
emission mechanisms, Prony’s methods shows, instead, a better ability to recognize even very week
modes, like the two subdominant modes in the q = 0.77 model, which are not visible either in the
Fourier spectrogram or the full spectrum, but can be seen in the Prony spectrogram, instead, even
if they last only just for the first two milliseconds of the post-merger.

The computed values for the damping times τ (fig. 4.20, upper panel), are less clear to read. This
happens because a longer time window would be needed to more accurately evaluate the damping
times, but it would prevent the recognition of the subdominant modes, which get damped in just a
few milliseconds. However, still some interesting information can be gathered from fig. 4.20. The
main GW emission mode have a positive τ (growing mode) in the first couple of milliseconds in the
post-merger, when it gets seeded by the deformation produced in the merger phase. After that, it
keeps a low, negative damping time (it gets quickly damped), until the end of the subdominant mode
emission. After that, when there is also a rapid change of frequency in the dominant mode, as seen in
the Fourier spectrograms, the damping time absolute value becomes much larger, between 20 and 30
ms for the equal mass model. In the unequal mass model, instead, the absolute value of the dominant
emission mode damping time is much lower, always below 10 ms. This information is potentially
very important for post-merger BNS GW detection, because a faster damping of the dominant mode
means a lower integrated signal to noise ratio for the gravitational-waves post-merger signal from
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Figure 4.21: Total energy radiated in gravitational waves up to each point in retarded time.

unequal mass mergers.

The mode amplitude, plotted in figure 4.20 (lower panels), shows that in the first 2 ms after
the merger the low-frequency subdominant mode is actually dominant (has more power) than the
m = 2 oscillation mode.

4.2.2 Radiated energy

Another interesting aspect to evaluate from the merger and post-merger GW emission is the radiated
energy. In particular, it is interesting to understand when most of the GW energy gets emitted,
and how the total energy emitted in the different phases of a BNS merger change with the binary
parameters.

Figure 4.21 represents the total energy emitted in gravitational waves up to a retarded time t, for
the models analysed in this chapter. Its companion, figure 4.22, instead, depicts the instantaneous
energy flux emitted in each discrete point in time of the binary evolution. From the energy fluxes
(fig. 4.22), it is clear that most of the energy emission, in all models, is concentrated in two small
time intervals: the merger moment, where the energy flux has its maximum peak, and an interval
around 2− 5ms after the merger. In the previous section, from the Prony analysis it was possible to
notice that the dominant post-merger GW emission mode has an exponentially growing amplitude
in the first 2 ms after the merger, after which there is a time interval characterized by a main
emission at frequency f2i, with a small damping time. After about 5 ms, when the energy flux
decreases substantially in all models, there is also a drop in the dominant mode amplitude (see
fig. 4.20), which switches to the frequency f2, with now a larger damping time. This is reflected,
again, also in the energy flux, which, after a sudden drop, slowly diminishes, in an almost linear
way for many models (in particular, the equal mass ones with high total mass). The second energy
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Figure 4.22: Energy flux dEGW
dt radiated instantaneously at each point in retarded time.

flux peak, during the post-merger, is higher increasing the total mass (it is almost not present in
the SLy1.2vs1.2 model). Mass ratio does not seem to play a huge role in this early post-merger
energy emission mechanism. There is, instead, an important effect of the EOS, with the softer
models emitting much more energy than the stiffer ones. In the last part of the simulations, where
only a single, slowly decaying mode is excited, total binary mass does not make too much of a
difference, except for models collapsing to black holes, whose GW emission effectively stops, because
BH quasi-normal modes and disc oscillations have a much lower amplitude than the bar-deformed
NS remnant radiation. Mass ratio, instead, has a more important role in this phase; models with
q < 0.9 show a much faster decay in the energy flux, consistent with the lower damping times of
their dominant emission modes, as seen in figure 4.20.

To understand more intuitively the net effect of those differences in the energy fluxes, it is useful
to look just at the total emitted energy (fig. 4.21). The top-left panel shows that the emitted energy,
in both the inspiral and the post-merger phase, increases with the total mass of the system. It is
interesting to note that the total energy emitted by high mass binaries collapsing to BH during the
simulation time is quickly overcome by the not-collapsed models with lower total mass, due to the
high efficiency of the m = 2 fundamental quardupolar mode in neutron stars. The top-right panel
shows that mass ratio has a big effect only in the mid post-merger (about 5 to 15 ms after the
merger), while it is not important for the radiated energy during the inspiral. The EOS (bottom
panels), instead, has a big role in determining the total emitted energy. In particular, it is peculiar
to note that in the unequal mass PSR J0453+1559 model, with some EOS (APR4, MS1) the energy
emission seems to effectively stop after the post-merger peak in the energy flux, while for the other
two EOSs employed (SLy and H4), it goes on, just like the other SLy models plotted in the top row.
This effects points again to the need of performing new simulations and more careful analysis of
the effects of the EOS and mass ration on the post-merger dynamics and GW emission in unequal
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Model Egw [-10ms; -5ms] Egw [-5ms; 0] Egw [0; 5ms] Egw [5ms; 10ms]
M� M� M� M�

SLy1.2vs1.2 0.002 0.006 0.018 0.015

SLy1.3vs1.3 0.002 0.008 0.031 0.015

SLy1.4vs1.4 (d=40) 0.003 0.011 0.039 0.015

SLy1.5vs1.5 0.002 0.013 0.056 0.009

SLy1.6vs1.6 0.002 0.016 0.010 4× 10−7

SLy1.35vs1.55 0.003 0.010 0.037 0.018

SLy1.3vs1.5 0.002 0.010 0.034 0.012

SLy1.25vs1.55 0.002 0.009 0.032 0.013

SLy1.2vs1.6 0.002 0.008 0.029 0.011

PSR J0453+1559 (APR4) 0.003 0.012 0.020 0.011

PSR J0453+1559 (SLy) 0.003 0.010 0.017 0.003

PSR J0453+1559 (H4) 0.002 0.006 0.014 0.006

PSR J0453+1559 (MS1) 0.001 0.005 0.007 0.001

APR4 1.4vs1.4 d60 0.002 0.009 0.037 0.012

SLy 1.4vs1.4 d60 0.002 0.008 0.033 -

H4 1.4vs1.4 d60 0.002 0.005 0.014 -

MS1 1.4vs1.4 d60 0.002 0.005 0.009 0.002

Table 4.11: Energy radiated in gravitational waves by the compared models in different intervals,
respect to the merger time (here tmerger = 0). The missing values in the last column are because
less than 10 ms after the merger were simulated for those models.

mass models, which we now know to exist, even in our galaxy.

In table 4.11 is reported the energy emitted in different time intervals by the different models,
in order to confirm quantitatively what was just explained looking at the plots.

Another interesting observable to look at are the reduced energy vs reduced angular momentum
curves (already introduced in sec. 4.1.1), plotted in figure 4.23, in particular for their gauge-invariance
property, since a lot of other potentially interesting post-merger measurements, like the neutron
star rotation profiles, are heavily influenced by the gauge choice, instead [57].

In this case, it is the total binary mass, and not the EOS, to make the biggest difference. The
E(J) curves, in the inspiral phase, are lower (more emitted energy) decreasing the total mass, except
for the SLy1.2vs1.2 case, which is very different form the other, having instead a much higher total
energy respect to the total angular momentum, mainly due to the difference in the initial data,
starting with a much higher angular momentum than all the other binaries. After the merger, the
E(J) curves are straight lines, with a slope which contributes to invert the effects of the inspiral:
the lower mass models emit energy more slowly in the post-merger, while they radiate angular
momentum. At the end of the simulations, the models with mass 1.5, 1.4 and 1.3M� pass trough
a state with the same energy and angular momentum. Mass ratio (top-left panel) does not have,
instead, a big effect, with most of the difference coming from the initial configuration. The EOS
effect is very small during the inspiral, but the coalescence is longer for models with a softer EOS
(which have a longer merger time). The post-merger E(J) slope is similar between the two soft EOS
(APR4 and SLy) and the two stiff EOS (H4 and MS1). It would be interesting to check simulations
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Figure 4.23: Reduced energy against reduced angular momentum curves, defined like for fig. 4.11.
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with a wider set of EOS, in order to understand if there is a smooth transition in the E(J) slope,
and if it can be correlated with some stellar parameter, like the radius of a non-rotating star, or its
tidal deformability.

To end this subsection, it should be stressed that several microphysical ingredients, such as a full
finite-temperature nuclear EOS, neutrino emission and absorption and magnetic fields, are missing
in the simulations presented in this thesis. They could potentially have an important impact, in
particular on the post-merger energy balance.

4.2.3 Effects of the initial interbinary distance on the post-merger evolution

In section 4.1.2, it was analysed in detail the effect of the initial interbinary distance on the inspiral
phase of BNS mergers. Looking at figure 4.8, hinted already at some effects being present in the post-
merger too. This is important, because most BNS merger simulations focusing on the post-merger
phase start from very close configurations, to save computational time. It is therefore useful to
understand which is the lowest possible initial distance which allows to investigate the post-merger
evolution free of systematic numerical errors.

The first important difference can be seen in the emitted energy. Figure 4.24 shows the energy
emitted during the last 5 ms of the inspiral phase and during the first 5 ms of the post-merger phase,
for different EOS and initial separations. It is clear that in the early post-merger, when there is
the second peak in the energy flux, and most of the radiated energy gets emitted, the simulations
starting from d = 60 km consistently show a lower emitted energy, independently on the EOS, while
no clear trend can be extrapolated from the other three initial distances considered. This systematic
error source can potentially affect studies on the post-merger energy balance, like the ones in ref. [].
This difference, as the inspiral ones, can be, again, linked with the higher accumulated numerical
errors during the longer coalescence of d = 60 km models. Only repeating the same simulations
with better resolutions and/or more accurate numerical methods we will be able to have a definitive
answer on the source of this error, and on the lowest and highest initial stellar separation, at a given
grid resolution, which can be used to safely analyse the post-merger dynamics without worrying
about numerical errors coming from the inspiral or the initial data.

A second difference is seen in the post-merger GW spectrum. In figure 4.25 are represented the
GW amplitude spectral densities, computed as in figure 4.12, but in the time window between 8 ms
before and after the merger. Again, in every model, the d = 60 km simulations show a consistent
deviation from the others, having, for every EOS, a lower frequency in the dominant post-merger
peak. This is linked with the fact that they also have a lower value for the instantaneous frequency
at merger, computed taking the derivative of the accumulated GW phase evolution. All the relevant
peak frequencies and the merger frequencies are reported also in table 4.12. The difference in the
merger frequency and in the frequency of the oscillation modes seeded during the merger phase is
expected, because it was already shown in section 4.1.2 that stars at different initial separations
merge, in numerical simulations, in a slightly different physical state, characterized by a difference
in its energy and angular momentum (see figure 4.11). Again, while the change in the main peak
frequency between d = 60 km simulations and the other three is always above the Fourier transform
error, there are no clear differences or trends between the peak frequencies of simulations with
the other three initial interbinary distances. This systematic error, like the one on the radiated
energy, could be important in data analysis, in particular in building empirical relations for the peak
frequencies, as extensively discussed in section 4.2.1. To conclude, it is interesting to remark that
the post-merger peak frequencies results for the d = 44.3 km simulations, are compatible, within
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Figure 4.24: Radiated energy for all simulated models, computed integrating eq. 3.205 in time. Green
squares represent the energy emitted in the last 5ms before the merger, while blue dots represent
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Figure 4.25: Amplitude spectral densities of the gravitational wave signal from 8ms before the merger
to 8ms after it, for a source at 100Mpc. For some models the total signal power is lower either
because the simulations were shorter in the post-merger phase (H4(d),APR4(a)), or because their
merger time was less than 8ms (H4(a),MS1(a)). The black dashed curve represents the sensibility
of Advanced LIGO in the Zero detuning-high power configuration
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Model f2 (kHz) f1 (kHz) fmerger (kHz)

APR4(d=40 km) 3.34 2.14 1.97
APR4(d=44.3 km) 3.26 2.08 1.97
APR4(d=50 km) 3.29 2.02 1.94
APR4(d=60 km) 3.19 2.02 1.87

SLy(d=40 km) 3.19 2.15 1.92
SLy(d=44.3 km) 3.24 2.08 1.88
SLy(d=50 km) 3.13 2.03 1.87
SLy(d=60 km) 3.07 1.92 1.72

H4(d=40 km) 2.38 1.64 1.44
H4(d=44.3 km) 2.39 1.66 1.46
H4(d=50 km) 2.35 1.64 1.44
H4(d=60 km) 2.24 1.58 1.41

MS1(d=40 km) 2.05 1.42 1.29
MS1(d=44.3 km) 2.05 1.43 1.33
MS1(d=50 km) 2.07 1.39 1.32
MS1(d=60 km) 1.93 1.37 1.26

Table 4.12: Results from the spectral analysis of models with different initial stellar separation. In
the first column is reported the frequency of the dominant post-merger peak, calculated taking
the frequency of the maximum of the amplitude spectral density after interpolation with a cubic
spline. The second column shows the frequency of the left secondary peak f1. In the third column is
reported the instantaneous frequency at merger (fmerger) i.e., the frequency at the maximum of the
gravitational waves amplitude, computed taking the derivative of the phase evolution. The uncer-
tainty of the Fourier transform frequencies are in the interval [62, 75] Hz. Some models have a higher
frequency uncertainty because they either have shorter post-merger simulations (APR4(d=40 km),
H4(d=60 km)) or they have a merger time less than 8ms (H4(d=40 km), MS1(d=40 km)).

the fft errors, with the results for similar BNS models simulations presented in ref. [14, 285], which
have an initial interbinary distance of 45 km.

4.2.4 Collapse to black hole

To conclude this chapter about the post-merger BNS dynamics, it is interesting to take a closer
look to models collapsing to black hole, during the simulated time. In order to do so, I will analyse,
following ref. [68], two good representatives of the possible paths to collapse: the equal mass systems
with the SLy EOS and a baryonic mass M = 1.6 M� for each star (which collapses promptly after
the merger) or with M = 1.5 M� (which collapses after a short post-merger HMNS phase).

The black hole formation is captured looking at regular intervals for the formation of an apparent
horizon, with the Einstein Toolkit module AHFinderDirect [300]. In models where a black hole
collapse is expected (from the output of poorer resolution simulations), an additional grid refinement
level, with resolution dx half of the finer grid resolution used during the inspiral evolution, is added,
when the minimum lapse on the grid gets below a critical value.

Figure 4.26 shows a snapshots of the black hole-disc system evolution, at the end of each
simulation, 30 and 34 ms after the merger. The most striking difference is that in the model with
prompt collapse, very little mass is left in the disc around the black hole, which is quickly absorbed,
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(a) Accretion disc density for model SLy1.6vs1.6 (b) Accretion disc density for model SLy1.5vs1.5

Figure 4.26: Density profiles for the accretion discs formed in a model promptly collapsing after
the merger (SLy1.6vs1.6, left figure), or collapsing after a short HMNS phase (SLy1.5vs1.5, right
figure). They are taken at the end of the simulations, at least 30 ms after the merger.
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Figure 4.27: Properties of the black hole-disc system: the left figure shows the maximum density
left on the grid, which is lower than the neutron drip level, independently on collapse time and
grid resolution. The right figure, instead, shows the energy and z direction angular momentum
contributions, before and after the collapse (see text for their computation).

forming a small disc, limited in space and axisymmetric. In the model with delayed collapse, instead,
much more matter have been expelled from the central NS core during the HMNS evolution, causing
the formation of a massive disc, with a large spatial extension, and which still has a spiral structure
in its inner, higher density, region, even 30 ms after the collapse.

In figure 4.27a is reported the evolution of the maximum density on the numerical grid in both
models. The most interesting feature to notice is that, independently of the path to collapse, the
density of the leftover matter in the accretion disc quickly gets lower than the neutron drip line.
This means that, for modelling collapsing BNS systems, it is important to use an equation of state
able to give a realistic description also to low density matter. The simplest way, adopted in my work,
is to use the full 7 pieces piecewise polytropic parametrization of [144], with the four lower-density
segments taken from the SLy EOS [140]. This is different from what is done in most of the numerical
relativity literature (see, for example, ref. [14, 64, 301]), where only the four highest density pieces
are used, extrapolating the one which describes the inner crust down to the lowest frequencies, as
already discussed in section 2.1.1. This approach is perfectly fine when studying a massive neutron
star post-merger remnant, whose evolution is mainly driven by the high-density region dynamics,
although some care should be taken when building empirical relations linking some GW signal
characteristics to the initial star properties, since the stellar radius can be sensitive to the low
density EOS. However, figure 4.27a proves that it could lead to wrong results when analysing also
the accretion disc dynamics after collapse.

It is interesting to analyse the energy and angular momentum balance in collapsing models,
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presented in figure 4.27b, in order to both verify the code ability to conserve those quantities
throughout the evolution, even when a black hole appears on the numerical grid, and how the
different components contribute to the overall energy and angular momentum balance. The initial
values are taken from the output of the LORENE code, when importing BNS initial data on
the evolution code numerical grid. The energy and angular momentum radiated in gravitational
waves are computed integrating eq. 3.205 and 3.206, as already done several times, for example
to construct the Er(Jr) curves of fig. 4.11. The disc mass and z angular momentum, instead, are
computed tracking two quantities, which are exact only in the case of axial and temporal symmetry,
and which can easily be computed during the numerical evolution:

M =

∫
(2Tµν − δµνTαα ) ξν(t)d

3Σµ (4.33)

Jz =

∫
Tµν ξ

ν
(φ)d

3σµ, (4.34)

where Σµ are the three-dimensional slices of fixed coordinate time t and ξν are the two Killing
vectors

ξν(t) = (1, 0, 0, 0) (4.35)

ξν(φ) = (0, cosφ, sinφ, 0). (4.36)

This formalism have been already used in the case of isolated stars [194]. The required stationarity
and axisymmetry conditions are almost satisfied at the end of the simulations discussed here. Finally,
the mass of the black hole is computed on the apparent horizon surface using the isolated horizon
formalism [302], implemented by the Einstein Toolkit thorn QuasiLocalMeasures.

For the promptly collapsing model, the accretion is already stopping at the end of the simulation
time, while in the delayed collapse case the black hole mass is still increasing, and longer simulations
are needed to reach an equilibrium configuration. Like in the previous section 4.2.2, it is necessary to
remark that the simulations presented here do not take into account important effects like magnetic
fields, neutrino emission and a proper treatment of the EOS thermal component, therefore they are
only a first approximation, useful as a benchmark for future numerical studies involving a better
treatment of microphysical aspects.

Another important remark is linked with the collapse time of models with a delayed collapse. It
was found to be extremely sensitive to some simulation parameters, like the spatial grid resolution
(the SLy1.5vs1.5 model collapses after , ms from the merger at resolutions ,, showing a non-convergent
behaviour of the collapse time), or the choice for the EOS thermal component. That last consideration
was also pointed out in ref. [64], where simulations with different choices for Γth were confronted.
The difference in Γth, from 1.8 to 2.0, is the most probable cause also for the fact that in ref. [245]
a BNS model similar to our SLy1.5vs1.5 does not collapse in their simulated 25 ms of post-merger
evolution. It should also be noted that the results about the disc characteristics and the accretion
process are likely to be influenced also by the choice for the artificial atmosphere density imposed
by the hydrodynamics code. We did a conservative choice of ρmin = 6× 106 g/cm3, but even lower
values for the minimum accepted density should be tried in order to get more accurate estimates of
the disc properties, in particular for promptly collapsing models.
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Conclusions

The work presented in this thesis focuses on the physical properties of the gravitational-waves signal
emitted during the merger of binary neutron stars systems, in order to extract the signature of the
signal that will be detected by the gravitational waves observatories LIGO/Virgo. To gain such
insight an extensive set of numerical simulations of binary neutron star mergers was performed. The
gravitational-waves signal was analysed through all the phases of binary neutron stars evolution:
the coalescence, the merger, the post-merger (hyper) massive neutron star, and the possible collapse.
The simulated models had different values of total mass, mass ratio, initial stellar distance and
different choices for the high-density EOS, in order to infer the dependency of various observables
on those parameters.

The main results obtained in this work are:

A procedure to extract the gravitational-waves signal from the numerical simulations was developed
and tested, in order to guarantee a minimum possible extraction error, which was found to be less
than the finite-resolution error in the time evolution, for every part of the simulated signal.

In order to obtain such result, it is necessary to adopt the second order perturbative extrapolation
from ref. [262], to extrapolate to spatial infinity the Ψ4 signal extracted at finite radii in the simulation
domain, which, together with the spin correction, was tested for the first time on BNS simulations
in this work. It was shown that, while the spin correction is mostly irrelevant, the second order
“mass” correction allows to reduce the extraction error in the accumulated gravitational wave phase
by a factor 2 respect to the first order one (which is already commonly adopted in BNS simulations).
The error in radiated energy and angular momentum (which is linked to the gravitational waves
amplitude error) was shown to be reduced, insted, by 1% (respect to the no extrapolation case)
adopting the second order correction, and to be actually increased adopting only the first order one.
Following these results, it is recommended the use of the full second order mass correction, if one
does not want to employ the more complex and time-consuming CCE extraction [264, 303].

To have negligible waves extraction error, it is also necessary to implement an accurate solution for
integrating the Ψ4 signal, in order to compute the gravitational wave strain h, avoiding spurious
GW amplitude oscillations, which come from high frequency noise aliased in the low frequency
signal, amplified by the double integration. In this work was designed a new, simple, procedure
for this task. The new solution consists in applying an appropriate high-pass Butterworth digital
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filter to the GW strain, after the double integration. This solution shows a higher filtering power
and leads to a cleaner GW amplitude signal, respect to the other procedures adopted so far in the
literature [68, 251, 258]. In particular, the suppression of all spurious amplitude oscillations, even
after the application of the perturbative extrapolation formula discussed above, which amplifies
them because it contains integrals of Ψ4, is mandatory for recognizing and studying oscillations
coming from real physical processes, like the orbital eccentricity.

The post-merger emitted gravitational signal was studied in great depth, in order to check
different emission mechanisms proposed in the literature, as well as the empirical relations developed
to connect such signal to the merging stars properties, which could be used to constraint the neutron
star equation of state with future gravitational waves detections.

In the cases in which the stars do not promptly collapse to black hole right after the merger, this
work focused on the analysis of the gravitational waves spectrum and the radiated energy. Several
relationships have been developed by the relativistic astrophysics community to link the post-merger
GW spectral peaks to the neutron star EOS, through correlations with the stellar mass, radius,
compactness or tidal deformability. Most of them do not, however, take into account unequal mass
systems, which, however, we now know are present even in our galaxy [4]. The direct effect of mass
ratio and the one of the EOS in highly unequal mass systems on the gravitational waves emitted
by the merger remnant were analysed and quantified in this work, to serve as basis for future
extensions of those relationships. In particular, the thesis main results are finding that, increasing
the mass asymmetry, the main gravitational waves emission mode shifts towards lower frequencies,
the subdominant modes gradually disappear, and the overall signal has a lower damping time than
in the equal mass case, confirmed also by the radiated energy flux. A physical explanation was also
proposed for all these observed effects.

In order to have a better investigation of the post-merger remnant temporal evolution, the Fourier
and Prony’s spectrograms were also analysed, confirming some proposed post-merger GW emission
mechanisms [277], as well as showing some unexpected features, like signal components at frequencies
very different from the ones predicted by current theoretical modelling.

For the inspiral phase, instead, the main obtained result was discovering differences in several
observables between simulations of the same models with different initial separations between the
stars centres. In particular, models starting from closer binary configurations showed an effective
lower merger time. This effect is more pronounced looking at the difference from simulations
starting with d = 60 km and all the others with d ≤ 50 km. It is relevant only in the final part
of the coalescence, after the start of the d = 40 km simulations. It was also found to be more
important for the more compact models. Other than on the effective merger time, an effect of
the initial stellar separation was also found in the gravitational waves phase evolution, the gauge-
invariant reduced energy over reduced angular momentum curves, the post-merger gravitational
waves spectrum and emitted energy. More studies will be necessary to pinpoint its dominant source,
disentangling between the finite-resolution errors due to numerical viscosity and constraint violations
accumulated in simulations with many orbits, errors in the initial data, possibly linked with the
conformal flatness approximation, and physical effects in play linked with tidal deformations and
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stars oscillation modes.

Among the other aspects investigated in this work, the presence of an orbital eccentricity, due to
the Helical symmetry and conformal flatness imposed in the initial data computation, was examined.
The eccentricity parameter was computed from the stars centres trajectory and the GW amplitude
oscillations were confirmed to be an eccentricity effect, comparing the inspiral waveforms from
numerical simulations with a recently developed eccentric orbits post-Newtonian approximant [278].
The impact of an orbital eccentricity of the order of the one found in simulations ( 0.01 in the
stiff EOS models and 0.02 in the soft ones) was evaluated, computing its effect on the GW phase
evolution and its detectability in current GW interferometers. There is a urgent need for a public
code able to produce low-eccentricity BNS initial data [58, 95], towards which I will dedicate future
works.

Finally, also models collapsing to black hole, both right after the merger, and following a short
hyper mssive neutron star phase, were studied. The disk and accretion rate properties were computed,
showing important differences in those two scenarios, which lead, respectively, to thin disks, occupying
a limited region in space, and quickly accreated by the BH, or thick, massive disks, with a much
larger spatial extension. In both cases, however, was recognized that the maximum density of the disk
matter falls quickly below the neutron drip level. This indicates the need to adopt an appropriate
prescription for the EOS also at low densities, avoiding to extrapolate the neutron star crust EOS
to lower densities, when simulating models which can collapse in the dynamical timescale. The
energy and angular momentum balance was analysed also in collapsing models, giving a further
confirmation of the code accuracy.

All the simulations were performed with public, community codes, such as The Einstein

Toolkit and the LORENE library, in order to ensure the reproducibility of the obtained results.
The evolution code convergence properties were analysed, comparing different combinations of nu-
merical methods. In particular, the concurrent use of the BSSN-OK formulation for the Einstein’s
equations and the WENO reconstruction method for hydrodynamics was found to be the best
solution for entering in the convergent regime even at poor resolutions (dx ≥ 0.5M�), allowing to
run many qualitatively correct, low resolution, test simulations for a preliminary exploration of the
parameter space, without the need of exceptional computational resources. Second order convergence,
as theoretically expected from the adopted numerical methods, was confirmed looking at different
observables: the merger time, the gravitational waves phase evolution, and the gauge-invariant
reduced energy over reduced angular momentum curves.
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Appendix A

Computational efficiency

A.1 Convergence

Verifying the convergence of a numerical code is an essential part in any numerical simulation
data analysis. However, in complex simulations like general relativistic binary neutron star mergers,
it could be difficult to uniquely define the code convergence order, finding the most appropriate
observables to compute it. The classical notion of convergence states that, taking simulations with
different grid spacing dx, any observable C should scale as

C(dx) = C(dx = 0) + ε (dx)p , (A.1)

where C(dx = 0) represents the true value of the observable, at infinite resolution, and the second
term represents the finite-resolution error, which, in a finite difference code like ours, should have a
polynomial dependence on the grid resolution. The easiest way to compute the convergence order,
given three simulations at different resolutions dxhigh, ∆xmedium and ∆xlow, is to use the following
relation (see, for example, ref. [179]):

|Cmedium − Clow|
|Chigh − Cmedium|

=

∣∣dxpmedium − dxplow∣∣∣∣∣dxphigh − dxpmedium∣∣∣ . (A.2)

Using a zero-finding algorithm, such as the secant method, it is possible to extract the value of
the convergence order p. This widely used technique has, however, the drawback that the result for
p often changes choosing three different resolutions for the analysis [98]. It is also not possible to
understand, just from three simulations, if the employed numerical algorithms are in the convergent
regime, or which is the minimum resolution for which convergence at the nominal order is guaranteed.
Another problem of grid-based codes convergence is that there could be some physical processes
acting at low scales, which start to be detected only when the grid resolution is some times smaller
the length scale of the effect one wants to observe. This is particularly troublesome in turbulent flows,
like in the merger phase of binary neutron stars, where there is an inverse cascade of energy coming
from smaller and smaller scales, as they are available to the numerical simulation at increasingly
better resolutions, destroying any classical knowledge of convergence. For this reason (and also for
the absence shocks, excluding the stars surfaces) convergence analysis of BNS simulations are often
done only for the inspiral phase, like in ref. [68, 96–98].
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Figure A.1: Fits of the merger time tmerger as a function of the resolution dx using the PPM (dashed-
dot black line) and the WENO (dashed red line) reconstruction methods, and the BSSN-NOK
evolution methods for the gravitational variable assuming second order convergence. In the case
of WENO reconstruction we also report (thick gray line) the fit were the convergence order p is
computed. In this case the computed convergence order is p = 1.96± 0.14. The values of the merger
time extrapolated to dx = 0 are 10.39±0.03 and 10.55±0.20 for WENO and PPM data, respectively.
Please note that the two fits corresponding to the WENO data are so close that they are on top of
each other here.

A.1.1 Numerical methods comparison

In ref. [68] were compared the convergence properties, in the inspiral phase, of different numerical
methods combinations, changing, in particular, the hydrodynamical variables reconstruction method
(between PPM, MP5 and WENO, see sec. 3.2.1), and the formulations adopted for the Einstein
equations (BSSN (sec. 3.1.1) or CCZ4 (sec. 3.1.2)). The comparison were done for a single model
SLy1.4vs1.4, with an initial separation between the stars of 40 km. As observable the merger time
was used, defined as the retarded time for which the amplitude of the GW emission is maximum.
This global variable somewhat sums up all the effects in place during the inspiral.

Figure A.1 shows the merger times of simulations with different combinations of the mentioned
methods from resolution dx = 0.75 M� to resolution dx = 0.185 M�. The same results are also
reported in the next appendix in table B.3. From these results, it is easy to conclude that the
combination BSSN+WENO is the best for entering in the convergent regime even at very low
resolutions. In particular, it is the only one for which even in simulations at resolution dx = 0.5 M�
and dx = 0.75 M� the stars merge, leading to a qualitatively correct outcome, very useful to be
able to run, even in regular workstations, many preliminary low-resolution simulations, in order to
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select the most interesting models to evolve later at higher resolution. With all the other methods,
instead, the stars do not merge in simulations with resolution dx ≥ 0.5 M�. One interesting thing to
notice is that for all methods but BSSN+WENO the merger time decreases increasing the resolution.
This difference, as explained also in ref. [], could be due to a different sign in the numerical errors
introduced by different methods combinations, which lead to a different effect (in sign) on the
resolution dependence of the merger time. Despite this difference, all three combinations with
a merger time decreasing at better resolution (BSSN+PPM, BSSN+MP5, CCZ4+WENO) show
compatible results for the merger time at dx = 0.25 M�, which was chosen as standard resolution
for the simulations in [68, 94, 99]. However, only BSSN+PPM appears to be in the convergent
regime at these resolutions, while BSSN+MP5 and CCZ4+WENO are not. In the CCZ4 case, an
explanation for the need of a higher resolution, respect to BSSN, to enter in the convergent regime
was already given in ref. [220]: the Hamiltonian constraint, even if damped, enters in the evolution
equations of the CCZ4 system, which are, then, more sensitive to numerical errors. More studies
are instead needed to explain while the MP5 reconstruction method, which was found best in a
TOV star test in ref. [225], performed so poorly in our BNS simulations. For the two combinations
in the convergent regime, it is possible to perform a fit to equation (A.1), in order to obtain the
merger time at infinite resolution and the convergence order (only in the case of WENO, because
we have too few simulations in the convergent regime for PPM respect to the fitted parameters.
Therefore, in the PPM case, a second order convergence was assumed in order to estimate the
real merger time). The results are p = 1.96± 0.14, compatible with second order convergence, and
tdx=0
merger = 10.39± 0.03 in the WENO case, tdx=0

merger = 10.55± 0.20 in the PPM case. The two results
for the merger time at infinite resolution are, therefore, compatible within the statistical error.

Second order convergence is indeed expected from the adopted numerical methods: the time
evolution is done with a fourth order Runge-Kutta method, the curvature evolution with fourth-
order finite difference, the reconstruction with fifth order (WENO and MP5) or third order (PPM)
methods, but the limitation to second order convergence is given by approximating the cells volume
averages with their values at cells centres (see sec. 3.2). Numerical GRHD codes able to go beyond
second order convergence have been developed recently [96], even if it is proven difficult to get a
convergence order higher than two in practical simulations with realistic EOSs [98].

Figure A.2 shows the impact of the numerical method choice on the GW signal, its spectrum
and the radiated energy flux. All these observables do not change adopting different numerical
techniques, confirming the robustness of HRSC finite-volume GRHD codes. The only difference is
a faster dissipation of the post-merger GW signal using the MP5 reconstruction methods. As noted
before, the MP5 implementation in The Einstein Toolkit would benefit from some more tests,
in order to understand why it shows poor accuracy in real production applications.

A.1.2 Analysing convergence with different observables

Since the merger time can give only a global indication about the convergence order in the inspiral
phase, it is useful to perform, on different observables, also a three-levels convergence test (eq. A.2)
at each discrete point in time of the numerical evolution, before the merger.

This test is performed on the same equal mass model with SLy EOS and mass 1.4 M� for each
star, using the BSSN formulation of Einstein’s equations and the WENO reconstruction method.
Three triads of resolutions are used: the High one dx = (0.125, 0.1875, 0.25)M�, the Medium
one dx = (0.1875, 0.25, 0.3125)M�, and the Low one dx = (0.25, 0.3125, 0.375)M�. Since the
convergence order can potentially change from one triad to another, it is mandatory to verify that
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Figure A.2: Comparison of the evolution of model SLy1.4vs1.4 at resolution dx = 0.25 M� , using
different reconstruction methods for the hydrodynamics equations and different evolution scheme for
the gravitational sector. Quantities are aligned in time at their respective (different) merger times.
The upper panel shows the Fourier-transform (in arbitrary units) of the GW signal in the 22-mode
of the whole signal from tmerger−9 ms to tmerger +11 ms, where a Blackman-windowing function has
been applied. The second panel shows the total GW luminosity (energy flux). Finally, the bottom
panel shows the envelop of the gravitational wave amplitudes and its real part, multiplied by the
distance to the observer. Please note that the evolutions are all very similar to each other, and they
differ mainly for the merger time, but not that much in the amount of total energy carried away by
GW in this stage, and also not in the damping time of the final excitation of the merger remnant,
except for the MP5 case (see text).
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Figure A.3: Accumulated gravitational wave phase for simulations with different resolutions, of the
same model SLy1.4vs1.4 (left panel). The coloured dots mark the merger time. The right panel,
instead, shows the convergence order of the GW phase for three resolution triads (defined in the
text). The vertical lines mark the time of contact of the crusts for the lowest resolution simulation
of each triad.

it remains more or less the same, in order to be able to claim a certain convergence order for a
numerical code [98].

In figure A.3, is reported the accumulated gravitational wave phase φ = arctanh×h+ , computed

from zero retarded time, at the different resolutions (left panel), and the computed convergence
order of the three resolution triads (right panel). The convergence order stays around two for the
Low and Medium triad, from 2 ms (excluding the initial spurious radiation), until when the neutron
stars crust, in the poorest of the three resolutions, come into contact (vertical lines). After the
contact, a binary is in a totally different physical state than the ones still inspiralling, therefore
no convergence is expected. This is consistent with what is reported also in ref. [96]. The contact
times where extracted from the two dimensional density slices, taking the point in time when
the fourth polytropic pieces, representing the inner crust (ρ3 = 2.6× 1012 g/cm3, see table 2.1),
come into contact for the first time. A lower convergence order is, instead, observed in the High
triad. This is probably due to the presence of some subdominant error source. The dominant error
scales with second order convergence, as expected; when the dominant errors becomes comparable
with the subdominant one, increasing the resolution, the subdominant error scaling will impact the
measured convergence order. One possible source of this subdominat error are the shocks formed
at the stars surface, when they start to move inside the zero-velocity numerical atmosphere. These
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Figure A.4: Reduced energy over reduced angular momentum curves with different resolutions, of
the same model SLy1.4vs1.4 (left panel). The coloured dots mark the merger time. The right panel,
instead, shows the convergence order of the Er(Jr) curves for three resolution triads (defined in the
text). The vertical lines mark the reduced angular momentum at contact of the crusts for the lowest
resolution simulation of each triad.

shocks release thermal energy and eject low-density matter from the stars. In the recent ref. [304],
in order to address this problem, the EOS thermal component was switched off for the most part
of the inspiral phase, avoiding an extra unphysical thermal pressure at the star surface, but not
guaranteeing thermodynamic consistency. A better solution would be to implement more advanced
approximated Riemann solvers, like the HLLC solver [305], which are able to distinguish also contact
discontinuities, not considered in the simple two-waves structure of HLLE (see sec. 3.2.2).

The same picture comes also from the convergence of the gauge-invariant Er(Jr) curves (see
sec. 4.1.1 for details on their computation), plotted in figure A.4. The Low and Medium triads
are around second order convergent, while the High one in only firs-order convergent. Again, the
convergence is lost for Jr lower than the angular momentum which characterizes the moment in
which the stars crust come into contact in the lowest resolution simulation. The average convergence
order, from 2 ms to the contact point, are reported in table A.1.
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Observable dx = (0.25, 0.3125, 0.375) dx = (0.1875, 0.25, 0.3125) dx = (0.125, 0.1875, 0.25)

φGW 2.13 1.94 1.46
Er(Jr) 2.24 1.86 1.11

Table A.1: Average convergence order, computed form 2 ms to the neutron star crusts contact,
for three different triads of resolutions (see text) and two different observables, the accumulated
gravitational wave phase and the gauge-invariant Er(Jr) curves.

Level min(x/y) max(x/y) min(z) max(z) (Nx, Ny, Nz)
(CU) (CU) (CU) (CU) dx = 0.25

1 −720 720 0 720 (185,185,96)
2 −360 360 0 360 (205,205,106)
3 −180 180 0 180 (205,205,106)
4 −90 90 0 90 (205,205,106)
5 −60 60 0 30 (265,265,76)
6 −30 30 0 15 (265,265,76)

(7 −15 15 0 7.5) (265,265,76)

Table A.2: Simulation grid boundaries of refinement levels. Level 7 is only used for simulations
forming a BH, once the minimum of the lapse α < 0.5.

A.2 Computational infrastructures and the need for high perfor-
mance computing

Three dimensional general relativistic simulations, like the ones presented in this thesis, require
large computational resources. At each time-step, the code evolves in time 17 spacetime variables
(including gauge variables) and 5 hydrodynamical variables (including their reconstruction, flux
computation, and conservative to primitive conversion, which are all time-consuming algorithms).
This is done for every point in the computational domain, which, at our standard resolution (dx =

0.25 M�) and grid configuration (see table A.2) is made by 6 grids of around 1803

2 points each, where
the division comes from bitant symmetry. In practice, the inner grids are smaller, also because they
are not perfect cubes but have less points in the z direction. To this gridpoint number, one must add
the buffer points needed for Runge-Kutta integration (see sec. 3) around the refinement boundaries.
Table A.3 shows the computational cost of (relatively short) 30 ms simulation at different spatial
resolution using the optimal run parameters on the Galileo machine. In the case of our standard
resolution, a run of x days on 256 cores is needed.

Efficient parallel programming is essential for the code to be able to make out the most of the
multi-cores and multi-nodes clusters we had allocations on. The code parallelism is handled in the
Einstein Toolkit by the Carpet thorn. It implements an hybrid MPI-OpenMP parallelization. With
MPI, the computational domain of each refinement level is divided among the requested processes,
each running on one available core. Each process must evolve also some points at the boundary
of its domain, called ghost points, which are evolved also by processes responsible for the adjacent
domains. There are three ghost points in every direction, as the evolution finite differencing and
reconstruction algorithms employed need a three points stencil. At each Runge-Kutta step in the
evolution, just after applying the boundary conditions, the ghost points are synchronized between all
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4x (CU) 0.75 0.50 0.375 0.25 0.185 0.125

# threads 16 64 128 256 512 2048
# MPI 2 8 16 32 64 256

Memory (GBytes) 3.8 19 40 108 237 768
speed (CU/h) 252 160 124 53 36 16
speed (ms/h) 1.24 0.78 0.61 0.26 0.18 0.08
cost (SU/ms) 13 81 209 974 2915 26053

total cost (kSU, 30 ms) 0.39 3.6 6.3 39 88 780

Table A.3: Computational cost of the simulations, for the example of using BSSN-NOK, with WENO
reconstruction for the hydrodynamics. SU stands for service unit: one hour on one CPU core. The
reported values refers to the “GALILEO” PRACE-Tier1 machine locate at CINECA (Bologna,
Italy) equipped with 521 nodes, two-8 cores Haswell 2.40 GHz, with 128 GBytes/node memory and
4xQDR Infiniband interconnect. Also, these are only correct for evolutions that do not end with
the formation of a BH, as an additional refinement level was used to resolve the BH surroundings,
and more analysis quantities had to be computed (e.g., the apparent horizon had to be found). In
addition, the simulations resulting in a BH were performed on facilities at Louisiana State University:
SuperMike II (LSU HPC) and QB2 (Loni).

processes, via MPI communications. There communications take time which is subtracted from the
computation time, so they should be reduced to a minimum. One way to try to do so, implemented
in Carpet, is to “overlap computations and communications”, using non-blocking MPI commands
for exchanging messages between processes. OpenMP parallelization, instead, distributes the code
computations inside loops to multiple threads, which are then reabsorbed in one single master
thread after the loop’s end. Most of the Einstein Toolkit is OpenMP parallelized, but some part of
the code is inevitably not written in loops over the grid points, so should be executed in a serial
manner.

Our production runs have been performed mainly in three similar machines, Cineca’s Galileo
cluster, thanks to the agreement between Cineca and INFN (specific initiative “Teongrav”), and on
Louisiana State University clusters Mike and QueenBee, thanks to the allocations [...]. Galileo is a
tier-1 cluster composed by 512 nodes, each mounting two eight-cores Intel Haswell processors and
128 GB of ram. The nodes are linked with an Infiniband network. Some nodes have also Nvidia
K80 GPUs or Intel Phi 7120p accelerators, but the Einstein Toolikit is not yet able to take full
advantage of them. QueenBee is as cluster at LSU made by 680 compute nodes, each mounting
two quad-core Intel Xeon processors and 8GB of ram. Finally, the SuperMike cluster, also hosted
at LSU, and now substituted by SuperMikeII, had 512 compute nodes with dual core Pentium IV
Xeon processors and 2GB of ram each.

Figure A.5 shows the scaling features of our code on the Galileo cluster, representing, in the
upper panel, the evolution time (in solar masses) computed every hour of code run, using a different
number of physical cores, MPI processes and OpenMP threads for each process. The ideal scaling
(dashed lines) is obviously not reached, since there are many factors limiting the actual code scaling,
such as the presence of some serial parts in the code (as the output of 1D and 2D data, while the
3D data output is split among all MPI processes), which, following Ahmdal’s low, set a limit to the
overall maximum scaling, or the use of buffer zones or other kinds of grid points not really increasing
the spatial resolution, or the MPI communication, which becomes more important increasing the
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Figure A.5: Strong scaling performance of the Einstein Toolkit with our parameters, for a binary
neutron star simulation, using different resolutions, number of physical cores and nodes, and number
of threads for each MPI process. The best setup requires using 8 OpenMP threads each process.
All the other thread number (NT) possibilities are shown for resolution dx = 0.75 M� only for
simplicity. These test runs are performed on Cineca’s Galileo machines, on Intel processors. Each
node has two processors with 8 cores each.
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number of processes requested. Nevertheless, the parallel efficiency, shown in the lower panel, is
quite satisfactory for this kind of grid-based code, allowing to use a large number of cores without
wasting too much computational resources for one’s allocation. Such a good scaling could not be
reproduced on more exotic computer architectures, such as the Fermi Blue Gene Q machine, also
hosted at Cineca. When performing such kind of numerical simulations, we are not really interested
in getting close to strong scaling, but instead we run in the so called week scaling regime. Week
scaling means keeping constant execution time increasing the size of the computational problem
and the number of used cores by the same amount. Running a simulation in a week scaling regime
means using the least number of processors needed for providing the necessary memory for the
application to run. This is the best strategy to spend efficiently the computing time allocation,
especially for memory consumption intensive applications.



Appendix B

Simulated models

Table B.1 B.2 and B.3 list most of the simulated models presented in this thesis. The models in
table B.1, alredy presented in [68], are binary neutron stars with a close initial distance between the
stars centres (40 km), in order to focus the analysis on the merger and post-merger phase. They have
different values for the stars mass and mass ratio, covering a large spectrum of the plausible BNS mass
distribution (see sec. 2.1.2). The study of unequal mass systems, in particular, has been neglected in
the literature until the last year, but, given the discovery of a q = 0.75 BNS system (PSRJ0473+1559,
see table 2.3), it is very important for understanding the GW phenomenology one can expect to
see in future LIGO/Virgo data and the characteristics of the physical environment formed after the
merger, which are the basis for constructing electromagnetic emissions and multimessenger models
(see sec. 2.3). The models in table B.2, instead, focus more on the study of the pre-merger part of
the GW signal, analysing the effect of the neutron star EOS and enquiring if there is any difference
in the results of simulations starting from a different interbinary distance (from 60 km to 40 km).
This is an important check to evaluate the magnitude of the errors accumulated in many-orbits
(≥ 10) simulations, which are a fundamental instrument to construct hybrid numerical-analytical
waveforms and to analyse the impact of tidal effects (and, consequently, of the neutron star EOS) on
the emitted GW signal, and the adequacy and precision of the adopted initial data, which currently
rely on many approximations (see sec. 3.3). This study, presented in ref. [94], about simulations
of the same model with a different initial distance (which is, equivalently, a different initial orbital
frequency), can also help to reveal new physical processes contributing to the emitted GW signals,
which are only developed during the dynamical evolution but not incorporated in the initial data
of close-binary simulations. Finally, the models in table B.3, start from the same stars (equal mass
M = 1.4 M�, with the SLy EOS), but use different grid resolutions and/or numerical methods for
their evolution. This allowed us to select the best combination of numerical methods for our scientific
purposes (and our computational resources limitations), and to carefully study the convergence
properties of the simulations in all evolution phases, in order to have a solid confidence in our
physics results. All the simulations presented in this thesis have been performed imposing a mirror
symmetry across the (x, y) plane, consistent with the symmetry of the problem, in order to reduce
the computational cost by a factor 2. It was never forced, instead, a π symmetry around the z axis,
in order to be able to simulate also unequal mass models and not to discard possible odd fluid
perturbation modes.
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Model M1
b M2

b M1
g M2

G q MADM JADM Ω0 R C

name [M�] [M�] [M�] [M�] [M�]
[
GM2

�
c

] [
krad
s

]
[km]

SLy1.2vs1.2 d40 r25 1.2 1.2 1.11 1.11 1 2.207 5.076 1.932 11.83 0.139
SLy1.3vs1.3 d40 r25 1.3 1.3 1.20 1.20 1 2.373 5.730 1.989 11.80 0.150
SLy1.4vs1.4 d40 r25 1.4 1.4 1.28 1.28 1 2.536 6.405 2.040 11.76 0.161
SLy1.5vs1.5 d40 r25 1.5 1.5 1.36 1.36 1 2.697 7.108 2.089 11.72 0.172
SLy1.6vs1.6 d40 r25 1.6 1.6 1.44 1.44 1 2.854 7.832 2.134 11.67 0.183

SLy1.35vs1.45 d40 r25 1.35 1.45 1.24 1.32 0.94 2.536 6.397 2.040 11.78 - 11.74 0.155 - 0.166
SLy1.3vs1.5 d40 r25 1.3 1.5 1.2 1.36 0.88 2.535 6.376 2.040 11.80 - 11.72 0.150 - 0.172

SLy1.25vs1.55 d40 r25 1.25 1.55 1.16 1.40 0.83 2.533 6.337 2.040 11.82 - 11.70 0.144 - 0.177
SLy1.2vs1.6 d40 r25 1.2 1.6 1.11 1.44 0.77 2.531 6.281 2.039 11.83 - 11.67 0.139 - 0.183

G275th1.4vs1.4 d40 r25 1.4 1.4 1.29 1.29 1 2.554 6.513 2.053 13.81 0.138
G300th1.4vs1.4 d40 r25 1.4 1.4 1.26 1.26 1 2.498 6.243 2.028 11.04 0.169

Table B.1: Evolved models from ref. [68]. All models except the last two use the piecewise polytropic
approximation of the SLy equation of state presented in sec. 2.1.1. The last two models, instead,
have initial data computed with a single polytrope EOS (with, respectively, Γ = (2.75, 3.00) and
K = (18000, 80000)). We fixed the star centres initial distance to 40 km, to have a relatively short
inspiral phase, and the baryon masses of the stars to realistic values ranging from 1.2 to 1.6M�,
with a mass ratio q = M1

g /M
2
g going from 1 (equal mass case) to 0.77 (close to the q = 0.75 of the

recently discovered BNS system PSR J0573+1559). The first two columns shows the stars baryonic
masses, the following two their gravitational masses at infinite separation, the fifth column is the
mass ratio q (computed with the gravitational masses), the sixth and seventh columns report the
initial ADM mass and z component of the angular momentum, the eighth column contains the
initial orbital frequency, the nineth the star radius and the tenth its compactness C =

Mg

R . Most of
these quantities are given by the LORENE code output, except the gravitational masses and radii,
which are computed with the code rns [306], constructing a sequence of non-rotating TOV stars.
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Model d Mg MADM JADM Ω0 R C # Orbits

name [km] [M�] [M�]
[
GM2

�
c

] [
krad
s

]
[km] pre-merger

APR41.4vs1.4 d40 r25 40 1.276 2.5255 6.359 2.036 11.33 0.166 15.5
APR41.4vs1.4 d44 r25 44 1.276 2.5275 6.577 1.767 11.33 0.166 9.5
APR41.4vs1.4 d50 r25 50 1.276 2.5297 6.860 1.492 11.33 0.166 6.5
APR41.4vs1.4 d60 r25 60 1.276 2.5329 7.339 1.153 11.33 0.166 4.5
SLy1.4vs1.4 d40 r25 40 1.281 2.5361 6.405 2.040 11.76 0.161 16
SLy1.4vs1.4 d44 r25 44 1.281 2.5382 6.623 1.770 11.76 0.161 9
SLy1.4vs1.4 d50 r25 50 1.281 2.5404 6.907 1.494 11.76 0.161 6
SLy1.4vs1.4 d60 r25 60 1.281 2.5435 7.388 1.155 11.76 0.161 4
H41.4vs1.4 d40 r25 40 1.300 2.5744 6.588 2.056 14.00 0.137 15
H41.4vs1.4 d44 r25 44 1.300 2.5764 6.802 1.782 14.00 0.137 8
H41.4vs1.4 d50 r25 50 1.300 2.5787 7.088 1.504 14.00 0.137 4.5
H41.4vs1.4 d60 r25 60 1.300 2.5819 7.574 1.163 14.00 0.137 3

MS11.4vs1.4 d40 r25 40 1.305 2.5833 6.643 2.063 14.90 0.129 12.5
MS11.4vs1.4 d44 r25 44 1.305 2.5852 6.850 1.786 14.90 0.129 6
MS11.4vs1.4 d50 r25 50 1.305 2.5875 7.131 1.506 14.90 0.129 3.5
MS11.4vs1.4 d60 r25 60 1.305 2.5907 7.616 1.164 14.90 0.129 2

Table B.2: Models evolved from [94]. All refer to equal mass stars with a baryonic mass of 1.4M�.
The piecewise polytropic representations of the four EOS described in detail in section 2.1.1 have
been used for generating the initial data. For each EOS, we run initial data from four different
initial distances between the star centres, (60, 50, 44 and 40 km), reported in the first column. The
last column shows the number of orbits each model completes from their initial configuration to
the merger.

Curvature evolution Reconstruction dx tmerger[ms]

BSSN-OK WENO 0.75 2.56
BSSN-OK WENO 0.50 6.72
BSSN-OK WENO 0.375 8.27
BSSN-OK WENO 0.3125 8.93
BSSN-OK WENO 0.25 9.50
BSSN-OK WENO 0.185 9.87
BSSN-OK WENO 0.125
BSSN-OK PPM 0.375 19.23
BSSN-OK PPM 0.3125 15.50
BSSN-OK PPM 0.25 13.49
BSSN-OK PPM 0.185 12.28
BSSN-OK MP5 0.375 37.53
BSSN-OK MP5 0.3125 17.34
BSSN-OK MP5 0.25 13.81

CCZ4 WENO 0.375 30.03
CCZ4 WENO 0.3125 16.97
CCZ4 WENO 0.25 13.56

Table B.3: Models with different numerical methods and resolution. Most of them have been already
presented in [68]. They refer to 1.4M� stars with the SLy EOS and an initial interbinary distance
of 40km. The fourth column reports also their merger time, defined as the retarded time at which
the GW amplitude is maximum. More analysis on this key parameter was presented in section A.1.
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Appendix C

How to run a binary neutron star
merger simulation using public codes

In this last appendix, are listed some simple instructions to perform general-relativistic binary
neutron star mergers simulations, using only publicly available codes. Some of the codes and
parameter files needed to reproduce this thesis results, should be downloaded from the Parma
relativity group public Subversion repository:

$ svn −−username=anonymous checkout \
https : // e i n s t e i n . pr . i n f n . i t / svn/numrel/pub/

password : anon

In order to run a BNS merger simulation, one needs, first, to generate appropriate initial data (crf.
sec. 3.3). This can be done using the public LORENE library. It can be downloaded freely from its
cvs repository, using the following commands in a bash shell:

$ cvs −d : pse rve r : anonymous@octane . obspm . f r : / cv s roo t login
password : anonymous
$ cvs −z5 −d : pse rve r : anonymous@octane . obspm . f r :\

/ cvs roo t checkout Lorene

Next, one needs to compile it, choosing appropriate configuration parameter in the file local settings
(which can be found in the main LORENE directory). Example configurations for the most common
OSs can be found in the Local settings examples folder. The code to generate BNS initial config-
urations, using the conformal thin sandwich approximation, is contained in Codes/Bin star. To
generate the initial data it is necessary to run first the init bin executable, in order to generate two
isolated stars solutions, with the desired EOS, and, then, run coal, to compute the proper binary
configuration. The output result is contained in a binary file called resu.d, which is readable by
appropriate routines in The Einstein Toolkit, or codes contained in LORENE’s Export subfolder.
Before running the initial data code, its setting should be configured, modifying the files par grid.d
(to set the computational domain and its resolution), par eos.d (to choose the EOS used, either
a polytropic, one of the tabulated EOSs distributed with LORENE, or a user-defined table, in
LORENE’s or CompOSE format) and parcoal.d (to select, among other things, the initial distance
between the stars centres and the stars baryonic mass). An example of LORENE’s configuration files
for the initial data of the simulations presented in this thesis can be found in the Parma relativity
group public repository, under the BNS 2015 work/InitialData folder. In particular, the EOS was
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set as a table file, generated from the piecewise polytropic parametrization of sec. 2.1.1. Examples
of EOS table files in LORENE’s format can be also found in the Parma group public repository,
under the BNS 2015 work/Eos tables folder.

To evolve the initial data, one needs to download, compile and run The Einstein Toolkit.
For obtaining the current last version (May 2016), it is useful to download and run the script
GetComponents. To be able to reproduce this thesis simulations, one should also download the
Parma group minimal thornlist (the list of modules to download and compile) for BNS merger
simulations, which includes also our modified version of some Cactus thorns (in particular, EOS Omni

and Meudon Bin NS, in order to be able to use piecewise polytropic EOSs) and our analysis modules
(GRHydro Analysis).

$ c u r l −kLO https : // raw . g i thubuse rcontent . com\
/ gridaphobe /CRL/ET 2016 05/GetComponents

$ chmod a+x GetComponents
$ . / GetComponents −−p a r a l l e l \

http ://www. f i s . unipr . i t / g rav i ty / Research /BNS2015 . th

Then, it’s important to set the proper configuration files. Four configuration files, found in the sub-
directory simfactory/mdb of the main Cactus installation directory, are important for simfactory,
the Python code responsible for the installation process and the simulations running:

• The optionlist (simfactory/mdb/optionlists/*.cfg), containing the compilation flags;

• The machine file (simfactory/mdb/machines/*.ini, containing information about the machine
hardware;

• The submitscript (simfactory/mdb/submitscripts/*.sub), containing the parameters to pass
to the batch queuing system, when running on a shared cluster;

• The runscript (simfactory/mdb/runscripts/*.run), containing the command to run the setting
the needed environmental variables.

The standard installation of The Einstein Toolkit already contains several examples of those files,
for most OSs, Linux distributions, and many clusters around the world, including Galileo, Queenbee,
and Mike, where this thesis simulations were performed.

After having found and eventually modified the correct configuration files, one can compile all
the toolkit with the simple command

$ s imfac to ry / bin /sim bu i ld CONFIGURATION NAME\
−−t h o r n l i s t THORNLIST. th −−o p t i o n l i s t OPTIONLIST. c f g \
−−r u n s c r i p t RUNSCRIPT. run −−submi t s c r ip t SUBMITSCRIPT. sub \
−−machine MACHINE NAME

where the upper case words should be substituted with the appropriate names or file paths. Multiple
configurations, with different configurations names, and different parameters in the configuration
files, can be created and compiled. After the compilation (which can require some minutes to several
ours, depending on the platform), one still needs to set up a parameter file, before being able to
run the desired simulation. A parameter file contains the list of the used module (called active
thorns) and sets their parameters. For example, one should set the grid structure, through the
parameters of the CarpetRegrid2 thorn, or the numerical methods desired for the hydrodynamics,
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with the GRHydro thorn parameters, or the variables one wants to output in 1D, 2D and 3D files.
Other important things to set are the stars EOS (with the EOS Omni thorn) and the path to the
initial LORENE data file (the resu.d produced in the previous step). All the parameter files for
this thesis simulations can be downloaded from the Parma group Subversion repository, in folder
BNS 2015 work/WorkBNS.

To submit a simulation to the queuing system, one just needs to run the following command,
from the main Cactus installation folder:

$ s imfac to ry / bin /sim submit SIMULATION NAME \
−−procs NP −−num−threads NT −−num−smt NS \
−−p a r f i l e PARFILE. par −−c o n f i g u r a t i o n CONFIGURATION NAME\
−−wal l t ime hh :mm: s s

where NP is the total number of threads, NT is the number of threads for each MPI process, NS is the
number of threads for each core, which can be greater than one in machines where hyperthreading
is enabled, and walltime is the maximum running time, often imposed by the system administrators.
In order to run long simulation, one can restart an interrupted simulation running the same submit
command. It will start again from the last saved checkpoint file (checkpoint saving frequency can
be set in the parameter file). Instead, to run a simulation directly on the machine one is logged
in, the command create-run (for the first run), or simply run (for the subsequent restarts) can be
used instead of submit. In this case, the option walltime will be ignored, using the one set in the
parameter file (or its default value).

To analyse the results, several tools have been developed by different groups, listed on the
webpage https://docs.einsteintoolkit.org/et-docs/Analysis and post-processing, but there is no single
official Einstein Toolkit post-processing tool yet. I will illustrate some simple use-cases of the Parma
group PyCactus code, which can be downloaded from its Git repository

$ g i t c l one https : // b i tbucket . org / k n a r r f f / pycactus . g i t

PyCactus is a Python code which heavily uses the numpy, scipy and matplotlib scientific libraries.
It can be efficiently used in an interactive way with the ipython program. Just to give an example of
its capabilities, I will illustrate the steps needed to extract and plot the gravitational waves signal
from a Cactus simulation.

First, one needs to load the PyCactus modules:

from U t i l i t y U n i t s import ∗
import CarpetASCIII as asc
import CarpetH5 as H5
import U t i l i t y A n a l y s i s as Ana lys i s
import CarpetSimulationData sim
from matp lo t l i b import pyplot as p l t
import numpy as np

To load all the scalar output from a simulation, and save it in an hdf5 file, one can use the following
command (which, if the hdf5 file already exists, just reads its content):

d = sim . ReadAl lSca lar sS imulat ion ( sim name , based i r , fo lderH5 )

Form there, to get the gravitational wave signal, extrapolated with the second order perturbative
formula and integrated with our filtering procedure (see sec. 3.4), and to plot its h+ component,
one needs simply to use the following commands:
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p s i i n f=Analys i s . s e c o n d o r d e r e x t r a p o l a t i o n (d [ ’ PSI4 ’ ] [ r0 ] [ ’ l2m2 ’ ] ,
int ( r0 ) , d [ ’M0 ’ ] , 2 , 2 , 2 , ’ f i l t e r ’ , f 0=f0 )

h22 = Analys i s . N I n t e g r a t e P s i 4 f i l t e r ( p s i i n f , f0 , Nint=2, r =0,M=d [ ’M0 ’ ] )
p l t . p l o t (d [ ’ time ’ ]∗CU to ms , np . r e a l ( h22 ) )
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Review D 87 064023 ISSN 1550-7998 URL http://link.aps.org/doi/10.1103/PhysRevD.

87.064023

[180] Cowperthwaite et al P S 2016 The Astrophysical Journal 826 L29 ISSN 2041-8213
(Preprint 1606.04538) URL http://arxiv.org/abs/1606.04538http://stacks.iop.org/

2041-8205/826/i=2/a=L29?key=crossref.b1421e0dd349cd03be6011f729ee1e56

[181] Racusin et al J L 2016 (Preprint 1606.04901) URL http://arxiv.org/abs/1606.04901

[182] Patricelli B, Razzano M, Cella G, Fidecaro F, Pian E, Branchesi M and Stamerra A 2016
(Preprint 1606.06124) URL http://arxiv.org/abs/1606.06124

http://www.worldscientific.com/doi/abs/10.1142/S0218271801001062
http://www.worldscientific.com/doi/abs/10.1142/S0218271801001062
http://stacks.iop.org/0264-9381/20/i=7/a=201?key=crossref.c949ee3aea1281c00094873424e8c219
http://stacks.iop.org/0264-9381/20/i=7/a=201?key=crossref.c949ee3aea1281c00094873424e8c219
http://stacks.iop.org/0004-637X/617/i=1/a=490
http://stacks.iop.org/0004-637X/542/i=1/a=453
http://stacks.iop.org/1538-4357/618/i=1/a=L37
http://link.aps.org/doi/10.1103/PhysRevD.75.044023
http://stacks.iop.org/0264-9381/27/i=11/a=114104?key=crossref.e48e4851fc51b124c9e9d695be0fcada
http://stacks.iop.org/0264-9381/27/i=11/a=114104?key=crossref.e48e4851fc51b124c9e9d695be0fcada
http://stacks.iop.org/0004-637X/736/i=2/a=124?key=crossref.d6f557ab90bd4afe8c17d25399a7fe19
http://stacks.iop.org/0004-637X/736/i=2/a=124?key=crossref.d6f557ab90bd4afe8c17d25399a7fe19
1607.05199
http://arxiv.org/abs/1607.05199
http://arxiv.org/abs/1607.05199
http://link.aps.org/doi/10.1103/PhysRevD.71.024014
http://link.aps.org/doi/10.1103/PhysRevD.87.064023
http://link.aps.org/doi/10.1103/PhysRevD.87.064023
1606.04538
http://arxiv.org/abs/1606.04538 http://stacks.iop.org/2041-8205/826/i=2/a=L29?key=crossref.b1421e0dd349cd03be6011f729ee1e56
http://arxiv.org/abs/1606.04538 http://stacks.iop.org/2041-8205/826/i=2/a=L29?key=crossref.b1421e0dd349cd03be6011f729ee1e56
1606.04901
http://arxiv.org/abs/1606.04901
1606.06124
http://arxiv.org/abs/1606.06124


164 BIBLIOGRAPHY

[183] Evans P A, Kennea J A, Palmer D M, Bilicki M, Osborne J P, O’Brien P T, Tan-
vir N R, Lien A Y, Barthelmy S D, Burrows D N, Campana S, Cenko S B, D’Elia V,
Gehrels N, Marshall F E, Page K L, Perri M, Sbarufatti B, Siegel M H, Tagliaferri G
and Troja E 2016 Monthly Notices of the Royal Astronomical Society 462 1591–1602 ISSN
0035-8711 (Preprint 1606.05001) URL http://arxiv.org/abs/1606.05001http://mnras.

oxfordjournals.org/lookup/doi/10.1093/mnras/stw1746

[184] Rosswog S 2015 43 (Preprint 1501.02081) URL http://arxiv.org/abs/1501.02081

[185] Just O, Obergaulinger M, Janka H T, Bauswein A and Schwarz N 2016 The Astrophysical
Journal 816 L30 ISSN 2041-8213 (Preprint 1510.04288) URL http://arxiv.org/abs/

1510.04288http://dx.doi.org/10.3847/2041-8205/816/2/L30http://stacks.iop.org/

2041-8205/816/i=2/a=L30?key=crossref.636340c9e0376183e87b696161b4a6fa
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